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In 1960 Rényi, in his Michigan State University lectures, asked for the number of random queries
necessary to recover a hidden bijective labelling of n distinct objects. In each query one selects a
random subset of labels and asks, which objects have these labels? We consider here an asymmetric
version of the problem in which in every query an object is chosen with probability p > 1/2 and
we ignore ‘inconclusive’ queries. We study the number of queries needed to recover the labelling
in its entirety (H,), before at least one element is recovered (F;), and to recover a randomly chosen
element (D,). This problem exhibits several remarkable behaviours: D, converges in probability
but not almost surely; H,, and F, exhibit phase transitions with respect to p in the second term. We
prove that for p > 1/2 with high probability we need

H, =1log;,n+ 3log,(i_, logn+o(loglogn)

queries to recover the entire bijection. This should be compared to its symmetric (p = 1/2)
counterpart established by Pittel and Rubin, who proved that in this case one requires

H, =log,n+ +/2log,n+o(+/logn)

queries. As a bonus, our analysis implies novel results for random PATRICIA tries, as the problem
is probabilistically equivalent to that of the height, fillup level, and typical depth of a PATRICIA
trie built from n independent binary sequences generated by a biased(p) memoryless source.
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1. Introduction

In his lectures in the summer of 1960 at Michigan State University, Alfred Rényi discussed
several problems related to random sets [21]. Among them there was a problem regarding recov-
ering a labelling of a set X of n distinct objects by asking random subset questions of the form
‘Which objects correspond to the labels in the (random) set B?” For a given method of randomly
selecting queries, Rényi’s original problem asks for the typical behaviour of the number of
queries necessary to recover the hidden labelling.

Formally, the unknown labelling of the set X is a bijection ¢ from X to a set A of labels
(necessarily with equal cardinality ), and a query takes the form of a subset B C A. The response
to a query Bis ¢~ !(B) C X.

Our contribution in this paper is a precise analysis of several parameters of Rényi’s problem for
a particular natural probabilistic model on the query sequence. In order to formulate this model
precisely, it is convenient to first state a view of the process that elucidates its tree-like structure.
In particular, a sequence of queries corresponds to a refinement of partitions of the set of objects,
where two objects are in different partition elements if they have been distinguished by some
sequence of queries. More precisely, the refinement works as follows. Before any questions are
asked, we have a trivial partition o = X consisting of a single class (all objects). Inductively, if
Bj_1 corresponds to the partition induced by the first j — 1 queries, then 3; is constructed from
B;_1 by splitting each element of 3;_; into at most two disjoint subsets: those objects that are
contained in the pre-image of the jth query set B; and those that are not. The hidden labelling is
recovered precisely when the partition of X consists only of singleton elements. An instance of
this process may be viewed as a rooted binary tree (which we call the partition refinement tree)
in which the jth level, for j > 0, corresponds to the partition resulting from j queries; a node in
a given level corresponds to an element of the partition associated with that level. A right child
corresponds to a subset of a parent partition element that is included in the subsequent query, and
a left child corresponds to a subset that is not included. See Example 1 for an illustration.

Example 1 (demonstration of partition refinement). Consider an instance of the problem
where X = [5] ={1,...,5}, with labels (d,e,a,c,b) respectively (so A = {a,b,c,d,e}). Consider
the following sequence of queries:

{1,2, 3,@
1 B, ={b,d}— {1,5} } {15}
2 By={a,b,d}— {1,3,5},
3 By={a,c,d} — {1,3,4}, {2, .5}

{2,34

4}
Each level j > 0 of the tree depicts the partition *}3;, where a right child node corresponds to the
subset of objects in the parent set which are contained in the response to the jth query. Singletons

are only explicitly depicted in the first level in which they appear. We can determine the labels of
all objects using the tree and the sequence of queries. For example, to determine the label of the
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object 3, we traverse the tree until we reach the leaf corresponding to 3. This indicates that the
label corresponding to 3 is in the singleton set

_\Bl ﬂBQ = {a,c,e}ﬂ{a,b’d} = {a}

Note that leaves of the tree always correspond to singleton sets.

In this work we consider a version of the problem in which, in every query, each label is in-
cluded independently with probability p > 1/2 (the asymmetric case) and we ignore inconclusive
queries. In particular, if a candidate query is not such that it splits every non-trivial element of
the previous partition, we modify the query by deciding again independently, for each unsplit
partition element, whether or not to include each label of that partition element with probability
p. We perform this modification until the resulting query splits every element of the previous
partition non trivially. See Example 2.

Example 2 (ignoring inconclusive queries). Continuing Example 1, the query B; fails to split
the partition element {1,5}, so it is an example of an inconclusive query and would be modified
in our model to, say, By = ¢({1,3}). The resulting refinement of partitions is depicted as a tree
here. Note that the tree now does not contain non-branching paths and that B, is ignored in the
final query sequence.

1 By ={b,d}~ {1,5} {2,3.4}

2 By={a,d}—{1,3}
3 Bi={a,c,d}—{1,3,4}. {24}

We study three parameters of this random process: H,, the number of such queries needed to
recover the entire labelling; F,, the number needed before at least one element is recovered; and
D,,, the number needed to recover an element selected uniformly at random. Our objective is to
present precise probabilistic estimates of these parameters.

The symmetric version (i.e. p = 1/2) of the problem (with a variation) was discussed by
Pittel and Rubin in [20], where they analysed the typical value of H,. In their model, a query
is constructed by deciding whether or not to include each label from A independently with
probability p = 1/2. To make the problem more interesting, they added a constraint similar
to ours: namely, a query is, as in our model, admissible if and only if it splits every non-
trivial element of the current partition. In contrast to our model, however, Pittel and Rubin
completely discard inconclusive queries (rather than modifying their inconclusive subsets as we
do). Despite this difference, the model considered in [20] is probabilistically equivalent to ours
for the symmetric case. Our primary contribution is the analysis of the problem in the asymmetric
case (p > 1/2), but our methods of proof allow us to recover the results of Pittel and Rubin.

The question asked by Rényi brings some surprises. For the symmetric model (p = 1/2) Pittel
and Rubin [20] were able to prove that the number of necessary queries is with high probability

od
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(see Theorem 2.1)

H, = logyn+/2log,n+o(+/logn). (1.1)

In this paper, we develop a different method that could be used to re-establish this result and
prove that for p > 1/2 the number of queries grows with high probability as

1
H, =log,,,n+ Elog.;p/qlogn—i—o(loglogn)7 (1.2)

where g := 1 — p. Note a phase transition in the second term. Moreover, this result is perhaps
interesting in the sense that, for p > 1/2, H, exhibits the second-order behaviour that Pittel
and Rubin stated that they fully expected but did not find in the p = 1/2 case [20]. We show
that another phase transition, also in the second term, occurs in the asymptotics for F, (see
Theorem 2.2):
F— {logl/qn —log, ,loglogn +o(logloglogn) p > g, (13)
log, n —log, logn+ o(loglogn) p=q=1/2.

In Theorem 2.3 we also state some interesting probabilistic behaviour of D,,. We have D,,/logn —
1/h(p) (in probability) where h(p) := —plog p — glogg, but we do not have almost sure conver-
gence.

We establish these results in a novel way by considering first the external profile B, ;, whose
analysis was, until recently, an open problem of its own (the second and third authors gave a
precise analysis of the external profile in an important range of parameters in [15, 17], but the
present paper requires really non-trivial extensions). The external profile at level & is the number
of bijection elements revealed by the kth query (one may also define the infernal profile at level
k as the number of non-singleton elements of the partition immediately after the kth query). Its
study is motivated by the fact that many other parameters, including all of those that we mention
here, can be written in terms of it. Indeed,

P[D, =k| =E[Bu]/n, H,=max{k: B,x >0} and F,=min{k: B,; >0} —1.

We now discuss our new results concerning the probabilistic behaviour of the external profile.
We establish in [15, 17] precise asymptotic expressions for the expected value and variance of
B, x in the central range, that is, with k ~ alogn, where, for any fixed € > 0, o € (1/1og(1/q) +
€,1/log(1/p) — €) (the left and right endpoints of this interval as € — 0 are associated with F,
and H,, respectively). Specifically, it was shown that both the mean and the variance are of the
same (explicit) polynomial order of growth (with respect to n). More precisely, expected value
and variance grow for k ~ ologn as

. 1 LB
(p(a), ng/q(P n)) W,

where () < 1 and p(o) are complicated functions of o, C is an explicit constant, and H(p,x)
is a function that is periodic in x. The oscillations come from infinitely many regularly spaced
saddle points that we observe when inverting the Mellin transform of the Poisson generating
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function of E[B,,x]. Finally, in [17] we prove a central limit theorem; that is,
(Buy —E[B,«])/+/ Var[B,x] — N(0,1),

where N(0, 1) represents the standard normal distribution.

