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A procedure for testing the significance of a subset of explanatory variables in a
nonparametric regression is proposed+ Our test statistic uses the kernel method+
Under the null hypothesis of no effect of the variables under test, we show that
our test statistic has annhp202 standard normal limiting distribution, wherep2 is
the dimension of the complete set of regressors+ Our test is one-sided, consistent
against all alternatives and detects local alternatives approaching the null at rate
slower thann2102h2p204+ Our Monte-Carlo experiments indicate that it outper-
forms the test proposed by Fan and Li~1996, Econometrica64, 865–890!+

1. INTRODUCTION

In recent years, considerable work has been devoted to testing a parametric
regression model against a semi- or a nonparametric alternative+ An approach
that has attracted a lot of attention relies on smoothing techniques and com-
pares the parametric fit with a smooth nonparametric one+ Examples include
Cleveland and Devlin~1988!, Eubank and Spiegelman~1990!, Eubank and
Hart ~1993!, Gozalo~1993!, Härdle and Mammen~1993!, Chen~1994!, Horo-
witz and Härdle~1994!, Hong and White~1995!, and Zheng~1996!, among
others+1

In contrast, the issue of testing a nonparametric null against a nonparametric
alternative has attracted less attention+ A leading case where such a situation
naturally arises is testing the significance of some explanatory variables in a
regression function+ Well-known procedures have been proposed in parametric
settings, but their outcomes crucially depend on the choice of the parametric
specification+ When it is not desirable to adopt a finite parameterization, non-
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parametric regression provides a suitable alternative+ A special case that has
been investigated in several previous papers is the problem of testing for no
effect+ To our knowledge, the general case where the nonparametric null is non-
degenerate has been considered only in a few published studies+ Gozalo~1993!
considers conditional moment tests that are made consistent against all alterna-
tives through randomization+ Yatchew~1992! considers the difference in resid-
ual sums of squares and uses sample splitting to circumvent its well-known
!n-degeneracy in a nested situation, whereas Lavergne and Vuong~1996! treat
the nonnested case+2

Our objective is to propose a testing procedure for the significance of a sub-
set of explanatory continuous variables in a nonparametric regression, which
circumvents the drawbacks of previously proposed procedures+ Namely, our pro-
cedure does not use randomization but is nevertheless consistent against any
deviation from the null hypothesis of no effect of the variables under test+ In-
stead of using sample splitting or weighting, we deal with the!n-degeneracy
issue to obtain a test statistic with a faster rate than!n+ Our test statistic is
based on the kernel method+We characterize its asymptotic distribution not only
under the null hypothesis but also under a sequence of local alternatives+ Our
assumptions do not require normality or homoscedasticity of the regression er-
rors and are not much more demanding on the bandwidths and on the consid-
ered functions than in nonparametric estimation+ Though our test statistic is
similar in spirit to that recently proposed by Fan and Li~1996a!, we require
less restrictive theoretical conditions on the smoothing parameters+ As a result,
our testing procedure does not require oversmoothing of the null regression
model relative to the alternative one and hence puts both models on equal foot-
ing+ In small samples, our simulation results show that our test statistic is nearly
unbiased under the null hypothesis and leads to a test that is more powerful
than Fan and Li’s under a wide spectrum of alternatives+

The paper is organized as follows+ In Section 2, we present our test statistic
and we study its asymptotic properties under a sequence of local alternatives+
We also show how our framework can accommodate the special case of testing
the joint significance of all the regressors+ Section 3 studies the small sample
behavior of our testing procedure by means of Monte-Carlo experiments and
compares it with the one proposed by Fan and Li~1996a!+ All the proofs are
relegated to Section 4+

2. THEORETICAL RESULTS

Suppose~X2i ,Yi !, i 5 1, + + + , n is a random sample from a~ p2 1 1!-variate dis-
tribution of ~X2,Y! and letX1 , X2 be ap1-vector, 0 , p1 , p2+ Throughout
we denote densities ofX1 andX2 by f1~{! and f2~{!+ Let E @Y6X1# 5 r1~X1! and
E @Y6X2# 5 r2~X2!+ The null hypothesis of interest isH0 : r1~X1! 5 r2~X2! a+s+,
or equivalently, H0 :E @u16X2# 5 0 a+s+, whereu1 5 Y 2 r1~X1!+ Our procedure
can be viewed as a test of the unconditional moment restrictionE @u1C~X2!# 5 0,
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with C~X2! 5 E~u16X2! f1
2~X1! f2~X2!+ Indeed, this particular choice makes the

test consistent against any alternative toH0 as

E @u1 E~u16X2! f1
2~X1! f2~X2!# 5 E @E2~u16X2! f1

2~X1! f2~X2!#

5 E @~r2~X2! 2 r1~X1!!2f1
2~X1! f2~X2!# +

Let K andL be two kernels onRp2 andRp1, respectively, and leth andg be
two bandwidths+ To testH0, we consider

Vn 5
1

n~4! (
a

~Yi 2 Yk!~Yj 2 Yl !LnikLnjl Knij , (2.1)

where(a denotes summation over the arrangements ofm distinct elements$i1,
+ + + , im% from $1, + + + , n% with n~m! 5 n!0~n 2 m!! the number of these arrange-
ments, and whereLnik [ g2p1L@~X1i 2 X1k!0g# andKnij [ h2p2K @~X2i 2 X2j !0h# +

The statisticVn is simple to compute and in particular does not require any
trimming+ It constitutes a natural basis for testingH0, because it actually esti-
matesE @u1C~X2!# + Indeed, assuming thatu1i f1~X1i ! is observed, a sample an-
alog of the latter is

V0n 5
1

n~2! (
a

u1i f1~X1i !u1j f1~X1j !Knij +

Fan and Li~1996a! obtain their statisticIn from V0n by replacingu1i f1~X1i ! by
its leave-one-out kernel estimate[u1i Zf1i + Although our test statistic resembles
Fan and Li’s, it was derived independently and differs from theirs by some
important terms+3 Specifically,

n~4!Vn 5 n~n 2 1!3In 2 n~3!V1n 2 2n~3!V2n 1 n~2!V3n,

with

V1n 5
1

n~3! (
a

~Yi 2 Yk!~Yj 2 Yk!LnikLnjk Knij ,

V2n 5
1

n~3! (
a

~Yi 2 Yj !~Yj 2 Yk!Lnij Lnjk Knij

5
1

n~3! (
a

~Yi 2 Yj !~n 2 1! [u1j Zf1j Lnij Knij 1
V3n

~n 2 2!
,

and

V3n 5
1

n~2! (
a

~Yi 2 Yj !
2Lnij

2 Knij +

In effect, our statisticVn removes all “diagonal” terms fromIn, thus reducing
the bias of the statistic without altering its properties as a test statistic forH0+
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A similar idea has been recently proposed by Heffernan~1997! for unbiased
estimation of central moments byU-statistics+ In small samples, the bias reduc-
tion can be substantial, as our Monte-Carlo study of Section 3 shows+ In prac-
tice, one may use the preceding formula instead of~2+1! to computeVn+

To study the behavior ofVn under the null and some local alternative hypoth-
eses simultaneously, we write

H1n : r2~X2! 5 r1~X1! 1 dnd~X2!, with dn [ @0,1# +

We letd~X2! [ 0 if dn 5 0+ This general formulation allows us to include local
alternatives, whose rates of convergence toH0 are given bydn+ We need the
following definitions and assumptions+

DEFINITION 1+

~i! U p is the class of integrable uniformly continuous functions fromRp to R+
~ii ! Dm,q

p is the class of m-times differentiable functions fromRp to R, with deriva-
tives of order m that are uniformly Lipschitz continuous of order q+

DEFINITION 2+ Km
p , m $ 2, is the class of even integrable functions K:

Rp r R with compact support satisfying*K~s! ds5 1 and

Es1
a1 + + +sp

apK~s! ds5 0 for 0 , (
i51

p

ai # m2 1,ai $ 0 ∀i+

Assumption 1+ $~X2i ,Yi !, i 5 1, + + + , n% is an independent and identically dis-
tributed ~i+i+d+! sample from an absolutely continuous~with respect to Le-
besgue measure! ~ p2 1 1!-variate distribution, andE @Y8# , `+

Assumption 2+

~i! f1~X1! andr1~X1! f1~X1! belong toU p1 ù Dm1,q1

p1 , m1 $ 2, and alsoE~u1
26X1! 3

f1~X1! belongs toU p1+
~ii ! f2~X2!, r2~X2! f1~X1! f2~X2!, E~u1

26X2! f1
2~X1! f2~X2! andE~u1

46X2! f1
4~X1! f2~X2!

belong toU p2+
~iii ! K~{! [ K2

p2 andL~{! [ Km1

p1 +

THEOREM 1+ Under Assumptions1 and 2, if h r 0, g r 0, nhp2 r 1`,
ngp1 r `, hp20g p1 r 0, and nhp202g2~m11q1! r 0, then as nr `,

