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Assume that the edges of the complete graph K, are given independent uniform [0, 1] weights. We
consider the expected minimum total weight g, of k > 2 edge-disjoint spanning trees. When k is
large we show that p, ~ k2. Most of the paper is concerned with the case k = 2. We show that I
tends to an explicitly defined constant and that 1, ~ 4.1704288......
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1. Introduction

This paper can be considered to be a contribution to the following general problem. We are
given a combinatorial optimization problem where the weights of variables are random. What
can be said about the random variable equal to the minimum objective value in this model? The
most studied examples of this problem are those of (i) minimum spanning trees, e.g. Frieze [10],
(ii) shortest paths, e.g. Janson [18], (iii) minimum cost assignment, e.g. Aldous [1, 2], Linusson
and Wastlund [22], Nair, Prabhakar and Sharma [24] and Wastlund [31], and (iv) the travelling
salesperson problem, e.g. Karp [20], Frieze [12] and Wastlund [32].

The minimum spanning tree problem is a special case of the problem of finding a minimum-
weight basis in an element-weighted matroid. Extending the result of [10] has proved to be
difficult for other matroids. We are aware of a general result due to Kordecki and Lyczkowska-
Hanckowiak [21] that expresses the expected minimum value as an integral using the Tutte
polynomial. The formulae obtained, although exact, are somewhat difficult to penetrate. In this
paper we consider the union of k-cycle matroids. We have a fairly simple analysis for k — oo and
a rather difficult analysis for k = 2.
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Given a connected simple graph G = (V,E) with edge lengths x = (x, : ¢ € E) and a positive
integer k, let mst,(G,x) denote the minimum length of k edge-disjoint spanning trees of G.
(mst, (G) = oo if such trees do not exist). When X = (X, : e € E) is a family of independent
random variables, each uniformly distributed on the interval [0, 1], denote the expected value
E[mst, (G, X)] by mst,(G).

As previously mentioned, the case k = 1 has been the subject of some attention. When G is
the complete graph K,,, Frieze [10] proved that

n—oo

lim mst, (K,) = {(3) = i k%
k=1

Generalizations and refinements of this result were subsequently given in Steele [30], Frieze
and McDiarmid [14], Janson [17], Penrose [28], Beveridge, Frieze and McDiarmid [4], Frieze,
Ruszinko and Thoma [15] and most recently in Cooper, Frieze, Ince, Janson and Spencer [7].

In this paper we discuss the case k > 2 when G = K,,, and define

u; =liminfmst,(K,) and ;" =limsupmst,(K,).

n—oo

Conjecture 1.1. u; = ', that is, lim,_...mst,(K,) exists.

Theorem 1.2.

lim M — jim

k—eo k2 k—eo k2 =1L

Theorem 1.3. With f, and ¢, = 3.59 and A, ~ 2.688 as defined in (2.1), (2.6), (5.9),

.U-zzzclzf(c;i)z
- At AfA) fs(l))< & Al wf.w)
_ ] — dA
* H;(z 2500 T 26k o J\Em THEm T ARG
=4.17042881....

There appears to be no clear connection between (1, and the {-function.
Before proceeding to the proofs of Theorems 1.2 and 1.3, we note some properties of the
Kk-core of a random graph.

2. The x-core

The functions

A
f,.(/l)zzﬁ, i=0,1,2,..., .1
Jj=i
figure prominently in our calculations. For A > 0 define
Afri(A)
gi(A) = 2 g(0)=3—ii=0,1,2.
(4) o) i(0)
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The x-core C(G) of a graph G is the largest set of vertices that induces a graph H, such
that the minimum degree & (Hy) > k. Pittel, Spencer and Wormald [29] proved that there exist
constants ¢, K > 3 such that if p = ¢/n and ¢ < ¢, then w.h.p. G,,p has no k-core, and that if
¢ > ¢, then w.h.p. G, , has a k-core of linear size. We list some facts about these cores that we
will need below.

