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Given a pair of graphs G and H, the Ramsey number R(G, H) is the smallest N such that every red—
blue colouring of the edges of the complete graph K, contains a red copy of G or a blue copy of
H. If a graph G is connected, it is well known and easy to show that R(G,H) > (|G| —1)(x(H) —
1)+ o (H), where y (H) is the chromatic number of H and ¢ (H) is the size of the smallest colour
class in a y(H)-colouring of H. A graph G is called H-good if R(G,H) = (|G| —1)(x(H) — 1) +
o (H). The notion of Ramsey goodness was introduced by Burr and Erdés in 1983 and has been
extensively studied since then.

In this paper we show that if n > Q(|H|log* |H|) then every n-vertex bounded degree tree T is
H-good. The dependency between n and |H| is tight up to log factors. This substantially improves
a result of Erdds, Faudree, Rousseau, and Schelp from 1985, who proved that n-vertex bounded
degree trees are H-good when n > Q(|H|[*).
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1. Introduction

For a pair of graphs G and H, the Ramsey number R(G,H) is defined to be the minimum N such
that every red—blue colouring of the edges of the complete graph K}, contains a red copy of G or a
blue copy of H. An old theorem of Ramsey states that R(K,,K,,) is finite and therefore R(G, H) is
well-defined for any G, H. It is sometimes quite difficult to compute the Ramsey number. Indeed,
the inequalities

2" <R(K,, K,) < 4"

were proved by Erdds and Szekeres [11] in 1935, and Erd6s [7] in 1947, and there have not been
any improvements to the constant in the exponent for either bound since then.
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However, there are graphs for which we can compute the Ramsey number exactly. Erd6s [7]
showed that for a path P, on n vertices, we have R(P,,K,) = (n—1)(m — 1) + 1. The lower
bound comes from considering the graph composed of m — 1 disjoint red cliques of size n — 1,
with all edges between them blue. This lower bound construction was generalized by Burr [2],
who observed that for any connected graph G and any graph H,

R(G,H) = (|G| = 1)(x(H) = 1)+ o(H). (1.1)

where y(H) is the chromatic number of H and o(H) is the size of the smallest colour class
in a y(H)-colouring of H. To see that (1.1) holds, consider the graph composed of y(H) — 1
disjoint red cliques of size |G| — 1 and one additional red clique of size o(H) — 1, with all
edges between the cliques blue. This graph has no red copy of G because every red connected
component has size at most |G| — 1, and it has no blue copy of H because otherwise this copy
would be partitioned, via the red cliques, into ) (H) parts with one part having size o(H) — 1,
contradicting the minimality of 6 (H).

We say that G is H-good when equality holds in (1.1). The notion of Ramsey goodness was
introduced by Burr and Erd&s [3] in 1983, and has been studied extensively since then: see e.g.
[1, 6, 12, 18, 19] and their references. Note that Erdds’s argument which gives a lower bound
on R(K,,K,) can be used to show that if we have relatively dense graphs G, H, then the Ramsey
number is super-polynomial in |G| and hence G is not H-good. Thus we restrict our attention
to sparse and connected G. In 1977, Chvatal [5] showed that any tree is K,,-good. Recently,
Pokrovskiy and Sudakov [20] showed that any path P with |P| > 4|H| is H-good, verifying a
conjecture of Allen, Brightwell and Skokan [1] in a strong sense.

Since paths are a special case of trees, it is natural to consider whether trees are Ramsey
good for all graphs H. In [8] Erdés, Faudree, Rousseau and Schelp ask “What is the behaviour
of R(T,K(n,n)) when T has bounded degree?’” Erdds, Faudree, Rousseau and Schelp [8, 9, 10]
wrote several papers on this topic. The result in their 1985 paper [9] implies that for any H,
all sufficiently large bounded degree trees T are H-good. Although they do not give an explicit
dependency between |T'| and |H|, their proof method can be used to show that any bounded
degree tree T with |T| > Q(|H|*) is H-good. In this paper we improve their result as follows.

Theorem 1.1. Forall A and k there exists a constant C, , such that for any tree T with maximum
degree at most A and any H with y (H) = k satisfying |T| > C, ;|H| log* |H|, T is H-good.

The dependency between |T| and |H| in the above theorem is tight up to the log |H| factors.
Indeed, for |T| < m = |KX|/k, no tree T is KX -good for the balanced complete multipartite graph
K. To see this, consider an edge colouring of a complete graph on (2k—1)(|T|— 1)+ 1 vertices
consisting of 2k — 1 red cliques of size |T| — 1, with all other edges blue. It is easy to check that
this graph has no red T and no blue K¥, showing that

R(T,KX) > 2k—1)(IT| = 1)+ 1> (k—1)(|]T|— 1) +m.

In the proof of Theorem 1.1, we first consider the case where our tree 7 has many leaves. In
this case, we are able to obtain the following stronger result.
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Theorem 1.2. Let T be a tree with | leaves and maximum degree at most A, and let H be a
graph satisfying | > 13A|H| + 1. Then T is H-good.

The results in this paper cannot be extended to trees without a bounded degree assumption. In
particular a star S, is not K,,, ,,-good for n < 0(2(’““)/ 2). To see this, recall that there are N-vertex
graphs with minimum degree Q(N'~%/("*+1)) containing no K, ,, (see e.g. [14, Theorem 2.26)).
The complement of such a graph is S,-free for n = N — N'~2/("+1)_From this, it can be shown that
forn > Q(2<”‘“)/ 2) there is such a graph on > 2n vertices which is K, ,-free and has minimum
degree N — n. Equivalently we get that R(S,, K,y ,n) = 2n for n > Q(20"+1/2)_In particular, this
shows that S, is not K, ,,-good for n > 9(2("’“)/ 2), which shows that Theorem 1.1 cannot hold
for an arbitrary tree T'.

Remark. The condition / > 13A|H|+ 1 can be replaced with [ > 13Am + 1 where m is the size
of the largest colour class in a y(H) colouring of H. Indeed, this is what we actually prove in
Lemma 3.4.

2. Overview

2.1. Notation

For a graph G, we let E(G) denote the set of edges of G. We define K¥ to be the complete k-partite
graph with parts of size m, that is, a graph on km vertices partitioned into k classes of m vertices
each, with edges between any pair of vertices from different classes. Note that, in particular, K}
denotes the empty graph on m vertices. Also, let Ko, ...m, be the complete multipartite graph with
parts of size m,,...,m,. For a graph G and vertex x, we let N(x) = N;(x) = {y € G:xy € E(G)}
denote the neighbourhood of x. We analogously let d;(x) = |[N;(x)| denote the degree of x and
let A(G) denote the maximum degree of a vertex in G. For any subset S C G, we define the
neighbourhood N(S) = N;(S) = U,cs Ng (X)\S.

2.2. Proof outline

We are given a tree T with n vertices and a graph H with y(H) =k and 6(H) = m,, and we
would like to show either that any graph G on (n— 1)(k— 1) +m, vertices has a copy of T, or G°
has a copy of H. Note that as long as k and m, are fixed, adding more edges to H only makes the
problem more difficult. Indeed, if we letm| < --- < m,, be the sizes of the parts in a k-colouring of
H, then a graph not containing H also does not contain K, ... g Because of this we will actually
prove the following slightly stronger version of Theorem 1.1.