~i! nhp202Vn
d
&& N~Cm,v2! if dn

2nhp202 r C , `,
~ii ! nhp202Vn

p
&& 1` if dn

2nhp202 r `,

wherem 5 E @d2~X2! f1
2~X1! f2~X2!# andv2 5 2E @E2~u1

26X2! f1
4~X1! f2~X2!# 3

*K 2~s! ds+

Remark 1+ As shown in Section 4, Vn has the same behavior asV0n+ In gen-
eral, V0n is such that!n@V0n 2 E~V0n!# converges to a normal distribution
N~0, t2!, where t2 is the semiparametric efficiency bound for estimating
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E @u1C~X2!# + But underH0, we have bothE~V0n! 5 0 andt2 5 0+ This de-
generacy leads us to consider higher-order terms in the expansion ofV0n+ For
this we use a central limit theorem for degenerateU-statistics~see Hall, 1984a!+4

Remark 2+ Assumption 2 requires smoothness conditions on the underlying
functions and kernels that are standard in nonparametric estimation+ Functions
of X1 are assumed to be at least as smooth as functions ofX2+ This is compat-
ible with the nested situation under consideration+ Instead, Fan and Li~1996a!
requires similar smoothness of the constrained and unconstrained regression
functions+

Remark 3+ The generalization of our test to the situation where some of the
X1 are discrete with finite support is straightforward, as discrete variables nei-
ther create any bias nor change the variance of the nonparametric estimators+
Our general results are not affected, where bandwidths only apply to continu-
ous regressors+ In particular, when all regressorsX1 are discrete and all regres-
sors under test are continuous, our assumptions on the bandwidths reduce to
the usual ones, i+e+, h r 0 andnhp202 r 1`+

Remark 4+ One of the main problems in obtaining asymptotic distributions
of semiparametric estimators is the relative vanishing rates of the bias and vari-
ance terms from nonparametric estimation+ For instance, Samarov~1993! notes
that the bias term may dominate the variance term for his test statistic+ Hall
~1984a, 1984b! finds that the squared bias term of the integrated square error of
kernel estimators is of orderh4+ In the context of parametric specification test-
ing, Hong ~1993! and Gozalo~1995! find a bias term of orderh2 and propose a
statistic that balances it with the variance term+ In our context, the bias prob-
lem arises in each of the two smoothing steps: the nonparametric regression of
Y on X1 and the projection of the residualu1 on X2+ The form of our statistic
eliminates the bias in the second step, so thatE~V0n! 5 0 underH0+ On the
other hand, the bias from the first step is controlled through the “bias” condi-
tion nhp202g2~m11q1! r 0, as in Fan and Li~1996a!+

Remark 5+ Though the theory is developed for a generic bandwidth~g or h!
in each step, it is straightforward to extend it to a vanishing individual band-
width for each regressor in each step+5 In this case, one should replaceg p1 and
hp2 by g1g2 + + +gp1

andh1h2 + + +hp2
, respectively+ The “bias” condition becomes

n) i51
p2 hi

102@maxi51, + + + , p1
gi #

2~m11q1! r 0+

Remark 6+ Our assumptions on the bandwidths include the usual ones+ The
condition on the ratiohp20g p1 means that the variance of nonparametric estima-
tors in the model withp1 regressors is smaller than the variance of nonparamet-
ric estimators in the complete model+ This seems reasonable in view of the higher
sparsity of the data in high dimensional spaces, leading to the well-known “curse
of dimensionality+” In our testing framework, this condition can be better un-
derstood by considering individual bandwidths+ In this case, it seems natural to
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use individual bandwidths for the regressorsX1 not under test that are identical
between both steps, namely, gi 5 hi , i 5 1, + + + , p1, to avoid incorrect rejection
of the null hypothesis+ Then our ratio condition reduces to) i5p111

p2 hi r 0+ This
is no longer restrictive as vanishing individual bandwidths are obviously
necessary to obtain a consistent test+ Hence our “ratio” condition on the relative
rates of the bandwidths seems to be minimal for testing the significance of
continuous regressors+ In contrast, when the regressors under test are discrete,
) i5p111

p2 hi need not vanish, so that restricted and nonrestricted nonparametric
estimates jointly determine the limit distribution of the test statistic, as studied
by Lavergne~2000!+

Fan and Li~1996a! require the stronger conditionhp20g2p1 r 0+ As a result,
Fan and Li’s testing procedure excludes a large domain of bandwidths, includ-
ing the optimal bandwidth rates for estimationn210@ p12~m1q!# when the dimen-
sion ofX1 is close to the dimension ofX2, and this for any degree of smoothness
in the underlying regressions+ For instance, this arises whenp2 5 2 andp1 5 1
or when p2 5 3 and p1 5 2+ In contrast, our testing procedure allows for a
broader choice, including the optimal estimation rates when the constrained re-
gression is sufficiently smooth, though these optimal estimation rates need not
be optimal for testing purposes~see Guerre and Lavergne, 1999!+

The asymptotic variancev2 can be written as

2E @~u1 f1~X1!!2E @~u1 f1~X1!!2 6X2# f2~X2!#EK 2~s! ds+

It depends on the kernel through*K 2~s! ds+ This quantity can be minimized in
the class of product nonnegative even kernels by choosing the Epanechnikov
kernel~see Epanechnikov, 1969!+ Following ~2+1!, an estimator ofv2 is

vn
2 5

2

n~6! (
a

~Yi 2 Yk!~Yi 2 Yk' !~Yj 2 Yl !~Yj 2 Yl ' !LnikLnik' Lnjl Lnjl ' h
p2Knij

2 +

An alternative estimator, which is computationally less demanding but more
biased in small samples, is

vn
2 5

2

n~2! (
a

[u1i
2 [u1j

2 Zf1i
2 Zf1j

2hp2Knij
2 , (2.2)

where [u1i Zf1i is the kernel estimator ofu1i f1~X1i !+ The consistency of either
form of vn

2 is shown using similar arguments as in the proof of Theorem 1
~see Sec+ 4!+ Therefore, we can proposenhp202Vn0vn as a test statistic forH0+
From Theorem 1, by letting dn 5 0 or 1, this test statistic is asymptotically
N~0,1! underH0 and diverges to1` against any fixed alternative toH0+ The
test is therefore a one-sided normal test+ Moreover, the test has power to
detect local alternativesH1n approaching the null at rate slower than
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~!nhp204!21+ This rate agrees with that found in parametric specification test-
ing procedures that use smoothing+6

Although Theorem 1 suggests that suitable critical values for our testing pro-
cedure can be obtained from the standard normal distribution, results from Eu-
bank and LaRiccia~1993! and Härdle and Mammen~1993!, among others,
indicate that the normal approximation may not be adequate for small sample
sizes+ Indeed, our test statistic behaves like a weighted sum of chi-squares, in
an asymptotic sense, and accordingly may approach normality slowly, espe-
cially for high dimensional settings+ One alternative is to use ax2 approxima-
tion, as proposed by Hall~1983! and Buckley and Eagleson~1988! and used by
Eubank and LaRiccia~1993! and Chen~1994! in the context of parametric spec-
ification testing+ Although such a correction may help in high dimensions, it
did not prove very useful in our limited Monte-Carlo experiments, where the
normal approximation seems to work well+ Another alternative is to use resam-
pling techniques, such as the wild bootstrap considered by Härdle and Mam-
men ~1993!+ The theoretical justification of such a technique in our context,
and specifically the conditions under which it applies, is left for further research+

Last, it is possible to extend our procedure to the case wherep1 5 0, i+e+,
testing for no effect of all the regressorsX2+ In this case the null hypothesis of
interest isH0

*: r2~X2! 5 C [ E~Y! a+s+ To testH0
*, we can readily modify~2+1!

to get

Vn
* 5

1

n~4! (
a

~Yi 2 Yk!~Yj 2 Yl !Knij +

As before, we consider the local alternativesr2~X2! 5 E~Y! 1 dnd~X2!, with
dn [ @0,1# + Our Assumption 2 now reduces to the usual one in nonparametric
estimation, namely, the following assumption+

Assumption 3+

~i! f2~X2!, r2~X2! f2~X2!, Var~Y6X2! f2~X2!, and E~~Y 2 c!46X2! f2~X2! belong to
U p2+

~ii ! K [ K2
p2+

COROLLARY 1+ Under Assumptions1 and 3, if h r 0, nhp2 r 1`, then
as nr `,

~i! nhp202Vn
* d

&& N~Cm*,v*2! if dn
2nhp202 r C , `,

~ii ! nhp202Vn
* p

&& 1` if dn
2nhp202 r `,

wherem* 5 E @d2~X2! f2~X2!# and v*2 5 2E @Var2~Y6X2! f2~X2!# *K 2~s! ds+

A consistent estimator ofv*2 is

vn
*2 5

2

n~6! (
a

~Yi 2 Yk!~Yi 2 Yk' !~Yj 2 Yl !~Yj 2 Yl ' !h
p2Knij

2 +
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Alternatively, a simpler estimator analogous to~2+2! can be computed as

vn
*2 5

2

n~2! (
a

~Yi 2 PY!2~Yj 2 PY!2hp2Knij
2 ,

where PY is the empirical mean of theYi ’s+ The latter is computationally less
costly but more biased in small samples than the former+ A consistent one-
sided normal test for no effect ofX2 in the regression ofY can thus be based
on nhp202Vn

