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We consider the complete graph K,, on n vertices with exponential mean n edge lengths. Writing
G j for the weight of the smallest-weight path between vertices i, j € [n], Janson [18] showed
that max; Cij /logn converges in probability to 3. We extend these results by showing that
max, ﬂ G I 3logn converges in distribution to some limiting random variable that can be
identified via a maximization procedure on a limiting infinite random structure. Interestingly, this
limiting random variable has also appeared as the weak limit of the re-centred graph diameter of
the barely supercritical Erd§s—Rényi random graph in [22].
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1. Introduction

We consider the complete graph K, on the vertex set [n] := {1,2,...,n} and edge set &, :=
{{i,j} :i < j € [n]}. Each edge e € &,, is assigned an exponential mean n edge length E,,
independent across edges. This implies that for any vertex v, the closest neighbour to this vertex
is Op(1) distance away. Define the length of a path 7 as
w(m) = E,. (1.1)
eET
This assignment of random edge lengths makes /C,, a (random) metric space often referred to as
the stochastic mean-field model of distance (see Section 3). By continuity of the distribution of
edge lengths, this metric space has unique geodesics. For any two vertices i, j € [n], let 7(i, j)
denote the shortest path between these two vertices and write C;; for the length of this geodesic;
precisely, writing B;; for the collection of all paths from i to j, then C;; = mingpij w(r). The
functional of interest in this paper is the diameter of the metric space:
Diam,,(K,,) := max C; ;. (1.2)

i,j€[n]
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We first dive into the statement of the main result, postponing a full discussion to
Section 3.

2. Results

The main aim of this paper is to prove that the diameter defined in (1.2) properly re-centred
converges to a limiting random variable. We start by constructing this limiting random variable.

2.1. Construction of the limiting random variable

The limiting random variable arises as an optimization problem on an infinite randomly weighted
graph G.. = (V,&). The vertex set of this graph is the set of positive integers Z, = {1,2,...},
while the edge set consists of all undirected edges £ = {{i,j} :i,j € Z,,i # j}. Let P be a
Poisson process on R with intensity measure having density

Ay)=e7, —co<y<eo. 2.1

Itis easy to check that max{x:x € P} < e a.s. Thus we can order the pointsin P as ¥; > Y, >---.
We think of Y; as the vertex weight at i € Z,. The edge weights are easier to describe. Let
(ASf).v,tEZ+,s , be a family of independent standard Gumbel random variables, namely A has

cumulative distribution function

F(x)=e®", —oo<x< oo, (2.2)
The random variable A,, gives the weight of an edge {s,7} € £. Now consider the optimization
problem
E:= max (Y,+Y —Ay). (2.3)
SHEL, s<t

Although this is not obvious, we shall show that 2 < e a.s. The main result in this paper is as
follows. We write — to denote convergence in distribution.

Theorem 2.1 (diameter asymptotics). For the diameter of the stochastic mean-field model of
distance, as n — oo,

max C;; —3logn - &,
i,jeln]
and
E [max Cl-]} —3logn — E[Z], Var(max C ) — Var(2). 2.4

ij€ln] ijen] Y

Remark. Theorem 2.1 solves [18, Problems 1 and 2]. Further, our proof shows that for any
fixed p>1,as n — oo,

E(maxC

ijeln Y

—3logn>p LE(EP).

2.2. Basic notation

. . . . . P
Let us briefly describe the notation used in the rest of the paper. We write — to denote con-
vergence in probability. For a sequence of random variables (X,),,, we write X, = Oy (by)
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when (|X,|/b,),; is a tight sequence of random variables as n — o, and X, = 0 (b,) when

|X,| /by 2,0 as n — . Further we write X, = Op (bn) if (X /bn),>, and (bn/Xy),, are both
a tight sequence of random variables. For a non-negative function n — g(n), we write f(n) =
O(g(n)) when | f(n)|/g(n) is uniformly bounded, and f(n) = o(g(n)) when lim,_... f(n)/g(n) =
0. Furthermore, we write f(n) = ©(g(n)) if f(n) = O(g(n)) and g(n) = O(f(n)). Finally, we
write that a sequence of events (A,),, occurs with high probability (w.h.p.) when P(A,) —
1. We use ¥ ~ exp(A) for a random variable with exponential distribution with rate A. At
several places we will use the fact that for ¥ ~ exp(1) then log(1/Y) has a standard Gumbel
distribution with distribution as in (2.2). To ease notation we will occasionally use symbols
representing a real number when an integer is required (e.g. Z}/jl) and suppress the precise |- |
notation.

3. Background and related results

We now discuss our results and place them in the context of results in the literature.

3.1. Stochastic mean-field model of distance

The stochastic mean-field model of distance has arisen in a number of different contexts in
understanding the structure of combinatorial optimization problems in the presence of random
data, ranging from shortest path problems [18] to random assignment problems [2, 3], minimal
spanning trees [15, 17] and travelling salesman problems [25]; see [6] for a comprehensive survey
and related literature. The closest work to this study is the paper by Janson [18]. Recall that C;;
denotes the length of the geodesic between two vertices i, j € [n]; by symmetry this has the same
distribution for any two vertices in i, j. For any vertex i € [n], write Flood[i] := max _,, C;; for
the maximum time started at i to reach all vertices in /C, (often called the flooding time). Then
Janson proved that, as n — oo,

i Py Flood[z]i>2 D1amW(IC,,)L

; ; 3, G.1
logn logn logn
and further
C;;—logn == Aj+ A, — Ay, (3.2)
while
Flood[i] —2logn —— A, +A,. (3.3)

Here A, A,,A,, are all independent standard Gumbel random variables as in (2.2). Problems
1 and 2 in [18] then ask whether a result similar to (3.2) and (3.3) holds for the diameter
Diam,,(/C,) (with (3.1) obviously re-centred by 3logn).

The main aim of this paper is to answer this question in the affirmative. We discuss more
results about the distribution of = in Section 4.8. In the context of (2.4), for C;; and Flood][i],
Janson also shows convergence of the expectation and variance with explicit limit constants. We
have been unable to derive explicit values for the limit constants IE(Z) and Var(Z).
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3.2. Hopcount and extrema

This paper looks at the length of optimal paths (measured in terms of the edge weights). One
could also look at the hopcount or the number of edges |7(7, j)| on the optimal path as well as
the largest hopcount D* = max, .., |7 (i, j)|. The entire shortest path tree from a vertex i has the

same distribution as a random recursive tree on n vertices (see [24] for a survey). Janson used
this in [18] to show that

|7 (i, j)| —logn Y.z

Vlogn ’

where Z has a standard normal distribution. The maximal hopcount H, (i) = max,_, |7 (i, j)]|
from a vertex i has the same distribution as the height of a random recursive tree, which by [12]
or [21] satisfies the asymptotics

H,(i)/logn Lie asn— .

The first-order asymptotics for the maximum hopcount D* were recently proved in [1], show-
ing that

D*/lognL o,

where a* /=~ 3.5911 is the unique solution of the equation xlogx —x = 1.

3.3. First passage percolation on random graphs

The last few years have seen progress in the understanding of optimal paths in the presence of
edge disorder (usually assumed to have exponential distribution) in the context of various random
graph models (see e.g. [7, 8, 11] and the references therein). In particular, Proposition 4.4 below
with a sketch of proof has appeared in [4, 5, 10].