Theorem 2.1. For all A and k, there exists a constant C Ak such that, for any tree T with
maximum degree at most A and numbers m; < m, < --- < my, with |T| > C, kmklog4mk, the

tree T is Ky, m,....m, -good.

yeres

Assume that we are given a graph G on (n — 1)(k — 1) 4+ m, vertices such that G° has no copy
of Ky, ...m,- To prove Theorem 2.1 we need to show that G has a copy of T. Notice that since G°
has no copy of K, .., , we have that G has no copy of K,’jlk and most of the time we will only
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use this weaker assumption. For simplicity, in this proof outline we will deal only with the case
whenm, =---=m, =m.

Finding trees in expanders. The basic technique in this paper is to use results about finding
large trees in graphs which are expanders. Here ‘expander’ means a graph G in which N(S)
is suitably large for every set of vertices S. Expanders are closely related to graphs G with G¢
containing no copy of K, ,,. Indeed it is easy to see that G° being K, ,,-free is equivalent to every
set S with |S| = m satisfying |[N(S)| > |G| — 2m.

Trees in expanders are well studied. By results of Friedmann and Pippenger [13] and Haxell
[15], expanders contain all suitably large trees. See Lemma 3.1 for the specific instance of this
which we apply in our paper. By applying this to graphs G with G¢ containing no copy of K,
one can immediately prove something quite similar to Theorem 2.1. In Lemma 4.7 we prove that

R(KX,T) < (k—1)(|T| + 13Am) +m for any tree T with A(T) < A. 2.1)

When |T| > m, this is quite close to the bound ‘R(K%,T) < (k—1)(|T|— 1) +m’ which we
want to prove in Theorem 2.1. Using (2.1) we obtain that for any subtree 7/ C T with |T’| <
|T| — 13Am, we have R(KX . T") < (k—1)(|T| — 1) + m. This shows that we can find any large
subtree 7’ of T in a graph G with |G| = (k—1)(|T| — 1) + m and G° K% -free. The bulk of the
proof of Theorem 2.1 consists of extending 7’ into a copy of T. This extension is performed by
different methods depending on whether 7" has many leaves or many bare paths (a bare path in
a graph is a path such that all interior vertices have degree 2). It is a well-known result (see e.g.

[16, Lemma 2.1]) that a tree either has many leaves or many long bare paths.

Lemma 2.2. For any integers n,r > 2, a tree on n vertices either has at least n/4r leaves or a
collection of at least n/4r vertex disjoint bare paths, each having length r.

Theorem 2.1 is proved by different methods depending on which case of Lemma 2.2 holds for
the tree 7.

Case 1. Many leaves.

In Section 3, we suppose our tree 7 has many leaves. Here ‘many’ means that 7 has > 13Am
leaves. In this case, if we let T’ be T with 13Am leaves deleted, then using (2.1) any G with G°
K* -free contains a copy of T’. With some extra work, it is possible to find such a copy of T’ with
all subsets of V(T") expanding outside V(T"). Once we have this, it is easy to find all the required
leaves using a variant of Hall’s theorem (Lemma 3.3).

Case 2. Many bare paths.

In Section 4, we consider the case where our tree has few leaves, and therefore many long bare
paths by Lemma 2.2. In this case we will often need to find disjoint paths of prescribed length
between pairs of vertices, so we make the following definition.

Definition. For two sets X and W in a graph, we say that (X, W) is an (s,d~,d")-linked system
if the following holds. Suppose that we have distinct vertices x,y,,...,Xs,¥s € X, and integers
d,,...,ds withd~ < d, <d" for all i. Then there are disjoint paths P,,..., P, with P, going from
x; to y;, P, internally contained in W, and P, having length d,.
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We then follow Montgomery [17], who shows that an expander is an (s,d,d+)-linked
system for some appropriate choices of s,d~,d" (Lemma 4.3 and Theorem 4.5). Thus we first
apply results like (2.1) in order to embed the tree with the bare paths removed and then apply
Montgomery’s result to find the required bare paths, completing the embedding. This strategy
works to prove Theorem 2.1 for the case k = 2 (see Section 4.1).

When k > 3, the proof is substantially more complicated and is dealt with in Section 4.2. The
first step is to note that by (2.1), if G has no copy of T, then G contains a copy of K}f]l for
M > m (see Claim 4.16). Then there are two subcases depending on whether there are a lot of
short paths (length at most 3) in G between some pairs of parts of the copy of K};.

If there are a lot of paths between pairs of parts of K, then these parts together with the paths
between them form a large linked system. Using (2.1) and techniques from Montgomery [17],
we find a copy of the tree 7 in a similar way to the k = 2 case.

If there are few paths between all pairs of parts of K},, then we show that the entire graph G
must be close to Burr’s extremal construction for showing (1.1). Specifically, we show that in this
case G has k — 1 disjoint sets H|,...,H,_, of size > 0.9n, which have no edges between them. In
Lemma 4.14 we analyse graphs with this structure and prove Theorem 2.1 for them.

3. Embedding a tree with many leaves

To deal with the case where our tree has many leaves, we will need a result of Haxell [15], which
lets us embed a bounded degree tree with prescribed root into a graph with sufficient expansion.
In Section 4.2 we will actually need a generalization of this result to forests, so we state the more
general version in the following lemma. For a proof of Lemma 3.1, we refer the reader to the
appendix.

Lemma 3.1. Let A,M,t and m be given. Let X = {x,,...,x,} be a set of vertices in a graph G.
Suppose that we have rooted trees T, ..., T, satisfying > |7}l| <M and A(]}’_) < Aforall i
Suppose that for all S with m < |S| < 2m we have |N(S)| = M + 10Am, and for S with |S| < m we
have |[N(S)\ X| > 4A|S|.

Then we can find disjoint copies of the trees T, , ..., T, in G such that for each i, T, is rooted
at x;. In addition for all S C T, U---UT, with |S| < m, we have

IN(S\ (T, U---UT, )| > AlS].

As a corollary, we can embed a large bounded degree tree into a graph whose complement
does not contain Kin, m,-

Corollary 3.2. Let A,m,,m, be integers, let T be a forest with A(T) < A, and let G be a graph
with |G| = |T|+ 13Am, +m, such that G¢ does not contain K, n,. Then G contains a copy of T.
Further, for all S C T with |S| < m,, we have

IN(SNT| = AlS].
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Proof. Since every forest F is a subgraph of some tree on |F | vertices, without loss of generality
we may suppose that 7 is a tree.

Since G¢ does not contain K, ,n,,, we have that for any S C G with m; < |S| < 2m,, [N;(S)| >
|G| — 2m; — m,. Indeed, 0therw1se |G\(Ng(S)US)| > m,, and so if we choose A C §, B C
G\(Ng(S)US) with |A| = m,,|B| = m,, then AUB is a copy of K, , in G°.