*0vn
*+ As before, this test has power to detect local alternatives ap-

proaching the null at a rate slower than~!nhp204!21+
Many other tests have been previously proposed for the special case of test-

ing for no effect, as reviewed in Hart’s~1997! monograph+ Because the null is
very simple in this case, it is possible to apply the empirical process approach
and to derive omnibus tests~see, e+g+, Buckley, 1991; Bierens, 1982, 1990!+
Alternatively, tests based on smoothing ideas have been considered~see, e+g+,
Eubank and Hart, 1993!+ In particular, it is possible to allow for data-driven
smoothing parameters in such tests~see Barry and Hartigan, 1990! or to con-
struct a test based on the smoothing parameter itself~see Eubank and Hart,
1992!+ However, with the exception of Bierens~1982, 1990!, all these tests
have been developed in the special case of a single regressor and homoscedas-
tic errors+ In addition, the limiting behavior of some of these tests is nonstandard+

The statisticVn
* resembles Zheng’s~1996! statistic for parametric specifica-

tion testing in the case where the parametric model reduces to the constant re-
gression, but removes all “diagonal” terms from the latter to make it unbiased
under the null+ Indeed, because the estimation of the smallest regression model
is actually parametric, there is no bias corresponding to this stage+ As the form
of our statistic also eliminates the bias in the second stage, a notable feature of
our statistic is that it is unbiased under the null hypothesis, i+e+, E~Vn

*! 5 0
underH0+ This is especially valuable in small samples+

3. MONTE-CARLO STUDY

In this section, we investigate the small sample behavior of our test and study
its performances relative to Fan and Li’s~1996a! test ~hereafter, the FL test!+
We generate data through

Y 5 aX1 1 bX1
3 1 d~W! 1 U, (3.1)

whereX1 andW are independent and distributed asN~0,1! andU is indepen-
dently distributed of the regressors asN~0,s2!+ The null hypothesis corre-
sponds tod~W! [ 0, and we consider different forms of alternatives as specified
by d~{!+We impose the restriction thatE @d~W!# 5 0, so that the nonparametric
regressionr1~X1! remains the same whatever the data generating process+ We
set the parametersa, b, ands2 to 21, 1, and 4, respectively, so that the part of
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the variance ofY explained in its nonparametric regression onX1 is moderate,
i+e+, 71%+

We consider small~n 5 100! and moderate~n 5 200! sample sizes and run
2,000 replications+ We chooseK~{! andL~{! as product kernels of the univari-
ate Epanechnikov kernel with support@21,1# , i+e+, L~u! 5 ~304!~12 u2!I@6u6#
1# + As indicated in Remark 5, we can use individual bandwidths+ The band-
width parameter for the restricted model is chosen asg 5 [sX1

n2105, where [sX1
is

the estimated standard deviation ofX1+ This corresponds to the usual rule of
thumb in kernel estimation~see, e+g+, Härdle, 1991!+ For the unrestricted model,
we keep the same smoothing parameter as in the restricted one for the first
dimension, i+e+, X1, and choose the parameter for the second dimension, i+e+,
W, ash2 5 c [sWn2105, where [sW is the estimated standard deviation ofW+ Keep-
ing the same bandwidth for regressors that are common to both models, in our
caseX1, seems a natural choice in our testing framework+ For the regressors
under test, i+e+, W, we apply the same rule of thumb with an additional varying
constantc to investigate the sensitivity of our results to the smoothing param-
eter’s choice+7

The design of the alternatives has been chosen to investigate the power of
the competing tests with respect to the magnitude and the frequency ofd~{!+
For the magnitude, we consider three linear alternatives of the form

d~W! 5 aW,

with a 5 0+5, 1, and 2 corresponding, respectively, to DGP1, DGP2, andDGP3+
This allows us to compare the performances of the nonparametric tests to the
standard Fisher test based on the true model~3+3!+ Alternatives corresponding
to varying frequencies are defined through

d~W! 5 sin~dpW!,

with d 5 2, 1, 2
3
_ , and 1

2
_ corresponding respectively toDGP4, DGP5, DGP6, and

DGP7+ These departures from the null are of special interest, as it is known
that smoothing tests of parametric specifications are sensitive to the frequency
of the alternatives~see Eubank and Hart, 1993; Fan and Li, 1996b; Kuchib-
hatla and Hart, 1996; Hart, 1997!+ We expect that such a feature will hold for
nonparametric significance tests+

Table 1 reports our Monte-Carlo results for the null hypothesis~DGP0! and
the linear alternatives+ For each sample size~n 5 100, 200!, we let the constant
c be 0+25, 0+5, 1, 2, 4+ For each case, the first and second rows give the mean
with standard deviation in parentheses of our test and the FL test, respectively+
For computational reasons, we use the simplest, but biased, estimator of the
variance~2+2!+ The third and fourth rows give empirical levels of rejections for
our test and the FL test+ The first figure corresponds to a 5% nominal level,
whereas the second one corresponds to a 10% nominal level+ For each sample
size, the last row reports empirical rejection rates of theF-test for the same
nominal levels+
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The first column relates to the null hypothesis+ First, the mean of our test
statistic is very close to zero; i+e+, our test statistic is nearly unbiased, irrespec-
tive of the smoothing parameter~see Remark 3!+ This is in sharp contrast with
the FL test statistic, which is always negatively biased, up to 21+15+ Second,

Table 1. Null and linear alternatives

n c DGP0 DGP1 DGP2 DGP3

100 0+25 20+019 ~0+876! 0+148 ~0+909! 0+583 ~0+949! 1+683 ~0+894!
20+350 ~0+959! 20+159 ~0+998! 0+340 ~1+044! 1+620 ~0+973!

3+3% 8+7% 5+6% 11+8% 14+3% 25+3% 53+7% 69+4%
2+1% 5+2% 3+7% 8+5% 11+5% 20+0% 51+3% 66+1%

0+5 20+007 ~0+857! 0+231 ~0+922! 0+838 ~1+009! 2+353 ~0+986!
20+462 ~0+941! 20+190 ~1+014! 0+506 ~1+112! 2+268 ~1+075!

4+1% 8+5% 7+8% 14+1% 21+5% 33+4% 77+0% 85+8%
2+0% 4+8% 5+1% 8+7% 16+1% 24+4% 73+1% 82+3%

1+0 0+010 ~0+800! 0+335 ~0+918! 1+170 ~1+085! 3+241 ~1+136!
20+620 ~0+877! 20+247 ~1+010! 0+711 ~1+197! 3+120 ~1+238!

3+6% 7+4% 9+0% 15+4% 31+3% 43+4% 91+9% 96+1%
1+5% 3+3% 4+8% 8+4% 21+8% 30+3% 88+6% 92+9%

2+0 0+018 ~0+707! 0+450 ~0+895! 1+556 ~1+173! 4+279 ~1+329!
20+852 ~0+779! 20+358 ~0+989! 0+909 ~1+299! 4+070 ~1+450!

2+4% 5+3% 9+8% 16+9% 42+6% 54+3% 98+0% 99+0%
0+7% 1+6% 4+1% 6+4% 27+1% 35+1% 95+4% 97+4%

4+0 0+018 ~0+503! 0+497 ~0+755! 1+714 ~1+090! 4+686 ~1+297!
21+144 ~0+564! 20+598 ~0+842! 0+790 ~1+215! 4+220 ~1+433!

1+2% 2+2% 7+3% 13+1% 48+2% 60+9% 99+1% 99+8%
0+1% 0+2% 2+1% 3+0% 22+0% 31+4% 97+0% 98+0%

F-test 5+1% 10+1% 69+5% 79+2% 99+7% 99+9% 100+0% 100+0%
200 0+25 0+007 ~0+915! 0+301 ~0+951! 1+080 ~1+015! 3+018 ~0+970!

20+308 ~0+964! 0+010 ~1+002! 0+855 ~1+071! 2+974 ~1+016!
4+3% 9+6% 7+9% 15+6% 28+8% 42+6% 91+8% 95+6%
2+4% 5+6% 5+7% 11+1% 23+7% 34+9% 90+3% 94+8%

0+5 0+012 ~0+901! 0+425 ~0+974! 1+520 ~1+109! 4+227 ~1+134!
20+430 ~0+951! 0+017 ~1+029! 1+205 ~1+174! 4+164 ~1+189!