Given A, let Po(A) be the Poisson random variable with mean A and let

T () =Pr{Po(A) = r} =e " f,(A).
Then

. A
Ce = 1nf(nkl(l) A > O). (2.2)

When ¢ > ¢y, define A(c) by

Ax(c) is the larger of the two roots to the equation ¢ = p- = ) (2.3)

Then w.v.h.p.! with A = A,(c) we have that

2 A A
Ce(Gnp) has = m(A)n = f';(jt) n vertices and ~ %n = %}L()n edges. (2.4)
Furthermore, when x is large,
¢ = K+ (xlog k)% + O(log k). (2.5)

Luczak [23] proved that Cy. is k-connected w.v.h.p. when Kk > 3.
Next, let . be the threshold for the (x + 1)-core having average degree 2. Here (see (2.3)
and (2.4))

=2K. (2.6)

We have ¢, =~ 3.35 and ¢} ~ 3.59.

3. Proof of Theorem 1.2: large k

We will prove Theorem 1.2 in this section. It is relatively straightforward. Theorem 1.3 is more
involved and occupies Section 4.
In this section we assume that k = O(1) and is large. Let Z, denote the sum of the k(n — 1)
shortest edge lengths in K,,. We have that for n > k
Mool k(n—1)(k(n—1)+1)

mst, (K) > E[Z,] = Z} () +1 B n(n—1)+2

This gives us the lower bound in Theorem 1.2.

e [K*(1—n""),K%. (3.1

! For the purposes of this paper, a sequence of events &, will be said to occur with very high probability (w.v.h.p.) if
Pr{&,} = 1 —o(n™"). Similarly, &, will be said to occur with high probability (w.h.p.) if Pr{&,} = 1 —o(1).
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For the upper bound, let k, = k + k*/3 and consider the random graph H generated by the
ky(n—1) cheapest edges of K,,. The expected total edge weight E; of H is at most k2 (see (3.1)).

Here H is distributed as Gn’k“n. This is sufficiently close in distribution to G, ,,p = 2k,/n
that we can apply the results of Section 2 without further comment. It follows from (2.5) that
¢y < 2k,. Putting Ay = A,,(2k,), we see from (2.4) that w.v.h.p. H has a 2k-core C,, with
~ nPr{Po(A,) > 2k} vertices. It follows from (2.3) that A, = 2k,m,, ,(2k,) < 2k,, and since
7., (A) increases with A and

Ty 1 (2k+KP) = Pr{Po(2k+k*3) > 2k — 1} > 1 —e ¥
for some constant ¢, > 0, we see that

2%k + k%3
e S o
Moy (2k+ K2/3)

and so A, > 2k +Kk*/3.

A theorem of Nash-Williams [25] states that a 2k-edge connected graph contains k edge-
disjoint spanning trees. Applying the result of Luczak [23], we see that w.v.h.p. C,, contains
k edge-disjoint spanning trees 7},7,,...,T,. It remains to argue that we can cheaply augment
these trees to spanning trees of K,,. Since |C,; | ~ nPr{Po(1) > 2k} w.v.h.p., we see that w.v.h.p.
D,, = [n]\ C,, satisfies |D,, | < 2ne=ak”,

For each v € D,, we let S, be the k shortest edges from v to C,,. We can then add v as a leaf to
each of the trees T},7,,...,T, by using one of these edges. What is the total weight of the edges
Y,,v € D,,? We can bound this probabilistically by using the following lemma from Frieze and
Grimmett [13].

Lemma 3.1. Suppose that k, +k, +---+ky, < a, and Y,,Y,,...,Y,, are independent random
variables with Y, distributed as the k;ith minimum of N independent uniform [0,1] random vari-
ables. If L > 1, then
Ha a(l+Inp—p)
PHY, 4 +Y, > —— L < .
r{ 1 + + M N+ 1 } e

Let £ = 2¢ %" and u = 10In1/¢, and let M = ken, N = (1 — €)n, a = k*en. Let B, be the
event that there exists a set S of size €n such that the sum over v € § of the lengths of the k
shortest edges from v to [n]\ S exceeds pa/(N + 1). Next let B be the event that the sum over

v € S of the length of the kth shortest edge from v to [n] \ S exceeds pa/(k(N +1)). We have
B, € B, and applying Lemma 3.1 we see that

Pr{B} < (e”n) exp{ken(l+1Ing — )} < (Z -e“k/2> U o(n™).