Now if we choose |X| < m, — 1 maximal so that |[N;(X)| < =G\X
satisﬁes that for all S C G’ with 1 < |S| <my, [Ng (S)| > 4A[S| + 1. Indeed, for any S C G’ with

< S| <y iF [N ()] < 41S] then [NG(X US)| < ING(X) UNG(S)| <
have my < |X US| < 2m; by maximality of X. But then

, SO we must

8Am, > 4AIX US| > [N5(XUS)| > |G| —2m, —m,,
contradicting the assumption of the lemma. Also, for any S C G’ with m; < |S| < 2m,, we have
NG (S)] > ING(S) | — IX] > [NG(S) | —m, > |G| —3m, —m, > |T]+ 108m,.

Thus we may apply Lemma 3.1 with the graph G’, m = m,, X = {x} for any vertex x, and the tree
T. =T, to obtain that G’ contains a copy of 7. Moreover, for all S C T with || < m,, we have

INg(S\T| = [NG (S\T| > A[S]. u

We will also need the following extension of Hall’s theorem (see e.g. [22, exercise 25.4]).

Lemma 3.3. Given a bipartite graph (A,B) and a function | : A — N, if IN(S)| > ¥, .¢1(v) for
all S C A then the graph contains a forest F such that d.(v) = 1(v) for all v € A and d.(v) <
forallveB.

We can now prove that a bounded degree tree with sufficiently many leaves is Ky, . -good.

Lemma 3.4. Let Ak € Nand m; <--- < my be given with | > 13Am, + 1. Then any tree T
with [ leaves and A(T) < Ais Ky, ..., g00d.

,,,,,,

Proof. Letn = |T|. We proceed by induction on k. For k = 1, any graph on m, vertices trivially
contains K,iq] as a subgraph (since K is the graph with m vertices and no edges). Now suppose
k > 2 and let G be a graph with (k—1)(n — 1) +m, vertices such that G° does not contain
Kml,“.,mk-

First suppose there exists S C G with |S| > m,, such that |N;(S)| +|S| < n— 1. Then letting
H = G\(N;(S)US), we have |[H| > (k—2)(n—1)+m, and H does not contain a Kml
else we could take it together with an m; vertex subset of § to get a copy of K,
we may apply induction to H to conclude that it contains a copy of 7.

Otherwise, we have that for all S C G with |S| > m,, [N5(S)|+|S| > n. For sets S with [S| = m,,
this is equivalent to G not containing K, ,, for m' = (k—2)(n—1)+m,. Now let T’ be the
subtree of T with all leaves removed. Using [ > 13Am, + 1, we have

.....

(k=1)(n=1)4+m; =>n—1+13Am + (k=2)(n—1)+m; =n—1+13Am +m'.
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Combining this with |7’| = n— [, we can apply Corollary 3.2 to conclude that G contains a copy
of T'. Now let P be the vertices of T’ to which we need to connect leaves in order to get T, and
let /(v) be the number of leaves to attach for each v € P. From the last part of Corollary 3.2, we
have that for any S C P with |S| <m,,

ING(S\T'| > AlS| > 3 1(v).
ves
Moreover, for any S C P with |S| > m,, we have |N;(S)|+ |S| —n > 0, which implies
ING(S)\T'| = IN(S)| = [T\S| = [NG(S)| +[S| =n+1>1= 3 1(v) > 3, 1(v).
veP ves

Thus we may apply Lemma 3.3 to complete the embedding of 7.
Theorem 1.2 now follows immediately.

Proof of Theorem 1.2. Letn=|T|, k= x(H) and m; < --- < m, be the sizes of the colour
classes in a k-colouring of H, so that m; = o(H). Let G be a graph on (n—1)(k— 1) +m,
vertices such that G° has no copy of H. Then G¢ has no copy of K, Ly and we have that
L2 13A|H|+1 > 13Am, + 1, so by Lemma 3.4 G must contain a copy of T'. ]

4. Embedding a tree with few leaves

If a bounded degree tree does not have many leaves, then it has many long bare paths by
Lemma 2.2, so it remains to embed such trees. We will need the following definitions and lemmas
of Montgomery [17]. First we define a notion of expansion into a subset of a graph.

Definition. For a graph G and aset W C G, we say G d-expands into W if

(1) IN(X) W] > d|X] for all X C G with 1 < |X| < [|W]/(2d)].
(2) e(X,Y) > 0 for all disjoint X, ¥ C G with [X| = |Y| = [|[W]/(2d)].

Definition. We call G an (n,d)-expander if |G| = n and it d-expands into G.
We state some basic properties of expansion.

Lemma 4.1. Let W C Z C G and suppose that G d-expands into W.

(i) Z d-expands into W.
(i) If d = 2 then G d-expands into Z.
(i) Ifd > 1 and d/(d — 1) < ¢ < d then G c-expands into W.

Proof. Part (i) follows directly from the definition.

For part (ii), condition (2) follows immediately. For condition (1), let X C G with 1 < |[X]| <
[1Z]/(2d)] be given. If |X| < [|W]|/(2d)] then we have [N(X)NZ| > |[N(X) W] > d|X|. Oth-
erwise if [|W|/(2d)] < |X| < [|Z]/(2d)] then we know that |Z\(N(X)UX)| < [[W]|/(2d)] by
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condition (2) of d-expansion. It follows that
14 zl Wl 2]
— ——— 2> — 2d|X|.
2d 2d  2d 2 X
The proof of (iii) is similar to that of (ii). The interesting case to check is when [|W|/(2d)] <
|X| < [IW]/(2¢)], which implies |W\ (N (X)UX)| < [|W|/(2d)] by condition (2) of d-expansion.
Notice that d/(d — 1) < ¢ is equivalent to ¢! +d~! < 1. Combining these gives

4! W Wl _ W]
low - o Bl x),
2a ZIWI=50 =5 25 =<K U

INX)NZ| > |Z] = |X| = 5= > |Z] -

INX)NW| = W] - |X] -

We will also need a useful decomposing property of this expansion.

Lemma 4.2 (Lemma 2.3 of Montgomery [17]). There exists n,, such that for k,n € N with
n = ny and k <logn, if we have my,...,m, € Nwithm=m, +---+m, and d; = (m;/(5m))d >
2logn, then for any graph G with n vertices which d-expands into W with |W| = m, we can
partition W into k disjoint sets W,,..., W, of sizes m,,...,m, respectively, so that G d;-expands
into W,.

The following lemma will be crucial for Section 4.2. It allows us to simultaneously find many
paths of prescribed lengths between endpoints in an expander graph.

Lemma 4.3 (Lemma 3.2 of Montgomery [17]). Let G be a graph with n vertices, where
n is sufficiently large, and let d = 160logn/loglogn. Suppose r.k,,...,k. are integers with
4[logn/loglogn]| < k; < n/40 for each i, and 3 k; < 3|W|/4. Suppose G contains disjoint vertex
pairs (x;,y;),1 <i<r, andlet W C G be disjoint from these vertex pairs.

If G d-expands into W, then we can find disjoint paths P, 1 < i < r,with interior vertices in W,
so that each path P, is an x;,y;-path with length k;.

It will be convenient for us to restate the previous lemma using the definition of a linked
system.

Corollary 4.4. Letn,s € Nand c = 160logn/loglogn. Suppose that G is a graph on n vertices
and W C G such that n > |W| + 2s and G c-expands into W. Then (G\W,W) is an (s,d”,d")-
linked system, for d~ = 4[logn/loglogn] and d* = |W|/(40s).