5+4% 9+6% 11+8% 18+5% 44+2% 56+8% 98+7% 99+4%
2+5% 5+5% 7+1% 12+3% 34+5% 45+8% 98+3% 99+1%

1+0 0+015 ~0+856! 0+596 ~1+011! 2+129 ~1+271! 5+898 ~1+397!
20+604 ~0+905! 0+024 ~1+072! 1+685 ~1+347! 5+804 ~1+467!

4+5% 8+2% 15+0% 23+7% 62+4% 72+6% 99+8% 99+9%
1+5% 3+3% 7+5% 12+5% 48+2% 59+2% 99+7% 99+8%

2+0 0+016 ~0+763! 0+807 ~1+057! 2+877 ~1+481! 7+944 ~1+725!
20+848 ~0+809! 0+005 ~1+123! 2+247 ~1+573! 7+780 ~1+816!

2+9% 6+6% 19+2% 27+8% 79+5% 86+3% 100+0% 100+0%
0+6% 1+4% 8+3% 13+1% 62+9% 71+9% 100+0% 100+0%

4+0 0+019 ~0+558! 0+949 ~0+967! 3+364 ~1+496! 9+245 ~1+830!
21+153 ~0+596! 20+150 ~1+030! 2+461 ~1+593! 8+868 ~1+935!

0+9% 2+5% 20+8% 31+0% 87+5% 93+1% 100+0% 100+0%
0+1% 0+1% 6+6% 9+9% 69+5% 77+0% 100+0% 100+0%

F-test 5+2% 10+6% 93+1% 96+9% 100+0% 100+0% 100+0% 100+0%
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the standard deviations of both test statistics are smaller than one+ This is due
partly to the fact that the simple variance estimator~2+2! always overestimates
the variance+ Although both tests exhibit empirical sizes that are smaller than
the nominal ones, the FL test can be considerably undersized as a result of its
strong negative bias+ The size of our test is much closer to its nominal size,
especially for bandwidths that are somewhat smaller than the rule of thumb+
The empirical level as a function of the bandwidthh2 displays an inverseU
shape, as for very small bandwidthsh2, our statistic is identically zero+

Regarding the linear alternatives, we find that the FL test statistic is more
variable than ours+ Moreover, our test statistic has a higher mean than the FL
one, which is due to the negative bias of the latter+ This leads to a systematic
higher empirical power for our test+ As expected, power is increasing with the
magnitude of the departure from the null, as measured bya+ Our test can de-
tect small linear alternatives such asDGP1, unlike the FL test, which has close
to trivial power in this situation+ Furthermore, the power performance of our
test can equal that of the Fisher test~seeDGP3!, although the design is ideal
for the latter+ Our results also indicate that the highest power is attained for our
test for the largest tried bandwidth, which is expected because the alternative is
linear and the kernel smoother is a straight line for large bandwidths+ However,
using an infinite bandwidth should ultimately lead to a trivial power+

Table 2 has the same structure as Table 1 and reports results relative to the
sinus alternatives+ As in Table 1, our test statistic exhibits a larger mean and a
smaller variance than the FL one and hence achieves higher power in all cases+
The empirical power as a function ofh2 displays an inverseU shape for both
tests+ As shown in Figure 1, our test uniformly dominates the FL test for a large
range of bandwidths+ The maximum power of our test can be up to 50% higher+
It is achieved for a bandwidth that increases with the smoothness of the alter-
native, as could be expected+ Hence, our results suggest that the bandwidth
should be adapted to the frequency of the alternative, namely, the higher the
frequency, the smaller the bandwidth should be+

For comparative purposes, we also provide the empirical rejection rates of
the F-test assuming a linear specification inW+ The lowest frequency alterna-
tive DGP7 is close to a linear specification in the range@21,1# + Given thatW
is N~0,1!, the F-test therefore performs quite well, whereas our test has ac-
ceptable power up to 78%+ For high frequency alternativesDGP4 and DGP5,
the F-test has trivial power irrespective of sample size, whereas our test can
attain an empirical power of 50% or 68%, respectively, for a moderate sample
size of 200+

In summary, our test has better size and power than the FL test in all cases
and seems to exhibit good properties for a wide range of nonlinear alternatives+
Our Monte-Carlo study points out the importance of the bandwidth choice+ There
is clearly a trade-off between size and power+ A better sized test seems to be
achieved by slight undersmoothing relative to the rule of thumb, whereas better
power is obtained in most cases by oversmoothing of the variable under test+
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Table 2. Sinus alternatives

n c DGP4 DGP5 DGP6 DGP7

100 0+25 0+563 ~0+979! 0+564 ~0+982! 0+571 ~0+984! 0+540 ~0+971!

0+288 ~1+068! 0+291 ~1+072! 0+297 ~1+077! 0+265 ~1+065!

15+0% 24+7% 15+0% 25+3% 15+4% 25+4% 14+4% 24+3%

11+2% 19+9% 11+7% 20+2% 12+4% 20+4% 11+0% 19+1%

0+5 0+705 ~1+007! 0+798 ~1+041! 0+815 ~1+053! 0+773 ~1+039!

0+319 ~1+100! 0+422 ~1+136! 0+441 ~1+152! 0+397 ~1+139!

18+2% 28+5% 22+0% 31+7% 22+0% 32+6% 20+6% 31+2%

12+6% 20+1% 16+0% 23+3% 16+0% 23+5% 14+6% 22+6%

1+0 0+598 ~0+914! 1+010 ~1+086! 1+093 ~1+130! 1+055 ~1+116!

0+025 ~1+000! 0+478 ~1+185! 0+571 ~1+234! 0+532 ~1+222!

13+2% 22+2% 26+6% 37+5% 29+9% 40+8% 28+6% 38+8%

6+6% 11+6% 16+8% 23+8% 18+7% 26+9% 18+1% 26+2%

2+0 20+030 ~0+705! 0+848 ~0+944! 1+232 ~1+124! 1+296 ~1+155!

20+906 ~0+779! 0+056 ~1+033! 0+479 ~1+228! 0+555 ~1+265!

2+2% 4+4% 18+1% 27+9% 31+9% 44+0% 35+2% 46+1%

0+6% 1+0% 7+5% 12+5% 16+5% 23+0% 17+8% 26+0%

4+0 0+050 ~0+497! 0+046 ~0+541! 0+713 ~0+791! 1+071 ~0+922!

21+107 ~0+558! 21+116 ~0+602! 20+384 ~0+871! 0+013 ~1+018!

0+7% 2+3% 1+3% 2+8% 11+8% 20+6% 23+4% 36+3%

0+2% 0+2% 0+2% 0+3% 2+5% 4+3% 6+5% 10+8%

F-test 4+6% 9+9% 5+5% 9+9% 22+2% 32+1% 60+8% 72+3%

200 0+25 1+068 ~1+054! 1+078 ~1+058! 1+073 ~1+047! 1+005 ~1+033!

0+813 ~1+109! 0+825 ~1+114! 0+821 ~1+103! 0+750 ~1+089!

29+8% 41+6% 28+9% 42+2% 29+4% 42+1% 27+5% 39+8%

23+6% 33+6% 23+1% 33+9% 22+9% 33+9% 21+3% 31+2%

0+5 1+361 ~1+148! 1+482 ~1+172! 1+498 ~1+165! 1+408 ~1+142!

0+996 ~1+209! 1+126 ~1+235! 1+143 ~1+229! 1+051 ~1+205!

38+6% 50+5% 42+6% 54+5% 43+6% 55+0% 40+2% 52+6%

28+9% 39+3% 32+3% 43+4% 32+9% 43+5% 29+7% 40+6%

1+0 1+305 ~1+113! 1+911 ~1+298! 2+027 ~1+339! 1+937 ~1+313!

0+759 ~1+172! 1+401 ~1+367! 1+525 ~1+412! 1+433 ~1+386!

36+3% 47+8% 54+0% 66+6% 57+8% 70+0% 55+1% 66+2%

21+5% 31+6% 39+5% 49+7% 43+4% 53+2% 41+0% 50+4%

2+0 0+144 ~0+798! 1+837 ~1+238! 2+418 ~1+460! 2+465 ~1+482!

20+715 ~0+847! 1+076 ~1+304! 1+691 ~1+540! 1+746 ~1+566!

4+7% 8+6% 52+4% 64+4% 67+8% 77+3% 69+0% 77+7%

1+0% 2+1% 30+1% 40+8% 47+1% 56+5% 48+2% 58+3%

4+0 0+088 ~0+571! 0+362 ~0+703! 1+722 ~1+136! 2+299 ~1+305!

21+078 ~0+612! 20+792 ~0+745! 0+647 ~1+200! 1+261 ~1+382!