It follows that

ua

mst, (K,) < o(1) +k3 + N1 S K> 431573,

The o(1) term is a bound kn x o(n~!), to account for the cases that occur with probability o(n~!).

https://doi.org/10.1017/50963548317000426 Published online by Cambridge University Press


https://doi.org/10.1017/S0963548317000426

232 A. Frieze and T. Johansson

Combining this with (3.1), we see that
K<, <K 4367,

which proves Theorem 1.2.

4. Proof of Theorem 1.3: k=2

For this case we use the fact that, for any graph G = (V,E), the collection of subsets I C E
that can be partitioned into two edge-disjoint forests form the independent sets in a matroid, this
being the matroid which is the union of two copies of the cycle matroid of G. See for example
Oxley [27] or Welsh [33]. Let r, denote the rank function of this matroid, when G = K,,. If G is
a subgraph of K,,, then r,(G) is the rank of its edge-set.

We will follow the proof method in [3], [4] and [17]. Let F' denote the random set of edges in
the minimum-weight pair of edge-disjoint spanning trees. For any 0 < p < 1, let G, denote the
graph induced by the edges e of K,, which satisfy X, < p. Note that G, is distributed as G, .

Forany0< p<1,%,p 1( is the number of edges of F which are not in G, which equals
2n—2—-r,(G,). So,

1 1
mStz(KnaX) = ZXe = z Azol(xe>p)dp :~/p 2;4_1(Xe>l’>dp'

ecF ecF =0 ¢c

Xe>p)

Hence, on taking expectations we obtain

1
InSQ(K;)::jﬁ(}2n——2——Ebb(Gpﬂ)dp. @.1)
It remains to estimate E[r,(G),)]. The main contribution to the integral in (4.1) comes from p =
c/n, where c is constant. Estimating E[r,(G,)] is easy enough for sufficiently small c, but it
becomes more difficult for ¢ > ¢} (see (2.6)). When p = ¢/n for ¢ > ¢, we will need to be able
to estimate E[r,(C,, ,(G,,,))]. We give partial results for k > 3 and complete results for k = 2.
We begin with a simple observation.

Lemma 4.1. Let k > 2. Let C | = C_,(G) denote the graph induced by the (k + 1)-core of
graph G (it may be an empty subgraph). Let E,(G) denote the set of edges that are not contained
inCy . Then

r(G) = [E.(G)] +rk(Ck+1)' 4.2)

Proof. We use induction on |V(G)|. It is trivial if |V(G)| = 1, so assume that |V (G)| > 1. If
0(G) > k+1 then G = C, | and there is nothing to prove. Otherwise, G contains a vertex v
of degree d;(v) < k. Now G — v has the same (k+ 1)-core as G. If Fy,...,F, are edge-disjoint
forests such that r,(G) = |F;| + - - -+ |F;|, then by removing v we see, inductively, that

|E(G=V)|+7(Crpy) =1 (G—v) Z |[Fi |+ + |F| = dg(v) = 1, (G) — dg(v).
On the other hand G — v contains k forests F},...,F/ such that

r(G—v) = [F{| -+ |F| = [E(G—) |+ (Cy.):
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We can then add v as a vertex of degree one to d;(v) of the forests F, ..., F/, implying that
1(G) 2 dg(v) + |E (G —v)[+ 7 (Cpyy)-
Thus,

rk(G) = dG(V) + |Ek(G_ V)| —&-rk(CkH) = IEk(G)| +rk(ck+1)~ O

Lemma 4.2. Letk > 2. Ifc, < ¢ < ¢}, then w.h.p.

(G, .))| —o(n) < 7(G, ) <|E(G, ;) (4.3)

Proof. We will show that when ¢ < ¢}, we can find k disjoint forests F,,F,, ..., F, contained in
C, ., such that

k
|E(Cpy)| — ; |E(F)| = o(n). (4.4)

This implies that r,(C, ) > |E(C,,)| — o(n), and because r,(C,,,) < |[E(C,, )
follows from this and Lemma 4.1.

Gao, Pérez-Giménez and Sato [16] show that when ¢ < ¢}, no subgraph of G, , has average
degree more than 2k, w.h.p. Fix € > 0. Cain, Sanders and Wormald [6] proved that if the average
degree of the (k+ 1)-core is at most 2k — &, then w.h.p. the edges of G, , can be oriented so that
no vertex has indegree more than k. It is clear from (2.4) that the edge density of the (k+ 1)-core
increases smoothly w.h.p., so we can apply the result of [6] for some value of €.

