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Szemerédi’s regularity lemma and its variants are some of the most powerful tools in combin-
atorics. In this paper, we establish several results around the regularity lemma. First, we prove
that whether or not we include the condition that the desired vertex partition in the regularity
lemma is equitable has a minimal effect on the number of parts of the partition. Second, we use an
algorithmic version of the (weak) Frieze—Kannan regularity lemma to give a substantially faster
deterministic approximation algorithm for counting subgraphs in a graph. Previously, only an
exponential dependence for the running time on the error parameter was known, and we improve
it to a polynomial dependence. Third, we revisit the problem of finding an algorithmic regularity
lemma, giving approximation algorithms for several co-NP-complete problems. We show how to
use the weak Frieze—Kannan regularity lemma to approximate the regularity of a pair of vertex
subsets. We also show how to quickly find, for each &’ > €, an &'-regular partition with k parts if
there exists an €-regular partition with k parts. Finally, we give a simple proof of the permutation
regularity lemma which improves the tower-type bound on the number of parts in the previous
proofs to a single exponential bound.
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Secondary 05C50, 05D99

1. Introduction

Szemerédi’s regularity lemma [25] is one of the most powerful tools in graph theory. Szemerédi
[24] used an early version in the proof of his celebrated theorem on long arithmetic progressions
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in dense subsets of the integers. Roughly speaking, the regularity lemma says that every large
graph can be partitioned into a small number of parts such that the bipartite subgraph between
almost every pair of parts is random-like.

To state Szemerédi’s regularity lemma requires some terminology. Let G be a graph, and let
X and Y be (not necessarily disjoint) vertex subsets. Let ¢(X,Y) denote the number of pairs of
vertices (x,y) € X x Y that are edges of G. The edge density d(X,Y) = e(X,Y)/(|X||Y|) between
X and Y is the fraction of pairs in X x Y that are edges. The pair (X,Y) is e-regular if, for
all X’ C X and Y/ C Y with |X’| > €|X]| and |Y'| > €]Y|, we have |d(X",Y') —d(X,Y)| < €.
Qualitatively, a pair of parts is e-regular with small € if the edge densities between pairs of large
subsets are all roughly the same. A vertex partition V =V, U---UYV, is equitable if the parts have
size as equal as possible, that is, we have ||V;| — |V,|| < 1 for all i, j. An equitable vertex partition
with k parts is e-regular if all but ek pairs of parts (V;, Vj) are g-regular. The regularity lemma
states that for every € > 0 there is a (least) integer K(€) such that every graph has an e-regular
equitable vertex partition into at most K (&) parts.

Arguably the main drawback of Szemerédi’s regularity lemma is that the proof gives an
enormous upper bound K(€) on the number of parts, namely an exponential tower of twos of
height O(¢7>). That such a huge bound is indeed necessary was an open problem for many
years, until Gowers [15] proved a lower bound on K(€) which is an exponential tower of twos
of height Q(g~!/ 16). Further results by Conlon and Fox [5] determine the dependence on the
number of irregular pairs, and a simpler proof of Gowers’ result was obtained by Moshkovitz
and Shapira [23]. The first two authors [12] determine the tower height up to a constant factor in
a version of the regularity lemma (see Section 2 for details). In this version, we show in Section 2
that the requirement that the partition is equitable has a negligible effect on the number of parts
(up to changing the regularity parameter a little bit).

Due to the many applications of the regularity lemma, there has been a great deal of research
on developing algorithmic versions of the regularity lemma and its applications (see the survey
by Komlés and Simonovits [19]). We would like to be able to find an e-regular partition of a
graph on n vertices in time polynomial in n. Szemerédi’s original proof of the regularity lemma
was not algorithmic. The reason for this is that it needs to be able to check if a pair of parts is
e-regular, and if not, to use subsets of the parts that realize this. This is problematic because it is
shown in [1] that determining whether a given pair of parts is £-regular is co-NP-complete. They
use this to show that checking whether a given partition is €-regular is co-NP-complete.

However, Alon, Duke, Lefmann, Rodl and Yuster [1] show how to find, if a given pair of
vertex subsets of size n are not e-regular, a pair of subsets which realize that the pair is not
&€*/16-regular. The running time is Og(n®*°(")), where @ < 2.373 is the matrix multiplication
exponent (multiplying two n x n matrices in n®*°(1) time) [7, 20]. Here we use the subscript &
to mean that the hidden constants depend on €. Finding a pair of subsets of vertices that detect
irregularity is the key bottleneck for the algorithmic proof of the regularity lemma. It was shown
[1] that one can find an g-regular partition with the number of parts at most an exponential
tower of height O(£72°) in an n-vertex graph in time O, (n®*°(1)). Thus, the following surprising
fact holds: while checking whether a given partition is e-regular is co-NP-complete, finding an
e-regular partition can be done in polynomial time.

Frieze and Kannan [14] later found a simple algorithmic proof of the regularity lemma based
on a spectral approach. Using expander graphs, Kohayakawa, Rodl and Thoma [18] gave a faster
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algorithmic regularity lemma with optimal running time of O, (n?). Alon and Naor [2] develop an
algorithm which approximates the cut norm of a graph within a factor 0.56 using Grothendieck’s
inequality and apply this to find a polynomial-time algorithm which finds, for a given pair of
vertex subsets of order n which is not €-regular, a pair of subsets which realize that the pair is not
€ /2-regular. They further observe that their approach gives an improvement on the tower height
in the algorithmic regularity lemma to O(g~7).

However, due to the tower-type dependence for the number of parts on the regularity para-
meter, these are not practical algorithms. While most graphs have a small regularity partition,
the previous algorithmic proofs would not necessarily find it, and would only guarantee finding a
regular partition with a tower-type number of parts. Addressing this issue, Fischer, Matsliah and
Shapira [11] give a probabilistic algorithm which runs in constant time (depending on € and k)
and which finds, in a graph with an €/2-regular partition with k parts, an e-regular partition with
at most k parts (implicitly defined). Tao [26] gives a probabilistic algorithm which, with high
probability in constant time (depending on €), produces an e-regular partition. The algorithm
takes a random sample of vertices (the exact number of which is also random) and outputs the
common refinement of the neighbourhoods of these vertices.

Still, it is desirable to have a fast deterministic algorithm for finding a regularity partition,
which we obtain here. We give several deterministic approximation algorithms for these co-NP-
complete problems.

Theorem 1.1. There exists an O, , k(nz)-time algorithm which, given 0 < €, < 1 and k, and
a graph G on n vertices that admits an equitable €-regular partition with k parts, outputs an
equitable (1 + o)e-regular partition of G into k parts.

In other words, if a graph has a regular partition with few parts, then we can quickly find
a regular partition (losing very slightly on the regularity) with the same number of parts. In
particular, we obtain an algorithmic regularity lemma which is optimal in terms of the number
of parts as it is exactly the same as in the non-algorithmic version (with a very slight loss on the
regularity parameter).