In order to establish the most interesting results claimed in the present paper for H, and F,,
the analysis sketched above does not suffice: we need to estimate the mean and the variance of
the external profile beyond the range o € (1/1og(1/q) +¢,1/log(1/p) — €); in particular, for F,
and H, we need expansions at the left and right side (for € — 0), respectively, of this range.

Having described most of our main results, we mention an important equivalence pointed out
by Pittel and Rubin [20]. They observed that their version of the Rényi process resembles the
construction of a digital tree known as a PATRICIA trie! [14, 23]. In fact, the authors of [20]
show that H,, is probabilistically equivalent to the height (longest path) of a PATRICIA trie built
from n binary strings generated independently by a memoryless source with bias p = 1/2 (that
is, with a ‘1’ generated with probability p; this is often called the Bernoulli model with bias p);
the equivalence is true more generally, for p > 1/2. It is easy to see that F, is equivalent to the
fillup level (depth of the deepest full level), D, to the typical depth (depth of a randomly chosen
leaf), and B, to the external profile of the tree (the number of leaves at level k; the internal
profile at level & is similarly defined as the number of non-leaf nodes at that level). We spell out
this equivalence in the following simple claim.

Lemma 1.1 (equivalence of the Rényi problem with those of PATRICIA tries). Any para-
meter (in particular, H,,F,,D,, and B, ;) of the Rényi process with bias p that is a function of the
partition refinement tree is equal in distribution to the same function of a random PATRICIA trie
generated by n independent infinite binary strings from a memoryless source with bias p > 1/2.

Proof. In a nutshell, we couple a random PATRICIA trie and the sequence of queries from the
Rényi process by constructing both from the same sequence of binary strings from a memoryless
source. We do this in such a way that the resulting PATRICIA trie and the partition refinement
tree are isomorphic with probability 1 (in fact, always isomorphic), so that parameters defined in
terms of either tree structure are equal in distribution.

More precisely, we start with n independent infinite binary strings S, ..., S, generated accord-
ing to a memoryless source with bias p, where each string corresponds, in a way to be made
precise below, to a unique element of the set of labels (for simplicity, we assume that A = [n],
and S; is associated to the object j, for j € [n]; intuitively, S; encodes the decision, for each
query, of whether or not to include j). These induce a PATRICIA trie 7', and our goal is to show
that we can simulate a Rényi process using these strings, such that the corresponding tree Ty is
isomorphic to T as arooted plane— oriented tree (see Example 2). The basic idea is as follows: we
maintain for each string S; an index k;, initially set to 1. Whenever the Rényi process demands
that we make a decision about whether or not to include label j in a query, we include it if and
only if S;;, = 1, and then increment k; by 1.

T We recall that a trie is a binary digital tree, where data that are represented by binary strings are stored at leaves of the
tree according to finite prefixes of the corresponding binary strings in a minimal way such that all appearing prefixes
are different. A PATRICIA trie is a trie in which non-branching paths are compressed; that is, there are no unary paths.
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Clearly, this scheme induces the correct distribution on queries. Furthermore, the resulting
partition refinement tree (ignoring inconclusive queries) is easily seen to be isomorphic to 7.
Since the trees are isomorphic, the parameters of interest are equal in each case. L]

Thus, our results on these parameters for the Rényi problem directly lead to novel results on
PATRICIA tries, and vice versa. In addition to their use as data structures, PATRICIA tries also
arise as combinatorial structures which capture the behaviour of various processes of interest in
computer science and information theory (e.g. in leader election processes without trivial splits
[12] and in the solution to Rényi’s problem which we study here [2, 20]).

Similarly, the version of the Rényi problem that allows inconclusive queries corresponds to
results on tries built on # binary strings from a memoryless source. We thus discuss them in the
literature survey below.

Now we briefly review relevant facts about PATRICIA tries and other digital trees when
built over n independent strings generated by a memoryless source. Profiles of tries in both
the asymmetric and symmetric cases were studied extensively in [18]. The expected profiles
of digital search trees in both cases were analysed in [8], and the variance for the asymmetric
case was treated in [13]. Some aspects of trie and PATRICIA trie profiles (in particular, the
concentration of their distributions) were studied using probabilistic methods in [3, 4]. The depth
in PATRICIA for the symmetric model was analysed in [2, 14] while for the asymmetric model
in [22]. The leading asymptotics for the PATRICIA height for the symmetric Bernoulli model
was first analysed by Pittel [19] (see also [23] for suffix trees). The two-term expression for the
height of PATRICIA for the symmetric model was first presented in [20] as discussed above (see
also [2]). To our knowledge, precise asymptotics beyond the leading term for the height have
not been given in the asymmetric case for either tries or digital search trees. Finally, in [15, 17],
the second two authors of the present paper presented a precise analysis of the external profile
(including its mean, variance, and limiting distribution) in the asymmetric case, for the range in
which the profile grows polynomially. The present work relies on this previous analysis, but the
analyses for H, and F; involve a significant extension, since they rely on precise asymptotics for
the external profile outside this central range.

Regarding methodology, the basic framework (which we use here) for analysis of digital
tree recurrences for profiles by applying the Poisson transform to derive a functional equation,
converting this to an algebraic equation using the Mellin transform, and then inverting using
the saddle point method/singularity analysis followed by depoissonization, was worked out in
[18] and followed in [8]. While this basic chain is common, the challenges of applying it vary
dramatically between the different digital trees, and this is the case here. As we discuss later (see
(2.5) and the surrounding text), this variation starts with the quite different forms of the Poisson
functional equations, which lead to unique analytic challenges.

The plan for the paper is as follows. In the next section we formulate our problem more
precisely and present our main results regarding B, x, H,, F, and D,, along with sketches of
the derivations. Complete proofs for H, (and a roadmap for the proof for F,) are provided in
Section 3. Section 4 provides some background on the depoissonization step. Finally, Section 5
details a surprising series identity which arises in the analysis of H,, leading to significant
complications.

https://doi.org/10.1017/50963548318000329 Published online by Cambridge University Press


https://doi.org/10.1017/S0963548318000329

548 M. Drmota, A. Magner and W. Szpankowski

2. Main results

In this section, we formulate precisely Rényi’s problem and present our main results. Our goal
is to provide precise asymptotics for three natural parameters of the Rényi problem on n objects
with each label in a given query being included with probability p > 1/2: the number F; of
queries needed before at least a single element of the bijection can be identified, the number H,
needed to recover the bijection in its entirety, and the number D, needed to recover an element
of the bijection chosen uniformly at random from the n objects. If one wishes to determine
the label for a particular object, these quantities correspond to the best, worst and average case
performance, respectively, of the random subset strategy proposed by Rényi.

We recall that we can express F,, H, and D,, in terms of the profile B, x (defined as the number
of bijection elements revealed by the kth query)

E(B,
F,=min{k: B, >0}—1, H,=max{k: B,x >0}, P[D, =k| = [n k] 2.1

Using the first and second moment methods, we can then obtain upper and lower bounds on H,
and F;, in terms of the moments of B, ;:

Var[B, «]
PH, > k] < ) E[B,, PH, <kl < ——=, 2.2
ZJ’« A B | E[B, ]2 @2
and
Var[B, ]
< —2r" < . .
PIF, > k] < B, P[F, < k] <E[Byu] 2.3)

The analysis of the distribution of D,, reduces simply to that of E[B, ], as in (2.1).

Having reduced the analyses of F,,, H, and D,, to that of the moments of B, ;, we now explain
our approach to the latter analysis, starting in Section 2.1 with a review of the work done in [15].
We will then show in Section 2.2 how the present paper requires extensions far beyond [15, 17]
to give new results on the quantities of interest in the Rényi problem.

2.1. Basic facts for the analysis of B, ;
Here we recall some facts, worked out in detail in [15], which will form the starting point of
the analysis in the present paper. In order to derive our main results, we need proper asymptotic
information about E[B,,x] and Var[B, ;] at the boundaries of this region.

We start by deriving a recurrence for the average profile, which we denote by . := E[B,, «].
It satisfies

n—1
Mk = (P" +4" ) g+ (J) q" (Wjk1 + Mo ji1) 24
J=1

for n > 2 and k > 1, with some initial/boundary conditions; most importantly, (, ; = 0 for k >

and any n. Moreover, U, < n for all n and k owing to the elimination of inconclusive queries.
This recurrence arises from conditioning on the number j of objects that are included in the
first query. If 1 < j < n— 1 objects are included, then the conditional expectation is a sum of
contributions from those objects that are included and those that are not. If, on the other hand,
all objects are included or all are excluded from the first potential query (which happens with
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probability p" + ¢"), then the partition element splitting constraint on the queries applies, the
potential query is ignored as inconclusive, and the contribution is U, k.