Proof. This follows immediately from Lemma 4.3 and the definition of an (s,d~,d")-linked
system. L]

Lemma 4.3 shows that if a graph G expands into a set W, then it is possible to cover 3/4
of W by disjoint paths of prescribed length. The following theorem shows that, under similar

assumptions to Lemma 4.3, it is possible to cover all of W by such paths.

Theorem 4.5 (Theorem 4.3 of Montgomery [17]). Let n be sufficiently large and let | € N
satisfy 1 > 10*log”n and l|n. Let a graph G contain n/l disjoint vertex pairs (x;,y;) and let
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W = G\(U,{x;,;}). Suppose G d-expands into W, where d = 10'°log* n/loglogn. Then we can
cover G with n/l disjoint paths P, of length | — 1, so that P, is an x;,y;-path.

Montgomery uses the above theorem to embed a spanning tree with many long bare paths in an
expander. The idea is to first find a copy of the tree with the bare paths removed, and then apply
Theorem 4.5 to find the paths. We will use this theorem for the same purpose in Section 4.1.

4.1. The case k =2

If we have a graph with at least n vertices for which small sets expand and whose complement
does not contain K,%,, then we can find an embedding of the tree via Theorem 4.5, as in Mont-
gomery [17].

Lemma 4.6. Let n,m,A € N with n sufficiently large relative to A and let

12 log'n

d=4-10 ,
loglogn

r=[10%log’n],

such that n = 2(d+ 1)m. Let T be a tree with n vertices, A(T) < A, and at least n/(4r) disjoint
bare paths of length r. If G is a graph with n’ vertices such that n' > n, G does not contain K2,
and for all S C G with |S| < m, [N(S)| >

Proof. Ifn' > n+ 13Am+m then G contains a copy of T by Corollary 3.2. Otherwise we have
n<n' <n+13Am+m=n(l+o0(1)).

We first note that G is an (n’,d)-expander. Indeed, for any S C G with 1 < |S| < m we have
IN(S)| > d|S| by assumption. For § C G with m < |S| < [#'/(2d)], using n’ > 2(d + 1)m and the

K> -freeness of G¢ we have

NS =~ |S| —m > d]s],

so the first condition holds. Moreover, since G¢ does not have K2 and [n’/(2d)] > m, the second
condition holds as well.

Now let 7’ be T with the interior vertices of the n/4r bare paths of length r deleted. Then
|T"| =3n/4+n/(4r). Let n, =n' —n/8 and n, = n/8. Then if we let d; = (n,/(51"))d, we can
apply Lemma 4.2 to partition G into G, and G, such that |G,| = n; and G d,-expands into G;.
Note that m = o(n) and hence

7 3
n=n-n/8> ; Zn+4 +13Am+m = |T'| + 13Am +m.

Moreover, G§ has no K2, so we conclude by Corollary 3.2 that G, contains a copy of 7’. Let
(x;,;) be the disjoint vertex pairs in the copy of 7’ that need to be connected by paths to get 7.

Let G’ be any subgraph of G of size (r+ 1)n/4r containing G, U (U; {x;,y,}), and let W =
G\ (U; {x;,;})- Since G, C W, we may apply Lemma 4.1(i,ii) to conclude that G’ d,-expands
into W. We have

d, =dn/40n' > d/41 > 10" 1og* n/loglogn > 10'log* |G'|/loglog |G|

By Lemma 4.1(iii), G’ 10'°log*|G’|/loglog |G'|-expands into W. Since |G'| < n, we have and
r+ 1> 10°log? |G'|. Combining these, we can apply Theorem 4.5 with [ = r+ 1, G = G/, and
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d=10""1og* |G|/ loglog |G'| to conclude that the pairs (x;,y;) can be connected by disjoint paths
of length r in G’, completing the embedding of 7. L]

Putting Lemma 3.4 and Lemma 4.6 together, we may conclude the case k = 2 for all bounded
degree trees as follows.

Proof of Theorem 2.1 for k = 2. Let

, log*n

d=4-10' ,
loglogn

= [10*1og?n].

We can choose C, ; such that n is sufficiently large relative to A,k and n > (2d + 3)m,. Now let G
be a graph with n+4m; — 1 vertices such that G° does not contain Ko, m, - Notice that in particular,
G* does not contain K2 If T has at least n/4r > 13Am, + 1 leaves, then by Lemma 3.4 we
are done. Otherwise, by Lemma 2.2, T has at least n/4r disjoint bare paths of length r. Note
that since G has no K, ,, we have that for any § C G with [S| > m,, [N(S)| > n—m, —|S].
Now choose X C G with |X| < m; — 1 maximal so that [N(X)| < d|X| and let G’ = G\X. Then
we claim that for all § C G’ with |S| < m,, [N (S)| > d|S|. Indeed, otherwise we would have
IN(XUS)| < d|X US|, so by maximality of X this would imply m, < |[X US| < 2m,. But then

2dm; > d|XUS| > |NXUS)| Zn—my—|XUS| > n—2m; —m,,

a contradiction. For § with m; < |S| < m, we have |[N(S)| > n—2m, > dm, > d|S|. Since |X| <
— 1, we have |G'| > n. Thus we may apply Lemma 4.6 to G’ with m = m, to conclude that G’
contams acopyof T. O

4.2. The casek >3
We first extend Corollary 3.2 to show that we can embed a large bounded degree tree into a graph
whose complement does not contain KX .

Lemma 4.7. Let Ajk,m € N be given, let T be a tree with A(T) < A, and let G be a graph with
|G| = (k—1)(|T| 4 13Am) +m such that G¢ does not contain K. Then G contains a copy of T.

Proof. We proceed by induction on k. For k = 1, any graph on m vertices trivially contains K.
Now suppose k > 2 and let m' = (k —2)(|T| + 13Am) +m. If G* does not contain K, ., then by
Corollary 3.2, G contains a copy of 7.

Otherwise G contains disjoint A, B with |A| = m, |B| = m’ and no edges between A and B. Then
B¢ does not contain a copy of KX~1, or else taking this copy together with A would give a copy
of K in G°. But then by induction, B contains a copy of T. L]

Moreover, for k > 3, we observe that we can embed much larger bounded degree forests than
trees. This makes sense in view of Burr’s construction showing (1.1): it does not have a tree on
n vertices, but it has a forest made of k — 1 trees each of size n — 1.
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Corollary 4.8. Let k,m,A € N be given with k > 3, and let T,, T, be trees with |T,| < |T,| and
A(T,),A(T,) < A. Let G be a graph with G¢ not containing K. If

|Gl > [Ta] + (k= 1)(|T,| + 13Am) +m,

then G contains a copy of the forest T, UT,,.

Proof. We first apply Lemma 4.7 to obtain a copy of 7, in G. Now we let G’ = G\T, and apply
Lemma 4.7 to G’ to obtain a copy of 7, in G'. U]

The following lemma lets us find a copy of T in a sufficiently large graph which contains a
linked system and whose complement is KX -free, but does contain K*~!, for a sufficiently large
u. The idea of the proof is to split our tree into three parts: two forests 7;, T, and a collection of
bare paths joining the forests. Then the forests 7, and 7}, are found using Corollary 4.8, while the
bare paths are found using the linked system.

