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The work of Coifman and Weiss concerning Hardy spaces on spaces of homogeneous
type gives, as a particular case, a de¯nition of Hp(ZN ) in terms of an atomic
decomposition.

Other characterizations of these spaces have been studied by other authors, but it
was an open question to see if they can be de¯ned, as it happens in the classical case,
in terms of a maximal function or via the discrete Riesz transforms.

In this paper, we give a positive answer to this question.

1. Introduction

There are several works related to the general study of Hardy spaces in spaces of
homogeneous type. Let us mention the original de nition given in terms of atoms
by Coifman and Weiss in [4], the work of Mać± as and Segovia in [9], characterizing
these spaces via a grand maximal function, a maximal characterization given by
Uchiyama in [12] and the atomic decomposition given by Han in [7] in the setting of
Triebel{Lizorkin spaces. When we look at the discrete case ZN , we must exclude the
last two mentioned papers, because they work under the restriction of considering
spaces of homogeneous type with no points of positive measure.

In the one-dimensional case, some work has been done in order to study some
other characterizations of Hardy spaces on Z. In [3], the authors studied the equiva-
lence of several de nitions for Hp(Z), the classical one in terms of atoms introduced
in [4], a second one in terms of the discrete Hilbert transform introduced by Eo¬
in [5], and  nally via maximal and square functions. The case N > 1 presented
some technical problems and remained open until now. In this paper we prove the
equivalence with the original atomic de nition of Hp(ZN ), with others in terms of
a discrete maximal function or the discrete Riesz transforms.

In x 2, we extend the maximal de nition of Hp(Z) in terms of the discrete
Poisson kernel given in [3] to an arbitrary dimension and prove, in the range
(N ¡ 1)=N < p 6 1, its equivalence with a de nition in terms of the boundedness in
`p(ZN) of the discrete Riesz transforms, which are the natural substitute in several
variables of the discrete Hilbert transform.
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In x 3, we shall show that the maximal de nition of Hp(ZN) is equivalent with
the atomic characterization, proving in this way that these new spaces agree with
the original one of [4].

We shall use the standard notation about multi-indexes due to Schwartz.
We shall write f º g to indicate the existence of two positive universal constants

A and B, so that Af 6 g 6 Bf and constants such as C may change from one
occurrence to the next.

Also, for a function F de ned in RN , we shall use the notation F d to indicate
the sequence fF (n)gn2 ZN whenever a di¬erent de nition is not explicitly written.

We shall write ? to indicate the convolution between two sequences.
Let ER be the set of slowly increasing C 1 functions f with supp f̂ » [ ¡ R; R]N .

The elements of ER are functions of exponential type. It is a well-known fact that
if a function is in Lp(RN ) and its Fourier transform has compact support on, say,
the cube ( ¡ 1

2
; 1

2
)N , then its Lp(RN )-norm is comparable to the `p(ZN )-norm of its

samples on the set ZN , that is (see [2]), if g 2 ER with R < 1
2 , then, for 0 < p < 1,

kgkLp(RN ) º kg d k`p(ZN ): (1.1)

In [3] (see also [1]), some useful extensions of (1.1) were proved.

Theorem 1.1. Let 0 < p, q 6 1 and 0 < R < 1
2
. Let fgt(¢)gt>0 be a family of

jointly measurable functions in ER. Then

X

n 2 ZN

µZ 1

0

jgt(n)jq dt

t

¶p=q

º
Z

RN

µZ 1

0

jgt(x)jq dt

t

¶p=q

dx:

The inequality 6 holds without any restriction on R.

2. Discrete Hardy spaces of several variables

As we did in [3] for one variable, we can consider the following maximal de nition
of Hardy spaces on ZN .

Definition 2.1. Let 0 < p 6 1 and let us consider the discrete Poisson kernel

P d
t (n) = CN

t

(t2 + n2)(N + 1)=2
; n 6= 0; P d

t (0) = 0;

where CN is a normalized constant depending on the dimension. Then we de ne

Hp
m ax(ZN ) = fa 2 `p(ZN); sup

t>0
jP d

t ? aj 2 `p(ZN )g;

with the p-norm

kakH
p
max(ZN ) = kak`p(ZN ) + k sup

t>0
jP d

t ? ajk`p(ZN ):

As we mentioned in x 1, we shall also consider the restriction to ZN of the Riesz
kernel Rj of order j in RN , that is,

Rd
j (m) =

mj

jmjN + 1
; para 1 6 j 6 N; if m = (m1; : : : ; mN) 2 ZN n f0g;
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and Rj(0) = 0. The discrete Riesz transforms, R d
j , applied to a sequence a are the

convolution operators

(Rd
j a)(m) = (R d

j ? a)(m) =
X

n6= m

a(n)
mj ¡ nj

jm ¡ njN + 1
:

In the same way as we did in dimension N = 1 in terms of the discrete Hilbert
transform (see [3,5]), we can give the following de nition.