1+5% 3+2% 5+9% 10+6% 47+4% 61+4% 67+1% 76+8%

0+1% 0+2% 0+4% 1+1% 18+7% 26+5% 35+2% 44+7%

F-test 5+1% 10+3% 5+3% 11+2% 34+0% 46+6% 85+6% 91+3%
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Our limited experiments suggest that the usual rule of thumb~c 5 1! leads to
an acceptable compromise between size and power+

Our procedure has been implemented within the XploRe environment by
Pascal Lavergne and Gilles Teyssiere~see http:00www+xplore-stat+de0help0
lvtest+html!+

4. PROOFS

Notations: In what follows, fi [ f1~X1i !, f2i [ f2~X2i !, ri [ r1~X1i !, r2i [
r2~X2i !, ui [ Yi 2 ri , u2i [ Yi 2 r2i , di [ d~X2i !, andZi stands for~Yi ,X2i !, i 5
0,1, + + + , n+ Also K [ 6K 6 andL [ 6L6 and i, j, k, l, i ', j ', k', l ' refer to indices that
are pairwise different unless stated otherwise+ We let Zfi 5 ~n 2 1!21 (kÞi Lnik,
and more generally for any index setI not containingi with cardinality 6 I 6,
Zfi I 5 ~n 2 1 2 6 I 6!21 (kÞi , kÓI Lnik+

Figure 1. Empirical power of competing tests: DGP6 with n 5 200 at 10% level+
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4.1. Proof of Theorem 1

As Yi 2 Yk 5 ~ui 2 uk! 1 ~ri 2 rk!, and asK~{! is even, we have from~2+1!

Vn 5
1

n~4! (
a

~ui 2 uk!~uj 2 ul !LnikLnjl Knij

1
2

n~4! (
a

~ui 2 uk!~rj 2 rl !LnikLnjl Knij

1
1

n~4! (
a

~ri 2 rk!~rj 2 rl !LnikLnjl Knij 5 I1 1 2I2 1 I3,

where

I1 5
n 2 2

n 2 3

1

n~2! (
a

ui uj fi fj Knij 1
2~n 2 2!

n 2 3

1

n~2! (
a

ui ~ Zfi
j 2 fi !uj fj Knij

1
n 2 2

n 2 3

1

n~2! (
a

ui ~ Zfi
j 2 fi !uj ~ Zfj i 2 fj !Knij 2

2

n~3! (
a

ui fi ul Lnjl Knij

2
2

n~3! (
a

ui ~ Zfi
j, l 2 fi !ul Lnjl Knij 1

1

n~4! (
a

ukul LnikLnjl Knij

2
1

n~4! (
a

ui uj LnikLnjk Knij

5
n 2 2

n 2 3
@V0n 1 2I1,1 1 I1,2# 2 2I1,3 2 2I1,4 1 I1,5 2 I1,6,

I2 5
1

n~3! (
a

ui fi ~rj 2 rl !Lnjl Knij 1
1

n~3! (
a

ui ~ Zfi
j, l 2 fi !~rj 2 rl !Lnjl Knij

2
1

n~4! (
a

uk~rj 2 rl !LnikLnjl Knij 5 I2,1 1 I2,2 2 I2,3+

Propositions 1–11 study each of the preceding terms+ Collecting results, it fol-
lows that

nhp202V0n 5 An 1 dn
2nhp202mn 1 dn!nhp202Op~1!,

nhp202 @I1 2 V0n# 5 dn
2nhp202op~1! 1 dn!nhp202Op~1! 1 op~1!,

nhp202I2 5 dn
2nhp202op~1! 1 dn!nhp202op~1! 1 dnnhp202g~m11q1!Op~1!

1 op~1!,

nhp202I3 5 op~1!,

whereAn
d
&& N~0,v2!+ Therefore

nhp202 @Vn 2 V0n# 5 dn
2nhp202op~1! 1 dn!nhp202Op~1!

1 dnnhp202g~m11q1!Op~1! 1 op~1!+
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In case~i!, nhp202 @Vn 2 V0n# 5 op~1! andnhp202V0n
d
&& N~Cm,v2!, as

dn!nhp202 5 ~dn
2nhp202!102hp204 5 o~1!

and

dnnhp202g~m11q1! 5 ~dn
2nhp202!102~nhp202g2~m11q1! !102 5 o~1!+

In case~ii !, nhp202 @Vn 2 V0n# 5 op~dn
2nhp202! andnhp202V0n 5 dn

2nhp202 @mn 1
op~1!# , as

dn!nhp202 5 ~dn
2nhp202!

hp204

~dn
2nhp202!102 5 o~dn

2nhp202!

and

dnnhp202g~m11q1! 5 ~dn
2nhp202!

~nhp202g2~m11q1! !102

~dn
2nhp202!102 5 o~dn

2nhp202!+ n

4.1.1. Distribution of V0n

PROPOSITION 1+ nhp202V0n 5 An 1 dn
2nhp202mn 1 dn!nhp202Bn,

where mn r m, An
d
&& N~0,v2!, and Bn

d
&& 2N~0,j 2 d2m2!, with d 5

limnr` dn and j 5 E @u1
2d2~X2! f1

4~X1! f2
2~X2!# +

Proof+ Write V0n 5 U0n 1 W0n 2 un, whereHn~Zi ,Zj ! 5 ui uj fi fj Knij , un 5
E @Hn~Z1,Z0!# , W0n 5 ~20n!(i E @Hn~Zi ,Z0!6Zi # and

U0n 5 Sn

2D21

(
i,j

EHn~Zi ,Zj !

5 Sn

2D21

(
i,j

$Hn~Zi ,Zj ! 2 E @Hn~Zi ,Z0!6Zi # 2 E @Hn~Z0,Zj !6Zj # 1 un%+

~i!

un 5 E @ui fi uj fj Knij # 5 E @~u2i 1 dndi ! fi ~u2j 1 dndj ! fj Knij #

5 dn
2E @di fi dj fj Knij # 5 dn

2 mn,

with mn r m 5 E @d2~X2! f1
2~X1! f2~X2!# , as dnd~X2! f1~X1! f2~X2! [ U p2 and

by Lemma 1+
~ii ! Distribution of W0n:

E @E2~Hn~Zi ,Z0!6Zi !# 5 E @ui
2 fi

2E2~u0 f0 Kni06Zi !#

5 dn
2E @ui

2 fi
2E2~d0 f0 Kni06Zi !# 5 dn

2jn

with jn r j 5 E @u1
2d2~X2! f1

4~X1! f2
2~X2!# , asdnd~X2! f1~X1! f2~X2! [ U p2 and

by Lemma 1+ Now E6E @Hn~Zi ,Zj !6Zi #6n 5 E6ui
n fi

n En @u0 f0 Kni06Zi #65 O~1! 5
o~nn0221! for 2 , n # 4, asE6Y2n 6 , `+ Thus, by Theorem 7+1 of Hoeffding
~1948!,

!n@W0n 2 2un# r 2dN~0,j 2 d2m2!+

590 PASCAL LAVERGNE AND QUANG VUONG

https://doi.org/10.1017/S0266466600164059 Published online by Cambridge University Press

https://doi.org/10.1017/S0266466600164059


~iii ! Distribution of U0n: As E @ EHn~Zi ,Zj !6Zi # 5 0, by Theorem 1 of Hall~1984a!,

nhp202U0n
d
&& N~0,v2! if

E @ EGn
2# 1 n21E @ EHn

4#

E2 @ EHn
2#

5 o~1!,

where EGn~Zi , Zj ! 5 E @ EHn~Zi , Z0! EHn~Zj , Z0!6Zi , Zj # and v2 5 2 limnr`

hp2E~ EHn
2!+ By definition of EHn~Zi ,Zj !, the preceding condition is equivalent to

E @Gn
2# 1 n21E @Hn

4#

E2 @Hn
2#

5 o~1!, (4.1)

where Gn~Zi , Zj ! 5 E @Hn~Zi , Z0!Hn~Zj , Z0!6Zi , Zj # , and v2 5 2 limnr`

hp2E~Hn
2!+ Let s2~X2! [ E~u1

26X2!+ As s2~X2! f1
2~X1! f2~X2! [ U p2, by

Lemma 1,

hp2E @Hn
2~Zi ,Zj !# 5 hp2E @s2~X2i !s2~X2j ! fi

2 fj
2Knij

2 # r v202,

where v2 5 2E @s4~X2! f1
4~X1! f2~X2!# *K 2~s! ds+ As E~u1

46X2! f1
4~X1! 3

f2~X2! [ U p2, by Lemma 1,

E @Hn
4# 5 E @ui

4uj
4 fi

4 fj
4Knij

4 # 5 E @E~ui
46X2i ! f1i

4E~uj
46X2j ! f1j

4Knij
4 # 5 O~h23p2 !+

As Gn~Zi ,Zj ! 5 ui fi uj fj E @s2~X2,0! f1
2~X1,0!Kni0 Knj06X2i ,X2j # , we have by

Lemma 1

E @Gn
2# 5Es2i

2 fi
2s2j

2 fj
2FEs2,0

2 f1
2~X1,0!Kni0 Knj0 f2~X2,0! dX2,0G2

3 f2i f2j dX2i dX2j

5 h22p2Es2i
2 fi

2s2j
2 fj

2FEs2~X2i 2 hs! f1
2~X1i 2 hs1!K~s!