Lemma 4.9. Let n,m,k,A € N with k > 3 and n sufficiently large relative to A,k and let

12 10g4n

d=4-10 ,
loglogn

= [10°log’n] and y = [logn],

such that n > 2(d 4+ 1)m. Let X,W,Z be disjoint subsets of a graph such that (ZUX)° i
K -free with \Z| 0.99(k — 1)n. Let T be a tree on n vertices with A(T) < A, and at least
n/4r bare paths of length r. Suppose that X¢ contains K= for u > 2n/r. Suppose that (X, W) is
an (n/2r,d~,d")-linked system for d~ <y < d*. Then ZUX UW contains a copy of T.

Proof. We first find a subset of Z with appropriate expansion properties.

Claim 4.10. There exists Z' C Z with |Z'| > 0.9(k— 1)n such that IN(S)NX| > |S| forany S C Z'
with |S| < n/r.

Proof. LetU,,...,U, , be the parts of the K*~! in X°. If there exists S C Z with |S| > m and
ING.(S)NU| = m for all i, then we can take subsets of size m from S,N.(S)NU,,...,Ng(S)N
U, , to obtain a K% in (X UZ)*, a contradiction. Thus for all S C Z with n/r > |S| > m, we have
that [N, (S)NX|>u— n/r |S| (using m = o(n)).

Now let A C Z with |A\ < m— 1 be maximal such that |N;(A) NX| < |A[, and let Z' = Z\A.
We claim that for all S C Z' with IS] < m, |Ng(S)NX]| > |S]. Indeed, otherwise |[N;(AUS) NX| <
|AU S|, so we must have m < |A US| < 2m by maximality of A. But then

2m > |AUS| > [N (AUS)| = n/r,
a contradiction to n > 2(d + 1)m. O
Now let T, be a collection of n/4r disjoint paths of length r —2y —4, so that |T,| = n(r —2y —

3)/(4r) < n/4 and let T, be T without the interior vertices of the n/4r bare paths of length r, so
that |7,| =n—n(r—1)/4r =3n/4+n/(4r). Since we can always add edges to T, and 7, to make
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them trees without increasing the maximum degree, and

, n 3n n
|Z'1 > 09(k—1)n> 2t (k—1) (4 +tot 13Am> +m,
we may apply Corollary 4.8 to conclude that Z' has a copy of T, and 7. Let x,,y, € Z' for
1 < a < n/2r be the endpoints of those copies so that if we connect x, with y, by disjoint paths
of length y+ 2 for all i, we obtain an embedding of 7. By Lemma 3.3 and the claim, there is a
matching from {x,: 1 <a<n/2r}U{y,: 1 <a<n/2r}tosomeset {x,: 1 <a<n/2r}U{y,:
1 <a < n/2r} contained in X. Since (X, W) is an (n/2r,d~,d")-linked system for d~ <y <d*,
there are disjoint x/, to y/, paths of length y in W as required. ]

Next we prove two lemmas which help us construct linked systems. Lemma 4.11 lets us
combine two linked systems into a bigger linked system, provided that there are sufficiently
many short paths between them. In Lemma 4.12 we combine several linked systems with many
short paths between them into a big linked system, by making repeated use of Lemma 4.11.

Lemma 4.11. Suppose that we have sets of vertices X,,X,,W,,W, with (X, UW,) N (X, UW,) =
0, such that (X,,W,) is an (s,,d; ,d|")-linked system and (X,,W, ) is an (s,,d; ,d; )-linked system.
Suppose that there are disjoint paths P,..., P, of length < 3 from X, to X, internally outside
X, UX, UW, UW,. Then (X1 UX,, W, Uw, uli_, Pt) is an (s,d ™ ,d")-linked system for d~ =
d; +d; +3,d" =min(d/,dS), and s = min(s,,s,,1/3).

Proof. Letx,y,,...,Xs,ys be vertices in X, UX, and d,,...,d, € [d~,d"] as in the definition
of (s,d~,d")-linked system. To prove the lemma we need to find disjoint paths Q,, ..., Q; with
Q, a length d; path from x; to y,. Without loss of generality, x,,y,,...,%,,y; are labelled so that

X05V1 s XasYa € Xis X 15 Vay1s 1% Yy € Xps Xyg5-- -, X € Xpand y, ..., ys € X, for some
a and b.
Since the paths P,,...,F, are disjoint and have only two vertices each in X; UX,, we have

that < 2s of the paths P,,..., B, intersect {x,,...,X;,y,...,s}. Since ¢ > 3s, without loss of
generality, we can suppose that the paths P, |,..., P, are disjoint from {x;,...,x5,y,...,Vs}.
For each i =b+1,...,s, let y; be the endpoint of P, in X,, and x/ the endpoint of P, in X,. For
eachi=b+1,...,s letd! =d; and d? =d; —d; —|E(P,)|. Notice that by assumption we have
di +d;, +3 =d < d; <d" =min(d/,d;), which combined with |E(P,)| < 3 implies that
dy <d! <df andd; <d} <dj.

Apply the definition of (X,,W;) being an (s,,d, ,d;)-linked system in order to find paths
Os..,0a, Q}, FRTRRE Q! with O, alength d; path from x; to y; internally contained in W,, and Q}
alength d; path from x; to y; internally contained in W, . Similarly, apply the definition of (X,,W,)
being an (s,,d, ,d; )-linked system to find paths Q. ,,...,0,, Q,%H ,...,0% with Q, a length d,
path from x; to y; internally contained in W,, and Q? a length d? path from x! to y; internally
contained in W,. Fori =b+1,...,s,let Q; = Q! + P.+ Q7 to get a length d; = d} +d? + |E(P,)|
path going from x; to y;. Now the paths Q,, ..., Q, are paths from x,...,x, to y,,...,, internally
contained in W, UW, UJ;_, P, as in the definition of (s,d~,d")-linked system. Ul

https://doi.org/10.1017/50963548317000554 Published online by Cambridge University Press


https://doi.org/10.1017/S0963548317000554

Ramsey Goodness of Bounded Degree Trees 301

Lemma 4.12. Let G be a graph and k,s,d”,d" € N. For i = 1,...,k suppose that we have
an (s,d”,d")-linked system (X;,W;) with (X; UW,) N (X;UW,) = 0 for i # j. Suppose that we
have a connected graph F with vertex set {1, ... ,k} such that for all uv € E(F) there is a family
P of t disjoint paths of length < 3 from X, to X, internally outside Uf;l X; UW, with t > 15ks.
Then (X,W) is an (s,k(d~ +3),d")-linked system for X =X, U---UX, and W =W, U---UW, U
UeEH Pe'

Proof. Without loss of generality we can suppose that F is a tree with edges e,,...,e,, and that
the vertices of F are ordered so that for each i, the edge e; goes from vertex i to some vertex in
{1,...,i—1}. Notice that this ensures that the induced subgraph F[{1,...,i}] is a tree for every i.