We also give an approximation algorithm for checking whether a given pair of vertex subsets
is e-regular, in the sense that if the pair is not e-regular, then we can algorithmically find a pair of
vertex subsets that witness that its failure to be (1 — ot)e-regular. We will formulate this in terms
of regularity of bipartite graphs. We say that bipartite graph G with bipartition (X,Y) is e-regular
if the pair (X,Y) is e-regular.

Theorem 1.2. There exists an Oy o (n*)-time algorithm which, given €,0 > 0, and a bipartite
graph G between vertex sets X and Y, each of size at most n, outputs one of the following.

(1) It correctly states that G is €-regular.
(2) It finds a pair of vertex subsets U C X and W C Y which realize that G is not (1 — o)e-
regular, that is, [U| = (1 —a)e|X|, [W| = (1 — o)e|Y |, and |d(U,W) —d(X,Y)| > (1 — x)e.

>

Using this result, by checking the regularity of each pair of parts in a partition, we have the
following corollary.
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Corollary 1.3. Given €,a > 0, we can distinguish in time O (n*) between an &-regular
partition and a partition which is not (1 — a)€e-regular.

Remark. In Theorems 1.1 and 1.2 and Corollary 1.3, the dependence of the running time on
the parameters £, o,k may be improved at the cost of worsening the dependence on n from n?
to n®+°(1)_ This is because we use the recent algorithmic version of the Frieze—Kannan weak
regularity lemma due to Dellamonica, Kalyanasundaram, Martin, Rodl and Shapira [8, 9]. In the
more recent paper [9], they develop an O (n?) algorithm for finding a weak e-regular partition,
but it has a double exponential in 1/€ constant factor dependence. The older paper [8] has the
advantage of not having this poor dependence on the regularity parameter. See Section 3 for more
information.

Counting the number of copies of a graph H in another graph G is a famous problem in
algorithmic graph theory. For example, a special case of this problem is to determine the clique
number, the size of the largest clique, in a graph. This is a well-known NP-complete problem. In
fact, Hastad [16] and Zuckerman [27] proved that it is NP-hard to approximate the clique number
of an n-vertex graph within a factor n'~¢ for any & > 0.

There is a fast probabilistic algorithm for approximating up to € the fraction of k-tuples which
make a copy of H. The algorithm takes s = 102
random from G and outputs the fraction of them that make a copy of H. The number of copies of
H is a binomial random variable with standard deviation at most s/2 /2, and hence the fraction
of k-tuples which make a copy of H in this random sample is likely within € of the fraction
of k-tuples which makes copies of H. However, this algorithm has no guarantee of success.
It is therefore desirable to have a deterministic algorithm for counting copies which gives an
approximation for the subgraph count with complete certainty.

The algorithmic regularity lemma is useful for deterministically approximating the number of
copies of any fixed graph in a graph. Indeed, the counting lemma shows that if k parts V;,...,V,
are pairwise regular, then the number of copies of a graph H with k vertices with the copy of
the ith vertex in V; is close to what is expected in a random graph with the same edge densities
between the pairs of parts. Adding up over all k-tuples of parts in an £-regular partition, and
noting that almost all k-tuples of parts have all pairs e-regular, we get an algorithm which runs in
time OE_k(nz) and which computes the number of copies of a graph H on k vertices in a graph on
n vertices, up to an additive error of en*. The major drawback with this result is the tower-type
dependence on € and k, which comes from the number of parts in the regularity lemma.

Duke, Lefmann and Rodl [10] gave a faster approximation algorithm for the number of copies
of H in a graph G. They first develop a weak regularity lemma with an exponential dependence
instead of a tower-type dependence. This gives an algorithm which runs in time 2(%/&)”" yo-+o(1)
and which computes the number of copies of a graph H on k vertices in a graph on n vertices, up
to an additive error of en*.

In Section 4, we will use the algorithmic version of the Frieze—Kannan weak regularity lemma
[8] to get the following even faster approximation algorithm for the subgraph counting prob-
lem. It improves the previous exponential dependence on the error parameter to a polynomial
dependence. Here v(H) and e(H) denote the number of vertices and edges in H, respectively.

samples of k-tuples of vertices uniformly at
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Theorem 1.4. Let H be a graph, and let € > 0 be given. There is a deterministic algorithm that
runs in time OH(S’O(I)n“’J“’(l) + S’O(e(H»n), and finds the number of copies of H in G up to an
error of at most en*").

For example, we can count the number of cliques of order 1000 in an n-vertex graph up to an
additive error n'%0-10" in time O(n?*).

In the final section of the paper, Section 7, we turn our attention to a regularity lemma for
permutations. Cooper [6] proved a permutation regularity lemma which was later refined by
Hoppen, Kohayakawa and Sampaio [17]. We give a new short proof of the permutation regularity
lemma, improving the number of parts from tower-type to single exponential, and further extend
it to an interval regularity lemma for graphs and matrices.

2. Equitable partitions with small irregularity

Let G be a graph, and let X and Y be (not necessarily disjoint) vertex subsets. The irregularity of
the pair X,Y is defined as

1rreg(X,Y) = UQI?%(QY|6(U7W> - |U|‘W‘d(X7Y)|

The irregularity of a partition P of the vertex set of G is defined to be

irreg(P) = ) irreg(X,Y).
XYePp
One version of Szemerédi’s regularity lemma [22, Lemma 2.2] states that given any &, one can
find an M(€) such that any graph G has a partition into at most M(€) parts with irregularity at
most €|V|?. The proof of the regularity lemma gives M(€) < tower(O(g~2)), and we now know
that this is essentially tight [5, 12, 15], in the sense that M(g) = tower(©(g~2)) [12]. Here the
tower function is defined by tower(1) = 2 and tower(k + 1) = 2%,

We say that a partition is equitable if any two parts differ in size by at most one. It is a
convenient property to have in a regularity partition. The main result of this section shows that
for any vertex partition, one can refine it a bit further to obtain a partition which is close to an
equitable partition whose irregularity is not substantially larger.

Theorem 2.1. Let 0 < o < 1/2, let m be a positive integer, and let G be a graph on n >
103ma = vertices. If P is a vertex partition of G into m parts, then there is an equitable vertex
partition Q of G into at most 4m/a parts such that irreg(Q) < irreg(P) + on’.

Let M., (&) be the smallest M such that, for any graph G = (V, E), there is an equitable partition
into at most M parts with total irregularity at most €|V |>. We have M,,(€) > M() trivially. As
a consequence of Theorem 2.1, we show directly that adding the condition that the partition is
equitable has a very small effect on the size of the smallest partition with small irregularity.

Theorem 2.2. Let0< e < 1and0< o < 1/2. We have M, (e + ) < o °DM(e).
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In particular, taking o small but not too small, such as o = 27 /%, we see that the tower
height in Szemerédi’s regularity lemma is not significantly affected by adding the equitability
requirement.

Note that Theorem 2.1 also applies to graphs G whose number of parts in the regularity
partition is not as large as the worst case M(€). To prove Theorem 2.1, we randomly divide
each part of the partition P into parts of (essentially) equal size (apart from a small remaining
subset), and then arbitrarily partition the relatively few remaining vertices into parts of equal size
to obtain an equitable partition. We show that this works with high probability.