In the context of our main result, [7] studied the weighted diameter for the random r-regular
graphs G, , with exponential edge weights, and proved first-order asymptotics. We conjecture
that one can adapt the main techniques in this paper to show the second-order asymptotics for
r > 3, that is,

. 1 2
Dlamw(gn’r) — (,‘—2 + r) logn l) Er, (34)

for a limit random variable =, that satisfies that, as r — oo,

W -

rz, — &. 3.5)

3.4. Diameter of the barely supercritical Erdés—Rényi random graph

Consider the barely supercritical Erdés—Rényi random graph G, (n, (1 +¢€)/n) where e = ¢, — 0
but en® — 0. It turns out that the random variable Z in Theorem 2.1 is closely related to the
random variable describing second-order fluctuations for the graph diameter Diam, (G, (n, (1 +
€)/n)). Here we use Diam,(-) for the graph diameter of a graph, namely the largest graph
distance between any two vertices in the same component. We now describe this result. Consider
the minor modification of the optimization problem defining Z in Section 2 where the Poisson
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process P generating the vertex weights has intensity measure with density
Ay)=7pe”, —oo<y<eco

As before, the edge weights A, are independent standard Gumbel random variables. Let Z,

denote the random variable corresponding to the optimization problem in (2.3). Let A = 1+ ¢

and let A, < 1 be the unique value satisfying A.e~* = Le~*. After an initial analysis in [13, 14],

Riordan and Wormald in [22, Theorem 5.1] showed that there exists a constant ¥ > 0 such that
loge’n loge’n

Diamg (G, (14+¢)/n)) = 0 2% =230 7 = 2y

We believe that the Poisson cloning technique in [13, 14] coupled with the techniques in this
paper may yield an alternative proof of this result, but we defer this to future work.

4. Proofs

We start with the basic ideas behind the main result. We then describe the organization of the rest
of the section, which deals with converting this intuitive picture into a proper proof.

4.1. Proof idea

We write ., = (Ky, (Ee),c¢,) for the (random) metric space where (E,), ¢ are i.i.d. mean n
exponential random variables. Recall from Janson’s result, as described in (3.2), that the distance
C;; between typical vertices i, j € [n] scales like logn + Oy (1). Intuitively, the extra 2logn in
the diameter arises due to the following reason. Consider ranking the vertices according to
the distance to their closest neighbour. More precisely, for each vertex i € [n], write X, =
minje[n]ﬂj #Ei ;» the distance to the closest vertex to i. Arrange these as Xoy > Xy > > Xy,
We shall show that:

(a) the point process P, = (X(V’_ ,—logn) i>1 converges to the Poisson point process P in Section 2
with intensity measure given by (2.1);

(b) the diameter of /C,, corresponds to the shortest path between a pair of these ‘slow’ vertices
Vs, V2);

(c) further, after reaching the closest vertex, the remaining path behaves like a typical optimum
path in the original graph /C, equipped with exponential mean n edge lengths, but now
between two disjoint pairs of vertices.

More precisely, part (c) entails that Cy, ,, ~ X, + X, +d\(A,B), where A = {a,b}, B =
{c,d} with a,b, c,d four distinct vertices in [n]| and d,,(A, B) is a random variable independent of
X, Xy, having the same distribution as the distance between the sets A, B in the original metric
space .#,. The first two terms correspond to the time to get out of these ‘slow’ vertices, which
scale like logn + Op(1) by (a) while d,,(A,B) scales like logn + Op(1), thus implying that the
diameter scales like 3logn + Op(1). By investigating the fluctuations of X, ), X, and d,,(A,B),

we can also identify the fluctuations of max; ._. . C;..
JEM i

Organization of the proof. We start in Section 4.2 by describing the distribution of the shortest
path between two disjoint sets of vertices. Section 4.3 proves a weaker version of the Poisson
point process limit described in (a) above. Section 4.4 describes the limiting joint distribution of
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the (properly re-centred) weights of optimal paths between multiple source destination pairs in
=K, {E. 1 e €&, }). Section 4.5 uses the results in Section 4.3 and 4.4 to study asymptotics
for the joint distribution of distances between the slow vertices (V_Y)Se[n]. Section 4.6 shows
that the diameter of K, corresponds to the optimal path between one of the ‘first few’ slow
vertices. The last three sections use these ingredients to show distributional convergence as well
as the convergence of the moments of Diam,,(C,) — 3logn to the limiting random object, thus
completing the proof of the main result.

4.2. Explicit distributions for distances between sets of vertices

In this section we explain the proof by Janson of (3.2). We also extend that analysis to the
smallest-weight path between disjoint sets of vertices. We remind the reader that the standing
assumption henceforth is that each edge has exponential mean » distribution. We start with the
following lemma.

Lemma 4.1 (distances between sets of vertices). Consider two disjoint non-empty sets A,B C

[n]. Then,
N+A-1
dy(A,B) £ A 4.1
k:z|}a\ k(n—k)
where

() (Ey)ys, are i.i.d. mean n exponential random variables;

(ii) N is independent of the sequence (E,) k>1 With the same distribution as the number of draws
required to select the first black ball in an urn containing |B| black balls and n — |A| — |B|
white balls, where one is drawing balls without replacement from the urn.

Proof. We start by exploring the neighbourhood of the set A in a similar way as in [18]. Recall
that each edge has an exponential mean n edge length. After having found the /th minimal edge
and with k = (JA| + £), there are k(n — k) edges incident to the found vertices. The minimal edge
weight thus has an exponential distribution with mean n/k(n— k). This process stops the first time
we find a vertex in B. Since every new vertex added to the cluster of reached vertices is chosen
uniformly amongst the set of present unreached vertices, the distribution of the number of steps
required to reach a vertex in B has the distribution N asserted in the lemma, independently of the
inter-arrival times of new vertices found. Thus the time it takes to find the first element in B is

N-1
D Ee : (4.2)
= (L+[AD)(n—L—1A])

Defining k = £+ |A| proves the claim. U

Now we specialize to a particular case of the above lemma. Fix a vertex, say vertex v =1, and
another set B C [n] \ {1}. For much of what follows, we will be concerned with the optimal path
between such a vertex and a set of size |B| = ©(y/n). This is an appropriate time to think about
two different but equivalent ways to find such an optimal path.
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Process 1. The first way to find the optimal path is the exploration process described in the
previous lemma where we start at vertex v = 1 and keep adding the closest vertex to the cluster
until we hit a vertex in B. Write M for the number of vertices other than B that are found in this
exploration. Note that the proof of the previous lemma implies that

Np

E
2 k(nfk),NB), (4.3)

k=1

(o ({1}.B),M,) (

where Ny is independent of the sequence (E,) «>1 and has the same distribution as the number
of balls required to get the first black ball when drawing balls without replacement from an urn
containing |B| black balls and n — 1 — |B| white balls.

Process 2. The second way to find the optimal path is the following. We think of water starting
at source vertex v = 1 at time ¢t = 0 percolating through the network at rate one using the edge
lengths. Write SWG(" (an acronym for smallest-weight graph) for the set of vertices reached by
time ¢ starting from vertex 1. More precisely,

SWG" :={u € [n]: d,(1,u) <1} 4.4)

By convention, vertex v = 1 is in SWG;" for all > 0. Now note that the size process (|SWG;"|),-,
is a pure-birth Markov process (with respect to the filtration (F;),5, = (6(SWG;)), ) with rate
of birth given by n/k(n — k) when the size |[SWG!"| = k. Each new vertex added to this cluster
is chosen uniformly amongst all available unreached vertices at that time, that is, the vertices
[n] \ SWG'". Finally, the distance d,,({1},B) can be recovered as

d,({1},B) :=inf{r > 0: SWG"NB # &}. 4.5)

In this section, we use Process 1 to prove the following initial result. We use Process 2 in
Section 4.4 below.

Lemma 4.2 (distances between vertex and set of size b\/n). Let B C [n] with |B| = by/n.
Then as n — oo,

<dw({1},B) — ;mgn,MB/\/ﬁ) % (A+log (E/b),E /D), (4.6)

where E is exponential with parameter 1, A is Gumbel, and E and A are independent.