It then follows that the edges of G, , can be partitioned into k sets ®,,®,,...,®, where each
subgraph H; = ([n],®;) can be oriented so that each vertex has indegree at most one. We call
such a graph a partial functional digraph, or PFD. Each component of a PFD is either a tree or
contains exactly one cycle. We obtain F,F,, ..., F, by removing one edge from each such cycle.
We must show that w.h.p. we remove o(n) vertices in total. Observe that if Z denotes the number
of edges of G, , that are on cycles of length at most @, = %logc n, then

, the lemma

)

EZ] <Y 0! (Z)zpf < @yc™ < n'l?,
(=3

The Markov inequality implies that Z < n?/> w.h.p. The number of edges removed from the
larger cycles to create F,,F,, ..., F, can be bounded by kn/m, = o(n), and this proves (4.4) and
the lemma. Ul

Lemma 4.3. Ifc > c), then w.h.p. the 3-core of G, /n contains two edge-disjoint forests of total
size 2|V (C3)| — o(n). In particular, r,(C; (Gn_c/n)) =2|V(G5)|—o(n).

The proof of Lemma 4.3 is postponed to Section 6. We can now prove Theorem 1.3.
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5. Proof of Theorem 1.3

As noted in (4.1),

1

msty (K,) = /pzo(zn 2 E[r,(G,)])dp. 5.1)

A crude calculation shows that if ¢ is large then
p > < implies that Pr{r,(G,) < 2n—2 — nAc% <} = o(1), (5.2)
n

for some absolute constant A > 0.

Indeed, we know that if p = ¢/n and c is sufficiently large, then G, contains a pair of edge-
disjoint cycles, each of length at least n(1 — c®¢~¢) with probability 1 — ¢, where g, = O(n~%),
for some absolute constant ¢ > 0: see Frieze [11]. If p, = ¢, /n and p, = Kp,, then

Pr{rZ(Gl’z) < 2717277“»6870} < 81P2/P1 — 0(?171((1),

since G, can be generated by adding edges to p,/p, independent copies of G, . This confirms
(5.2).
So, for large c,
c/n
msty(K,) = [ (2n=2-Blry(G,))dp+e. 53)
p=0
where

1

n oo
0<e < An/ (np)6e’”pdp :A/ e dx < A/ e rdx < e,
p x=c x=c

=c/n

after changing variables to x = pn. Doing this once more, we have

rC

mst,(K,) = /

(2—2n"' =n"'E[r,(G, ), )])dx + &.. (5.4)
Jx=0

By Lemmas 4.1 and 4.2, for x < ¢, we have
n'E[r,(G, ;)] =n"'E[E(G,,)[] - &(x,n) = x/2— & (x,n),

where lim,, .. & (x,n) = 0. Now n’lE[rz(Gx/n)] ,n=1,2,...,is a sequence of bounded monotone
increasing continuous functions of x. This sequence converges pointwise to a continuous function
f, and so it converges uniformly to f. Thus we can bound MaXgc oo &(x,n) < n(n), where
lim, .. (n) = 0. Clearly f(x) = x/2, and so

ch . ch X
/ n E[rz(Gx/n)]dx:/ X dx+o(1).
x=0 x:02

By Lemma 4.3, for x > ¢}, we have

E[r,(G(G

x/n

NI =ERV(G)] —o(n).
So, by Lemma 4.1,
E[r(G, )| = E[E(G, )| - [E(C)[+2]V(G)[] - o(n),
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and

+ /_ (2 - % <x2n —E[E(G(G,),))] +E[2|V(C3(Gx/n))]>>dx+ eeto(1).

From (2.4), for p = x/n we have

Elvicyl) =22 o,
Vel = 22 o),

where A is the largest solution to Ae* /f,(4) = x. Thus,

U, = lim mst, (K,) = /62 (2— )dx+ ' <2— ai A(4) —Zﬁ(f))dx—kec.
n—ee x=0 x=c) e

2 2eh
To calculate this, note that

dx et N Aet 7lelf1(7t)
dr — fL,(A)  fH(A) ()2

[, (2328 ot

=

SO

235

(5.5)

(5.6)

5.7

(5.8)

_/ L< zfzgl)Jrlfz( ) L4 ))(feA i Ae* _lelfl(/l)>dk+sc,

2¢eh et

() H(A) A4

where A (x) is the unique solution to Ae* /£, (1) = x.
Note that

A(ch) ~2.688 and A(c)> % for large c.