The tools that we use to solve this recurrence (for details see [15, 17]) are similar to those
of the analyses for digital trees [23] such as tries and digital search trees (though the analytical
details differ significantly). We first derive a functional equation for the Poisson transform

Z ,u'mkie wt Of,u'n,kv

m=0

which gives
Gi(2) = Gi1(p2) + Gre1(92) + €7 7(Gr — Gi1) (g2) + ¢~ *(Gr — Gi1) (p2).
This we write as
G (2) = Gr-1(pz) + Gi-1(g2) + Wi6(2), (2.5)

and at this point the goal is to determine asymptotics for G, (z) as z — o in a cone around the
positive real axis. When solving (2.5), Wi 6(z) significantly complicates the analysis because it
has no closed-form Mellin transform (see below). Finally, depoissonization [23] will allow us
to directly transfer the asymptotic expansion for Gy (z) back to one for i, since i, is well
approximated by Gy (n).

To convert (2.5) to an equation that is easier to handle, we use the Mellin transform [9], which
for a function f : R — R is given by

f(s) =/0mzs"f(Z) dz.

Using the Mellin transform identities and defining 7'(s) = p~* +¢~*, we end up with an expres-
sion for the Mellin transform G; (s) of Gy (z) of the form

Gi(s) =T(s+1DAk(s)(p* +4¢ ) = (s + DA()T ()",

where Ay (s) is an infinite series arising from the contributions coming from the function Wy (z),
and the fundamental strip of Gy (z) contains (—k — 1,0). It involves unknown (i, j — ty, j—1 for
various m and j (see [15, 16]), that is,

y T(m+s)
ZT [.Lmj um,jfl)m.

J=0 mzj

Mw-

Ar(s) = (2.6)
Locating and characterizing the singularities of G (s) then becomes important. In [17] it is shown
that for any k&, A(s) is entire, with zeros at s € ZN [—k, —1], so that G{(s) is meromorphic, with
possible simple poles at the negative integers less than —k. The fundamental strip of Gy (z) then
contains (—k — 1,0).

We must then asymptotically invert the Mellin transform to recover Gy (z). The Mellin inver-
sion formula for G{(s) is given by

Gi(z) = L /p+i°°Z7st(s) ds = €L /p+i°° 2T (s+ 1)Ax(s)T (s)* ds (2.7)
2751 p—[oo 27” p—[oo ’

where p is any real number inside the fundamental strip associated with Gy(z).

https://doi.org/10.1017/50963548318000329 Published online by Cambridge University Press


https://doi.org/10.1017/S0963548318000329

550 M. Drmota, A. Magner and W. Szpankowski

2.2. Main results via extension of the analysis of B, ;

Having explained the relevant functional equations and the integral representation (2.7) for G (z),
we now move on to describe the main results of this paper. For Theorem 2.1 and 2.2 we start with
a sketch of the derivation whereas the proof of Theorem 2.3 is given immediately. The complete
proof of Theorem 2.1 and a roadmap for Theorem 2.2, both for the case p > ¢, is given in
Section 3.

2.2.1. Result on H,. Our first aim is to derive two-term expansions for the typical values of H,
and F,,. To do this for H,, for example, we define, for p > g,
k* = logl/pn+ W*(n)ﬂ

where y,(n) = o(logn) is a function to be determined. We also define

yi(n) = (1 —&)y.(n)k, = log,,n+yi(n), (2.8)
vy (n) = (1+&)y(n)ky =log,,,n+yy(n), (2.9)

for arbitrarily small € > 0. We require that . (n) be such that
E[Byj] — «0,E[By,] — 0, (2.10)

and a proper upper bound for Var[B,, | (see Lemma 3.4). However, in order to make the follow-
ing pre-analysis more transparent we will not dwell on the variance.

To determine a candidate for . (n), we start with the inverse Mellin integral representation
for Gy, (n):

G n)= 71 i Ji. (n d 2.11
ke ( ) 27 / ; ke ( 3 S) S, ( . )
where we define

Ji(n,s) = n~*T(s)"T(s + 1)Ax(s)

niST(S)kij Z'T(—m) (um,j — Ilm,jl)m.

(2.12)

~.
Il M»
(=}

Note that by depoissonization (see Section 4 and [11]) we have

n
2
Indeed, because of the exponential decay of A, (s)I'(s+ 1) along vertical lines, the entire integral
is at most of the same order as the integrand on the real axis (we justify this more carefully in
Section 3.1). Furthermore, since the second derivative has an additional factor s(s + 1)n~2 in the
integrand we will get a similar bound for (n/2)G/ (n), which is just p? /n times the corresponding
bound for Gy, (n), and thus negligible in comparison to Gy, (n).

In this proof roadmap we focus on estimating the integrand Ji, (n,p), p € R, as precisely as
possible. Using Lemma 3.1, we find (see (3.7) in Section 3.1) that the jth term in the representa-
tion (2.12) of Ji, (n,p) is of order

Hus. = G (m) = 56 (n) + O(n 1),

n*PT(p)krjpjz/HO(jlogj)’ (2.13)
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where p <0Oand T(p) = p~? + ¢ P. Hence, by setting jo = —log,,, T (p) we have
Ji (n,p) = O(H*PT(p)k*p*15/2+0(jnlogjn))_ (2.14)

Next we have to choose p € R_ that minimizes this upper bound. Here we distinguish between
the symmetric case p = ¢ = 1/2 and the case p > g.
In the symmetric case we have T(p) = 2°*! and j, = —p — 1 and thus

Je.(n,p) = O(n~P2 PN loz iy (m)+p?/2+0(pllog|pl)y |
Consequently, by disregarding the error term O(|p|log|p]|) the optimal choice of p is p =
— W, (n), which gives the upper bound
Ji.(n,p) = 0(2101‘;2"7%(n)2/2+0(\v*(n)\log\%(n)b).

Hence, the threshold for this upper bound is v, (n) = 1/2log, n. In particular it also follows that
JkU (l’l,p) _ 0(2—(28+€2)10g2 n+0(\/@loglogn))’

where

ky =log, ,,n+ (1+¢)y/2log, n.

We also note that we get the same bound if p = —y,.(n) + O(1).
In the case p > g we have to be slightly more careful. Nevertheless we can start with the upper
bound (2.14) and obtain

Ji.(n,p) = 0(p(p—10g1/,)T(p))logl/pn—%(w logl/pT(P)—(logl/pT(P))2/2+0(jologjo)).

From the representation 7'(p) = p (14 (p/q)P) we obtain
(p/a9)
log(1/p)

Itis clear that we have to choose p < 0 that tends to —ee if n — e=. Hence, log, /, T(p)=p+o(l)
and consequently a proper choice for p is the solution of the equation

J (p/q)° p*\ _ (p/q)Plog(p/q) _
ap (_log(l/p)logl/pn_ vi(n)p — 2) = ————log, ,n—y.(n)—p =0.

log(1/p)
In fact this gives p < — i, (n) and thus

log,,, T(p) =p+ +0((p/q)**).

p = —log,, logn+ O(logloglogn).
With this choice the upper bound for Ji, (1, p) can be written as
Ji(n,p) = 0(],(%(n)+p)/log(p/q>fw*(n)pf(p2/2>+0(jologjo)) - 0(1)7%(n)pf(pz/2)+0<jologjo>)_ (2.15)
This implies that the threshold for this upper bound is given by

p 1
i (n) = —5= ilogl,/qlogn—i—0(logloglogn).
In particular, if we replace y.(n) with yy (n) = 1(1+¢) log,,/,logn, we obtain

Jku (l”t,p) _ O(pe(logp/qlogn)2/2+0(loglognlogloglogn))’ (216)
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and for y(n) = (1 — 8)%10gp/qlogn,
JkL (n7p) — O(pfs(logp/qlogn)2/2+0(loglognlogloglogn)). (2.17)

The above pre-analysis suggests asymptotic estimates for G;(n) and thus by depoissonization
estimates for U, x, which imply a two-term expansion for H,. The complete proof of this result is
given in Section 3.1. In summary, we formulate below our first main result.

Theorem 2.1 (asymptotics for H,). With high probability,

1
Y log,,n+ Elogp/qlogn+o(loglogn) p>q,

log, n+ +/2log, n+ o(y/logn) pP=q,

for large n.