Proof. The above is equivalent to showing

(dw ({1}, B) —log My, Mp/\/n) = (A, E/b),

with A, £ independent standard Gumbel and exp(1) respectively. Fix constants 0 < o < 8 and
y € R. Define the event

An(y,00,B) = {d({1},B) ~ logMy <y} N {or < My/ /i < B
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Let (E}) x> be independent sequence of mean one exponential random variables. Equation (4.3)
implies

Byv/n J E’
P(A,(y,0.B)) = X IP<Z k(Z_"k)—logj<y)lP(NB—j). 47
j=ayi M=l

Noting that Zizl 1/j~1logj+7yas j— e, where v is Euler’s constant, gives
nE, L E,—1

Jj
Z‘lk(n—k) —logj~ 3 =

k=1

+7vY+R,, (4.8)

where the error term R,, can be bounded independently of j by

Bvn E’ P
IR, <D — —0, (4.9)
Ein—k

as n — oo, Thus, uniformly for j € [a\/n, /7],

/. nEl = El—1
P(Y —%— —logj< P k <y).
(2mm o) =r(E 5 o)
It is easy to check (see e.g. [18, Section 3]) that
< E —1
Y pyLa (4.10)

-k
By (4.7), to complete the proof it is enough to show that

P(a <Ny/Vn<B) = P(a<E/b<P).
This follows easily, since for any x > 0

P(Ng > x\/n) :ﬁ<1 — b\/ﬁ) ~e bt

e n—1—k

>~

as n — oo, |

4.3. Poisson limit for the number of vertices with large minimal edge weights.

The aim of this section is to understand the distribution of edges emanating from the slow
vertices, namely the set of vertices for which the closest vertex is at distance ~ logn. For vertex
i € [n], let X, = min,_ . E ; denote the minimal edge weight emanating from a given vertex
i € [n]. Fix o € Rand let N, (o) =#{i € [n]: X, > logn— o} denote the number of vertices with
minimal outgoing edge weight at least logn — a.. We prove the following Poisson limit for N, (o).

Proposition 4.3 (number of vertices with large minimal edge weight). Asn — oo,
Ny(o) = N(a), 4.11)

where N (o) is a Poisson random variable with mean e*. More precisely, for n large enough,

20
(N (00, N(or)) < 2 &0 Tho8n, @12
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where d, denotes the total variation distance and

1 _
gnexp(ogna> Y
n

Proof. We use the Stein—Chen method for Poisson approximation. Write
o)=Y 7, Z=1{X,>logn—a}.
i€n]
For fixed i € [n], note that X, has an exponential distribution with mean n/(n — 1). Writing
pn=P(Z;=1) so that A := E(N,(ct)) = np,, it is easy to check that
E(N, () = (1+&,)e”. (4.13)

Thus, A — €% as n — . For each fixed i € [n], suppose we can couple N,(a) with a random
variable W/ such that the marginal distribution of W/ is

w14 (4.14)

(@) 71y
that is, W/ + 1 has the same distribution as N,(e) conditionally on {Z; = 1}. Then Stein—-Chen
theory [9] implies that in total variation distance

dry(L(Ny(00)),Poi(1)) < (1AL D E(Z, () —W/|). (4.15)

i€[n]

Let us describe W/, the same construction switching indices works for any i. Let

fﬂn = {’Cm (Ee>e€5n}

be the original edge lengths and let N,(c) be defined as above for the random metric space
. Let us construct the edge lengths of /C, conditional on the event {Z, = 1} so that X,
logn > —a. We shall write .7 := {K,, (E;),.¢, } for ., conditioned on this event. Note that
this event only affects edges incident to vertex 1 and further, by the lack of memory property of
the exponential distribution, every such edge incident to vertex 1 has distribution logn — ot + E
where E is an exponential mean n random variable, independently across edges. Thus, we can
construct the edge lengths on ., using the edge lengths E, in .#;, with the following description:
(a) for each edge e = {1,i} incident to vertex i, set E, = logn — ot + E,,

(b) for any edge not incident to vertex 1, set E, = E,.

Define X/, analogously to X, as the minimal edge length incident to vertex i but in .. Finally,
define

Z = 1{X] >logn—a}, W =Y 1{X/ >logn—a}.
v#£1

Then W[ by construction has the required distribution in (4.14). Note that

IN. () _W1/| < 1{X(l) > logn — a}+z Z; _Zz{|'
i#1
Taking expectations, by symmetry,

E(|Na(a) =Wi]) < pu+ (0= 1) E|Z, = Z3]. (4.16)
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Now
E|Z,~ 2| =P(Z,=1, 2, =0)+P(2, =0, Z, = 1).

Since the edge lengths in .7, are at least as large as the edge lengths in .}, we have {Z, =
1, Z, =0} = @. For the second term,

{z,=0,Z,=1}={E,, < logn—a,gélilanzj > logn—a}.
, it 2

Since E, ; are exponential mean n, we immediately get

1 1))e*1
P(z,=0, 2 = 1) < LToW)elogn,
n
Using this in (4.16), the total variation bound (4.15) completes the proof. ]

4.4. Joint convergence of distances between multiple vertices

The aim of this section is to understand the re-centred asymptotic joint distribution of the minimal
weight between multiple vertices. To prove this, it turns out that Process 2 using the smallest-
weight graph SWG(” from vertices v € [n] is more useful than Process 1. Versions of Proposi-
tion 4.4 below have appeared in [4, 5, 10]. We give a new proof, both for completeness and since
we need a variant of this argument below.

Fix m > 2. Let (Ag),, cfm and (Aop)ap cfn] s D€ independent standard Gumbel random vari-
ables. In the following proposition, we identify the limiting distribution of
(dw(a,B) — logn)a,ﬁe[m],mﬁ, an extension of the result given in (3.2) proved by Janson [18]
form =2.

Proposition 4.4 (joint distances between many vertices). Asn — oo,

(dw(a,B) —logn)a’ﬁe[m],MB — (A +Ag _Aa/s)a,ﬁe[m],a<ﬁ' 4.17)

Proof. Fix m > 2. Write

D(m) = (Aa+Ag = Aup) peimacp: (4.18)

for the limiting array. The idea of the proof is as follows. We start by sequentially growing the
smallest-weight graphs, SWGs, from the m vertices until they meet. This gives us a sequence
of collision times (7}, 8 ) Belm]” An appropriately chosen linear transformation of these collision
times stochastically dominates the array of the lengths of shortest paths. We show that this linear
transformation of the collision times converges to the array D(m). A simple limiting argument
using the convergence of the marginal distribution of two point distances implies that the joint
distribution of the distances themselves converge to D(m) and this completes the proof.

Let us now begin the proof. We write ., for the random metric space (KCy, (Ee),c¢, ), Where
once again we remind the reader that E, are i.i.d. exponential random variables with mean n.
Now start the smallest weight cluster SWG" from vertex o = 1. Write

T, = inf{r: [SWG"| = v/n} (4.19)
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for the time for SWG!" to grow to size /n. Now

T 4 3 E
1 _/;n W/ [k(n—K)],

where {E, } «>1 18 a sequence of independent rate one exponential random variables. This implies
(see (4.8) and (4.10)) that

1 .
T, — 5 logn s log(1/E)), (4.20)

where £, is exponential with mean 1. For every vertex v € SWG!", write B"(v) := d,,(1,v) for
the time when the flow from vertex 1 reaches v. We now work conditionally on the flow cluster
SWG{ . By construction, as n — o,

1

P(2 ¢ SWGY) =1 - % Sl (4.21)

Further, by the memoryless property of the exponential distribution, conditionally on SWG%),
for every boundary edge ¢ = {u,v} with u € SWG%) and v ¢ SWG(T?, the remaining edge length
E, — (T, — B"(u)) has an exponential distribution with mean n, and all these remaining edge
lengths are independent.