Definition 2.2. Let 0 < p 6 1 and let us de ne

Hp
Ries z(Z

N ) = fa 2 `p(ZN) : R d
j a 2 `p(ZN ); 1 6 j 6 Ng;

with the p-norm

kakH
p
Riesz(ZN ) = kak`p(ZN ) +

NX

j = 1

kR d
j ak`p(ZN ):

In order to prove the equivalence of the spaces introduced above (theorem 2.6),
we need some previous results.

We shall denote by Rj(x) = xj=jxjN + 1 the usual kernel in RN that de nes the
Riesz transform of order j, and we also write, for a function f in RN ,

Rjf = p: v:(Rj ¤ f );

whenever it makes sense.

Lemma 2.3. Let k > 1 be a ¯xed integer, let ’ 2 S(RN ) such that
Z

RN

’ dx = 1

and, for k > 2, let Z

RN

x ¬ ’(x) dx = 0

for every multi-index ¬ with 1 6 j¬ j 6 k ¡ 1. Then

jRj’1=t(x
0) ¡ Rj(x0)j 6 C=tk

uniformly in x0 2 § N¡1 (the (N ¡ 1)-dimensional sphere).

Proof. First of all, we observe that we can write, for any f 2 S(RN ) and x0 2 § N¡1,

Rjf (x0) =

Z

jyj6 2=3

1
2Rj(y)f (x0 ¡ y) ¡ f (x0 + y) dy

+

Z

jyj>2=3

Rj(y)f (x0 ¡ y) dy = I1 + I2:

By the mean-value theorem, we have

jI1j 6
Z

jyj6 2=3

C

jyjN jrf (z(y))jjyj dy;

https://doi.org/10.1017/S0308210500001517 Published online by Cambridge University Press

https://doi.org/10.1017/S0308210500001517
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where z(y) 2 [x0 ¡ y; x0 + y]. If now f = ’1=t, then jr(’1=t)(z)j = tj ª 1=t(z)j, where
ª = jr’j. Since z(y) 2 [x0 ¡ y; x0 + y] » B(x0; 2

3 ) » B(0; 1
3 )c, we have jz(y)j > 1

3 .
Therefore, using the decay of ’, we have

jI1j 6
Z

jyj6 2=3

C

jyjN¡1
O

µ
1

tk

¶
dy 6 O

µ
1

tk

¶
:

For I2, we obtain that

I2 =

Z

jyj>2=3; jx 0 ¡yj6 jyj=2

Rj(y)’1=t(x
0 ¡ y) dy

+

Z

jyj>2=3; jx 0 ¡yj>jyj=2

Rj(y)’1=t(x
0 ¡ y) dy = I3 + I4:

For I4, we use the fact that jRj(y)j 6 C on jyj > 2
3 and, again, the decay of ’ to

obtain

jI4j 6
Z

jyj>2=3; jx 0 ¡yj>jyj=2

C j’1=t(x
0 ¡ y)j dy 6 C

Z

jzj>1=3

j’1=t(z)j dz = O

µ
1

tk

¶
:

Let Pk¡1[Rj; x0] be the Taylor polynomial of degree k ¡ 1 of Rj in x0. Using the
assumptions on ’, we have that

I3 ¡ Rj(x0)

=

Z

jyj>2=3; jx 0 ¡yj6 jyj=2

Rj(y)’1=t(x
0 ¡ y) dy

¡
X

06 j ¬ j6 k¡1

1

j ¬ j!
@ ¬ Rj

@x ¬
(x0)

Z

RN

(y ¡ x0) ¬ ’1=t(x
0 ¡ y) dy

=

Z

jyj>2=3; jx 0 ¡yj6 jyj=2

(Rj(y) ¡ Pk¡1[Rj; x0](y))’1=t(x
0 ¡ y) dy

¡
X

06 j ¬ j6 k¡1

1

j ¬ j!
@ ¬ Rj

@x ¬
(x0)

Z

jyj<2=3 [ jx 0 ¡yj>jyj=2

(y ¡ x0) ¬ ’1=t(x
0 ¡ y) dy

= I5 ¡
k¡1X

j ¬ j = 0

I6:

For every term in I6, we use ¯̄
¯̄@ ¬ Rj

@x ¬
(x0)

¯̄
¯̄ 6 C

uniformly in x0 2 § N¡1, and the fact that for jyj < 2
3
, 1

3
6 jx0 ¡ yj 6 5

3
, to obtain

Z

jyj<2=3

jy ¡ x0jj ¬ jj’1=t(x
0 ¡ y)j dy 6 C

Z

jzj> 1=3

j’1=t(z)j dz = O

µ
1

tk

¶
:
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On the other hand, if jx0 ¡ yj > 1
2
jyj and jyj > 2

3
, we have jx0 ¡ yj > 1

3
, and therefore

Z

jx 0 ¡yj>jyj=2

jy ¡ x0jj ¬ jj’1=t(x
0 ¡ y)j dy 6 C

Z

jzj> 1=3

jzjj¬ jtN

(1 + jzjt)M
dz = O

µ
1

tk

¶
;

where we have taken M = N + j¬ j + k.
For I5, we use the decay of ’ to obtain

jI5j 6
Z

jyj>2=3; jx 0 ¡yj6 jyj=2

Cjy ¡ x0jk tN

(1 + tjx0 ¡ yj)M
dy

6 1

tk

Z

RN

tN

(1 + tjx0 ¡ yj)M¡k
dy

= O

µ
1

tk

¶
:

Corollary 2.4. If ’ 2 S(RN ) and k > 1 are as in the previous lemma,

(Rj’)(x) = Rj(x) + O

µ
1

jxjN + k

¶

for every x 2 RN n f0g.