2.2.2. Result on F,. We take a similar approach for the derivation of F,, with some differences.
We set

k. =1og, ,n+9.(n)
with
¢r(n) = (1+€).(n),9u(n) = (1 —€)¢.(n),

and k; and ky, respectively, defined with ¢, (respectively, ¢y ) in place of ¢,. The derivation of
an estimate for the jth term of Ji (1, p), p € R, is similar to that in Section 2.2.1, except now the
asymptotics of I'(p + 1) play a role (this is reflected in the proof, where I'(p + 1) determines the
location of the saddle points of the integrand). We find that the jth term is at most ¢%?), where

Aj(n,p) = p(j— ¢«(n)) + (j — ¢« (n) —log, ,,n)log, ;,(1+(q/p)?) — plog, ;,p + O(p).
(2.18)

Optimizing over j gives j = 0. The behaviour with respect to p depends on whether or not p = g,
because log, ,(1+(¢/p)?) =1 when p = g and is dependent on p otherwise. Taking this into
account and minimizing over all p gives an optimal value of

P 2—¢*(n)—l/10g2 p:q:]/z7
log, ,logn  p>1/2.

Note that this corresponds to the real part of the saddle points in the proof. Plugging this into
(2.18), setting the resulting expression equal to 0, and solving for ¢.(n) gives

—log,logn+0(1) p=q=1/2,
¢.(n) =
—log, ,loglogn p>1/2.

This heuristic derivation suggests that the following theorem holds. More details are given in
Section 3.2.

https://doi.org/10.1017/50963548318000329 Published online by Cambridge University Press


https://doi.org/10.1017/S0963548318000329

Asymmetric Rényi Problem 553

Theorem 2.2 (asymptotics for F,). With high probability,

P log, ;,n—log, ,loglogn+o(logloglogn) p> g,
" log, n —log, logn+ o(loglogn) p=gq,

for large n.

2.3. Result on D,
We move to our results concerning D,,. To state them, we first need to observe that there is a
natural way to define the sequence {D, },>0 on a single probability space, so that we may ask
whether or not D,, properly normalized, converges almost surely, and to what limiting value.
This common space is defined by appealing to the correspondence between the sequence of
Rényi problem queries and the growth of a random PATRICIA trie. For each n > 0, we define a
tree T, which is a PATRICIA trie constructed on n strings (equivalently, a terminating sequence
of Rényi queries recovering a bijection between two sets of n elements): Tp is an empty tree, and
T,+1 is constructed from 7, by generating an independent string of i.i.d. Bernoulli(p) random
variables and inserting this string into 7,,. Then, for each n, D, is the depth of a leaf chosen
uniformly at random (and independent of everything else) from the leaves of 7,,.

With this construction in mind, we have the following result about the convergence of D,,. Its
proof combines known facts about the profile with the new ones proved here, as well as a proof
technique that was used before in [19], for example.

Theorem 2.3 (asymptotics of D,)). For p > 1/2, the normalized depth D, /logn converges in
probability to 1/h(p) where h(p) := —plog p — qloggq is the entropy of a Bernoulli(p) random
variable, but not almost surely. In fact,

lirginfD,,/logn = 1/log(1/q),limsupD, /logn = 1/log(1/p) (2.19)
n=—ree n—eo

almost surely.

Proof. The fact that D, /logn converges in probability to 1/h(p) follows directly from the
central limit theorem for D, given in [23].

Next we show that (2.19) holds. Clearly F, < D, < H,. Now let us consider the following
sequences of events: A, is the event that D, = F, + 1, and A/, is the event that D,, = H,. We note
that all elements of the sequences are independent, and P[A,] > 1/n, P[A]] > 1/n. This implies
that

oo oo

2 PlA] =3 PlA]] =,

n=1 n=1

so the Borel-Cantelli lemma tells us that both A, and A/, occur infinitely often almost surely.
In the next step we show that, almost surely,

F,/logn — 1/log(1/q) and H,/logn— 1/log(1/p).

Then (2.19) is proved. We cannot apply the Borel-Cantelli lemmas directly, because the relevant
sums do not converge. Instead, we apply the following trick: we observe that both (F,) and (H,)
are non-decreasing sequences. Next, we show that, on some appropriately chosen subsequence,
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both of these sequences, when divided by logn, converge almost surely to their respective limits.
Combining this with the observed monotonicity yields the claimed almost sure convergence, and
hence the equalities in (2.19).

We illustrate this idea more precisely for H,,. By our analysis above, we know that

P[|H,/logn —1/log(1/p)| > €] = O(e~@llogloen?),

292r

Then we fix ¢, and we define n,, = 2" . On this subsequence, by the probability bound just
stated, we can apply the Borel-Cantelli lemma to conclude that H, ,/log(n,,) — 1/log(1/p) -
(t+ 1)2 / 12 almost surely. Moreover, for every n, we can choose r such that n,, <n < n,,;. Then

H,/logn < H,,.,/logny,,
which implies

H, H, I - 1 r+1)2
limsup —— < limsup it 1O8Mri+l . ( +2 )
e lOgR e lOgnyy logny, log(1/p) t

Taking ¢t — oo, this becomes 1/1log(1/p), as desired. The argument for the liminf is similar, and
this establishes the almost sure convergence of H,. The derivation is entirely similar for F,,. [

3. Proof of Theorems 2.1 and 2.2

We give a detailed proof of Theorem 2.1 and indicate the main lines of the proof of Theorem 2.2.
We also concentrate just on the case p > g. The proof of the symmetric case can be done by the
same techniques (properly adapted) but it just re-proves the result by Pittel and Rubin [20].

3.1. Proof of Theorem 2.1
3.1.1. A priori bounds for i, ;. For the analysis of the profile around the height level, we need
precise information about L, ; with n — oo when k close to n. This is captured in the following
lemma, which first appeared in a similar form in [16].

We consider (1, x where k is close to n, so we set k = n — £ and represent it as

—L)(n—L 2 n—
un,k - .uvn,nfé = }’l'C* (p)p(n Hln—tr1) /2q ééf(”)v

where

oo

C.p) =TI =p' =¢))"-(1+(a/p) ),

Jj=2

Ei(1)=1/Ci(p) and forn> £ > 1
n— J — n H n—.
5/(”)(1*pn*q Z&er —J )q lp( qu+pj J) (31)
Note that &(n) = 0 for n < £. The above formulas first appeared in [16].

Lemma 3.1 (asymptotics for (i, ;, kK — oo and n near k). Letp > q.

(1) Precise estimate. For every fixed { > 1 and n — oo,

n—0)? —L n—~{
.un,nf[ N”'C*(P)P( O /2 O/qu /547
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where the sequence &, £ > 1 satisfies the recurrence
,1 ¢ Z &1/+1 J (3 2)

with &; = 1. Furthermore we have (for some positive constant C)

\Er1—g(n—=0) = &g <CP "+ (g/p)" 1) /(L= T)1. (3.3)

(ii) Upper bound. We have &;(n) < Ci /(£ —1)! for some constant Cy, and thus for 1 <k < n,
(and some constant C),

n!

o <C ) pE2g (3.4)

(n—k—1)!

Proof. From the recurrence (3.1) it follows easily that for each £ > 1 the limit & = lim,,_,.. &/(n)
exists by (3.4), and in particular for £ = 1 we have & = 1. Clearly these limits satisfy the
recurrence (3.2).