For all ¢; € E(F), choose a subfamily P, C P, with [P, | = 3s such that the paths in P, are
disjoint from those in Pe’j for i # j. This is done by choosiné the paths in ’Pé[ one by one for each

i, always choosing them to be disjoint from Ui]-;12 Upep: P. This is possible since
: g

i—1
U U P‘ < 12is

J=2P€eP)
J

(using the fact that the paths in all 773,. have length < 3), and since there are t > 15ks > 12is+ 3s
paths in P, which are all disjoint. ‘

We will use induction on i to prove that ‘(X; U---UX,, W, U---UW,UU_, P:,]_) isan (s,i(d” +
3),d")-linked system.” The initial case ‘i = 1° follows from (X,, W, ) being an (s,d~,d™")-linked
system. Suppose that i > 2, and (X',W’) is an (s,(i — 1)(d~ + 3),d™)-linked system for X' =
X,U-UX,_ and W =W, U---UW,_ UUZ, P,

By construction of 73’ and the initial assumption that paths in 2., are internally disjoint from

1X UW,, we have that paths in P, are internally disjoint from X "UW' and X; UW,. From the
lemma S assumptlons for a < b we have (X, UW,)N (X, UW,) =0, and we know that paths in
P., are disjoint from X, UW,. These imply (X" UW’) N (X;UW,) = 0. Also, since ¢; € E(F), we
have that every path in Péi goes from X’ to X; and has length < 3. By Lemma 4.11, we have that
X'UX,,WUw,U szl Pé/_) is a (min(s, [P, [/3), (i — 1)(d~ +3) +d~ +3,d")-linked system.
Since [P, |/3 = s, this completes the induction step. U

We will need the well-known folklore result that every tree T can be separated into two parts
of size < 2|T|/3 with one vertex (see e.g. [4, Corollary 2.1]).

Lemma 4.13. The vertices of any tree T can be partitioned into a vertex u and two disjoint sets
T, and T, such that |T,|,|T,| < 2n/3 and there are no edges between T, and T,,.

The following lemma shows that if we have a 2-edge-coloured complete graph on (k— 1)(n —
1)+ m, vertices whose colouring is close to Burr’s extremal construction, then it contains either
ared copy of T or a blue copy of K, .
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Lemma 4.14. Suppose that we have numbers n,k,A,m,,....m, € Nwith k >3, m; <m, <
-~ < my, n large enough relative to A,k and n > 2(d + 1)m, where
d—4. 1012ﬂ.
loglogn
Let T be a tree with |T| =n and A(T) < A. Let G be a graph with (k—1)(n— 1) +m, vertices
that has disjoint vertex sets H,,...,H,_, with |H;| > 0.9n, such that there are no edges between
H; and H, for all i # Jj- If G has no Ky, ., then G contains a copy of T.
Proof. Fix m = m, and r = [10%log® n]. Notice that we have n > 2(d + 1)m and G has no
KX If T has > n/4r leaves, then since n/4r > 13A|Kp, ... mk| + 1, we are done by Theorem 1.2.
Therefore, by Lemma 2.2, we may assume that T has at least n/4r bare paths of length r.
We first need the following claim.

Claim 4.15. There exist H} C H; with |H]| > 0.8n such that for all S C H] with |S| < m, we have
[N, (S)| = 5A|S| and for all S C H! with m < |S| < 2m, we have \NH, S)| = 2n/3 4+ 10Am.

Proof. First observe that for each i, Hf has no copy of K2, or else we could take such a copy
together with m vertices from each H; : j # i to obtain a K¥ in G¢, a contradiction. Thus, for any
S C H; with m < |S| < 2m we have [Ny (S)| > |H;| —|S| —m > |H,| —3m > 0.8n.

Now, for each i, choose a maximal'Xi C H; with |X;| < m— 1 such that [N, (X,)| < 5A|X/],
and let H; = H\X,. Notice that we have |H]| > |H,| —m > 0.8n as required by the claim. Using
n = 2(d + 1)m and the fact that n is sufficiently large relative to A, we have that for any S C H
with m < |S| < 2m

2
[Ny ()] > Ny ()] =m > 0.80—m > Zn+1080m.

Finally, suppose for the sake of contradiction that there exists S C H/ with |S| < m such that
INy: (S)] < 5A|S|. Then we have [Ny, (X;US)| < SA|X; US| so that m < |X; US| < 2m by maximality
of X; and hence

10Am > 5AIX; US| > |NH_ (X,US)| > 0.8n,
a contradiction to n > 2(d 4 1)m and n being sufficiently large relative to A. L]
Let Z = G\U'Z! H/. Suppose there exists v € Z and a # b such that d,,, (v),d,,, (v) > A. Apply
a b
Lemma 4.13 to T in order to get a vertex u and two forests T, and 7, with no edges between
them and |7,|,|7,| < 2n/3. We think of the trees in the forests 7, and 7, as being rooted at the
neighbours of u. Let #,,, < A be the number of neighbours of u in T, and T, respectively. Now

choose X, C H, NN (v) so that |X,| =1, and X, C H, NN (v) so that |X,| = b. We observe that for
i € {a,b}, forall S C H with 1 < |S| < m, we have

[Ny (S)\X;| = [Ny ()] = [X;| = SA[S| —1; > 4A|S]. (4.1)

Because of the claim and (4.1), H, satisfies the assumptions of Lemma 3.1 with G = H,,
M =2n/3,t=t, X =X,, and {7}Cl ..., T, } the collection of trees in the forest 7,. Therefore
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we can apply Lemma 3.1 to H, in order to find a copy of 7, with its trees rooted in X,,. By the
same argument, H, has a copy of 7, with its trees rooted in X,,. These copies of T, and T}, together
with the vertex v give a copy of T in G, so we are done.

Otherwise, for all v € Z there exists i, such that for all j # i,, d, (v) < A. We partition G into
k—1 parts via G, = H/U{v € Z : i, = i}. Observe that for any i # jjand S C G, wehave [N(S)N
H}| < A|S|. We claim that therefore Gy has no K?2. Indeed, suppose without loss of generality that
S, was a copy of K, in Gf. Then for j =2,...,k— 1, observing that [H}\N(S,)| > [H}| — [N(S)N
H;| > 0.8n—2Am > m, we can choose a set S; C H;\N(S,) of size m. Then UZLs; is a copy of
K,’; in G¢, a contradiction.

Now fix i and observe that since G¢ has no K2, we have that for any S C G, with |S| > m
NG, ()] = G;| — |S| —m. Now choose Z; C G; with |Z;| < m— 1 maximal so that [N (Z;)| <d|Z,|
and let G} = G,\Z;. Then we claim that for all S C G} with [S| < m, |N, (S )| d|S\ Indeed,
otherwise we would have |Ng (Z; US)| l
m<|Z,US| < 2m. Butthen

2dm > d|Z,US| > IN(Z,US)| = n—|Z,JS| —m > n—3m,

a contradiction.

Now let n! = |G}|. If for some i, n; > n then we can apply Lemma 4.6 to conclude that G’
has a copy of T. Otherwise we have that n} < n— 1 for all i € [k — 1], and therefore using |G| =
(n—1)(k—1)4m, we conclude ¥*~!'|Z| > m,. Foreach j = 1,...,k— 1, we observe that

k—1
v(Uz) g

i=1

< IN(Z) NHS|+ Y IN(Z) NHj| < dm+ kAm,
i#]

and hence

H}\N(UZi)‘ >0.8n —kAm—dm > m

Thus for each j =1,...,k— 1 we can choose a set §; C H}\N(Uf;,l Zl-) of size m;, < m. But
then by taking a subset X C |J‘=/' Z; of size m,, we obtain that X UUU'Z/' S, is a copy of Ko,
in G¢, a contradiction. L]

We can now complete the case k > 3 by using either Lemma 4.9 or Lemma 4.14.