Freeze the cluster SWG. Start a flow from vertex 2 as the source and write SWG” for the
smallest-weight graph. Write

Ty, :=inf{r : SWG;” NSWG}' # &}, (4.22)

so that T, is the first time that a vertex in the flow cluster from vertex o = 1 at time 7; is hit by
the flow cluster from 2. Conditionally on SWG{, on the event {2 ¢ SWG'}, we have that
1 1

(a) the length of the smallest-weight path between 1 and 2 is given by d,,(1,2) =T, +T,;
(b) the random variable T}, has the same distribution as d,, ({1}, B) in the random (unconditional)
metric space ., where B is a fixed set of size \/n.

By Lemma 4.2 with b = 1 we immediately get
1 . PO
(le — 5 logn, [SWGF) Wﬁ) = (log (1/E,) +1og(E,),E ), (4.23)

where Ez and £ 12 are independent of each other and independent of El, which arises as the limit
in (4.20). Combining (4.20) and (4.23) we get

1 1
(dw(laz) _logn» |SWG(T21)2|/\/E) = (TIZ - Elogn—’_Tl - ZlognaN/\/ﬁ>

% (log(1/E,) +1log(1/E,) +1og(E,,),E},). (4.24)

This proves the claim for m = 2. We next extend the computation to m = 3.
For ease of notation, write B = \/n = [SWG{/| and R = [SWG’ |, here B and R will be
1 12

mnemonics for ‘black’ and ‘red” respectively. We now work conditionally on A := SWG{) U
1
SWG(TZI)Q. Since |A| = Op(y/n),

P(3 ¢ SWG USWGS ) — 1 asn — e, (4.25)
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Freeze the above two flow clusters. Start a flow from vertex 8 = 3 and consider the smallest-
weight graph SWG! emanating from vertex 3. We need to modify this process after the first
time it finds a vertex in A = SWG{) USWG , namely after time

1 12

Ty =inf{r: SWG"’' N A # o}.

Suppose this happens due to SWG%) finding a vertex in SWG!'. Remove all vertices in SWG!/
1 1

and all adjacent edges from KC, and then continue until the process finds a vertex in SWG(;) .
12

Similarly, if this happens due to a vertex in SWG%2 being found, then remove all vertices in

SWG and continue. Although this is not quite the smallest-weight graph emanating from vertex
12

3, to minimize notational overhead, we shall continue to denote this modified process by the same

{SWG}"},- Define the stopping times

T;; =inf{r > 0: SWG NSWG/ # &},
and
Ty, =inf{r > 0: SWG NSWG, # &}.
Similarly, define the sizes of the cluster SWG” at these stopping times as
G =|SWGy |, G = [SWGY |. (4.26)

Similar to the urn description in (4.3), it is easy to check that conditionally on .4 and on the
event {3 ¢ A}, the distribution of the random variables (7}, T»;,C”,C?”) can be constructed as
follows. Consider an urn with n balls out of which B = |SWG(T‘]’| black balls, R = |SWG(T21)2| red
balls and the remaining n — B — R white balls. Also let (E;),, be an independent sequence of
mean n exponential random variables. Start drawing balls at random without replacement till the
first time N, we get either a black or a red ball.

(a) Suppose the first ball amongst the black or red balls is a black ball. Remove all black balls so
that there are now (n — A/, — BB) balls in the urn. Continue drawing balls without replacement
till we get a red ball. Let A, > N, be the time for the first pick of a red ball. Let C{¥ = N,
C\? = N,. Finally, let

N, N

E 2 E
T, = k__ T.:=T,+ k. (4.27)
13 kg{k(nfk) BB k:Az,lH k(n—k—B)

where, as before, (E,) x>1 18 an independent sequence of exponential random variables with
mean 7.

(b) Suppose the first ball amongst black and red balls to be picked is a red ball. Then, in the
above formulae, simply interchange the roles of 1 and 2 and 5 and R.

Using (4.23) and arguing exactly as in the proof of Lemma 4.2, we see that

e 1 1
< \/;L ,W,TK‘* EloganBf 210gn> (428)

—= (E\3,Ey3/Ey log(1/Ey) +10g(E,3) log(1/E5) +10g(Eps /E ).

Here 5, E, 5, E,; are independent of £, E,, E |, and i.i.d. exponential mean one random variables.
Now note that by construction, there is a path of length D, (1,3) := T, + T5 between vertices 1
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and 3 and similarly of length D, (2,3) := T}, + T,; between vertices 2 and 3. Thus, by (4.23) and
(4.28)

1 1 W . . .
d,(1,3) —logn < T3 — Elogn—i— T, — Elogn — log(1/E,) +1log(1/E;) +1log(E5), (4.29)
and
1 1
d,(2,3) —logn < Ty — 5 logn+T,, — 3 logn (4.30)

—— log(1/E3) +log(Ey /Ey,) +log(1/E,) +1og(E )
=1log(1/E,) +log(1/E5) +1log(E,),

Thus the limiting array D(3) in (4.18) is a limiting upper bound in the weak sense for the array
dy(3) :=(dw(a,B)—logn: 1< o < B <3). However, we have equality for m = 2 by (4.24). Thus
the marginals of d,,(3) converge to the marginals of D as n — co. This implies d,,(3) — D(3) as
n — oo,

This entire construction extends inductively for higher values of m. For example, for m = 4,

we consider the random sets C; = SWG(TII),C2 = SWG%)2 and C; = SWG(T?IM, where Thay =

max(7},,T};). Then we define A as the union of the above three sets and proceed with the
construction as above. This completes the proof. Ul

Remark. We learned about this reduction from the sums of collision times to lengths of optimal
paths via stochastic domination from [23].

The following is an easy corollary of the proof of the above result. Recall that for any two
vertices o, 3 € [n], m(c, B) denotes the unique shortest path (geodesic) between them.

Corollary 4.5. Consider the random metric space S, = (Ky, {Ec} ¢, )- Fix m > 2.

(a) Let D,, be the event that Jot # 3 # y € [m] such that y € (o, 3). Then P(D,) — 0 asn — oo.

(b) Fix 1/2 < © < 1. Consider the smallest-weight graphs {SWG(glogn}ie[m] from these m ver-
tices at time ®logn. Then w.h.p. the shortest paths ©t(co,3) are contained in the union of
these balls, that is, as n — oo,

P(r(a,B) C UL SWGY,,, Vo, B € [m]) — 1.

Proof. Part (a) follows from extending (4.21) and (4.25) to general m. Part (b) follows from the
above proof, which proves that for any pair of vertices a, 8, m(a,8) can be found in SWG” U
SWGY where r,, = 1logn+ 0,(1). U

4.5. Distances between vertices with large minimal edge weight
Fix o € R. Recall that

Ny(o) = 1{X, >logn—a}

i=1
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denotes the number of vertices with minimum outgoing edge length at least logn — . Fix m > 2
and condition on the event N, (o) = m. Let Vi,..., Vi denote the m vertices for which X, >
logn —o. l

Our aim in this section is to understand, conditionally on the event {N,(c) = m}, the asymp-
totic joint distribution of (d,(V;,V;) : i < j € [m]). Recall the array D(m) from (4.18) giving
the asymptotic joint distribution of the re-centred (by logn) length of smallest paths between m
typical vertices in .%,. The main aim of this section is to prove the following result.

Proposition 4.6 (distances between vertices with large minimal edge weight). Fix o € R
and m > 2. Recall (4.18). Conditionally on N,(ot) = m, as n — oo,

(d(V;,V;) —3logn+2a)

WV — (A +A;—A;) D(m). 4.31)

ijelml,i<j ijelmi<j =

We start with two preparatory results, Lemmas 4.7 and 4.8, which we then use to complete the
proof of the proposition at the end of this section. Let us start by disentangling exactly what the
conditioning event {N, (o) = m} implies about the edge length distribution. To ease notation, we
assume without loss of generality that V; = i. Then this conditioning implies that the edge length
distributions can be formulated in the following two rules.