Next we show by induction a uniform upper bound of the form &;(n) < C;/(¢£ —1)! The
induction step for n > ¢ > ¢; runs as follows (where C; and ¢, are appropriately chosen such
that the upper bound is true for ¢ < ¢, and that 2/(g¢, (1 — p" —g") < 1):

Cl pf JqJ 1 l €+J nqn J—1
<
Sel) S T (2 TI(C=J)! §

Ci (1 : (6) —J J (CI/P)" & <£> J ZJ)
———"—| - ' +
(1 —p—q") qu) )P q Z‘O 7)1

_ G 1 2_ G
S =D (1=ph—gh)g T (L=

In a similar way we obtain the approximation estimate (3.3). We leave the details to the arXiv
version [7]. ]

3.1.2. Upper bound on H,. Now we set

1
k= ky =log, ,n+yy(n) =log, ,n+ 5(1 +¢)log,,logn (3.5)
just as in (2.9). We will first estimate the value of Ji(n,s) (which is defined in (2.12)) for s =
p'=-2y(n)+0(1) € Z —1/2 (i.e. the set {—3/2,—5/2,...}), as hinted at in Section 2.
Lemma 3.2. Suppose that p > q, that € > 0, that ky is given by (3.5), and that p’ = |p| +1/2,
where p = —log,, logn+ O(logloglogn) is the solution of the equation

(p/q)Plog(p/q)

log(1/p) BTV EP =0

Then we have for k > ky

Jk(”,P’) _ O(T(p/)k—kype(logp/qlog;1)2/2+0(10glogn»logloglogn))' (3.6)
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Proof. First we observe that the assumption p’ € Z~ — 1/2 with |p’| — o assures that for all
m > 0 we have |I'(m+ p')/T(m+ 1)] < 1. Next, by (3.4) of Lemma 3.1 we have
Uy = O(mi*! p*/2+0(0)) "which implies that

S T(~m)m; = O(p 72/2+0(log))y

m=j

Hence, the jth term in the representation (2.12) of Ji(n,p’) can be estimated by

L [(m+p’)
n P TP YN T(—m) (U — M j1) = (3.7)
g’, i T T(m+1)
<P T(p' YN, T(=m) (M + i j—1) = O(n™P T (p )T pl* 120Uz ),
m2j

Thus, we have shown (2.14) which implies (3.6) for k = ky (see (2.16)). However, it is easy to
extend it to larger k (since equation (2.15) holds for generic k, = k and the given choice of p). In
fact uniformly for k > ky we obtain

Jk(n,P/) _ O(T<p/)k7kup£(logp/qlogn)2/2+0(loglognlogloglogn))

for large n. U]
Our next goal is to evaluate the integral (2.11) and to obtain a bound for i, .

Lemma 3.3. Suppose that p > g, that € > 0, and that ky and p' are given as in Lemma 3.2.
Then we have (for some 6 > 0)
1—5)

Uy = O(T(p/)kfkupe(logp/q10gn)2/2+0((10g10gn) ) + 0(n71+£) (3.8)

uniformly for k > ky

Proof. Letting C denote the vertical line R(s) = p’, we evaluate the integral (2.11) by splitting
it into an inner region C’ and outer tails C?:

Ch={p' +it: |t] < e“"gk’g”)z*a}, CO={p'+ir: |t| > e<10g10gn)2”5}’

where 0 < § < 1 is some fixed real number. The inner region we evaluate by showing that it is
of the same order as the integrand on the real axis, and the outer tails are shown to be negligible
by the exponential decay of the I" function.

It is easily checked that

[n T ()T (m+5)| <n P T(p')/|D(m+p')]
when R(s) = p’ (and any value for 3(s)). Thus,

P S [T (m+p")|
Vi(n, )| ST (P Y 0 P T(p") 7Y T(—m)|thm,; — thm,j- I\Wv

j=0 m=j

which can be upper-bounded as in the proof of Lemma 3.2. Multiplying by the length of the

contour, we find
’/Cl Jk(nys) ds| = O(T(p/)k—kups(logp/q10gn)2/2+0((loglogn)2’5)).
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We use the following standard bound on the T function: for s = p’ + ir, provided that |Arg(s)|
is less than and bounded away from 7 and |s| is sufficiently large, we have
IT(s)| < C|e|P"~"/2e 112,

This is applicable on C?, and we again use the fact that |7 (s)| < T(p’) and |ty ; — U j—1| < m
which yields an upper bound of the form
T'(m+s)
I(m+1

ZT ,umj ,um,j—l)

mzj

|t|’"+p/71/267”m/2) )

<ZT m+1)

m=j

_ (p|t|p +1/ze—n\1|/2ep\t\)’
where we have used the inequality

Mp’ 1/2 —xlt|/2 2 p|t|) p|t|p’+l/26—n|t\/2ep\t| :e—@(m)7

m=j

uniformly in j, by our choice of |z|.
Furthermore, since 7'(p’) < 1 we have

zn—p T k J_ O(n—p’) — eO(lognloglogn).

Hence, integrating this on C? gives

/C()Jk(n,s) ds

Adding these together gives

_ O(T(p/)kfkueO(lognloglogn)efe)(e“"g]"g")2 5))

2-6

= O(T(p/)kfkyefe(e(loglog") )).

‘/Jkuns ds+/ Ji, (n,s) d

(T(P )k ky s(logp/qlogn 2 /24+0((loglogn)?>~ )).

Similarly we get a bound for G”;(n):
G”k(n) _ 0(p/2T(pl)k—kups(logp/qlogn)z/2+0((log]0gn)2’5)).
Hence by depoissonization (see (4.5) from Section 4) we get
Ui = O(T(p/)k—kyps(logp/q10gn)2/2+0((loglogn)2’5)) + 0(n71+£)

as needed. ]

Our original goal was to bound the tail P[H, > ky| by the following sum, which we split into

two parts:
[(logn)*] n
PlH, >ky] < Y M=, M+ 2 Hus
k=ky k=ky k=[(logn)?]+1
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The initial part can be bounded using (3.8), and the final part we handle using (3.4) in Lemma 3.1.
Indeed, since 7'(p’) < 1 the first sum can be bounded by
[(logn)*] 5
Z Ui < ef®(e(loglogn)*) )
k=ky

The second sum is at most

i Uy < ne—lIoEm*) _ ,~0((ogn)*)
k=[(logn)?]+1
Adding these upper bounds together shows that P[H, > ky] = ¢~ Oeoglogn)?) _, 0, as desired.

3.1.3. Upper bound on the variance of the profile. We consider now the case
1
k=kp=log,/,n+vyi(n) =log,,,n+y(n), )= 5(1 —¢)log,, logn (3.9

and start with an upper bound for the variance of the profile Var[B,].

Lemma 3.4. Suppose that p > g, that € > 0, and that ki, is given by (3.9). Then we have
Var[Bn‘k] _ 0(p7£(logp/qlogn)z/2+0((loglogn)z"s))' (3.10)

Proof. The proof technique here is the same as for the proof of the upper bound on p, x. Our
goal is to upper-bound the expression

. n'" . - 1 p'+ico
Tin) = X EIB e " = Geln? = o [ (0,s) ds,

n=>0 p'—ioo

where
TV (n,5) = n T (s) T (s + 1)By(s),
and
J Wiy (s)
Bi(s) =1—(s+1)276+2) T(s)~/ =2V

(o) =1—=(s+1) +; O 1y

with [15]
. T(m—+s)
Wiv(s) = 2 = | T(=m)(emj = Cmj1+ Honj = Hm,j1)
m2j :
+T(s)270Fm N U1 Mot j1

(=0
m m
F20 w1 P " =27 g it |
s =

As above, we need a bound on the moments of B, ; for m sufficiently close to j: for , ; =
E[B,, j], this is (3.4) in Lemma 3.1. It turns out that ¢,, ; = E[B,, j(B,, j — 1)] satisfies a similar
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recurrence to [, ; (see [17]) and also similar inequality: for j — « and m > j,

m! 2 :
L pl /2+0(j)
IS = j— 1)

The proof is by induction and follows the same lines as that of the upper bound in Lemma 3.1.

Using this, we can upper-bound the inverse Mellin integral as in the upper bound for Gy (n). In
particular it follows that

VkL (}’l) _ 0(p—£(logp/qlogn)2/2+0((10glogn)z"s))’
and similarly we have
Vk// (n) = O(p/2n—2p—s(logp/qlogn)2+0((loglogn)2’5))
L )

where p’ = —log,,, logn + O(logloglogn). With the help of depoissonization (see (4.6)), we
thus obtain (3.10). ]

3.1.4. Lower bound on H,. The most difficult part of the proof of Theorem 2.1 is to prove a
lower bound for the expected profile.

Lemma 3.5. Suppose that p > q, that € > 0, and that k;, is given by (3.9). Then we have

Uni, = Q(p—s(logl,/qlogn)2/2+0(log10gnlogloglogn)). (3.1 1

By combining Lemmas 3.4 and 3.5 it immediately follows that

g Va’r [ZankL] — 07

nkr

]P)[Hn < kL]

which proves the lower bound on H,,.

The plan to prove Lemma 3.5 is as follows. We evaluate the inverse Mellin integral exactly by
a residue computation. This results in a nested summation, which we simplify using the binomial
theorem and the series of the exponential function. From this representation we will then detect
several terms that contribute to the leading term in the asymptotic expansion.

Lemma 3.6. Suppose that p < 0 but not an integer. Then we have

k
Ge(n) =, D % j(Honj — Himj1), (3.12)
J=om>
where
T(—m)n™ > —n)" iy
KmJ:T ( [!) T(—m—ﬁ)k / (3.13)

{=(=[m+p]+1) V O

and x V' y denotes the maximum of x and y.