As a first step, the following lemma shows that with high probability, a pair of random subsets
X', Y’ of a pair of parts X,Y induces roughly the same subgraph density as X and Y.

Lemma 2.3. Let X and Y be vertex subsets of a graph G. Let X' C X and Y' CY be picked
uniformly at random with |X'| = |Y'| = k. Then

]P)(|d(X/7Y,)*d(X,Y)| < 6) > 1 — 0 0k/4

Proof. Consider picking the vertices of X’ and Y’ one at a time, starting with the vertices in
X'. Let Zy,...,Z,, be the martingale where Z; is the expected value of ¢(X’,Y’) conditioned on
knowing the first i vertices already chosen (this is sometimes referred to as the vertex-exposure
martingale). We have |Z;, —Z,_,| < k as the choice of each vertex in X" and Y’ changes the
final e(X’,Y’) by at most k. By the Azuma-Hoeffding inequality (see Alon and Spencer [3,
Chapter 7]),

P(1Zyy — Zo| = 1) <27/,
We have Z, = k*d(X,Y) and Z,, = e(X",Y"). Set t = 8k>. We then obtain
P(le(X',Y") —K2d(X,Y)| > 6k%) < 2e 004,
Noting that e(X',Y’) = k*d(X’,Y’), the lemma follows. O
The next lemma shows that the irregularity parameter remains roughly the same when restric-

ted to a random, much smaller, subset of vertices. Recall that the cut metric dD between two
graphs G and H on the same vertex set V =V (G) = V(H) is defined by

e ‘eG(U’W>_eH(U7W)|
dy(G,H) := [max, TGE .

When G and H are bipartite graphs on V = X UY, we define the cut metric as

eg(U,W) — e (U W)|
v&ier XIY|

do(G,H) ==

We also use the same notation for edge-weighted graphs, where e(U,W) denotes the sum of
weights of all edges in U x W.
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Lemma 2.4. LetX,Y be vertex subsets of a graph G. Let X' C X and Y’ CY be picked uniformly
at random with |X'| = |Y'| = k. Then, with probability at least 1 —6¢~V*/10,
irreg(X',Y")  irreg(X,Y) 9

< —, 2.1
2 x|y | S an @

Proof. We use the so-called First Sampling Lemma [4, Theorem 2.10] (we quote the statement
from [21, Lemma 10.5]): if G and H are weighted graphs with V(G) = V(H) and edge weights

in [0,1], and S C V(G) is chosen uniformly at random with |S| = k, then with probability at least
1 —deVH/10,

8

|d5(GIS], H1S]) = d5 (G H)I < 175

Let G[X, Y] denote the bipartite (weighted) graph with vertex sets X and Y, and whose edges are
induced from G. A bipartite version of this sampling lemma holds true, that with probability at
least | — 4~ Vk/10,

8
|dD(G[X/7Y/]7H[X/7Y’]) _dD(G[XvY]ﬂH[X7Y])‘ < W7 (2-2)

and its proof is nearly identical to the first version stated above. Note that

where the second argument denotes the complete graph with loops with all edge weights equal
to d(X,Y). Similarly,

irreg(X',Y') = K*d5(G[X',Y'],d(X",Y")).

By letting H in (2.2) be the complete graph with loops and all edge weights d(X,Y), we obtain
that with probability at least 1 — 4o VK10,

= kl/4

irreg(X’',Y’) irreg(X,Y) 8 Vo
— < —+dX,Y)—d(X',Y)|.

We then apply Lemma 2.3 with 6 = 1/ k'/* to reach the desired conclusion. L]

As a corollary of Lemma 2.3, and noting that the left-hand side of (2.1) is at most 1, we have

irreg(X',Y") irreg(X,Y) 9 _Viio _ irreg(X,Y) 20
E < —+6 <———+
( @ i e Xl e

2.3)

Proof of Theorem 2.1. 'We shall omit floors and ceilings for the sake of clarity of presentation.
Let k = an/(4m). Let V,,...,V, be the parts of P. Uniformly at random partition each V; into
parts of size k, with possibly one remainder part of size less than k. Call the resulting partition P’.
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By (2.3),

. . 20
E Z 1I‘reg(X”Y/)> < z (u‘reg(X,Y)Jr kl/4X||Y>
X' Y'ep XYyeP
IX'|=[Y"|=k

. 20n?
L irreg(P) + s
So there exists some such partition P’ such that

20n?
k1/4 :

Y irreg(X',Y') <irreg(P) +
X' Y ep
X[ =k

(2.4)

Fix P’ to be this partition.

Let S be the union of the parts of P’ of size less than k. There is at most one such part of P’ for
each V, so |S| < mk. Arbitrarily partition S into sets of size k, and let Q be the equitable vertex
partition consisting of these parts of S along with the parts of P’ of size k.

Parts arising from S contribute at most 2|S|n < 2mkn to irreg(Q), whereas the other contribu-
tions to irreg(Q) are bounded by (2.4). Thus

. : 20n° :
irreg(Q) < irreg(P) + L1/ + 2mkn < irreg(P) + an’,
where the last step follows from
20 20(4m)!/* - 20(4m)'/* _a
KA~ (an) A S (o 105ma )14 =2
and
2mk  2m on o
n nd4m 2’
Therefore Q is the required equipartition. L]

As a consequence of Theorem 2.1, we can prove Theorem 2.2.

Proof of Theorem 2.2. Let G be a graph with a partition P of the vertex set into m <
M(g) parts with irregularity at most en®. If n < 108ma >, then we just partition the vertices
into singleton sets, which have zero irregularity, using at most 108ma = < 103a=>M (&) parts.
Otherwise apply Theorem 2.1 to obtain a partition with irregularity at most (& + o)n?, and at
most 4m/o < 40" M(g) parts. O

3. Algorithmic weak regularity
In this section we review some results concerning algorithmic versions of the Frieze—Kannan

weak regularity lemma. We will be applying these results in subsequent sections.

F1tis easy to modify the proof to address the case when X’ and Y’ are within the same part of P.
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Given any edge-weighted graph G and any partition P: V =V, UV, U---UV, of the vertex set
of G into t parts, let G, denote the weighted graph with vertex set V obtained by giving weight
d;;=d(V,V;) =e(V,,V;)/(|Vi||V;]) to all pairs of vertices in V; x V;, for every 1 <i< j<t.
We say P is an &-regular Frieze—Kannan (or £-FK-regular) partition if d(G,Gp) < €. In other
words, P is an €-regular Frieze—Kannan partition if

!
e(S,T)— Y, d;|SNV||ITNV,|| <e|V|~ (3.1)
ij=1
forall S,7 C V. We say that sets S and T witness that P is not e-FK-regular if the above inequality
is violated.
Frieze and Kannan [13] proved the following regularity lemma.

Theorem 3.1 (Frieze-Kannan). Let € > 0. Every graph has an €-regular Frieze—Kannan par-
tition with at most 22/¢’ parts.