(a) Translation. Every edge E. incident to one of the vertices in [m] is conditioned to be at
least logn — «. By the memoryless property of the exponential distribution, we can write
E! =logn— o.+E,, where (E,) is an independent family of mean n independent exponential
random variables.

(b) Conditioning. For every vertex i ¢ [n] \ [m], the edges (Ej ;) ¢/ re independent exponential
mean »n random variables conditioned on

X(i)~[

m-+1:n]

= i " —

= m+r1n<11j1<nEw <logn—c. (4.32)
Let us use our original metric space ., to sequentially overlay the effect of the above two
effects. Recall that we have used 7(i, j) for the smallest-weight path between i, j in .%,. The
following lemma deals with the effect of the simpler translation event (without dealing with the
conditioning), and will be the starting point of our analysis.

Lemma 4.7. Fix m > 1 and consider the metric space .%,. For every edge e incident to one of
the vertices in [m), replace the edge E, by E, +logn — a. Leave all other edges unchanged. Call
this new metric space .7, (tr). Write ' (i, j) for the smallest-weight path between i, j and write
d,, for the corresponding metric. Then, for all i, j € [m], and on the event that E;; +logn — o >
dy(i,j) foralli,j € [m],

7'(i,j) ==(i,j), d,(i,j)=dy(i,j)+2logn—2c. (4.33)

In particular,

(d,(i, j) — 3logn+20) — (A +A;—A) (4.34)

i jelm).i<j i,jelmli<j’

Proof. The distributional convergence follows from (4.33) and Proposition 4.4. Equation (4.33)
follows since we can construct the smallest-weight path problem for .7 (tr) restricted to [m] as
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follows. To ., adjoin m new vertices {i' : i’ € [m]}. Each new vertex i’ has only one edge, namely,
to vertex i of length logn — oc. Call this new metric space .7, and the corresponding metric d;
and smallest-weight path 7*(-,-). Then the metric space .7, (tr) can be constructed as follows.
Fori,je [m]letd, (i,j) =di(i,j) and n* (¥, j) ={i' ~ i} Un'(i, j)U{j~ j}. U

By the translation rule (a) and conditionally on N, (o) = m, the distances (d,,(V;, V/))i,je[m],i <
are identical in distribution (assuming Eyy, +logn—o > d,,(V;,V;) forall i, j € [m] which occurs
w.h.p.) to (), (i, j) —3logn+2a), el i<; Conditionally on N, (@) =0, where N, ,,(a) denotes
the number of vertices in [n] \ [m ] for which X, ..., > logn — o, where X, ,,.,,, is defined in
(4.32). In order to transfer (4.34) in Lemma 4.7 to the related statement (4.31) in Proposition 4.6,
it suffices to prove that the distance matrix (d,,(i, j) —logn)
ent of N,,,,(c). That is the content of the next lemma.

i jemli<j is asymptotically independ-

Lemma 4.8. Fix o € R and m > 1. The matrix of distances (d\(i, j) —10gn), .. ;. ;
totically independent of Ny, (). Consequently, conditionally on N, (o) =0,

is asymp-

(dw(i,])— logn)i_’je[m]vl(j — (Ai +Aj - Aij) (4.35)

i,jelml,i<j’

Proof. Fix ¢ > 0 and a matrix of weights (w The statement of the lemma is equival-

ij)tje[ |,i<j

ent to the statement that, for every (w eR™m=D2 andm > 14>

ij)i,je[m],i<]

P ((dy(i, ) — logn)ue[m] icj S (Wij)i,je[m],i<j7anm(a) < /) (4.36)
=P ((dw(i,j) - IOg”)i,jg[mLKj < (Wij)iAje[m],i<j> P(Nam(0t) <€) +o(1).

We prove this by proving both inequalities. We note that (d,, (i, j) — log n)ivje[m]_[ <
Num(t), are (sequences of) increasing random variables in the edge weights (E,).. Thus, by the
FKG-inequality for continuous random variables as stated in [19, Section 6], the left-hand side
of (4.36) is always at least the first term on the right-hand side of (4.36). Note that the condition
[19, inequality (6.6)] holds with equality since we deal with independent random variables. This
establishes the lower bound (even without the error term).

We next prove the upper bound. We split the edges into two disjoint sets. Let &, = {e: E, >
logn— o} and &, = {e: E, < logn — o}. Clearly, N, () is determined by the edges in &,
since N, (o) is the number of vertices in [n] \ [m] for which every edge incident to it is in &,.
Let d,, (i, j) be the distance between i and j only using edges in &,, so that d,, (i, j) = d,,(i, j). We
bound from above

IP((dW(ZVJ) - 10gn)i,j€[m],i<j < (le)l JEm], t<j’N” ’"( ) < E) (4.37)
SP((d (i, ) =1081); jepuyicj < W)y jepm i Num(0) <€)
+IP((dW(i’j))i.je[m],i<j # (dw(l’-]))i‘je[m],Kj)’

and bound both terms from above. In the first term, we note that

as well as

N

{(dw(l7-]) - 10gn)i,j€[m].i<j < (Wij)i.je[m],Kj}
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only depends on the edge weights in &,, while {N,,,,(ot) < £} only depends on the edge weights
in £, which are disjoint sets. Thus,

P ((dw (i) - 1081); scimici S Wij); jepmic jr Nam (@) < 0) (4.38)
< IP({(JW(I’J) - l0gn)i,je[m],i<j < (Wij)iﬁje[m],iq} © {Nn,m(a) < E})

By the BK-inequality applied to continuous random variables (see [16, Theorem 1.2]),

P ((d(i,J) =1081); it i < W)y i icjr Nam(00) < 0) (4.39)
< P((Jw(laf) - logn)uje[m]’Kj < (Wij)i’je[m]‘Kj) IP(Nn,m(a) < €)

By the fact that d,, (i, j) > d,,(i, j), the right-hand side of (4.39) is at most the product of probab-
ilities on the right-hand side of (4.36). It remains to show that the second term in (4.37) is o(1).
By symmetry and the union bound,

P (A1), ety 7 () o) <P Pd(1,2) # d(1,2)). (4.40)

By Proposition 4.4, as well as its proof (see Corollary 4.5(b)), P(d,,(1,2) # d,(1,2)) = o(1),
which completes the proof of the asymptotic independence. To prove (4.35), it suffices to show
that liminf,_,.. P(N, (&) = 0) > 0, which follows from Proposition 4.3 together with the fact
that N, ,,(a) = N, (o) w.h.p. O

Proof of Proposition 4.6. By the translation rule (a) and the conditioning rule (b), the distribu-
tion of (dw(Vi,Vj))l.’je[m]Kj conditionally on N,(a) = m is the same as that of
(d(v(i,j))iﬁje[m],iq in .7, (tr) conditionally on N, .(c) = 0. The event that E;; +logn — o >
d,(i, ) for all i, j € [m] occurs w.h.p., so the identity in (4.33) holds w.h.p. Combining (4.34) in
Lemma 4.7 with the asymptotic independence of (d,, (i, j))i,je[m],i -j and N, (o) in Lemma 4.8

and the fact that N, (a) — N(ct) by Proposition 4.3 completes the proof of Proposition 4.6.[]

4.6. Reduction to distances between vertices with large minimal edge weights

The previous section analysed distances between the vertices whose minimal outgoing edge is
large (e.g. logn+ Op(1)). The distances between these vertices are then close to 3logn + Op(1).
The aim of this section is to show that these are the only vertices that matter for the weight
diameter. We achieve this by considering distances between vertices whose minimal outgoing
edge is ‘small’ and showing that the distance between such vertices are not large enough to
create the diameter and thus can be ignored.