Proof. By shifting the line of integration and collecting residues we have

1 pioo ' m—+L -1 4 .
7/ niST(s)kfjl—‘(m+S)dS: z %T(fﬁfm)kﬂ,
2mi p—ico >zmax{0,—m—p} 2
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where the remaining integral after shifting by any finite amount becomes 0 in the limit as a result
of the super-exponential decay of the I function on the points 1/2 — j for positive integer j.
Hence the lemma follows. U

We now choose p as p = —j* — 1 and set jo = | j* + 1/2], where j* is the root of the equation

_ log(1/p)

(" —we(n)), (3.14)

where y; (n) = 3(1—¢) log,, logn.
In particular, let us define

log(1/p)

7o:= (q/p)" (k. — jo),F1 -
Then it follows that

Vaq/pr <To </ p/qri. (3.16)

If j > jo and m > j then we certainly have (—[m+p]+1) V 0 =0, whereas for j = j, we have
(=[jo+pl+1) VO=1.
Asymptotically we have

j*=log, ,logn—log,, loglogn+O(1).
Hence we also have
Jjo=log,,, logn—log,, loglogn+0O(1) and p=—log,,logn—log,, loglogn+O(1).

In what follows we will encounter several different asymptotic behaviours. In particular we
will show that

Gk(n> - D(p)c*(p>pjo(jo+l)/2qjo—lnjopjo(k—jo)eroq)<rl_ro) (3.17)
Vo
.
C. (p) plotiotD/2 gio=1 o pyio(k—jo) __T0 Clp. 7o /7 (F 1
+Ci(p)p g 'n"p 1“(71+1)( (p:To/F1,(F)) +o(1))

where (x) = x — | x| denotes the fractional part of a real number x, and

1M B L
D(P) _ 2 §L+l ( M? p(<L+M)2+L M)/2q L-M (318)
LM>0 '

and C(p,u,v) is a certain function in p,u,v that is strictly positive (see below). Here and else-
where, ® denotes the distribution function of the normal distribution.

Since 7" /T(F1 + 1) = O(¢™ /\/Ty), the first term seems to be the asymptotically leading one.
However, it turns out that D(p) = 0 (as we will prove in Section 5) so it follows that

7o"!

Gr(n) = C(p)piotiotV)/2gio=1 yio piolk=io)

for some constant C(p) > 0. Note also that this lower bound implies (3.11) since by definition

Va/pFo <1 < \/p/qFo so that e 071 JT (7 + 1) = elogloen),
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The calculations for proving (3.17) are quite involved, in particular the proof of positivity of
C(p,u,v). So we will only present a part of the calculations and refer for a full proof to the
extended arXiv version [7] of the paper.

In what follows we will have some error terms that are smaller by a factor p/® or (g/p)”
compared to the asymptotic leading term. However, it is easy to check that for 1/2 < p < 1
we have p/* = o(E) and (q/p)’” = o(E), where E := e 7" /T(F; + 1) so that they will not
influence the asymptotic leading term.

For j < jo and j < m < jy we have

T(—m)n"*d (k- j (e —nphi—rg (=1)" e e
Kin,j = TZ r Pm( ! r)qmr e — z T(P )
r=0 (< jo—m
and otherwise
T(_m)nm k*j(] k _j k—j—r r — k—j—r .r
Kinj = — g{) . pm( i )qm e "

In view of the above discussion we can thus replace the term 7' (—m) (in Ky, ;) With p™; the
resulting sum will be denoted by «,, ;. We can also replace U, ; — U, j—1 With

V= —C.(p)m!pI=V2gITE,
By a careful look we thus obtain
k
Gi(n) =Y, 3, Ko jVmj+ O(nPT (= o)~ pPUoti2gio (pho 4 (q/ p) ). (3.20)
J=0m>j

In order to analyse the sum representation (3.20) we split it into several parts:

Jo
T .= Z me,jvm,j; 1= z 2 fm.jvm,ja T3 = 2 z?m,jvmﬁf

J>jom=j J<jom>jo J<jom=j
Note that the exponential function e """'¢ = ¢~(@/P)"""" pehaves completely differently for
r < r1(j) and for r > r{(j) where
log(1/p)

Hence it is convenient to split 7 into three parts T3 + 731 + T35, where T3o and T3; correspond to
the terms with r < ry(j) and T3, corresponds to those with r > r; (j). T3 involves the exponential
function e 7"’ "4 whereas T3 takes care of the polynomial sum

[
(_n) k—j—r r\t
Z 6' (p ! q ) *
1< jo—m .
For notational convenience we set
-7
"o

Fo := plolo+1)2 gjo=1,jo piolk—jo) "0
0=p TP T )

(3.21)

We recall that

z Zp j-1)/2 j 1§m j+1Pman( ) m(k—j— r)qmrefnp g

J>jomz=j
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We now use the substitutions j = jo+J and m = j+L = jo+J+L, where J >0 and L > 0.
Furthermore, by using the approximation

(k;j) ~ (k=) /1L~ (k= jo)/r!

we obtain
T ~ _C*(p)pjo(jo+1)2qjo*lnjopjo(k*jo) 2 2 PJUH)/ZCIJéL-HPL

J>0L>0
x 27 (q/p) L+ =t/ 0
N
To og(p/q
~—=Ci(p)Fy- Z PJUH)/ZCIJ <) 2 ELap"
J>0 1 5
N\ 0]
@D —r) (ToN 77 _(g/pyrn)
«lafp) () ] ,
where Fj is given in (3.21). Thus, if we define (with the implicit notation g = 1 — p)
og(1/,
(puy) =Y pUT2y e 'Y & pt (322)
J>0 L>0
log(1/p) log(1/p)
X Z((q/p)(LJrl) ) R—v—J oS eXp((q/p) —v— Jloi( /q)>,
ReZ

we obtain
To ,_
Ty ~ —C.(p) R C <p7 ;0 <r1>>~
1

Note that we have substituted r — r; () with

r—r(j)=(r—1[r]) = )+ F—ri()))
log(1
Ry gloe(l/p)
log(p/q)’
Similarly we obtain T, ~ —C.(p) Fo C2(p,70/71,(F1)), where
s(puy) = 3 PV RU T Y Gt (3.23)
J<0 L>—-J
% 3 ((q/p) )< R exp (—<q/p>’”’*3§5%’c3 ) ,
ReZ
T30 ~ —Ci(p) FoCso(p,To/F1, (1)), where
Cuolpauy) = 3 p/V 0P g ' Z§L+1P (3.24)
J<0

log(1/p) log(1/p)
S (R e (o E ),
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and T3, ~ —C,(p) Fy C32(p,70/F1, (71)), Where
D)2 0, e S
Ca(p,u,v) = p’ g el Z§L+1P
J<0
x > ((g/p) "y ey (3.25)
rezn T
log(1/p) —J-L tog(1/p)
X <exp(—(q/p)R - ’mg(p/i,)) -y ( b (q/p) &t >>"'>,
=

Finally we deal with T3,. First of all we regroup the summation by setting m = jo — M, j =
Jjo—M — L and £ =M — K, which gives

K7
T :C*(p)pjo(joﬂ)/ijo*lnjopjo(k*jo) Z (Z) 1

K>0

« 2 Err (=pMK UMY +LM) /2K (L4M) o LM
L>0,M>K (M - K)!

D N (e [
r<n (jo—M~L) r p

We single out the case K = 0 (and consider only the sum over K, M, r), which we write as

k—jo+L+M\ [ q\""
pipcp 3 (ST (4) s,
r<ry r p
where D(p) is given by (3.18) and
So = p Y, §L+1

|
LM>0 M!

k—jo+L+M Jor
" y < Jo+L+ ><q> .
) - r )4
r1(jo—M—L)<r<7
Note that

k—jo+L+M N T logl
2 (TG) e (BR) (1ot e m))
< r p Vo logn

where ® denotes the distribution function of the normal distribution
Thus, if we set

(L+M)2+L—M) /2 qufM

K7
Sk =C, (p)pjo(jo+1)2qjo*1njopj0(k*jo) (q> l

p
( (L+M)*+L—M)/2—K(L+M) ,—L—M
X L v — P q
L>02M>K (M K)

k—jo+M+LY g\
x Z . 1 )
r<n (jo—M~L) p

—1)M-K
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then we have

1y = D)0 "L ) (1-+0(1)) ~S0+ 3. 5.