Now for large A we can bound

(2 ret  AL(A) (O )>(f ¢, ae /le’lfl(l)>
)

) et o ) AR HO)

(5.9)

from above by A3¢~*. So the range in the integral in (5.8) can be extended to o at the cost of
adding an amount &, where 0 < 8. < ¢*e~°. Using the fact that we can make &, 8. arbitrarily close
to zero by making c arbitrarily large, we obtain the expression for i, claimed in Theorem 1.3.

Attempts to transform the integral in the theorem into an explicit integral with explicit bounds

have been unsuccessful. Numerical calculations give

1, ~ 4.1704288. ..
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The Inverse Symbolic Calculator’ has yielded no symbolic representation of this number. An
apparent connection to the {-function lies in its representation as

C()_L/M ﬂdl (5.11)
* CT(x) Jamoer =1 ’
which is somewhat similar to terms of the form
= poly(4)
—————dA 5.12
/,1:/12/ er—1-1 (5.12)

appearing in [1,, but no real connection has been found.

6. Proof of Lemma 4.3

6.1. More on the 3-core

Suppose now that ¢ > ¢} and that the 3-core C; of G, , has N = Q(n) vertices and M edges. It
will be distributed as a random graph uniformly chosen from the set of graphs with vertex set [N]
and M edges and minimum degree at least three. This is an easy well-known observation, and
follows from the fact that each such graph H can be extended in the same number of ways to a
graph G with vertex set [n] and m edges, and such that H is the 3-core of G. For convenience we
will now assume that V(C;) = [N].

The degree sequence d(v),v € [N] can be generated as follows. We independently choose for
each v € V(C;) a truncated Poisson random variable with parameter A satisfying g,(1) =2M/N,
conditioned on d(v) > 3. So for v € [N],

Ak 2M

Pr{d(v):k}:m, k=3,4,5,..., A:g()l(N). (6.1)

Properties of the functions f;, g; are derived in Appendix B. In particular, the g; are strictly
increasing by Lemma ?? (Appendix C), so g, !'is well-defined.
These independent variables are further conditioned so that the event

D= { Y dv) = ZM} (6.2)
VvE[N]
occurs. Now A has been chosen so that E[d(v)] = 2M /N, and then the local central limit theorem
implies that Pr{D} = Q(1/N'/?); see for example Durrett [8]. It follows that
Pr{& | D} < O(n'*)Pr{E}, (6.3)

for any event £ that depends on the degree sequence of Cj.

In what follows we use the configuration model of Bollobés [5] to analyse C; after we have
fixed its degree sequence. Thus, for each vertex v we define a set W, of points such that |W,| =
d(v), and write W = |J,W,. A random configuration F is generated by selecting a random
partition of W into M pairs. A pair {x,y} € F with x € W,,y € W, yields an edge {u,v} of
the associated (multi-)graph I

2 https://isc.carma.newcastle.edu.au/
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The key properties of F that we need are as follows: (i) conditional on F having no loops or
multiple edges, it is equally likely to be any simple graph with the given degree sequence; (ii) for
the degree sequences of interest, the probability that I';. is simple will be bounded away from
zero. This is because the degree sequence in (6.3) has exponential tails. Thus we only need to
show that I'. has certain properties w.h.p.

6.2. Setting up the main calculation
Suppose now that p = ¢/n where ¢ > ¢5. We will show that w.h.p., for any fixed € > 0,

i(S) = |{e € E(Cy):eNS # 0} > (2—¢€)|S| forall S C [N]. 6.4)

Proving this is the main computational task of the paper. In principle, it is just an application of

the first moment method. We compute the expected number of S that violate (6.4) and show that

this expectation tends to zero. On the other hand, a moment’s glance at the expression f(w) below

will show that this is unlikely to be easy, and it takes more than half of the paper to verify (6.4).
It follows from (6.4) that

E(C;) can be oriented so that at least (1 — €)N vertices have indegree at least two.  (6.5)

To see this, consider the following network flow problem. We have a source s and a sink ¢ plus a
vertex for each v € [N] and a vertex for each edge e € E(C;). The directed edges are: (i) (s,v),v €
[N] of capacity two; (ii) (u,e), where u € e of infinite capacity; (iii) (e,r),e € E(C;) of capacity
one. An s —t flow decomposes into paths s, u, e,t corresponding to orienting the edge e into u. A
flow thus corresponds to an orientation of E(C;). The condition (6.4) implies that the minimum
cut in the network has capacity at least (2 — €)N. This implies that there is a flow of value at least
(2 —€)N and then the orientation claimed in (6.5) exists.