We start with some notation. Fix o¢ > 0 and define

R, (o) =#{i,j € [n]: X, <logn—o,X; <logn+o/2,d,(i,j) > 3logn—o/8}.  (4.41)

The random variable R, (o) counts the number of ordered pairs of vertices (i, j) € [n] x [n] that
satisfy that the minimal outgoing edge of vertex i is less than logn — o, the minimal outgoing
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edge of j is less than logn + o¢/2 and yet the distance between i, j is greater than 3logn — o//8.
The following result gives an upper bound on the expected value of R, (ct).

Proposition 4.9 (distances from vertices with small minimal weight). There exists a con-
stant C > 0 such that, for all o« > 0,
limsup B[R, ()] < Ce™*/1°. (4.42)

n—oo

Proof. By the union bound,
E[R,(a0)] < n*P(d,(1,2) > 3logn—/8,X,,, < logn—a, X, <logn+a/2). (4.43)

Note that

(X1, X0) L (min [’LEf,nEl*z} ,min [LE;,nEfz} ) ,
where E|,E;,E}, are independent exponential random variables with mean 1. Here nEj, rep-
resents the weight of the direct edge between vertices 1,2, while for i € {1,2}, nE//(n—2)
represents the minimal outgoing edges from vertex i to the remaining vertices [n] \ {1,2}.
On the event {d,,(1,2) > 3logn — a/8}, we have that nE}, > d,,(1,2) > 3logn— /8. As a
result, when d,,(1,2) > 3logn — o /8, unless

no o, n _,
max(n_zE1 , n—2E2> > 3logn— /8, (4.44)

we have that

n * n *
(X<1)aX(z>): (n—ZEl ) n_2E2) . (4.45)
The probability of the event in (4.44) is bounded by 3e*/8 /n? for large n. Since n’e*/3 /n> — 0,
we can ignore the contribution of this in the proof of Proposition 4.9 and assume (4.45).

Let V| be the closest vertex to 1, at distance X|,, (respectively V, at distance X, from ver-
tex 2). The rest of the smallest-weight path has the same distribution as the smallest-weight path
between two sets A = {1,V, } and B={2,V,} in .. Lemma 4.1 thus implies that

N-1 !
. nk
dy(i,j) =X+ X, + kgé ma (4.46)
where N = N; AN, and (N}, N,) is a uniform pair of distinct vertices from [n]\ {1,2} and (E}),,
are mean one exponential random variables. The distribution of N in Lemma 4.1 was given as
the number of draws required to draw the first black ball in an urn containing N —4 white and 2
black balls; it is easy to check that this is equivalent to the description above. Writing
N-1
nk
Sy= 2, ——,
N k; k(n—k)
we get

E[R, ()] <n*P(Sy > 3logn—X,, — X, — /8,X,, <logn—a,X, <logn+0/2). (4.47)
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Thus,
logn—o  plogn+a/2
E[R,(o)] < nz/ / e =D/ (s > 3logn —x—y—ar/8)dxdy.  (4.48)
0

To complete the proof, we study the tail behaviour of the random variable S),.

Lemma 4.10 (tail behaviour for random sums). For any constant a < 2, there exists a con-
stant C = C, < oo such that, for every x > 0,

P(Sy >logn+x) < Ce ™. (4.49)

Assuming the lemma for the time being, we use this to complete the proof of Proposition 4.9.
Using Lemma 4.10 with a = 3/2 gives

) logn—a  plogn+o/2 Y )1 ! g
E[R,(a)] < Cn / / e~ ()gmalZloen—xy=a/8) 4 4y (4.50)
0 0

logn—o  plogn+o/2
_ Cn2(17a)/0 / e(afl)(ery)e(x/S dxdy

— Ce—(a—l)a/2+aa/8 < Ce—a/lé-

This completes the proof of Proposition 4.9. L]

Proof of Lemma 4.10. We compute the moment generating function of Sy, as

My, (a) = Y P(N = j) E[e**] —E]P(N—j)ﬁm (4.51)
< u

S e )

P(Sy > logn+x) < e 1™ M (q)

N
n—2

< e—a(logn+x) Z IP( exp( 2 ]0g< k) ) ) . 4.52)

j=2

Thus,

Using a < 2, we have an/[k(n — k)] < 1, since k,n — k > 2. Therefore, via Taylor expansion,

2

oe(1- 225) < v+ ) 39

Using
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we arrive at

P(Sy > logn+x) < e—a(logn+x)Mg (a)

2 Uy N |
<C —a(logn+x) P(N = i -
e ]; ( ])exp<a2[k+n_k})

k=2
n—2
g Cefax ZIP(N — ])e [IOE(J/”> 108“*//”)]
j=2
a
_ C 7axE N/n
1—N/n
Note that
2(n—J)
P(N=j)=
W=)=G=m-3)

so that, by dominated convergence,

E[(lﬂ@%)] =iii<nf(§)[nj33) (11/;/n>a—>/ol (li)az(l—u)du@o, (4.54)

whenever a < 2. ]

4.7. The limiting random variable

In this section we prove the finiteness of the random variable E = max,,(¥; + Y, — A) in (2.3),
which Theorem 2.1 asserts is the limit of the re-centred diameter. In the following lemma we
give an alternative expression for its distribution.

Lemma 4.11 (the limiting random variable). Let Q = e™=. Then

S5,
O = min ,
s<t E;t

(4.55)

where S; =3\ Ej and (E}),>, and (Ey,),, are i.i.d. exponential random variables with mean 1.
In particular, for every x > 0,

P(O>x)=E| [] i(1—-e 5%, (4.56)

1<s<t

and P(Q > x) € (0,1) for every x > 0. Further, lim (0 > x) = L.

Proof. We note that we can write —A,, = log(E,) and Y; = —log(S;). Indeed, the point process
(67),, is a standard Poisson process. Thus,

e = L in elog(Ss) Hog(S,) ~log(E},) _ 0. (4.57)
s<t

Equation (4.56) immediately follows. To prove that P(Q > x) € (0, 1) for every x > 0, we note
that P(Q > x) < 1 follows immediately from (4.56) since each of the terms in the product is < 1
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a.s. To show that P(Q > x) > 0, we first note that

P(Q>x)> ]E{ IT @ —e—SxSI/X)n{S]>1}]

1<s<t

= E{ H (1 7673.\s,/x) | S, > 1] P(S, > 1). (4.58)

1<s<t

We compute that P(S, > 1) = 1 /e, and observe that by the memoryless property of the exponen-
tial random variable S}, conditionally on §; > 1, the distribution of (S;),,, is equal to (S, + 1),
Thus,

P(Q>x) > 'E[ T« e<Ss+1>(s,+1>/X)]

1<s<t

2 671 eXp( Z E [log(l _ e*(S.\-+1)(Sz+1)/x):| > . (459)

1<s<t

Next, we compute, using Fubini,

Y Elog(l—e ST (4.60)

1<s<t

Z / du/ dV vior! (u+v) 10g(1 (u+1)(u+v+1)/x)
(s—1)!