In the same way as above, we obtain Sy ~ —C..(p) Fo Cs10(p,70/71,(F1)), where

-1 27 I
Ca10(p,u,v) = 2 §L+1(M,) plEAMIH L2 gl M (3.26)
LM>0 :

S .
—(M+L) 08 4 v<R<0

It is also convenient to rewrite this also asasumoverJ = —-M —L<0and0 < L < —J:

iy
Cso(pu,v) =Y, 2 §L+1 plRy (3.27)
J<O0L=0 )
X uk™.
log(1/p)
y log(p/q) TYSRLO

For K > 1 the terms Sk can be approximated by Sx ~ C.(p) Fo Cs1 x(p,Fo/71,(F1)), where

K ( )J_L_K TI+1)/24L+IK T
Cak(puv)= Y > §L+1 K)'p(+>/++ q
JSK =0
—K\ R—v
x ( (") ) (3.28)
Ry +J:zz<,‘,éz> P

Summing up, if we set

C(pauvv) = _Cl(pvuav) _CZ(P7”7V) _CBO(P7”7V) _C32(P7”7V) _C31.0(p7u7v)
+ Y, Cax(pu,v)

K>1

and by observing that D(p) = 0 (see Section 5), we have the following result.

Lemma 3.7. With the notation from above we have

= 7

Gi(n) = C.(p)plotiotD/2gio=1 o piolk—jo) __"0 C(p.7o /71 (F ).
(1) = ()P0t Vi o phh ) el (CpoTo/ 71 7)) +0(1)

It remains to show that C(p,u,v) is strictly positive for 1/2 < p < 1, \/q/p <u < +/p/q,
0 < v < 1. Since the representation of C(p,u,v) is quite involved we will use the following

strategy. We do an asymptotic analysis for p — 1/2 and p — 1 and fill out the remaining interval,
0.51 < p <£0.97, via numerical analysis (together with upper bounds for the derivatives). Due to
space limitations we present here only a short version of the (very involved) considerations. A
full version can be found in the arXiv version of this paper [7].

We start with the behaviour for p — 1/2.
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Lemma 3.8. Set p/q=e" and ii = (1/n)logu. Then for n — 0+ (which is equivalent to p —
1/2) we have uniformly for i € [—1/2,1/2] and v € [0,1)

Clpuv) ~ h(a), (3.29)

where h(i) is a continuous and positive function.
In particular we have C(p,u,v) >0 for 1/2 < p < 0.51.

Proof. We single out the function C; (p, u,v) and start with the sum over R. The first observation
is that for 1 — 0 we can replace the sum with an integral, that is, we have for fixed integers L, J,
asn —0,

3 (o) exp (/" )
ReZ
~ [ty gy = L [ e g
. -

This also implies that the leading asymptotic term does not depend on v. Further, note that

. 1 1

so the integral converges, and by using the substitution w = e~" we obtain
/ e Mo gt = / w1 gy = r(M).
—oo 0
This finally shows that, as p — 1/2 (or equivalently as n = log(p/q) — 0),

Ci(p,u,v) 22 VNN & L (1/2) 2750 + L — ). (3.30)
L L>0

Similarly we can handle the other terms and obtain the asymptotic representation (3.29). Since
the function (i) is explicit (as a series expansion) and continuously differentiable in % we can
use a simple numerical analysis (together with upper bounds for the derivative 4'(i)) in order to

show that a(i) > 0 for it € [-1/2,1/2].
Finally, by also taking care of error terms (which were neglected in the above analysis), it also
follows that C(p,u,v) > 0for 1/2 < p < 0.51. Ul

The situation for p — 1 is more delicate in the analysis; however, positivity then follows
immediately.

Lemma 3.9. Set ¢(v) = max{v —v?*/2,(1 —v?)/2}. Then we have, as p — 1 uniformly for

Va/p<u<y/p/q, 0<v <],

og?(1—
C(p,u,v) = exp <c(v)lg(1p)

log1/p
In particular we have C(p,u,v) >0 for0.97 < p < 1.

(1—|—0(1))). (3.31)
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Proof. We only consider the most interesting case, namely the sum Y- Cs1 x(p,u,v), and
assume for a moment that v > 0. We set

1
Iy:= [—v(ogq — 1>70) NZ,
logp

1 1
Iy = {—(v+M) <1§§Z - 1),—(v+M— 1)(1(‘::; - 1>> nZ.

and forM > 1

If J € Iy we have,as p — 1,

S (ulg/p) VR ~ (ulg/p) )M

log(1/p)
R<v+7 log(p/q)

Since

—-J—K (—1)~/-K-L etz _

éL 1pL _ [ijfK] I [ijfK]eZ/erO(qu)*Z,
LZZO P (—J—K-L)! g qpiz

we get

—K\ R—v
Caixar = 2 pJ(J+1)/2+JKqJ 2 <u (q) )
(1/p)

Jely,J<—K R<v+J }gi(p/q) p
—J-K (_ 1 )—J—L—K
X ELpt
= (=J—L—K)!
—K\ —M—v )
- Z p1<1+1) /24K 7 (u ( q ) ) [ijfK] o%/20(P) =
Jely J<—K p

and consequently, if we sum over K > 1,

M=y V) [,—J— 2)_
Y G~ u M T PGS I (g p) O [ K240

K>1 Jely K=1
M- < - 2)_,
—u M—v Z pJ(J+l)/2qJ szK(q/p)M(H-v)[Z J K]ez/2+0(qz) z

JGIM K=1

We observe that (for J € I)

—J J
JK K(M+v)[,—J—K1 ,2/2+0(¢2)—z _ [~J1_P (q/p 2 )240(¢) -z
r/p 2 e = T e

KZ:,l (q/p) 7] [ ]l_p,(q/p)mvz

)—J(M+V) oM/ 2+0(qzi) ~zm
b

)M+v

)
~p 7 (q/p

where zyy = p~/(q/p) ™. Note that z, varies between 1 and 1/q if J € I);. However, it will
turn out that the asymptotic leading terms will come from J close to

logg
)

— M
v+ logp

b

https://doi.org/10.1017/50963548318000329 Published online by Cambridge University Press


https://doi.org/10.1017/S0963548318000329

Asymmetric Rényi Problem 567
which means that z), is asymptotically 1 and thus the last exponential term is asymptotically
¢~!/2. The reason is that the term

—J? - vV —J? —M—V vV
PN (a/p) TM) =P [2J(1=M=v) ] (1/24M4)

has its absolute minimum for J close to

logg

— M—1
(v M 1) 2,

and for J € I, it becomes maximal for J close to

logg
)—

— M
(v+ logp’

in particular if
1
J =y i=— {(M—&—v) <°gq - 1)J
log p

—1/2, ~M—v —~J2 /2 Jou(1-M—v) Jyp(1/24+M+v
ZC31$K7MNe /2y 'p o/ q\,M( v)p m(1/ v)
K>1

Thus we obtain

log? 1
exp( qu q(MJrv— 2(M+v)2)+0(10g2q)>.

Since (M +v) — (M +v)*> <0 for M >2 (and 0 < v < 1) it is clear that only the first two terms
corresponding to M = 0 and M = 1 are relevant. Hence we obtain

log?(1 - p) v—lvz 201 _
<1og(1/p>( 1)+ 01og’(1 p>>)

10g2(1 -p)1 2 2
+exp<(1—v +O(log=(1—p)) |.
In fact this kind of representation also holds for v = 0.

The other terms can be handled in a similar way. In fact C;,C;,Cs2,C31 o are of smaller order,
whereas C3 has (almost) a comparable order of magnitude.

Finally, by taking error terms into account it follows that C(p,u,v) is positive for 0.97 <
p<l. ]

z G315 ~ €Xp

K>1

Thus, it remains to consider C(p,u,v) for 0.51 < p < 0.97. As mentioned above, we use
numerical analysis. For example, we obtain Table 1.
A more detailed analysis can be found in the arXiv version of the paper [7].

3.2. Proof of Theorem 2.2
The analysis of F, runs along the same lines as for H,. As already mentioned, we will give only
a roadmap of the proof since it is actually much easier than that of H,.
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Table 1. C(p,u,v) for various values of p,u,v. Note that
C(p,u,v) remains positive and bounded away from 0.

p u v C(p,u,v)

0.51 1.00 0.20 17.6603002053593

0.51 1.00 0.40 17.6630153331822

0.51 1.00 0.60 17.6610407898646

0.51 1.00 0.80 17.6856832509155

0.60 0.90 0.60 1.49524800151569

0.60 1.00 0.20 1.08391296918222

0.60 1.00 0.60 1.08391297098683

0.60 1.00 0.80 1.08391297046200

0.60 1.10 0.20 0.834656789094941

0.60 1.20 0.60 0.673917281982084

0.70 1.00 0.60 0.232497954955319

0.80 1.00 0.60 0.0287161523336721
0.85 1.00 0.60 0.00237172764900606
0.93 1.00 0.60 1.87317294616045 x 103
0.97 0.50 0.60 9.17733198126610 x 1072
0.97 1.00 0.60 6.05478107453485 x 1072
0.97 5.00 0.60 2.30524156812013 x 1072

3.2.1. Lower bound on F;. The lower bound on F;, can be proved in two different ways. We
can use the inverse Mellin transform integral for Gy (n),

k =k, =log;,logn— (1 +¢)log, ,loglogn,

evaluated at p = log,, , logn. This leads to Pr[F, < k| < t,x — 0.