Thus w.h.p. C; contains two edge-disjoint PFDs, each containing (1 — &)N edges. Arguing as
in the proof of Lemma 4.2, we see that we can w.h.p. remove o(N) edges from the cycles of these
PFDs and obtain forests. Thus w.h.p. C; contains two edge-disjoint forests of total size at least
2(1—¢&)N —o(N). This implies that

E[r,(C5(G, . ,,)] = 2(1 —€)N—o(N),

n,c/n

and since N = Q(n), we can have

E[r,(G(G

n,c/n

)] =2(1—¢€)N—o(n).

Because ¢ is arbitrary, this implies r,(C;(G, ., )) = 2N — o(n) whenever ¢ > c¢}.

n,c/n

6.3. Proof of (6.4): small S
It will be fairly easy to show that (6.5) holds w.h.p. for all |S| < s, where

C(1+e\'F
Se = E n.

S| < s¢ implies e(S) < (1+¢)|S|in G, . (6.6)

We claim that w.h.p.

Here e(S) = [{e € E(G,,) : e C S}|.
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Indeed,

Pr{3S violating (6.6)} < ; ) < >p(1+£)s
4 1+ 8

i
) )
()5

For sets A, B of vertices and v € A we will let dg(v) denote the number of neighbours of v in B.
We then let dg(A) = X, ., dg(v). We will drop the subscript B when B = [N].

Suppose then that (6.6) holds and that |S| < s¢ and i(S) < (2 — €)|S|. Then if § = [N]\ S, we
have

w
[

o
Il

HM"

e(S)+ds(S) < (2—¢)|S| and d(S) = 2e(S)+ds(S) = 35|,

which implies that e¢(S) > (1 + €)|S|, contradiction.

6.4. Proof of (6.4): large S
Suppose now that C; contains an S such that i(S) < (2 — ¢€)|S]. Let such sets be bad. Let S be
a minimal bad set, and write T = [N]\ S. For any v € S, we have i(S\v) > (2—¢€)|S\ v| while
i(S) < (2—¢€)|S|. This implies dy(v) = i(S) —i(S\v) <2

We will start with a minimal bad set and then carefully add more vertices. Consider a set S
such that i(S) < 2|S| and dj(v) <2 for all v € S. If there is a w € T such that dp(w) < 2, let
S = SU{w}. We have i(S') < i(S)+2 < 2|'|. This means we may add vertices to S in this
fashion to acquire a partition [N] = SUT where dy(v) < 2 for all v € S and dy(v) > 3 for all
v € T. We further partition S = S, US, US, so that dj.(v) =i if and only if v € S,. Denote the size
of any set by its lower-case equivalent, that is, |S;| = s; and |T| =1¢.

We now start to use the configuration model. Partition each point set into W, = W, UW,”, where
a point is in W’ if and only if it is matched to a point in U,_¢W,,. The sizes of W, W, uniquely
determine w = (s,,5,,5,,D,D,,D,,D5,t,M). Here D; = d(S;),i = 0,1,2 and Dy = d(T).

6.4.1. Estimating the probability of w. By construction, D; > (3 —i)s; fori =0,1,2 and D, >
3t. Define degree sequences (d},...,d}) for §;,i=0,1,2 and (d3, ...,d}) for T. Furthermore, let
df df 1, df df 2 and dA% 2 0 be the S-degrees of vertices in §,,S,, T, respectively.