3 KSs1
X2j 2 X2i

h
D f2~X2i 2 hs! dsG2

3 f2i f2j dX2i dX2j

5 h2p2Es2i
2 fi

2s2~X2i 1 ht! f1
2~X1i 1 ht1!

3 FEs2~X2i 2 hs! f1
2~X1i 2 hs1!K~s!K~s1 t! f2~X2i 2 hs! dsG2

3 f2i f2~X2i 1 ht! dX2i dt

5 h2p2E@s2~X2!# 4f1
8~X1! f2

4~X2! dX2EFEK~s!K~s1 t! dsG2

3 dt 1 o~h2p2 !

5 O~h2p2 !,

where s1 and t1 denote the firstp1 elements ofs and t+ Thus condition~4+1!
holds ash r 0 andnhp2 r `+ Collecting results, Proposition 1 follows+ n
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4.1.2. U-Statistics Let Un 5 ~10n~m! !(a Hn~Zi1, + + + ,Zim! be an arbitrary
U-statistic, where theZi ’s are i+i+d+ but Hn is not necessarily symmetric+ Then,

E~Un
2! 5 S 1

n~m!D2

(
c50

m n~2m2c!

c! (
6D165c56D26

~c!

I ~D1,D2!

5 (
c50

m

O~n2c! (
6D165c56D26

~c!

I ~D1,D2!, (4.2)

where(~c! denotes summation over setsD1 and D2 of ~ordered! positions of
lengthc,

I ~D1,D2! 5 E @Hn~Zi1, + + + ,Zim!Hn~Zj1, + + + ,Zjm!# ,

and thei’s in positionD1 coincide with thej’s in positionD2 and are pairwise
distinct otherwise+ Note that this formula corrects equation~A+1! in Stute~1991!+
In what follows, we let jc 5 (~c!I ~D1,D2! and intensively use~4+2! to bound
E~Un

2!+ Indeed, if Zc denotes the vector of commonZi ’s, we have by condition-
ing on Zc

I 2~D1,D2! 5 E2 @E @Hn~Zi1, + + + ,Zim!6Zc#E @Hn~Zj1, + + + ,Zjm!6Zc##

# E @E2 @Hn~Zi1, + + + ,Zim!6Zc##E @E2 @Hn~Zj1, + + + ,Zjm!6Zc##

by Cauchy–Schwartz inequality+

PROPOSITION 2+ nhp202I1,3 5 dn!nhp202Op~1! 1 op~1!+

Proof+ I1,3 is a U-statistic with kernelHn~Zi ,Zj ,Zl ! 5 ui fi ul Lnjl Knij + To use
~4+2!, we need to compute the correspondingjc, c 5 0,1,2,3+

~i! j2 5 O~g2p1 !+ Indeed we have

E~Hn6Zi ,Zj ! 5 ui fi Knij E~ul Lnjl 6Zj ! 5 0,

E~Hn6Zi ,Zl ! 5 ui fi ul E~Lnjl Knij 6Zi ,Zl !,

E~Hn6Zj ,Zl ! 5 ul Lnjl E~ui fi Knij 6Zj ! 5 dnul Lnjl E~di fi Knij 6Zj !+

Then, using K [ 6K 6 and L [ 6L6, we have, by successive applications of
Lemma 1,

E @E2~Hn6Zi ,Zl !# 5 E @ui
2 fi

2ul
2E~Lnjl Knij 6Zi ,Zl !E~Lnj 'l Knij ' 6Zi ,Zl !#

5 O~g2p1 !E @ui
2 fi

2ul
2E~L njl Knij 6Zi ,Zl !E~K nij ' 6Zi ,Zl !#

5 O~g2p1 !E @ui
2 fi

2ul
2L njl Knij f2~X2i !# 5 O~g2p1 !,

E @E2~Hn6Zj ,Zl !# 5 dn
2E @ul

2Lnjl
2 E2~di fi Knij 6Zj !#

5 dn
2E @ul

2Lnjl
2 dj

2 fj
2 f2

2~X2j !#

5 dn
2O~g2p1 !E @ul

2L njl dj
2 fj

2 f2
2~X2j !# 5 O~g2p1 !+
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~ii ! j1 5 O~dn
2!+ Indeed, E~Hn6Zi ! 5 E~Hn6Zj ! 5 0 and E~Hn6Zl ! 5 dnul

E~di fi Lnjl Knij 6Zl !+ Then

E @E2~Hn6Zl !# 5 dn
2E @ul

2E2~di fi Lnjl Knij 6Zl !#

5 O~dn
2!E @ul

2E2~Lnjl dj fj f2j 6Zl !# 5 O~dn
2!+

~iii ! E @Hn# 5 0+ Thusj0 5 0+
~iv! j3 5 O~g2p1h2p2 !, asE @Hn

2# equals

E @ui
2ul

2 fi
2Lnjl

2 Knij
2 # 5 O~g2p1h2p2 !E @ui

2ul
2 fi

2L njl Knij # 5 O~g2p1h2p2 !+

Collecting results, E~nhp202I1,3!2 5 dn
2nhp2O~1! 1 hp20g p1O~1! 1 O~ngp1 !21+ n

PROPOSITION 3+ nhp202I1,5 5 op~1!+

Proof+ I1,5 is a U-statistic with kernelHn~Zi ,Zj ,Zk,Zl ! 5 ukul LnikLnjl Knij +

~i! j3 5 O~g22p1 !+ Indeed we have

E~Hn6Zi ,Zj ,Zk! 5 ukLnik Knij E~ul Lnjl 6Zj ! 5 0,

E~Hn6Zi ,Zj ,Zl ! 5 ul Lnjl Knij E~ukLnik6Zi ! 5 0,

E~Hn6Zi ,Zk,Zl ! 5 ukul Lnik E~Lnjl Knij 6Zi ,Zl ! ,

E~Hn6Zj ,Zk,Zl ! 5 ukul Lnjl E~Lnik Knij 6Zj ,Zk!+

Then, we have, by successive applications of Lemma 1,

E @E2~Hn6Zi ,Zk,Zl !# 5 E @uk
2ul

2Lnik
2 E~Lnjl Knij 6Zi ,Zl !E~Lnj 'l Knij ' 6Zi ,Zl !#

5 O~g22p1 !E @uk
2ul

2L nik E~L njl Knij 6Zi ,Zl !E~Knij ' 6Zi ,Zl !#

5 O~g22p1 !E @uk
2ul

2L nikL njl Knij f2i # 5 O~g22p1 !,

E @E2~Hn6Zj ,Zk,Zl !# 5 E @uk
2ul

2Lnjl
2 E2~Lnik Knij 6Zj ,Zk!# 5 O~g22p1 !+

~ii ! j2 5 O~g2p1 !+ Indeed we haveE~Hn6Zi ,Zj ! 5 E~Hn6Zi ,Zk! 5 E~Hn6Zi ,Zl ! 5
E~Hn6Zj ,Zk! 5 E~Hn6Zj ,Zl ! 5 0 andE~Hn6Zk,Zl ! 5 ukul E~LnikLnjl Knij 6Zk,Zl !,
and

E @E2~Hn6Zk,Zl !# 5 E @uk
2ul

2E~LnikLnjl Knij 6Zk,Zl !E~Lni 'kLnj 'l Knij ' 6Zk,Zl !#

5 O~g2p1 !E @uk
2ul

2E~L nikL njl K nij 6Zk,Zl !E~L nj 'l K nij ' 6Zk,Zl !#

5 O~g2p1 !E @uk
2ul

2L nikL njl K nij fl
2# 5 O~g2p1 !+

~iii ! j1 5 0+
~iv! E @Hn# 5 0+ Thusj0 5 0+
~v! j4 5 O~g22p1h2p2 !, asE @Hn

2# equals

E @uk
2ul

2Lnik
2 Lnjl

2 Knij
2 # 5 O~g22p1h2p2 !E @uk

2ul
2L nikL njl Knij # 5 O~g22p1h2p2 !+

Collecting resultsE~nhp202I1,5!2 5 ~hp20g p1 !@O~1! 1 O~ngp1 !21# 1 O~ngp1 !22+ n
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PROPOSITION 4+ nj p202I1,6 5 dn
2nhp202op~1! 1 op~1!+

Proof+ ~n 2 3! I1,6 is a U-statistic with kernelHn~Zi ,Zj ,Zk! 5 ui uj Lnik 3
LnjkKnij + Using a reasoning similar to the one followed in Proposition 3,
it is not difficult to show that this U-statistic is such thatj3 5
O~g22p1h22p2 !, j2 5 O~g22p1h2p2 ! 1 O~g2p1h22p2 !, j1 5 O~h22p2 !, and
E @Hn# 5 O~dn