We apply efficient deterministic algorithms for generating Frieze—Kannan regular partitions.
Such algorithms were recently given in [8, 9]. Specifically, Dellamonica, Kalyanasundaram,
Martin, Rédl and Shapira [8] gave an £ %n®+°()-time algorithm to generate an equitable &-
regular Frieze-Kannan partition of a graph on n vertices into at most 20(e7) parts. Recall that
o < 2.373 is the matrix multiplication exponent. In [9] they gave a different algorithm which
improved the dependence of the running time on 7 from O, (n®*°(")) to O, (n?), while sacrificing
the dependence of €. Namely, it was shown that there is a deterministic algorithm that finds, in
0(22570(]);12) time, an e-regular Frieze—Kannan partition into at most 2¢ "
open problem to improve the dependence on &€ in the running time.

The proof of the Frieze—Kannan regularity lemma and its algorithmic versions, roughly speak-
ing, run as follows.

parts. It remains an

e Given a partition (starting with the trivial partition with one part), either it is -FK-regular (in
which case we are done), or we can exhibit some pair of subsets S, T of vertices that witness
the irregularity by violating (3.1) (in the algorithmic versions, one may only be guaranteed
to find S and T that violate (3.1) for some smaller value of €).

e Refine the partition by using S and T to split each part into at most four parts, thereby
increasing the total number of parts by a factor of at most 4.

e Repeat. Use a mean-square-density increment argument to upper-bound the number of pos-
sible iterations.

Remark. As in the case of the usual regularity lemma, it is possible to obtain an equitable
partition in the Frieze—Kannan regularity lemma, increasing the number of parts by a small factor.

We will not need this for our algorithm, however.

For example, in the algorithmic version [8], the first step (also the key step) is given as the
following result [8, Corollary 3.1].

Theorem 3.2. There is an n®*°W-time algorithm which, given € > 0, an n-vertex graph G and
a partition P of V(G), does one of the following.
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(1) It correctly states that P is e-FK-regular.
(2) It finds sets S, T which witness the fact that P is not €3 /1000-FK-regular.

In [9], an alternative theorem is given for finding an irregular pair. The statement below is a
consequence of [9, Theorem 8.1].

Theorem 3.3. There is an O(2*n?)-time algorithm which, given € > 0, an n-vertex graph G and
a partition P of V(G) into k parts, does one of the following.

(1) It correctly states that P is e-FK-regular.

(2) It finds sets S, T which witness the fact that P is not €°V)-FK-regular.

There is a variant of the weak regularity lemma, where the final output is not a partition of V
into 2¢ " parts, but rather an approximation of the graphs as a sum of £ °(!) complete bipartite
graphs each assigned some weight. Below we use weighted graph to mean a graph with edge
weights. For S,T C V, by K, we mean the weighted graph where an edge {s,7} has weight 1 if
s€ Sandt e T (and weight 2if s,t € SNT) and weight zero otherwise. For any ¢ € R, by ¢G we
mean the weighted graph obtained from G by multiplying every edge weight by c. For a pair of
weighted graphs G, G, on the same set of vertices, we will use the notation G, + G, to denote the
graph on the same vertex set with edge weights summed (and weight O corresponding to not hav-
ing an edge). Additionally, we write ¢ to mean the constant graph with all edge weights equal to c.

Theorem 3.4 (Frieze—-Kannan). Ler € > 0. Let G be any weighted graph with [—1,1]-valued
edge weights. There exists some k < O(€2), subsets S STy, T, €V, and cy,...,c, €
[—1,1], so that

dq(G,d(G) +c\Kg 1+ K 1) <&

See [22, Lemma 4.1] for a proof (given there in the more general setting of arbitrary Hilbert
spaces). Roughly speaking, to find the appropriate S;, 7}, ¢;, in the second step of the above outline
of the proof of the weak regularity lemma, instead of using S and 7 to refine the existing partition,
we subtract cK ; from the remaining weighted graph (starting with G), where c is the density
between S and 7 in the remaining weighted graph. We record the corresponding S;,T;, ¢; in step i
of this iteration. We can bound the number of iterations by observing that the L?>-norm of G —
d(G)— ¢\Ks 1, =+ — ;K ; must decrease by a certain amount at each step.

As for the algorithmic version, using Theorems 3.2 and 3.3 (or minor modifications thereof),
we can efficiently approximate G as a weighted sum of £ °(!) complete bipartite graphs.

-0
Corollary 3.5. There exists a min{e=?Mnp@+e(l) 0(22 . n?)}-time algorithm which, given

€ > 0 and an n-vertex graph G, outputs subsets S,,...,S.,Ty,...,T, C V(G) and real numbers
Clye-+sCp fOr SOMe k < e %W such that

d(G,d(G) +¢ Ky, 1+ + K ) < e

We will use a variation for bipartite graphs.
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e=0(1) . . . .
Corollary 3.6. There exists a min{e °Mn®+te() 0(2% = n?)}-time algorithm which, given
€ > 0 and a bipartite graph G between vertex sets X and Y each with at most n vertices, outputs
subsets S\,...,8, CX and Ty,...,T, CY and real numbers c,...,c,, for some k < e %W such
that

dq(G,d(X,Y) +¢\Kg .+ + K 1) <&,

where the constant d(X,Y) here denotes the weighted complete bipartite graph d(X,Y)Ky .

4. Approximation algorithm for subgraph counts

Suppose that we are given a graph G on n vertices, and we would like to find the number of
copies of a small graph H on k vertices that are contained in G. We would like to count them up
to an error at most £n*. In this section we will provide a deterministic algorithm that can do so.
Specifically, we prove Theorem 1.4, reproduced below for convenience.

Theorem 1.4. Let H be a graph, and let € > 0 be given. There is a deterministic algorithm that
runs in time OH(S’O(I)n“””(l) + S’O(E(Hnn), and finds the number of copies of H in G up to an
error of at most en*").

It will be cleaner to work instead with hom(H, G), the number of graph homomorphisms from
H to G. This quantity differs from the number of (labelled) copies of H in G by a negligible
O(n*™)=1) additive error (the hidden constants here and onward may depend on H). We extend
the definition of hom(H,G) to edge-weighted graphs G: if the edge xy in G has weight G(x,y),
then we define

hom(H,G) = D II G, r).

f:V(H)—=V(G){uyv}€E(H)

Note that here G(x,y) is defined on all pairs, with G(x,y) = 0 if there is no edge between x and y.

The idea is to apply a weak regularity lemma in the form of Corollary 3.5. A weakly regular
approximation also gives an approximate H-count, via a standard counting lemma (see [21,
Lemma 10.22]).

Lemma 4.1 (counting lemma). Given any graph H and any two weighted graphs G, and G,
on the same set 'V of n vertices, we have

[hom(H,G,) —hom(H,G,)| < e(H)d (G, ,Gy)n".