Dealing with S;. Ignoring for the moment that we must condition on the event D (see (6.2)), the
probability that S, has degree sequence (dj, ... ,d“ ), di > 3 for all i, is given by

R0 240

.77 6-7
Namm ©7)

where A is the solution to
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Hence, letting [xP]f(x) denote the coefficient of x” in the power series f(x), the probability
7y(Sy, Dy) that d(S,) = D, is bounded by

DI S | s
(S, Dy) < FTIVIZEY
d(])+---+dé‘):D0 i=1 dO!f3 (z')
>3
Ao oo
f3 ()L)X‘) d‘§+~~+d;0:D0 i=1 d(l)'
dh>3
A Do x%\ %o
Aan(55)
AR N
AP
= Do x)%
fS()L)SO[ ]\f3( )

AP0 f3(Ag)®

< )
A 2P

(6.8)

for all A,. Here we use the fact that for any function f and any y > 0, [x™0] f(x) < f(y)/y™. To
minimize (6.8) we choose A, to be the unique solution to

D,
g0(A) = 2. (6.9)
So
If D, = 3s, then A, = 0. In this case, since
AS(1+0(A
f3()~0): 0( . ( 0))7
we have
13 So
7 (Sy, Dy) < . when D, = 3s,. (6.10)
0( 0 O) <6f3(k)) 0 0

Dealing with S,. For each v € S, we have W, = WS UW, where |W,| = 1. Hence, the probab-
ility 7, (S,,D, ) that d(S,) = D, +s, is bounded by

L ldi1 A
n(S.0)< Y H(ll )(

d/]l+m+¢?11:Dl i=1 dll'i_l)'f:i()‘)

d,>2
D1+ 51
Ay —
f3(2’) ! (2}+"'+t§TIZD] i=1 i‘
di>2
ADIHI
= LA W
AD1ts fZ(AI)Sl
< 6.11
LA AP @10
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We choose A, to satisfy the equation
g(A)=—. (6.12)

Similarly to what happens in (6.10), we have A, =0 when D, = 2s, and

i) = LI,

SO

A\
m,(S,,D,) < <2f3(7L)> ,  when D| =2s,. (6.13)

Dealing with S,. For v € S,, we choose two points from W, to be in W/, so the probability
n,(S,,D,) that d(S,) = D, + 2s, is bounded by

i di+2 D,+2s, 55
77,'2(527D2) < 2 H <d2+2> _ A% < A Fax fl (;;2) 2—3‘27 (614)
Poerdrop, =l N 2 (d+2)16(R) f3(A)= AP

&>

where we choose A, to satisfy the equation

2,(A,) = 2. (6.15)

Similarly to what happens in (6.10), we have A, =0 when D, = s, and f;(4,) = 4,(1+ O0(4,)),
so

2 \®
nz(Sz,Dz) < (W) 5 when D2 =38;. (616)

Dealing with 7. Finally, the degree of vertex i in T can be written as d = c@ +E;, where dz >0
is the S-degree and d > 3 is the T-degree. Here, with t = |T/|, we have

SR

t
z s =dy(T) =s,+2s,
i=1

by the definition of S, S,,S,. So the probability 7;(7,D,) that d;(T) = D,, given s,,s, can be
bounded by

1 d/7+al A@Jrgg
mro)< Y s (%),
3

- . (G LTV ()
Ayt di=s, 42, a;+...+3g:03 =1 d3 +d3)-f3(l)

di>0 >3
}LD3+51+2s2 1
S, = e
dy+tdy=s+2sy dy+-+d3=D; """ “3 %3
d; 20 45>3
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)LD3+s] +25,

3 xr 1125, &
A (] A0 (e F22]e)

)LD3+S1 +2s, f3 (A’S )t 51 +25,

< , 6.17
HA) 7L3D3 (s +2s,)! ©1n
where we choose A, to satisfy the equation
D
go(hs) = =2, (6.18)

Similarly to what happens in (6.10), we have A; = 0 when D; = 3 and

A A
f3(213) _3 (1 +60( 1))7

SO
AD3+A'1 +2s, 51 +2s,

(6£3(4))" (s1+2s5,)