2g2p1 !+ Hence, E~nhp202I1,6!2 5 O~dn
2nhp202!2~ngp1 !22 1

O~nhp2 !21 1 O~n2g p1hp2 !21 1 O~ngp1 !22 1 O~ngp1 !22~nhp2 !21+ n

PROPOSITION 5+ nhp202I2,1 5 dn!nhp202op~1! 1 dnnhp202g~m11q1!Op~1! 1
op~1!+

Proof+ I2,1 is a U-statistic with kernelHn~Zi ,Zj ,Zl ! 5 ui fi ~rj 2 rl !Lnjl Knij +

~i! j2 5 o~h2p2 ! 1 o~g2p1 !+ Indeed we have

E~Hn6Zi ,Zj ! 5 ui fi Knij E~~rj 2 rl !Lnjl 6Zj !,

E~Hn6Zi ,Zl ! 5 ui fi E~~rj 2 rl !Lnjl Knij 6Zi ,Zl !,

E~Hn6Zj ,Zl ! 5 dn~rj 2 rl !Lnjl E~di fi Knij 6Zj !+

First, we use the fact thatE @~rj 2 rl !Lnjl 6Zj # 5 O~g~m11q1! ! 5 o~1! uniformly in
Zj by a standard Taylor expansion argument, so that

E @E2~Hn6Zi ,Zj !# 5 E @ui
2 fi

2Knij
2 E2~~rj 2 rl !Lnjl 6Zj !#

5 O~h2p2 !E @ui
2 fi

2Knij E2~~rj 2 rl !Lnjl 6Zj !# 5 o~h2p2 !+

Now, by successive applications of Lemma 1,

E @E2~Hn6Zi ,Zl !# 5 E @ui
2 fi

2E~~rj 2 rl !Lnjl Knij 6Zi ,Zl !

3 E~~rj ' 2 rl !Lnj 'l Knij ' 6Zi ,Zl !#

5 O~g2p1 !E @ui
2 fi

2E~6rj 2 rl 6L njl Knij 6Zi ,Zl !

3 E~6rj ' 2 rl 6Knij ' 6Zi ,Zl !#

5 o~g2p1 !,

E @E2~Hn6Zj ,Zl !# 5 dn
2E @~rj 2 rl !

2Lnjl
2 E2~di fi Knij 6Zj !#

5 O~dn
2g2p1 !E @~rj 2 rl !

2L njl dj
2 fj

2 f2j
2# 5 o~g2p1 !+

~ii ! j1 5 O~g2~m11q1! ! 1 o~dn
2!+ Indeed, by a similar reasoning to~i!,

E @E2~Hn6Zi !# 5 E @ui
2 fi

2E2~Knij E~~rj 2 rl !Lnjl 6Zj !6Zi !#

5 O~g2~m11q1! !E @ui
2 fi

2E2~Knij !# 5 O~g2~m11q1! !,

E@E2~Hn6Zj !# 5 E @E2~ui fi ~rj 2 rl !Lnjl Knij 6Zj !# 5 O~g2~m11q1! !,

E @E2~Hn6Zl !# 5 E @E2~~rj 2 rl !Lnjl E~ui fi Knij 6Zj !6Zl !#

5 dn
2E @E2~~rj 2 rl !Lnjl dj fj f2j 6Zl !# 5 o~dn

2!+
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~iii !

E~Hn! 5 E @ui fi ~rj 2 rl !Lnjl Knij #

' dn E @~rj 2 rl !Lnjl dj fj f2j #

' O~dng~m11q1! !E @dj fj f2j # 5 O~dng~m11q1! !+

~iv! j3 5 o~g2p1h2p2 !, asE @Hn
2# 5 E @ui

2 fi
2~rj 2 rl !

2Lnjl
2 Knij

2 # 5 o~g2p1h2p2 !+

Collecting results, E~nhp202I2,1!2 5 dn
2n2hp2O~g2~m11q1! ! 1 nhp2O~g2~m11q1! ! 1

o~dn
2nhp2 ! 1 o~1! 1 o~hp20g p1 ! 1 o~ngp1 !21+ n

PROPOSITION 6+ nhp202I2,3 5 op~1!+

Proof+ I2,3 is a U-statistic with kernelHn~Zi ,Zj ,Zk,Zl ! 5 uk~rj 2 rl !Lnik 3
Lnjl Knij + Using a reasoning similar to the one followed in Proposition 5, it is
not difficult to show that thisU-statistic is such thatj4 5 o~h2p2g22p1 !, j3 5
o~g2p1h2p2 ! 1 o~g22p1 !, j2 5 o~g2p1 !, j1 5 O~g2~m11q1! !, and E @Hn# 5 0+
Hence, E~nhp202I2,3!2 5 nhp2O~g2~m11q1! ! 1 o~hp20g p1 !@1 1 ~ngp1 !21# 1
o~ngp1 !21 1 o~ngp1 !22+ n

PROPOSITION 7+ nhp202I3 5 nhp202Op~g2~m11q1! ! 1 op~1!+

Proof+ I3 is a U-statistic with kernelHn~Zi ,Zj ,Zk,Zl ! 5 ~ri 2 rk!~rj 2 rl ! 3
LnikLnjl Knij + Similarly to the proof of Proposition 5 forI2,3, we can show that
j4 5 o~h2p2g22p1 !, j3 5 o~h2p2g2p1 ! 1 o~g22p1 !, j2 5 o~g2p1 !, j1 5
o~g2~m11q1! !+ On the other hand,

E @Hn# 5 E @~ri 2 rk!~rj 2 rl !LnikLnjl Knij # 5 O~g2~m11q1! !,

so thatE~nhp202I3!2 5 n2hp2O~g4~m11q1! ! 1 o~1!+ n

4.1.3. The Remaining Terms

PROPOSITION 8+ nhp202I1,1 5 dn
2nhp202op~1! 1 dn!nhp202op~1! 1 op~1!+

Proof+ We denote~ Zfi
j 2 fi ! by Dfi

j +We haveI1,1 5 ~10n~2! !(a ui Dfi
j uj fj Knij

so that

E~I1,1
2 ! 5 S 1

n~2!D2F(
a

ui Dfi
j uj fj KnijGF(

a

ui ' Dfi '
j ' uj ' fj 'Kni 'j 'G ,

where the first~respectively, the second! sum is taken over all arrangements of
different indicesi and j ~respectively, different indicesi ' and j '!+

Let PX1 be thes-algebra generated by all theX1i ’s and ln be E @D2fi
j 6Zi ,

Zj ,Zi ' ,Zj '# , which iso~1! uniformly by Lemma 2+We consider three situations+
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~i! All indices are different: n~4! terms+

E @ui Dfi
j uj fj Knij ui ' Dfi '

j ' uj ' fj 'Kni 'j ' #

5 dn
4E @Dfi

j fj Dfi '
j ' fj ' E~di dj di ' dj 'Knij Kni 'j ' 6 PX1!#

5 dn
4E @ fj fj ' di dj di ' dj 'Knij Kni 'j ' E~Dfi

j Dfi '
j ' 6Zi ,Zj ,Zi ' ,Zj ' !#

5 dn
4ln E6 fj fj ' di dj di ' dj 'Knij Kni 'j ' 65 O~dn

4ln!+

~ii ! One index is common to$i, j % and$i ', j '%: 4n~3! terms+

~i ' 5 i ! E @ui
2Dfi

j uj fj Knij Dfi
j 'uj ' fj 'Knij ' #

5 dn
2E @Dfi

j fj Dfi
j ' fj ' E~ui

2dj dj 'Knij Knij ' 6 PX1!#

5 dn
2ln E6 fj fj 'ui

2dj dj 'Knij Knij ' 65 O~dn
2ln!,

~ j ' 5 j ! E @ui Dfi
j uj

2 fj
2Knij ui ' Dfi '

j Kni 'j #

5 dn
2E @Dfi

j fj
2Dfi '

j E~di uj
2di 'Knij Kni 'j 6 PX1!#

5 dn
2ln E6 fj2di uj

2di 'Knij Kni 'j 65 O~dn
2ln!,

~i ' 5 j ! E @ui Dfi
j uj

2 fj Knij Dfj
j ' uj ' fj 'Knjj ' #

5 dn
2E @Dfi

j fj Dfj
j ' fj ' E~di uj

2dj 'Knij Knjj ' 6 PX1!#

5 dn
2ln E6 fj fj ' di uj

2dj 'Knij Knjj ' 65 O~dn
2ln!+

The casej ' 5 i is similar to i ' 5 j+
~iii ! Two indices in common to$i, j % and$i ', j '%: 2n~2! terms+ We have

E @ui
2uj

2~Dfi
j !2fj

2Knij
2 # 5 O~ln0hp2 ! and

E @ui
2uj

2Dfi
j Dfj

i fi fj Knij
2 # 5 O~ln0hp2 !+

Therefore,

E~nhp202I1,1!2 5 dn
4n2hp2O~ln! 1 dn

2nhp2O~ln! 1 O~ln!+

The proposition then follows fromln 5 o~1! uniformly ~see Lemma 2!+ n

PROPOSITION 9+ nhp202I1,2 5 dn
2nhp202op~1! 1 dn!nhp202op~1! 1 op~1!+

Proof+ The proof is very similar to the proof of Proposition 8 forI1,1 and is
not reported+
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PROPOSITION 10+ nhp202I1,4 5 dn
2nhp202op~1! 1 dn!nhp202op~1! 1 op~1!+