Here is the algorithm. Apply Corollary 3.5 to find any approximation
G =d(G)+c Ky 7+ 4K 1
of G with d(G,G') < €/e(H) and k < e~ °(). By the counting lemma, it suffices to compute

hom(H,G') = hom(H,d(G) + K g+ +CkKSk,Tk)7 4.1
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which can be done in OH(ke(H )n) time, as follows. We can expand the right-hand side of (4.1)
via the distributive property, writing

hom(H, Gl) = Z hom? (Ha (d<G),C1KS1,TI PR 7CkKSk,Tk))7 (42)

where for each assignment @: E(H) — {0,...,k} of edges of H to the components of G’ we
write hom?(H, (G, G,,...,G,)) to mean the homomorphism count obtained where the image of
each edge e € E(H) is restricted to G o(e)’ that is,

hom?(H, (Gole""’Gk)) = z H G(p(w)(f(u)vf(v))'
f:V(H)—[nJuveE(H)
Here by G,(x,y) we mean the edge weight of (x,y) in G,.
There are (k+ 1)¢*!) possible maps ¢. We claim that each term on the right-hand side of (4.2),
corresponding to some @, can be exactly computed in Oy, (n) time. Taking out a constant factor,
it remains to compute the value of

hom"’(H,(l,KS]’T],...,KSWT,C)).

We further decompose each K 1 (viewed as an adjacency matrix) as a sum 1 sx1. T lTi XS,
and apply the distributive property once again to expand the quantity as a sum of 2¢)-terms.
Each term counts the number of maps f: V(G) — [n] such that, for every v € V(H), f(v) €
Nec () R () for some choice of R ole) = S o(e) OF TW). The size of such an intersection can be
computed in Oy, (n) time, and we can compute this term (one of 2¢(1)_terms) by multiplying over
allv € V(H). There are 2¢!) choices for which summand in 1 s,x7, T 17 xs, to take in the expansion
over all i, and by summing over all 2¢*) choices, we can evaluate hom? (H, (l,I(S1 T 7KSk‘rI}\'))'
By summing over all ¢ in (4.2), we see that hom(H,G') can be exactly computed in O, (k)
time, thereby providing the desired approximation to hom(H,G).

As for the running time, it took £ ?(Vp®*+°() time to find the approximation G', and it took
04 (k*Mn) = 0, (e~ 2)p) time to compute hom(H,G'), giving the claimed total running
time.

5. Finding an irregular pair

In this section we prove Theorem 1.2, reproduced below for convenience.

Theorem 1.2. There exists an 0£7a(n2)-time algorithm which, given €,o0 > 0, and a bipartite
graph G between vertex sets X and Y, each of size at most n, outputs one of the following.

(1) It correctly states that G is €-regular.
(2) It finds a pair of vertex subsets U C X and W C Y which realize that G is not (1 — o)e-
regular, that is, |U| > (1 —o)elX|, [W| = (1 —o)e|Y|, and |d(U,W) —d(X,Y)| > (1 — at)e.

s

We can assume that o < 1/2, since for larger o¢ we can just apply the algorithm with a lower

ag)” (1) . . . .
value of a. We shall give an 0(22( - n?)-time algorithm. Using Corollary 3.6, we approximate
Gby G =d(G)+c\Kg  ++++¢,Kg ; sothat k = (oe) %) and d5(G,G') < ae® /4. Here

171 k> "k
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S-S, € X and T,...,T, €Y. We shall assume that k is small compared to |X| and |Y|,
namely,

100 - k2% < ae® min{|X|,|Y|}, (5.1)

for otherwise we can accomplish the task by a complete search (say when |X| < |Y|) over all
subsets of X in 20(X1) — p0(ec e k") _ paleer Y time, which is enough.
We say that a sequence of numbers u,u,,...,u,w,w,,...,w, is feasible if there exists a func-
tion u: XUY — [0,1] (we write u(S) = ¥, ¢ i (x) from now on) such that the quantities
uX) —ul  Jp@)—wl - u(S) —wl (T 1
xp Yy xp Yy

forall 1 <i<k,

are each at most aze® /(100k). One can think of i as representing subsets U C X and W C Y with
[0, 1]-valued weights attached to its elements. One can determine via a linear program if a given
sequence is feasible (see Lemma 5.1 below).

Here is the algorithm. We perform a complete search through all sequences

Uy Uy Wy W e Wy

of non-negative integers at most n, where u and each u; are divisible by | ze?|X|/(100k) |, and w
and each w; are divisible by | e?|Y|/(100k) |. For each such sequence, we check whether it is
feasible, and if so we then check whether the inequalities

k
zciuiwi
i=1

hold. If they never hold for any feasible sequence, then we state that G is &-regular. On the other
hand, if they hold for some feasible sequence, then we can convert f into actual sets U and W
(as we shall explain) that witness that G is not (1 — o) e-regular.

Next we prove the correctness of the algorithm if the output is that G is e-regular.

Consider the partition of X given by the common refinement by §,,...,S,. For any index set
I C [k], let

>(l—oa/2)euw, uz(1—a/2)elX| and w>=(1—0a/2)elY] (5.2)

S, = (ﬂs,) N (ﬂ(x\s,))

iel il
denote the part in the common refinement indexed by I. We can compute the sizes |S,| for all
I C [k] in O(2*n) time. With this information at hand, we obtain the following result.

Lemma 5.1. There exists a 2°)-time algorithm that determines whether a given sequence u,
U, Uy W, Wi, W, s feasible.

Proof. It suffices to show that one can determine in the required time whether there exists
u: X —1[0,1] such that |1(X) —u| < aand |u(S;) —u;| < a;, for each i. Here
a=a; = |oe’n/(100k) ]

is the required bound (though it could be chosen arbitrarily for the purpose of this lemma). The
situation for Y is analogous.

https://doi.org/10.1017/50963548317000049 Published online by Cambridge University Press


https://doi.org/10.1017/S0963548317000049

494 J. Fox, L. M. Lovdsz and Y. Zhao

For the purpose of satisfying the inequalities |u(X) — u| < a and |u(S;) —u;| < a;, one only
needs to know the sum of values of y on parts in the partition of X induced by the common
refinement of S;,...,S,.

For each I C [k], the variable x, is supposed to correspond to the value of (t(S;). Then u exists
if and only if there exists (x;) 1w € R? satisfying the following inequalities:

—a < (zx,)—ugca

IC[K]
—a; < <2x1> —u; <q; foralliel[k],
15i
and 0<x,;<|S,| foralllC [].

This is a linear program in 2¢ 4+ 1 variables, which can be solved in 2°(%) time. The original
sequence is feasible if and only if the above system of linear inequalities has some solution
in (x)). L]

Suppose the algorithm does not find any feasible sequence satisfying (5.2). We claim that G
is e-regular. Assume otherwise. Then there exist U C X and W C Y such that [U| > €|X|, |W| >
elY],and |[d(U,W)—d(X,Y)| > e. Since d(G,G’) < ae’ /4, we have |e; (U, W) — e (U, W)| <
(oe?/4)|X||Y|. Thus

leg/ (U, W) —dg(X,Y)|U[|WI| = [eg(U,W) —d(X,Y)|U|[WI[| = |eg(U,W) — e (U, W)
1
> |dg(U, W) = dg(X.Y)[[U[[W| = ; ag’[X][Y]

1
2 e|U[|W]— jaelU||W|

1
= <1—4a)8|U|W.