6.4.2. Putting the bounds together. For a fixed w = (s,,5,,5,,D,,D,,D,,D;,t,M), there are
(SU”ST;T .) choices for S, S,,S,,T. Having chosen these sets, we partition the W,,v € SUT into
WS UWT. Note that our expressions (6.8), (6.11), (6.14), (6.17) account for these choices. Given
the partitions of the W,, there are (D, + D, +D,)!!D;!!(s, +2s,)! configurations, where (2s)!! =
(2s—1) x (25 —3) x --- x 3 x 1 is the number of ways of partitioning a set of size 2s into s
pairs. Here (D + D, + D,)!! is the number of ways of pairing up {J,s WS, D;!! is the number of
ways of pairing up U, W/, and (s, +2s,)! is the number of ways of pairing points associated
with S to points associated with 7. Each configuration has probability 1/(2M)!!. So, the total
probability of all configurations whose vertex partition and degrees are described by w can be

bounded by
< t+s ) APo 13(Ap)% AP VAU )LD2+2S2f1(AZ)S227
50:81:82,1) f3(A)% AODO f(A)% llD' f3(A)% lzDZ
AP £ 2 (Dy+ D, + Dy) D N(s, +25,)!

(T, D;) <

when D; = 3t.

S

HAY AP (s +2s,)! (2M)!!
_ ( I+s ) A2M L)% LA fi(A,)™ 25 L) 1129
S0y81552,1 f3()L)N l(?(» )LlDl AzDz )’SD? (sl —|—2S2)!

" (Dy+D, +D,)!'D;! (s, +2s,)!
(2M)!!

Write D, = Ass, |S;| = 0,5, t = s, M = s and N = vs. We have k!! ~ v/2(k/e)"/? as k — oo
by Stirling’s formula, so the expression above, modulo an e°*) factor, can be written as

f(w)' =
< (t4+1)7H! A i (A)% fo(A)% £,(A)% fy(A5)" (€)oo
opor(l=0y—0) AT A AN AN AR AN 2o
(Ag+ A, + Az)(A0+A1+A2)/2A§3/2 ) s oo
(2u)H :
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‘We note that

o,=1-0,—0, (6.20)
Ay =2Uu—Ay—A —A,—20,—40,

=2u—4—-Ay— A, —A,+40,+ 20, (6.21)
v=1+T1. (6.22)

Hence 0,,A, v may be eliminated, and we can consider w to be (0, 0,,4,A;,A,, T, 1). When
convenient, A; may be used to denote 2 —4 — Ay — A, — A, +40,, +20,. Define the constraint
set F to be all w satisfying

Ay =30, A =220, A =21-0,—0;, A =37,
Ay +A +A,
2

0y),0, 20, o,+0, <1,
0<1t<(1—¢€)/e since|S| > &N,
u=2+e)(1+t) sinceM > (2+¢€)N,

+0,+2(1—0,—0,) <2—¢ sincei(S) < (2—¢)|S| (see (6.4)),

0, <1, otherwise C; is not connected.

Here ¢ is a sufficiently small positive constant such that we can (i) exclude the case of small S,
(ii) satisfy condition (6.4), and (iii) have M > (2+ €)N since ¢ > c5.

For a given s, there are O(poly(s)) choices of w € F, and the probability that the randomly
chosen configuration corresponds to a w € F' can be bounded by

Y, 2. 0(poly(s)) f(w)' < X (" max f(w))* < N(e”Vmax f(w)™.  (6.23)
sZEN W s F F
As N — oo, it remains to show that f(w) < 1 — 6 for all w € F, for some 0 = §(€) > 0. At this
point we remind the reader that we have so far ignored conditioning on the event D defined in
(6.2). Inequality (6.3) implies that it is sufficient to inflate the right-hand side of (6.23) by O(nl/ 2)
to obtain our result.
So, let

f(A07A1aA2a 607 6171‘-7“)

= (T4 1) A f(A)% L)% fi(A) 0 £(A)°
0,001 (1= 0y —0)! =% T f(A)+ A% A s Ay
(eT)272%0 (Mg + 4, +A2)(A0+A1+A2>/2A§3/2
21-0,—0 (ZIJ)“

We complete the proof of Theorem 1.3 by showing that

2
fw) < exp{—é} forallw e F. (6.24)

The proof of (6.24) is a very long and careful calculation. It can be found in the Arxiv version:
arXiv:1505.03429.
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7. Final remarks

There are a number of loose ends to be taken care of. Is Conjecture 1.1 true? Is there a simpler ex-
pression for (1, of Theorem 1.3? Is it possible to get an exact expression for (1,7 On another tack,
what are the expected running times of algorithms for computing these edge-disjoint trees? They
are polynomial-time solvable problems, in the worst case, but maybe their average complexity is
significantly better than worst case.
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