Proof of Theorem 2.1 for k > 3. Fix

12 log4n

m=m, d=4 r=[10’log’n] and y= [logn].

loglogn’
We can choose C, ; such that n is sufficiently large relative to A,k and n > 2(d+1)m. Let G be
a graph with (k—1)(n — 1) 4+ m, vertices such that G° has no copy of K, ... . Notice that in

particular G¢ has no KX. If T has at least n/4r > 13Am+ 1 leaves, then by Lemma 3.4 we are
done. Otherwise, by Lemma 2.2, T has at least n/4r disjoint bare paths of length r.
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Claim 4.16. There are disjoint sets Q},...,Q;_, of size € [22yn/r,23yn/r], and W{,...,W/_,
of size € [20yn/r,21yn/r] such that for all i, W! C Q., Q’ y-expands into W/, and there are no
edges between Q} and Q' for i # j.

Proof. Let g =23yn/r and w = 21lyn/r. Since n is sufficiently large relative to k,A and r =
[10*1og®n], we have (n— 1)(k — 1) +m, > (k—2)(n+ 13Aq) + q. Therefore we can apply
Lemma 4.7 to conclude that either G contains a copy of T so that we are done, or else there exists
acopy of K(']"1 in G¢. Label the parts of K,’;’I by Q,,...,0,_,. Observe that clearly QO has no copy
of K2. For each i, let W, C O, be a set of size w. Now choose X; C Q, with |X;| < m — 1 maximal
so that [N, (X;) "W;| < y[X;| and let O = Q;\X;, and W/ = W,\X;. We claim that for all § C O;

with |S] < m, ( YNW/| > y|S\ Indeed, otherwise we would have [N, (X;US)NW;| <y|X;US|
so that m < i has no Kfv

2ym 2 y|X; US| > [Ny (X;US)NW,| 2 w—[X; US| —m = w—3m,
a contradiction to n > 2(d + 1)m. Note that since m < yn/r, we have |Q}| > g —m > 22yn/r and
W!| > > 20yn/r. We further conclude that Q) y-expands into W Indeed, since Q' does

not have K2 we have that for any S C Q) with m < |S| < [w/(2y)],

[N ()W) | = W/ |~ || —m > w—2m— 5~ >

w
/*2 S7
372 S|

so the first condition holds. Moreover, since Q does not have K2 and [w/2y] > m, the second
condition holds as well. Ul

Now let M; = Q;\ W/ and note that yn/r < |[M,| < 3yn/r. For i # j, fix a maximal famlly P; ;of
< 8kn/r vertex-disjoint paths of length < 3 from M, to M; internally outside R, = - 0. Let F

be an auxiliary graph on [k — 1] with ij an edge whenever P, j| = 8kn/r. Let R = U#J P, ; and

R = R, UR,. Note that |R,| < 23kyn/r and |R,| < 8k’n/r so that IR| < 24kyn/r (since y > 8k?
as a consequence of n being sufficiently large relative to k). Now let M = M;\R, and note that
[M{| < |M,| < 3yn/r and

|M[| > |M,| — |Ry| = yn/r—8K’n/r > 2n/r > m.

Note that |Q}| < 23yn/r, so 160log|Q}|/loglog|Q!| < logn < y and hence by Lemma 4.1(iii),
we have that 0} 1601og|Q}|/loglog|Q}|-expands into W/. Moreover

01> 222 > 22+ S w2
2r
so we may apply Corollary 4.4 with s = n/2r. Since
W/ log | Qi logn y
< and 4 11 <4 <z -3,
YSa0(m2r M | loglog|Q] loglogn | ~ &

we conclude that (M;,W/) is an (n/2r,y/k — 3,y)-linked system and hence so is (M],W/). We
now consider two cases depending on whether F is empty or not.
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Case 1. Suppose that F' is not empty.
Let F’ be the largest connected component of F and let k' = |F'| + 1. Since F is not empty we
have K’ > 3.

Let G' = G\U,cp (M]UN(M)).

Case 1.1. Suppose that |G'| > (k—&')(n+ 13Am) +m.
Then G’ has no KX~¥+! or else we could take it together with subsets of M! : i € F’ of size m to

obtain a K* in G¢, a contradiction. But then G’ contains a copy of T by Lemma 4.7.

Case 1.2. Suppose that |G| < (k—Kk')(n+ 13Am) + m.
Then since m = o(n), we have

U Miunr)

icF’

> (k=1)(n—1)+m, — (k—K)(n+ 13Am) —

=K —-1)(n—1)(1—0(1)).

So if we let Z = U, N(M;)\R, we obtain

1z = U N R = || MjUN(M —|R|
ieF’ icF’ ieF’
, kyn kyn
>k —-1)(n—-1)(1—-o(1))— 37—24

>0.99(K — 1)n.

Moreover, if we let X = ;. M| then we claim (ZUX)“ has no KY . Indeed, since ij ¢ E(F)
forany i € F',j ¢ F', we could take subsets of M] : i ¢ F’ of size m, together with a copy of
K* in (ZUX)¢, to obtain a copy of KX in G. Since F’ is connected, Lemma 4.12 applied with

d~=y/k—3,d* =y,s=n/2r and k = k' implies that (X, W) is an (n/2r,y,y)-linked system for
W =R, UU,;» W/. Thus we may apply Lemma 4.9 to conclude that G contains a copy of T'.

Case 2. Suppose that F' is empty.
Note that if ij ¢ E(F) then we must have no edges between M; U (N(M])\R) and M’;U(N(M})\R)
by the maximality of the family of paths P, ;. Thus if we define H; = N(M[)\R, then H,, ..., H, ,
are disjoint and there are no edges between H; and H;, for all i # j. Fix some i € {1,...,k—1}.
Since |M]| > m, we have that (G\(N(M})UM]))* does not contain K% !, or else we could take it
together with a subset of M/ of size m to obtain a K* in G¢, a contradiction. Thus if |G\ (N (M) U
M)| = (k—2)(n+ 13Am) 4+ m, then G\(N(M!) UM!) has a copy of T by Lemma 4.7, so we are
done. Otherwise we have
INM)UM]| > (n—1)(k—1)+m; — ((k—2)(n+13Am) +m)

=n—(k—2)(13Am+1)+m, —m

=n(1—-o(1)),
so that [N(M])| =2 n(1 —o(1)) —3yn/r =n(1 —o(1)), and hence for n sufficiently large,

|H;| > [N(M)| — |R| = n(1—o0(1)) —24kyn/r > 0.9n.

This holds for all i, so we can apply Lemma 4.14 to conclude that G contains a copy of 7. [
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5. Concluding remarks
In this paper we determined the range in which bounded degree trees are H-good, up to logar-

ithmic factors. However, we conjecture that these factors can be removed to obtain the following.

Conjecture S.1. For all A and k there exists a constant C,, such that for any tree T with
maximum degree at most A and any H with y (H) = k satisfying |T| > C,;|H|, T is H-good.