On the other hand, since G' = dg(X,Y) + ¢, Ky 7+ +¢,K 7., we have

e (U, W) =dg(X, Y)|U[|W]| =

k
c|UNS|WNT.

i=1

So

k

S elvnswnr]
Let u and u; be |U| and |U NS,|, each respectively rounded to the nearest integer multiple
of |ae3|X|/(100k)], for all 1 < i < k. Similarly let w,w, be |W| and |W N S,|, each respect-
ively rounded to the nearest integer multiple of |oe®|Y|/(100k)], for all 1 < i < k. The se-
quence u,uy, ..., U, w,w,...,w, is feasible as witnessed by u = 1;, ;. We claim that (5.2) holds.
Indeed, we have

1
> (1--a)elu|wl.
(1-3)etwim

1
u>|U| - —ae’|X| > (1—1000582)8X|,
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and

1 1,
w>|W|— 100048|| l—mas e|y|.

Furthermore, we have

k
iUiWi ’
=1

3
= Tog %€ X117

Zc
> (1 1a elU|[W] — —— aed|x]|Y]
Z 4 100
> (=Yoo 2 ) euwi
- 4% 100¢

-2
> l—locfi 1+iae w
z 477100 100 "

1
> <1 — 206)8uw.

The first inequality above follows from the fact that for each i,

oe’|X|
—|UNS|| < ,
3

oe’ Y|

—|uns)| < ,

= UnSl < T

and thus

| [UNS||IWNTJ| < Bae’lX||Y]
uw,; — . N —

” ! ! 100k

The penultimate inequality follows from

1 1
<|\U X< (14+— U
u<| \+1000¢£| | < ( +100a£>| |

and similarly with w. So we have a feasible sequence satisfying (5.2), which is a contradiction.

Now suppose instead that the algorithm does find some feasible sequence that satisfies (5.2).
By adjusting 11, we may assume that u takes {0, 1}-value on all but at most one element in each
part in the common refinement partition of X by §,,...,S,, and likewise in Y by 7},...,T,. Let
U C X and W C Y denote the elements where U is positive. Then we have

3 3

e o oE
100k 50k

Here the extra 2¢-term accounts for rounding up non-integral values of (. We used assumption
(5.1) to bound 2*. Tt thus follows from the above and (5.2) that

1 1
U| > (1 ——a— oc£2>e|X| > (1-o)elX].

U] —u| < T2 X[ +2° < < 1X].

2 50k

In particular, this means that

oe’ oe?

Ul—u) < Z x| < %
W=l < 5o X< o500

Ul
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Similarly, we have

1 1
W] > (1 — 205—50ka£2>£|Y| > (1-a)elY|,
along with
2
e
uns;|—u| < ———==|U|, foralll <i<k,
S|l < =gVl forall 1<
and
2 2
ae oe
Wl—w| < 77— W), d ||[WNT|-w]<——-=|W|, foralll<i<k.
Wlowl < grsaeW i IWNT] -l < s Wl forall 1<
Further,

|dg(U,W) —dg(X,Y)| > |dG’(U W)—d (X, Y)[ = dg(U,W) —dg (U, W)

. XMy o
|U||W| upw B
5, LX)
| s e |U|W|>) !
|U||W| ( (1= )30 0]W]

1 o 3 1
> 1-Z S —p A1 A
|U||W|<< z)“‘w (R ) 5%
> (1—o)e.

Hence the pair (U, W) witnesses that G is not (1 — ot)e-regular.
We will need the following easy corollary of Theorem 1.2 for the next section.

—~

Corollary 5.2. There exists an O, a"k(nz)-time algorithm which, given €,0.,k > 0, a graph G
on n vertices, and a partition P of the vertex set of G into k parts, does one of the following.

(1) It correctly states that P is (1+ o)e-regular.
(2) It correctly states that P is not €-regular.

. . . . . ae)=0(1) .
Sometimes both options are correct. The algorithm that we give runs in 0(k222( ) n?) time.

Proof. Let P be the partition of V into V|,...,V,. Apply the algorithm in Theorem 1.2 to each
pair V,,V; so that either it correctly states that (V[, Vj) is (14 or)e-regular or it is not e-regular. If
atleasta ( €)-fraction of pairs is seen to be (1 + or)e-regular, then we know that P is (1+ o)e-
regular. Otherwise, more than an e-fraction of pairs fails to be e-regular, so P is not e-regular.

U

6. Approximating regularity

In this section we prove Theorem 1.1, reproduced below for convenience.
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Theorem 1.1.  There exists an O, , , (n?)-time algorithm which, given 0 < €, 0. < 1 and k, and
a graph G on n vertices that admits an equitable €-regular partition with k parts, outputs an
equitable (1 + a)e-regular partition of G into k parts.

ae)0() . .
Here is the algorithm, which runs in 022" n?) time. Using Corollary 3.5, we find

SiseesSsy Ty, T, CV, with s < (k/oee) W), such that d (G, G') < aee /(10k?), where
G' =d(G)+c\Kg g+ + K, -
Let Q denote the partition of V(G) given by the common refinement of the sets
S Se Ty T

Let Q have r < 4° parts, with sizes q,,...,q,. We shall search over all tuples (qi’j)lgi@__’l@gk of
non-negative integers satisfying all of the following requirements:

® g;=q; + tq; foreach1 <i<r,
e each g, ; with j <k is divisible by | cen/(25rk) | (no divisibility requirements for g, ), and
e the sums Y[, g, ; for different values of j differ from n/k by at most ocen/(50k).

For each eligible tuple (qiv j), consider a partition P : V =V, U---UV, where Q,NV; = g, ; (there
are many such partitions: pick an arbitrary one). Apply Corollary 5.2 to certify that P is either
(1+30/4)e-regular or not (1+ o /2)e-regular. It turns out that the latter option cannot always
be true for all P searched, as we assume that G admits some &-regular partition with k parts (we
will justify this claim). From this search, we find a (1 + 30/4)€-regular partition P which is
almost equitable in the sense that its parts have sizes differing from n/k by at most o.en/(50k).
We modify P by moving a minimum number of vertices to make it equitable. We claim that the
resulting partition is (1 4 o¢)e-regular.

22<k/<as>>0<‘> )

We next analyse the running time of this algorithm. Corollary 3.5 takes O( time

to find the cut norm decomposition. The number of tuples (g; j) is at most

R /(e
(25rka ek <22

ag)~0() . .
For each (g, ;), the algorithm in Corollary 5.2 takes 0 (k222 o n?) time. Therefore, the entire

o(1)
algorithm takes 0(22""*”" " p?) = 0,y¢(n?) time.
Now we verify correctness. We shall prove the following claims, which together imply the
result. Indeed, (1) shows that the algorithm always finds some (1 + 3c/4)e-regular partition P,
and (2) shows that making P equitable by moving a minimum number of vertices between parts

results in a (1 4 o)e-regular partition.

(1) If a partition P = {V,,V,,...,V, } of V is e-regular, then we can modify it slightly to obtain
P ={V],V;,...,V{} such that g; ; = |Q; N V]| form an eligible tuple, and P’ is (1 + ct/2)e-
regular for G (so the search would not pass over this (g; j)).