Alternatively we can use the correspondence between the Rényi process and the random
PATRICIA trie construction, along with the relationship between PATRICIA tries and standard
tries. Because of the path compression step in the construction of a PATRICIA trie from a trie, the
fillup level for a PATRICIA trie is always greater than or equal to the fillup level for the associated
trie. Furthermore, it is known (see [18]) that the fillup level in random tries for p > 1/2 is, with
high probability,

log, /,n—log, ,, loglogn + o(logloglogn).
Thus, with high probability, this is also a lower bound for the F;, that we study.

3.2.2. Upper bound on F,. The upper bound proof for F, follows along similar lines to the
lower bound for H,,. We set

k= ky =log, ,n—(1-¢)log,,,loglogn,

and our goal is to show that Var[B, x| = o(E[B,]?). First we get an upper bound for Var[B, ]
in the same way as in the case of H, (via inverse Mellin transform and depoissonization) of the
form

Var[B, ;] = O(q—slogp/q10gn~log1/qloglogn(l+o(1))).
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In order to obtain a corresponding lower bound for ,; = E[B, ] we again use the explicit
representation

k

Gi(n) =Y. K j(Mmj — Mmj1), (3.32)

j=0m=j
where

_T(Emn™ & (—n)f

s
Knj = —— ZB o T(=m=0
T(—m) = (k— i ke ierm i
- (m' )Z< ,J)(”P g7 )" exp(—np’q" ). (3.33)
: r=0

We note that because p > 0, there are no contributions from poles, so that the ¢-sum begins with
0, in contrast to (3.13) which leads to the simplified form (3.33).

Our derivation suggests that the main contribution to (3.32) comes from the terms j = O(1)
and m = p - p/q+ O(1). In this range, the difference W, j — U, j—1 can be estimated via the
following lemma from [16] (see part (i) of Theorem 2.2 of that paper).

Lemma 3.10 (precise asymptotics for p,, ; when j = O(1) and m — ). For p > g, m — oo
and j = O(1), we have

Mo, j ~ mqj(l - qj)mil'

Note in particular that p,, ;j — U, j—; is strictly positive in this range. Applying this lemma,
some algebra is required to show that the contribution of the (m, j)th term, withm =p - p/q+
O(1)and j=0(1),is

q—elogp/qlogn-logl/q loglogn(l-ku(l)). (334)

To complete the necessary lower bound on the entire sum (3.32), we also consider the following

sums:
j/ m/
z Z Kon,j(Um,j — Um,j—1) and 2 Z Kom,j (Mim,j — P, j—1) (3.35)
Jj=0m=j Jj>jmzj

where j' and m' are sufficiently large fixed positive numbers. We note that the terms that are not

covered by any of these sums may be disregarded, since by Lemma 3.10 they are non-negative.
It may be shown that both sums are smaller than the dominant term (3.34) by a factor of e=©(),

both by upper-bounding terms in absolute value and using the trivial bound |, j — tn, j—1| < 2m.
We thus arrive at

Lk > qfslogp/q logn-log; /, loglogn(1+o(1) ) (3.36)

Since this tends to e with n, combining this with the upper bound for the variance yields the
desired upper bound on P[F, > k], which establishes the upper bound on F;,.
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4. Depoissonization

4.1. Analytic depoissonization
The Poisson transform G(z) of a sequence g, is defined by

~ 7"
G(Z) = 2 gn*‘eiz'
>0 n.

If the sequence g, is smooth enough then we usually have g, ~ G(n) (as n — ) which we call
depoissonization. In [11] a theory for analytic depoissonization is developed. For example, the
basic theorem (Theorem 1) says that if

G(2)| < Blz/? @.1)
for |z| > R and |arg(z)| < 0 (for some B> 0,R>0and 0 < 6 < 7/2) and
1G(z)e’| < Ae®F! 4.2)
for |z] > R and 0 < |arg(z)| < 7 (for some A > 0 and o < 1), then
g =G(n)+0nP™). 4.3)

In fact this expansion can be made more precise by taking into account derivatives of G(z). For
example, we have

gn=G(n)— g@”(n) +0(nP2). (4.4)

In [17, Lemmas 1 and 18] it is shown that

~ " _
Gi(z) = Zun,kae ‘
n=0
satisfies (4.1) with B = 1 4 € for any € > 0 and (4.2) for some o < 1 uniformly for all k£ > 0.
Thus, it follows uniformly for all k > 0 that

tng = Gi(n) — gGZ (n)+0(n*). (4.5)

The estimate (4.3) is not sufficient for our purposes (it only works if u,; grows at least poly-
nomially as in the central range). For the boundary region, where k ~ log, ,,n or k ~log, ,, n, we
have to use (4.5), which means that we have to deal with derivatives of Gy (z) as well.

4.2. Poisson variance

Next we discuss how the variance of a random variable can be handled with the help of the
Poisson transform. First we assume that G(z) is the Poisson transform of the expected values
U, = E[X,] or a sequence of random variables. Furthermore, we set

- 7t ~
V(@) = Y EX) S e 7 -6,
n=0 :

which we denote the Poisson variance. This is not the Poisson transform of the variance. How-
ever, since we usually have E[X?] ~ V(n) + G(n)? and E[X,] ~ G(n) it is expected that Var[X,] ~
V(n). In fact this can be made precise with the help of (4.4). Suppose that G(z) and V (z) satisfy
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property (4.1) and G(z) and V (z) + G(z)? satisfy property (4.2). Then it follows that
E[X,] = G(n) — 5G" () + O(n )
and
E[X;] =V (n) +G(n)* = 37" (n) = n(C'(n)) = nG(m)G" (n) + O(n?),
from which it follows that

VarlX,] = ¥(n) — 27" (n) —n(G/ ()2 + 3G ()?
+ 0P+ 0(nP2G(n)) + O(nPG" (n)). (4.6)

In particular, in our case we know that the Poisson transform Gk(z) (of the sequence U, =
E[B,.4]) and the corresponding Poisson variance V;(z) satisfy the assumptions for 8 = 1+ € (for
every fixed € > 0), see [17]. Thus we also obtain (4.6) in the present context.

5. An unexpected identity
In this final section we prove that D(p) = 0, which seems to be a new (and unexpected) identity.*

Lemma 5.1. Suppose that |p| < 1 and g =1— p and set

—1)M 24 I
D(p)= 3, b Il eacin g, 5.1)
LM>0

where & = &(p) is recursively defined by & = 1 and

& =g /32 61/+1 J . (5.2)

Then
D(p) =0. (5.3)

Proof. By setting L+ M = n, we can rewrite D(p) as

” (nfL)
— 30 zsm I )
n=0 ( )

Since the recurrence (5.2) for & can be rewritten as

X(Z) = 2 €L+1ZL = H

L>0 =0 4P’z

J
e’ 1

)

we thus obtain
elP=p’z _ p=p'z

=Y PR ((p/g)2)e = 3 pO ] T

n=0 n=0 j=0

1 The following simple proof is due to Gleb Pogudin (University of Linz) [5].
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Hence, if we set
1
fz) = E(e(’"”z —e7), F(2)=f@f(p2)f(p’z)--- and F,=["F(z),
then D(p) = 0 is equivalent to

z an(Q) =0

n=0
We next set g(z) = e %, h(z) = (¢ —1)/z and ¢(z) = (1 — e ?)/z. Then we have f(z) =
g(z)h(pz) and ¢(z) = g(2)h(z ), which implies the representation

F(z) =[]g(p'2)h(p’"'2) = g(z) [[s(P’2)h(p’z) = g(z) [T a(p'2)-

j=0 jz1 j=1
Hence, if we set Q(z) = q(z)q(pz)q(p*z) -+, and Q, = [z"]Q(z), then we also have
F(z) = g(2)Q(pz) = (1 —29(2))Q(pz) = Q(pz) —20(2) = 3, Qu(p"z—2""").

n=0
So, finally, if we use the substitution 2 — p(3) and the property ("11) = (3) +n, we immediately
see that every summand vanishes. This proves D(p) = 0. U]
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