1<s<t (t—s— 1)
/ | T e o)1)/
— du/ dV u+v log(l u U-rv X)
1<s<t 1) (t_s_l)
_/ / log —(u+1)(u+v+1) /X)dudv<oo
This proves that P(Q > x) > 0 for every x > 0. Similarly, for any € > 0, by conditioning on
S] 2 8’
P(Q>x)>e“E { ITa- e<Sv+€><Sr+f>/X)] (4.61)
1<s<t

>e € exp< z E [log(l _ e(SS+£)<Sf+£)/x)])

1<s<t

—e ¢ exp </ / log(l _ ef(u+£)(u+v+8)/x) du dV)
:e—sexp< / / log —(u'+1)( u+v+l)/(x/£2))d dv)

where the last equality follows by substituting (u/,v') = (eu, ev). For every € > 0, as x \, 0,
the integrand converges pointwise to zero and thus, by monotone convergence, the integral also
converges to 0. Therefore, for every € > 0,

liml(i)anP(Q >x)>ef, (4.62)
and letting € \, 0, this completes the proof that lim ,IP(Q >x) = 1. ]
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4.8. The limiting maximization problem

In this section we combine the various ingredients proved in the previous sections to prove the
distributional convergence in Theorem 2.1. We defer the proof of the convergence of moments to
the next section. By Proposition 4.3, first note that given any € > 0, one can choose o large but
finite (independent of n) such that for all n large, P(N, (o) > 2) > 1 — €. Thus by Proposition 4.6,
with probability greater than 1 — ¢ for all large n,

Diam,(K,) —3logn > d,,(V,,V,) —3logn — —20t+A, + A, — A, (4.63)

As aresult the sequence {(Diam,,(K,) —3logn)_ :n > 1} is tight. Further, using Proposition 4.9,
given € > 0, one can choose & = a(¢€) large enough such that with probability > 1 — € for all
large n,

Diam,,(K,) = max d,(V,,V;). (4.64)

s<t<Ny(0r)

We note that, again using Propositions 4.6 and 4.3,

max d,(Vi,V,) —3logn —— max (Ay+A, —A, —20a), (4.65)
s<t<N, (o) s<t<N(a)

where N(¢) is a Poisson random variable with mean ¢* and the Gumbel variables are independ-
ent of N(o). As a result,

Diam,,(K,) — 3logn —— E*, (4.66)
where Z* is the distributional limit as & — oo of the right-hand side of (4.65), that is,
max (Ay+A, — Ay, —20) — E*. (4.67)
s<t<N(a)

Theorem 4.12 below shows that this weak limit exists and that Z* = E defined in (2.3). This
completes the proof of the first assertion of the main theorem, thus showing that

Diam,, (k) —3logn — Z.

Theorem 4.12 (the limiting variable Z). As o0 — oo,

max (As+A, — Ay —20) — E, (4.68)
s<t<N(o)

where E is defined in (2.3).

Proof. First note that as ot — oo,
e *N(a) - 1. (4.69)
For each fixed o > 0, define the random variables

Eg:= max (Aj+A, —A,—20), Eq:= max (A;+A, —A,—20).

s<t<N(o) s<t<e
It then suffices to prove that

Eq:= max (A;+A, — A, —20) — E. (4.70)

s<t<Le¥
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Then, for each & > 0, one can sandwich Z, between Z,_, and Z, ¢ (with high probability as
o — oo by (4.69)), and then first let ot — oo and then £ — 0 to get the corresponding result for Z,,.

Recall from Section 2, that the Poisson point process P = (¥;) s>1 With intensity measure given
by the density function A(y) = e™>. Also recall from (2.3) that we have defined E as

E:=max(Y;+Y — Ay).

s<t

For any fixed A > 0, let P(A) denote P restricted to the interval [—A, o). Write

Z(A):=  max Yi+Y, —Ay).
() .s<z:}§,KeP(A)( s )

Thus, E(A) is the maximum of corresponding pairs (s,#) whose point process values satisfy
Y,,Y, > —A. Intuitively, one would expect that = = Z(A) for large A. We now make his intuition
precise. Define

REW = e (et

and, for A < B, let

RY(A,B) := max (Y, +Y, —Ay).
s<t: Y, >-AY,<—(A+B)

The random variable R (A) is the supremum between pairs (s,#) such that ¥, ¥, < —A while
R®(A,B) corresponds to the supremum between pairs of points (s,7) such that ¥; > —A but
Y, < —(A+ B). Note that, for any z,

{E=E(A+B)} 2 {E(A) > z,RV(A) < z,R¥(A,B) < z}. 4.71)

Consider the point process

Py =Y 6{A—a}.
s=1

When arranged in increasing order, write this point process as Y, (a) > Y,(¢t) > ---. Standard
extreme value theory implies that

’p;‘{ LN as oL — oo, (472)

where — denotes convergence in distribution in the space of point measures on R equipped with
the vague topology. Analogously to Z(4),R"(A),R?(A,B), we define the random variables
Za(A),RY(A),RY(A,B), that is,

o

[1]

A):= Y (o) + Y, (a) —Ay,),
ald)i= o max o (6(0) £ () = Ag)

where Py, (A) is the point process Py, restricted to the interval [—A, o). We define R} (A), RZ (A)
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similarly. As before, for any z,
{Ea =Ea(A+B)} D {E4(A) > z,RY)(A) < z,Ry(A,B) < z}. (4.73)
The weak convergence in (4.72) immediately implies that, for any fixed A,
Eq(A) 25 E(A)  as o — oo (4.74)

The following lemma formalizes the notion that for large A, E = E(A) and, similarly, when o
is large, 24 (A) = Z4. Let us give an intuitive description of how this is achieved. The argument
proceeds by showing that for large A, each of the random variables RV (4), R\ (A), and, for each

o

fixed A, for sufficiently large B, R® (A, B), R (A, B) take large negative values.

Proposition 4.13.
(a) Fix x € R. Then

limsupP(R"M(A) > x) =0.

A—soo

Further, for each fixed A,

limsupP(R™(A,B) > x) =0.

B—oo

(b) Fix x € R. Then,

limsuplimsupP(R})(A) > x) = 0.
A—oo ol—oo
Further, for each fixed A,
limsuplimsupP(R})(A,B) > x) = 0.

B—oo Oo—oo

We prove the statements in Proposition 4.13 one by one.

Proof of Proposition 4.13(a). ~We start with R"(A). To simplify notation, we also restrict
ourselves to the case x = 0. The general x case is identical.
Write

NOA) = #{(s,1): ¥,.Y, < —A,Y,+ Y, — A, > O}.
It is enough to show limsup, . IE(N(A)) = 0. Conditioning on the point process P, we get

ENY@P) = Y e

(s;2),8<t,Y, Y, <—A

C+D

Fix a > 1. We use the fact that we can choose A so large such that e ¢ < e e P for all

C,D > A. This leads to

EWNY(A)|P) < D eMe,

(8,0),8<8,Y;. Y, <A
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Since {Y; € P : ¥, < —A} is just a Poisson point process on the interval (—eo, —A] with density
A(x) = e, properties of Poisson processes [20, Eqn 3.14] implies that, as A — oo,

E( Y ee™ 1 / B e“e  dx 2 L2614 _ g
S 1 = — = — — U.
( 2\ J 2

5,1),5<t,
YgY,<-A
This shows that limsup, (N (A)) = 0 and thus completes the proof.
Next fix A and let us deal with R® (A, B). Here we use the fact that P(A) and P°(A+ B) :=
P\ P(A+ B) are independent Poisson point processes on the sets [—A, ) and (—eo, —(A + B))
with intensity measure with density A(y) = e>. We condition on P(A). Fix a point ¥; in P(A).

Then
IP< sup (Y, +Y —Ay) < ZIP(A)> = 1E< I «a- exp(e“(”v”))) . (4.75)
Y, <—(A+B) t:Y,<—(A+B)
Thus to complete the proof, it is enough to show, for any z* and A,
1 _ _,—¥—=(z-Yy))
;ILIEOE( IT (1—exp(—e ))) —1. (4.76)
1:Y,<—(A+B)

By the dominated convergence theorem, it is enough to show that, as B — oo,
[T (1—exp(—e ¥ %)) o
1Y, <—(A+B)
Taking logarithms, this is equivalent to showing that, as B — oo,
Y log(1—exp(—e M) 0.
1:Y,<—(A+B)
In turn, this is equivalent to showing that, as B — oo,
T exp(—e BEED) P,
1:Y,<—(A+B)
By Campbell’s theorem [20],
- —(A+B) .
IE)< Y  exp© i )> :/ exp(—e 0= ))e > dy
) oo

1Y, <—(A+B

=e" exp(—eB) -0,

as B — oo, This completes the proof of (4.76) and thus of part (a) of Proposition 4.13. ]
Proof of Proposition 4.13(b).  This closely follows the proof of part (a). Without giving a
full proof, we mainly highlight the differences. We again start with R})(A) and again restrict

ourselves to the case x = 0. The general x case is identical.
Write

N (A) :=#{(s,1) : Ys(a0), ¥ () < —A,Y,(c) + Y (cr) = Ay > 0}
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It is enough to show that

limsuplimsup E(N(A)) = 0.