(2) If a partition P of V is (14 30 /4)e-regular for G, then by modifying P by adding or deleting
at most o.en/(50k) vertices from each part, the resulting partition is (1 + o¢)e-regular.

In order to show these claims, we first establish a few simple lemmas.
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Lemma 6.1. Ler X, X', Y be vertex subsets of a graph with X C X' and |X| = (1 —6)|X’|. Then

Proof. We have the identity

e(X'\X,Y)+e(X,Y) eX,Y)
IXAX|Y[+IX[Y] [x][Y]
X\ X]
X'

The lemma follows from noting that densities are between 0 and 1 and | X'\ X| < §|X’|. Ul

d(X'Y)—d(X,Y)=

= (d(X'\X,Y)—d(X.Y))

Recall that AAB := (A\ B) U (B\ A) denotes the symmetric difference between A and B.

Lemma 6.2. If U, U, W, W are vertex subsets of a graph with [UAU'| < 8|U UU'| and
[WAW'| < 8|W UW'|, then |[d(U,W) —d(U',W")| < 28.

Proof. It suffices to prove the lemma in the case W = W' and with the bound 26 replaced by 6.
Indeed, the lemma would then follow by applying this case twice and the triangle inequality. By
the triangle inequality and applying Lemma 6.1 twice with X' = U UU’, first with

5 — [UuU'|—|U]
! [UuU/|
and then with
5 — [ouu’|— U
2 jwuu'|
and finally using
/
0+, = |gﬁ[z]/f|| SO
we have
ld(U,W)—d(U"\W)| < |d(U,W)—d(UUU" W)|+ |dUJU" W) —d(U",W)|
<6,+6, <6. UJ

Lemma 6.3. Suppose (V,,V,) is an €-regular pair of vertex subsets of a graph. Suppose we
modify them slightly to V| and Vy, with |V,AV/| < 8¢€|V,| for i = 1,2. Then V| and V; are € +46-
regular.

Proof. Clearly we may assume that € +48 < 1. Let U’ C V] and W’ C V; with |U'| > (e +
46)|V{| and |W'| > (€ +46)|V;|. Let U =U' NV, and W = W' NV,. Then we have
U= U= U\V,| 2 |U'| = [V]\ V|| > (e +43)|V{| - Se|V,|
> (e+40)(|V)| — 6|V, |) — de|v, |
=elV,|+46|V,| — (1+e+46)6¢e|V,| > g|V,].
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Similarly [W| > €|V, |. Thus, by the regularity of the pair (V,,V,), we have
[d(U, W) —d(V;,V)| < &
Now, we have that
|[UAU'| < 8¢e|V,| < 8|U| < 8|UUU|,

and similarly [WAW'| < §|W UW'|, and thus |d(U,W) —d(U’',W')] < 26 by Lemma 6.2.
Similarly

d(V{,V3) —d(V,.V,)| < 28¢ < 26.

By the triangle inequality, we have |d(U’,W') —d(V/,V])| < € + 438, showing that (V/,V}) is

(e +40)-regular. U]
As a corollary, we have the following.

Corollary 6.4. Let0< €,6 < 1. Let G be a graph with n vertices. Let P be a partition of V(G)
into k parts, with each part having size at least n/(2k). Suppose that P is €-regular for G. If we
modify P by adding or deleting at most €|V |/k vertices from each part of P, then the resulting
partition is (€ + 898)-regular for G.

Proof. Indeed, for any part V; of P, if we let V/ be its modification, then |V,AV/| < d¢|V|/k <
26¢|V;|. This means that if a pair (V;,V;) was e-regular, then after the modification it is (& +89)-
regular, and so the proportion of pairs that are not € + 85-regular is at most € < € + 896. U]

Now we prove claim (1). Let P be an equitable e-regular partition of G. Since d(G,G’) <
ae/(10k%), Pis (14 0,/10)e-regular for G'. In G', edges between the same parts of Q have equal
weights, and we can take P’ such that |Q; NV;| differs from |Q, N V]| by at most cen/(50rk) for
each i, j. This means that 7’ can be taken so that V; and V] differ by at most ocen/(50k) for each
J» so it follows from the lemma above that P’ is (1 + 3/ 10)8 -regular for G'. Therefore, P’ must
be (14 o/2)e-regular for G.

Claim (2) follows immediately from the corollary above.

7. Permutation regularity lemma

In this section we give a new proof of a regularity lemma for permutations that requires fewer
parts than previous results in literature. To define regular partitions for permutations, it is natural
to state it as a special case in a more general setting for matrices.

LetY = (y;;) be an n x n matrix. We use interval to mean a subset of 1] of consecutive integers.
For any intervals 1,J of [n], we write

1
dy(1,J) := vl D Vij-

icl,jeJ
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Definition. Let Y be an n X n square matrix. Let I,J C [n] be intervals. We say that (I,J) is
interval e-regular for Y if, for all subintervals A C I and B C J with |A| > €|I| and |B| > €|J|, we
have

|dy (A, B) —dy(I,J)| < &.

Let P be a partition of [n] into k intervals. We say that P is interval e-regular for Y if all except
at most £k? pairs of intervals (1,J) of P are interval e-regular for Y.

Definition. We say that P is an equipartition of [n] if every pair of parts in P differ in size by
at most one.

Here is the regularity lemma for interval regular partitions.

Theorem 7.1 (interval regularity lemma). For every € > 0 and positive integer m there is
some M = mPMg=0E™) yith the following property. For everyn € N, and n X n matrix Y = (yij)
with [0, 1]-valued entries, there is some integer k € [m, M| such that every equipartition of [n] into
k intervals is interval €-regular forY.

Remark. If n < M, then we can take the partition of [n] into singletons. Otherwise, our proof
will show that one can pick k from a small set of choices: one can take k = mq', where g =
[16e3] and 0 < i < [4€7°] is some integer.

Theorem 7.1 has the following immediate consequence for permutation regularity. Given a
permutation 6 : [n] — [n], associate with it the n X n matrix Y° defined by

1 ifo(i) <j,
Yij = .
/ 0 otherwise.

A partition of [n] into intervals is said to be e-regular for o if it is interval e-regular for the
associated matrix Y°.

Theorem 7.2 (permutation regularity lemma). For every € > 0 and positive integer m, there
0()g=0(e™) \ith the following property. Let n # ny and ¢ be a permutation of [n).
Then, for some integer k € [m,M), every equitable partition of [n] into k intervals is e-regular
for o.

exist M =m

An early form of this permutation regularity lemma was first proved by Cooper [6]. The above
form was proved in [17] with M being a tower exponential of height O(&~). Our version requires
a much smaller M.

7.1. Interval regular partitions for functions

We first prove the interval regularity lemma for functions. It is somewhat cleaner to work with
partitions of the real interval [0,1] into exactly equal-length subintervals, instead of equitable
partitions of [n]. The measure-theoretic approach has the slight advantage that it allows us to
defer divisibility issues of » until the end.
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Let f: [0,1]?> — [0, 1] be a measurable function. For any intervals 1,J C [0, 1], we write

df(I,J) = mflxjf(x,y)dxdy.