Proof+ We denote ~ Zfi
j, l 2 fi ! by Dfi

j, l + We have I1,4 5 ~10n~3! ! 3

(a ui Dfi
j, l ul Lnjl Knij and

E~I1,4
2 ! 5 S 1

n~3!D2F(
a

ui Dfi
j, l ul Lnjl KnijGF(

a

ui ' Dfi '
j ', l ' ul ' Lnj 'l 'Kni 'j 'G,

where the first~respectively, the second! sum is taken over all arrangements
of pairwise different indicesi, j, and l ~respectively, pairwise different indices
i ', j ', and l '!+ Let PX1 be thes-algebra generated by all theX1i ’s and whereln

is E @D2fi
j, l 6Zi ,Zj ,Zl ,Zi ' ,Zj ' ,Zl ' # , which is o~1! uniformly by Lemma 2+ We

consider four situations and employ a similar strategy as in the proof of
Proposition 8+

~i! All indices are different: n~6! terms+

E @ui Dfi
j, l ul Lnjl Knij ui ' Dfi '

j ', l ' ul ' Lnj 'l 'Kni 'j ' #

5 dn
4E @Lnjl Lnj 'l ' di dl di ' dl 'Knij Kni 'j ' E~Dfi

j, l Dfi '
j ', l ' 6Zi ,Zj ,Zl ,Zi ' ,Zj ' ,Zl ' !#

5 O~dn
4ln!+

~ii ! One index is common to$ i, j, l % and $ i ', j ', l ' %: 9n~5! terms+ For case~ i ' 5 i !,
E @ui

2Dfi
j, l ul Lnjl Knij Dfi

j ', l ' ul ' Lnj 'l 'Knij ' # 5 dn
2E @Dfi

j, l Lnjl Dfi
j ', l ' Lnj 'l 'ui

2dl dl ' 3
Knij Knij ' # 5 O~dn

2ln!+ Similar computations for the other cases lead to the same
result+

~iii ! Two indices are common to$i, j, l % and$i ', j ', l '%: 18n~4! terms+

~i 5 i ' and j 5 j ' !

E @ui
2Dfi

j, l ul Lnjl Dfi
j, l ' ul ' Lnjl 'Knij

2 # 5 dn
2E @Dfi

j, l Lnjl Dfi
j, l ' Lnjl 'ui

2dl dl 'Knij
2 #

5 O~dn
2ln0hp2 ! 5 O~ln0hp2 !,

~i 5 i ' and l 5 l ' !

E @ui
2Dfi

j, l ul
2Lnjl Knij Dfi

j ', l Lnj 'l Knij ' # 5 ~ln0g p1 !E @ui
2ul

2Lnjl Knij Knij ' #

5 O~ln0g p1 !,

In other cases, similar computations lead to eitherO~ln0g p1 ! or O~ln0hp2 !+
~iv! Three indices are common to$i, j, l % and $i ', j ', l '%: 6n~3! terms+ For instance, if

~i 5 i ', j 5 j ', and l 5 l '!, E @ui
2~Dfi

j, l !2ul
2Lnjl

2 Knij
2 # 5 O~ln0~g p1hp2 !!+ In the

remaining cases, the corresponding expectations are allO~ln0~g p1hp2 !!+

Therefore from~4+2! we get

E @nhp202I1,4# 2 5 dn
4n2hp2O~ln! 1 dn

2nhp2O~ln! 1 hp20g p1O~ln! 1 O~ln!

1 ~ngp1 !21O~ln!+

The proposition then follows fromln 5 o~1! uniformly ~see Lemma 2!+ n
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PROPOSITION 11+ nhp202I2,2 5 dn
2nhp202op~1! 1 dn!nhp202op~1! 1 op~1!+

Proof+ The proof is very similar to the proof of Proposition 10 forI1,4 and is
not reported+

4.1.4. Lemmas

LEMMA 1 + For any function l~{! [ U p and any integrable kernel K~{!,

sup
x[Rp *E l ~X !

1

hp KS x 2 X

h
D dX2 l ~x!EK~u! du* r 0+

Proof+ This result comes from the well-known Bochner lemma+

LEMMA 2 + If the density f1~X1! [ U p1 and ngp1 r `, E @D2fi
j 6Zi ,

Zj ,Zi ' ,Zj '# 5 o~1! and E@D2fi
j, l 6Zi ,Zj ,Zl ,Zi ' ,Zj ' ,Zl ' # 5 o~1! uniformly in the

indices+

Proof+ From the definition ofDfi
j ,

E @D2fi
j 6Zi ,Zj ,Zi ' ,Zj ' # 5 E @~ Zfi

j 2 E~ Zfi
j 6Zi ,Zj ,Zi ' ,Zj ' !!

2 6Zi ,Zj ,Zi ' ,Zj ' #

1 @E~ Zfi
j 6Zi ,Zj ,Zi ' ,Zj ' ! 2 fi #

2+

Because Zfi
j 2 E~ Zfi

j 6Zi ,Zj ,Zi ' ,Zj ' ! 5 ~n 2 2!21 (kÓ$i, j, i ', j ' % ~Lnik 2 E~Lnik6Zi !!,
whose summands are, conditional onZi , independent with zero mean,

E @~ Zfi
j 2 E~ Zfi

j 6Zi ,Zj ,Zi ' ,Zj ' !!
2 6Zi ,Zj ,Zi ' ,Zj ' #

# ~n 2 2!22 (
kÓ$i, j, i ', j ' %

E~Lnik
2 6Zi ! 5 O~n21g2p1 !+

As

E~ Zfi
j 6Zi ,Zj ,Zi ' ,Zj ' !

5 ~n 2 2!21 @Lnii ' 1 Lnij ' 1 ~n 2 4!E~Lnik6Zi !# ,

@E~ Zfi
j 6Zi ,Zj ,Zi ' ,Zj ' ! 2 fi #

2

5 F 1

n 2 2
~Lnii ' 1 Lnij ' 2 fi ! 1

n 2 4

n 2 2
E~Lnik 2 fi 6Zi !G2

# @O~n21g2p1 ! 1 O~n21! 1 o~1!# 2 5 o~1!+

The proof for the second part is similar and is therefore not reported+ n
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4.2. Proof of Corollary 1

Let ui 5 Yi 2 c+ As Yi 2 Yk 5 ~ui 2 uk!, and asK~{! is even, we have

Vn
* 5

1

n~2! (
a

ui uj Knij 2
2

n~3! (
a

ui ul Knij 1
1

n~4! (
a

ukul Knij

5 V0n
* 2 2V1n

* 1 V2n
* +

Each of these terms can be studied using the same techniques as in the proof of
Theorem 1, so that we have

nhp202V0n
* 5 An

* 1 dn
2nhp202mn

*1 dn!nhp202Bn
*,

whereAn
* d

&& N~0,v*2!, mn
*r m*, Bn

* d
&& 2N~0,j*2 d2m*2!, with d 5 limnr` dn

andj* 5 E @~Y2 c!2d2~X2! f 2~X2!# , nhp202V1n
* 5 dn!nhp202Op~1! 1 op~1! and

nhp202V2n
* 5 op~1!+ Collecting results, it follows that

nhp202Vn
* 5 An

* 1 dn
2nhp202mn

*1 dn!nhp202Op~1! 1 op~1!,

whereAn
* d

&& N~0,v*2! andmn
* r m*+ The end of the proof is similar to that of

Theorem 1+ n

NOTES

1+ Another approach uses empirical processes based on residuals of the parametric model~see
Bierens, 1982, 1990; Diebolt, 1995; Stute, 1997!+ Extension of the empirical process approach to
the comparison of two nonparametric models would inevitably also rely on smoothing techniques+

2+ Unpublished related work includes Aït-Sahalia, Bickel, and Stoker~1994!, Gozalo ~1995!,
and Delgado and Gonzalez-Manteiga~1998!+

3+ Fan and Li~1996a! also impose that the two kernelsK~{! andL~{! are product kernels with
the same univariate kernel+

4+ As we consider local alternatives and a finer decomposition ofVn, this prevents us from
using Fan and Li’s~1996! proofs+

5+ One could also consider a more general form of kernel estimators as in Robinson~1983!+
6+ It is always possible to modify our test statistic and make it consistent against some chosen

local !n-alternatives+ This is done by adding to our test statistic a suitableM-test statistic based on
the estimated residuals and by deriving the resulting limiting distribution+

7+ In our setup, we havem1 5 2 andq1 5 1, so that our bandwidths satisfy the conditions of
Theorem 1+
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