As mentioned in the Introduction, Conjecture 5.1 is best possible up to the constant factor Cy ;..
Pokrovskiy and Sudakov [20] showed that Conjecture 5.1 holds for paths, and our Theorem 1.2
shows that Conjecture 5.1 holds for trees with linearly (in |H|) many leaves.

Appendix

Our goal will be to prove Lemma 3.1. This is a generalization of Haxell’s theorem [15], and
the proof follows the method of Friedman and Pippenger [13]. The idea is to prove a stronger
statement from which Lemma 3.1 will follow as a corollary. For this, we will also need a slightly
different definition of neighbourhood. For a vertex x in a graph G, let I'(x) = N(x) be the
neighbourhood of x, and for a set of vertices S in G, define I'(S) = J,.T'(x). Also, for a tree T
rooted at v, we define d,o (T) = dr(v).

Lemma A.l. Let A, M, t and m be given. Let X = {x,,...,x,} be a set of vertices in a graph G.
Suppose that we have rooted trees Ty ,...,T, satisfying ¥i_, |T.,| <M and A(T.) < A for all i.
Suppose that for all S with m < |S| < 2m we have |T'(S)| = M + 10Am, and for S with |S| < m we

have
IDS\X| > 4AIS\X [+ D (droo(T2) +A). (A1)
xeSNX
Then we find disjoint copies of the trees T, , ..., Ty, in G such that for each i, T, is rooted at x;,.

In addition, for all S C G with |S| < m, we have

T(S)\ (T, U+ UT, )| > AlS]. (A2)

Proof. The proof is by induction on ¥i_, e(T,,). The initial case is when each tree is just a
single vertex which holds by embedding 7}, to x;. Then (A.2) holds as a consequence of (A.1).
Now suppose that the lemma holds for all families of trees with ¥;_; e(7},) < e and we have a
family with 3_; e(T},) = e > 0. Without loss of generality, we may assume that e(T},) > 1. Let
be the root of 7, and let ¢ be one of its children. For every v € T'(x, ) we define a set X" = X U{v}
and a corresponding family of rooted trees {7} : x € X"} as follows. Let T? be the subtree of T,
rooted at r formed by deleting ¢ and its children. Let 7}/ be the subtree of 7, rooted at ¢ formed
by c and its children. For all x € X" —x, —v, let T)) = T,.

Suppose that there is a vertex v € I'(x;) \ X such that the set X" together with the family of

trees {7} : x € X"} satisfy the following for every C C G with |C| < m:

ICON\X"| Z4AIC\X" [+ Y (dro(TY) + ).

xeCNXY
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Then by induction we have an embedding of 77 ,...,T¢, T} into G which satisfies (A.2). By
adding the edge x, v, we can join the trees Y;Vl and 77 in order to obtain a copy of T, rooted at x,.
This gives an embedding of 7, , ..., T, into G which satisfies (A.2).
Otherwise, for every v € I'(x,)\X, there is a set C, with |C,| < m and
|F(Cv) \le < 4A|Cv \le + 2 (droot(T;cv) +A) - L (A3)
xeC,NXY

Notice that taking S = {x, }, (A.1) implies that x, has at least one neighbour outside X. Define a
set of vertices S to be critical if it has order < m and equality holds in (A.1).

Claim A.2. Foreveryv €T (x,)\X, the set C, is critical, and also v € T'(C,) and x, ¢ C,.

Proof. Notice that the following hold.

ITC)\X| =1 < [D(G)\ X, (A4

AACNAX |+ Y, (droot(T"(x)) +4) SAAICAX[+ Y (dror (T (1)) +4). (A5)
xeC,NXY xeC,NX

Adding (A.3), (A4), (A.5) and (A.1) applied with S = C, gives ‘0 < 0’, which implies that

equality holds in each of these inequalities. In particular, equality holds in (A.1), which implies

that C, is critical. For equality in (A.4) to hold, we must have v € T'(C,). For equality in (A.5) to
hold, we must have x, ¢ C, (since dyooq (T} ) = droor (Tr,) — 1- O

NN

We remark that the above proof also gives v ¢ C,, although this will not be needed in the proof.
We will also need the following claim.

Claim A.3. For two critical sets S and T, the union SUT is critical.

Proof. First we show that the reverse of the inequality (A.1) holds for SUT. We have the

following;
IT($) \ X| = 4A[S\ X[+ KSZQX(dm(T(X)) +4), (A.6)
ID(T)\ X[ =4A|T \ X| +AEZ (droot (T (x)) +4), (A7)
ID(SNT)\ X| > 4A|SﬂT\Xxim;%mx(dmm(T(x)) +A). (A8)

Equations (A.6) and (A.7) come from S and T being critical, whereas (A.8) is just (A.1) applied
to SNT (which is smaller than m since S is critical). Also, note that by inclusion—exclusion, we

have
[SUT\X| = |S\X|+|T\X|—|SNT\X]|, (A.9)
(Z) (droot (T (x)) +4A) = ; (droo(T(X) +A)+ Y, (dro(T(x)) +4)
xe(SUT)NX xeSNX xeTnNX
- 2 (droot(T(x)) +A) (A.10)
xeSNTNX
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Moreover, we observe that
IT(SUT)\X| = [(T(S) UT(T)\X],
ITESNTINX] < [(T(S) NT(T))\X],
which together with inclusion—exclusion implies
IC(SUT)\X| < IT(S)\X|+ |T(T)\X| — [T(SNT)\X|. (A.11)
Plugging (A.6), (A.7) and (A.8) into (A.11) and then using (A.9) and (A.10) gives
IN(SUT)\X| <4ASUT\X|+ D, (dwot(T(x))+A). (A.12)

x€(SUT)NX

Since both S and T are critical, we have |SUT| < 2m, which together with (A.12) implies that
TSUT)| < IX|+|T(SUT)\ X| < |X| 4+ 8Am < M + 10Am. By the assumption of the lemma
we have |SUT| < m. Therefore (A.1) holds for the set SUT, which together with (A.12) implies
that SUT is critical. ]

LetC = UvEF(xl)\X C,. By the two claims, we have that C is critical. Since from the first claim
I'(x;)\X CT'(C) and x, & C, we have that
IT(CU{x H\X|=T(C)\X]|
=4AIC\X[+ Y, (diu(T(x))+A)

xeCNX

<AAIC\X[+ X (droot(T(x)) +4) + droor (T (x1)) + A
xeCnX

=4ACUDAXT+ Y (doa(T () +A).

xe(CU{x, })NX

By (A.1) we have that |C U {x, }| > m, which combined with C being critical means that |CU
{x,;}| =m+ 1. But then I'(CU {x,})| < |X|+ |T(CU{x,})\ X]| < |X|+ 8Am contradicts the
assumption of the lemma that [I'(CU{x, })| > M + 10Am. Ul

Proof of Lemma 3.1.  Note that since |[T(S)| > [N(S)| and ¥, g (droot (Tx) +4) < 4AISNX]
for all S, we may apply Lemma A.1 to obtain copies of 7y , ..., T, rooted atx,...,x, respectively
so that (A.2) holds for all S with |S| < m. In particular, if S C T, U---UT, and |S| < m, then

INON(T:, U+ UT,)| = [N\ (E, U+ UT, )| > Als].
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