Here A denotes the Lebesgue measure.

Definition. Let f: [0,1]> — [0, 1] be a measurable function. Let 7,J C [0, 1] be intervals. We say
that (1,J) is interval e-regular for f if, for all subintervals A C I and B C J with A(A) > €A ()
and A(B) > eA(J), we have

|df(A,B) —df(I,J)| <E.
Let P be a partition of [0, 1] into k intervals. We say that P is interval e-regular for f if all

except at most £k? pairs of intervals (1,J) of P are interval e-regular for f.

Theorem 7.3. For every € > 0 and positive integer m there is some M = me=0€) with the
following property. For every measurable function f: [0,1]> — [0, 1], there is some integer k €
[m, M| such that the partition of |0, 1] into k equal-length intervals

[0,1/k)U[1/k,2/k)U--- U[(k—=1)/k, 1]

is interval e-regular for f.

Remark. In Theorem 7.3, it is possible to take k = mq', where ¢ = [16e ] and 0 < i < [4e77]
is some integer.

Before proving Theorem 7.3, we first prove a lemma showing that the density d g (A,B) does
not change very much if A and B are changed only slightly.

Lemma 7.4. Let f: [0,1)> — [0, 1] be a measurable function. For any intervals
AaA/7BaB/ - [07 1]7

we have

2A((Ax B)A(A' x B'))

‘df(A7B)_df(A,’Bl)| < A(A))L(B)

Proof. By the triangle inequality,
AAA(B)d, (A, B) —d (A", B)
< |A(A)A(B)d (A, B) — A(A)A(B")d (A", B')| +d (A", B')| A (A)A(B) — A (A")A(B')|
/AXde/l - /A,XB/fdl‘ +A(A)A(B) — A(A)A(B)|
<2A((Ax B)A(A' x B)). O

<

The bound in Lemma 7.4 can be improved by a factor of 2 via the proof of Lemma 6.2.
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Proof of Theorem 7.3. Let f, denote the function obtained from f by replacing its value inside

each box,
i i+1 j j+1
B. == A A—
i [k’ k >X{k’ k )

with its average inside that box, that is,

fk(x,y)::kz/B fdA if (x,y) €B;, fori,j=0,1,....k—1

ij

(when i or j equals k— 1, the corresponding interval should be modified to be closed on the right).

Write
12
Il =( [, lran)
[0,1)2
for the L2-norm.

Let g = [16e72]. Consider the sequence Jms ngs Sy -+~ Since 0 < | il < 1 for all k, there

exists some k = mgq' for 0 <i < [4e7>] such that

5
E
g2 < 1Aellz + - (7.1)

We will show that the partition of [0, 1] into k equal-length intervals is interval e-regular. In-
deed, if this were not the case, then there would exist more than k? irregular pairs of intervals
(1,J), where I = [i/k,(i+1)/k) and J = [j/k,(j+ 1)/k) for some integers i and j. Due to the
irregularity, there exist subintervals A C I and B C J such that A(A) > eA(I), A(B) > €A(J), and

‘df(laj)fdf(A7B)‘ > E. (7.2)

Let A’ be the smallest interval containing A with both ends being multiples of 1/(kq). Note that
A’ C I. Define B’ similarly. We see that A’ x B’ contains A X B, and the difference in area is at
most 4/(k*q). By Lemma 7.4,

2(4/(q)) _ 8 8

d.(AB)—d, A B~ = —=_——" < -.
14/(4,8) = (4, )] (e/k)? qe?  [16e3]e? ~ 2

™

By (7.2) we have

£

5

Since the endpoints of I and J are multiples of 1/k and those of A’ and B’ are multiples of
1/(kq), the function f, — f, , has average value d/(I,J) —d (A", B') over the box A" x B'. So the
contribution to || f, — f,, |5 from A’ x B' is at least 1 (A")A(B')(e/2)* > &*/(4k*). As there are
more than ek? irregular pairs (I,J), and all the rectangles I x J are disjoint, we have

|df<1a]) - df(A/vB,)‘ >

) &
1 fe = figlz > 7
Note that

/[0 WU h) i =0
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since f; is constant over each box [i/k, (i+1)/k) x [j/k,(j+1)/k), and f, , averages to f, on this
box. Thus f; and f, — f, , are orthogonal, so by the Pythagorean theorem,
5

1figl3 = 1fi = (e = Fi) I3 = IFll3 + Ui = figI2 > 115113+ %,

which contradicts (7.1). It follows that the partition of [0,1] into k equal-length intervals is
interval e-regular for f. U]

7.2. Dealing with equitable partitions
Here is a lemma that will be useful for the proof of Theorem 7.1. It says that (1,J) being interval
regular is robust under changing / and J by a small amount.

Lemma 7.5. Let f: [0,1]*> — [0, 1] be a measurable function. Let I,I' . J,J' C [0,1]. Let 0 < £ <
1. Let €' > 0 be a quantity less than each of

AA(IX DA xJT))  ADe—AI\TI)  A(Ne—AJ\J)
o e2AhAy) A1) ’ ()

If (I',J) is interval €'-regular for f, then (1,J) is interval e-regular for f.

Proof. Let A C 7 and B C J be subintervals such that A(A) > eA(I) and A(B) > €A (J). Let
A'=ANTI and B'= BNJ'. The second and third hypotheses about €’ above imply that 1 (A") >
eA(l")and A(B') > €'A(J"). Since (I',J') is € -regular for f, we have
|df(AlvB/) 7df(1/7*]/)| < g
By Lemma 7.4, we have
2A((I X D)A(I' x J"))
ADA()

|df(l7‘]) _df(ll7‘]/)| <

and
2A((Ax B)A(A’ x B')) < 2A((I x DA x J))
A(A)A(B) = e2A(HA ()

|d,(A,B) —d,(A',B)| <

It follows by the triangle inequality and the first hypotheses on €’ that
|df(AaB) _df(lv‘])| <E,

which proves that (1,J) is e-regular for f. U

Proof of Theorem 7.1.  Let f: [0,1]> — [0, 1] be the function that takes constant value y;; on
the rectangle [(i — 1)/n,i/n) x [(j —1)/n, j/n), for each 1 < i, j < n. By Theorem 7.3, there is
some k € [m,me ¢ ")] such that the partition of [0,1] into k equal-length intervals is interval
(g/2)-regular.

Any equitable partition P of [n] into sets of sizes c,,...,c,, gives rise to a partition Q of [0, 1]
into intervals of length ¢, /n,...,c,/n. Since P is an equitable partition, the ith interval /; of Q
differs, in terms of symmetric difference, from [(i — 1)/k,i/k) by at most k/n in measure. It
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follows from Lemma 7.5 that if n is large enough, say, n > 100k3e~3, then (I,,J;) is interval &-
regular for f whenever [(i — 1) /k,i/k) x [(j—1)/k, j/k) is interval (g/2)-regular for f. It follows
that Q is interval e-regular for f.

When n < 100k*¢ 3, we can take the partition of [] into singletons, which is trivially interval
e-regular. L]
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