A—o0 Ol—oc0

Conditioning on the point process P, we now get

BN (A)|[Py) = > exp(—e~ (@ HH(e))y 4.77)
(s,0),5<t.Ys(a) Y, (o) <—A

_ e~ (h—@)-(ra)y

s a]l{As,A,<fA+(x} exp(—
<s<t<e

Taking expectations and using that A,, A, are independent for s < ¢ leads to

—A+o A+a
EWN (A / / =% exp(—e ) e~ " exp(—e ") exp(—e "N ==®)) dydy.

(4.78)

This integral can be bounded by

—A [ -A

/ / e Vexp(—e ") dudy, 4.79)
which is independent of o and converges to 0 as A — oo. The proof for R (A, B) is similar and
will be omitted. U

Completing the proof of Theorem 4.12. Proposition 4.13 shows that given any € > 0 one can
choose finite o = o(g) and A = A(¢€) such that P(E = Z(A)) and P(E4(A) = E,) are both at
least 1 —&. Using (4.74), (4.71) and (4.73) completes the proof of Theorem 4.12. ]

4.9. Convergence of moments
Recall that C;; = d,, (i, j). We need to show that

]E{maxc } 3logn — EI[E], Var(maxC )HVar(E).
i,j€[n] i,j€[n]

Since we have already shown convergence in distribution, by uniform integrability for any
p = 1, to prove that

E[(ma[x]C 3logn)p} ~E[="), (4.80)
i,jen
it suffices to prove that, for some integer ¢ with ¢ > p/2,
2
E{(ma[x]C —310gn> 1 —0(1). 4.81)
i,jEn

Combined with convergence in distribution, this implies convergence of the moments as well
as existence of the moments of the limit random variable Z. Note that

2 2 2

E{(maxC ~3logn) q E{(maxC ~3logn) 1 +E[(maxC ~3logn) (,} (4.82)
i,jeln] i,jeln] + i,jeln] -

We start by analysing the first term on the right-hand side of (4.82) by deriving an upper bound on

max; .., C;; — 3logn, and then prove a lower bound on max; ;. C;; — 3logn to obtain a bound
on the second term on the right-hand side of (4.82).
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Upper bound. Let us analyse the first term in (4.82) and show that
2q
E [(max C;— 310gn) ] =0(1).
i,j€ln] +

To prove this assertion, it is enough to show that there exist N, o such that, for all large n > N

and x > o, the random variable max; i€l C;; —3logn has exponential upper tails in the sense that

there exist constants k|, k, > 0 (independent of x) such that

IP(ma[x]Cijfﬂogn >x) < Ky, (4.83)
i,j€ln
Now note that
1 { max C;; ~ 3logn > x} <1 {mﬁcxﬁ) > logn + 4x} RV (x) + R (x). (4.84)
i,jeln icn

Here R (x) = R,(8x) as in (4.41), that is,

R (x) =#{i,j € [n]: X, <logn—8x,X, <logn+4x,d,(i,j) > 3logn—x},

while
R (x) :=#{(i,)): X, > logn—8x,X,;, >logn—8x,d,(i,j) > 3logn+x}.
Recall that, for any o € R, N,(¢r) denotes the number of vertices i with X, > logn — o. For the

first term in (4.84), since

IP(rnaxX(,.) > logn+4x> =P(N,(—4x) > 1),

i€[n]
the Poisson approximation in Proposition 4.3 implies that for x large,

< 2(1+o0(1))e *logn

]P(mawa > logn+4x) < + (1 —exp(—e ™))

i€[n] n
<(1T+o(1))e™. (4.85)
Further, by Proposition 4.9 for n large enough
E(R) (x)) < Ce ™/, (4.86)

It remains to analyse R (x). Arguing as in the proof of Proposition 4.9,
E(R?(x)) < E(N?(—8x))P(d,(1,2) > logn + 17x),
where d,,(1,2) is the distance between vertices 1,2 in ., = {K,, (E) ¢, }- By Lemma 4.1,
N E.
d
dw(l 5 2) = ! 5
20

where N is uniform on [n — 1] independent of (E;); 1]
variables. Thus, by Markov’s inequality, for any o > 0,

which are mean n exponential random

o 1 J J
P(d,(1,2)—1 17x) e Ty —— ollogZ —log|1—= .
(dw(1,2) —logn > 17x) < e jzin—leXp< {ogn og( n)})
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Letting B = 1 — & with € > 0 small but independent of x,n, we finally get

U

P(d,(1,2) —logn > 17x) < (140(1))e 17&*1@([1_(]}1_8),

where U ~ U|[0,1]. We need to now bound E(N?(—8x)). Write N,(—8x) = 3, Z, where Z; =
1{X, > logn+ 8x}. By Proposition 4.3, E(N, (—8x)) < 2¢*. Further,

Var(N,(—8x)) <2e¥ +n(n—1)P(Z, = 1)[P(Z, = 1|2, = 1) - P(Z, = 1)].
Given Z; = 1, the edge weights (E,;), ., have the same distribution as

(logn —8x+E, 1, (E, ;) 21)-
Thus,

]].:)(Z2 = 1‘Zl = l) = IP(mmEzj > logn—Sx) = exp(_
jz2 7

—2 (logn — 8x)> .

Combining this, we get that Var(N, (—8x)) < 4% so that IE([N,(—8x)]?) < 16e'*. This results
in

E(R; (x)) < (1 +o(1))161E<Li]U} 18)6(1‘78))‘. (4.87)

Combining (4.85), (4.86) and (4.87) completes the proof of the asserted exponential tail bound
in (4.83) and completes the proof of the upper bound. U]

Lower bound. Let us now show that

E [(maXC 3logn>2q} =0(1).

i,j€ln]
Recall that V|, V, denote the vertices with the largest and second largest X, values. Further

max C;; —3logn > (X, —logn)_+ (X, —logn)_+(d.(1,2) —logn),

i,jeln]

where d,,(1,2) is independent of X, , with the same distribution as the length of the optimal path
between 1,2 in .%;, and >, denotes stochastic domination. By Holder’s inequality,

E{(maxc 310gn>21 <32‘1( ([ —logn]24)+IE([ | —logn]™)

i.j€ln]
+E([dy(1,2) —logn]zq)>. (4.88)
By [18, Proof of Theorem 3.3],
E([d,(1,2) —logn]*’) = O(1).
Further,
E([X,,, —logn)*") <E([X,, —logn]*).
First recall the identity

E(Y*) = 2g / TP > y)dy, (4.89)
0
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for any non-negative random variable Y. Second note that

[XW —logn]_ =0, if Xy, > logn. (4.90)
Suppose we show for some 0 < € < 1 small enough and fixed:
X le
P(logn—X,, >x) <2exp 7 125 8% v <o 11 _g)logn. (491
- n
Then this bound implies that
Clogn _
P(logn—X,, > x) < —e € 27'(1—¢)logn,logn]. (4.92)

Using these bounds on the tail probabilities in the moment identity (4.89) with Y = [XV2 —logn]_
shows that

E(X,, — logn*) = 0(1),

which completes the proof. Thus we are now left with proving (4.91). However this follows from
the Poisson approximation result in Proposition 4.3 since P(logn — X, , > x) = P(N,(x) < 1).1J
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