Proof. If x0 = x=jxj 2 § N¡1, we observe that

(Rj’)(x) = jxj¡NRj’1=jxj(x
0)

and, as a consequence of the previous lemma,

Rj’1=jxj(x
0) ¡ Rj(x0) = O

µ
1

jxjk

¶
:

Therefore,

(Rj’)(x) ¡ Rj(x) = jxj¡N(Rj’1=jxj(x
0) ¡ Rj(x0)) = O

µ
1

jxjN + k

¶
:

Lemma 2.5. Let ’ 2 S(RN ) be such that ’̂ ² 1 in a neighbourhood of zero and
0 < p < 1. Then

fsup
t>0

jPt(n) ¡ (Pt ¤ ’)(n)jgn 2 ZN nf0g 2 `p(ZN):

Proof. We write

(Pt ¤ ’)(n) ¡ Pt(n) =

Z

RN

e¡2 º tj ¹ j(’̂( ¹ ) ¡ 1)e2º in¢¹ d ¹ : (2.1)

If we denote by Ht( ¹ ) = e¡2 º tj ¹ j(’̂( ¹ ) ¡ 1), we observe that the hypotheses as-
sumed on ’̂ imply that Ht 2 C 1 (RN), the partial derivative of Ht with respect to
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every multi-index ¬ is uniformly bounded on t > 0, and

lim
j¹ j! 1

@ ¬ Ht

@¹ ¬
( ¹ ) = 0:

Hence, if ni1
; : : : ; nik

are the non-vanishing components not equal to zero of
n = (n1; : : : ; nN ), and we integrate by parts repeatedly in the integral (2.1) with
respect to the corresponding variables ¹ i1 ; : : : ; ¹ ik , we have

(Pt ¤ ’)(n) ¡ Pt(n) =
1

(2 º i)jjjnj1

i1
: : : njk

ik

Z

RN

@jHt

@¹ j
( ¹ )e2º in¢¹ d ¹ ;

where j1; : : : ; jk are the non-vanishing components of the multi-index j that corre-
spond to the variables ¹ i1 ; : : : ; ¹ ik , respectively. From here, we obtain that

j(Pt ¤ ’)(n) ¡ Pt(n)j = O

µ
1

jni1 jj1 : : : jnik jjk

¶
:

Taking j1; : : : ; jk big enough, depending on p, we get the result.

Theorem 2.6. Let (N ¡ 1)=N < p 6 1, then

Hp
Ries z(ZN) = Hp

m ax(ZN );

with equivalent Hp-norms.

Proof. Let 0 < R < 1
2

and let ’ be a radial function of ER such that ’̂ ² 1 in a
neighbourhood of zero. Take a 2 Hp

Ries z(ZN ) and set

g(x) =
X

n 2 ZN

a(n)’(x ¡ n) 2 L2(RN) \ ER:

Using Fourier’s inversion theorem, it follows that, for all 1 6 j 6 N and x 2 RN ,

(Rjg)(x) =

µ
¡ iCN

¹ j

j¹ j ĝ( ¹ )

¶_
(x)

=

Z

RN

¡ iCN
¹ j

j¹ j
X

n 2 ZN

a(n)e¡2 º in¢ ¹ ’̂( ¹ )e2 º ix¢ ¹ d ¹

=
X

n 2 ZN

a(n)

Z

RN

¡ iCN
¹ j

j¹ j ’̂( ¹ )e2º i(x¡n)¢¹ d ¹

=
X

n 2 ZN

a(n)(Rj’)(x ¡ n): (2.2)

Corollary 2.4 tell us that, for every natural number k > 1, if m 2 ZN n f0g,

(Rj’)(m) = Rj(m) + O

µ
1

jmjN + k

¶
:
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Since ’ is radial, Rj’(0) = 0. Then, from (2.2) and taking into account the above
formula k > N (1=p ¡ 1), we obtain that

k(Rjg) d ¡ R d
j akp

`p(ZN )
6 C

X

m

µ X

n6= m

ja(n)j 1

jm ¡ njN + k

¶p

6 C
X

m

µ X

n6= m

ja(n)jp 1

jm ¡ nj(N + k)p

¶

6 Ckakp
`p(ZN )

:

As a consequence of this estimate and (1.1) applied to the function Rjg of expo-
nential type, we can deduce that

NX

j = 1

kRjgkLp(RN ) 6 C

NX

j = 1

k(Rjg) d k`p(ZN )

6 C

µ
kak`p(ZN ) +

NX

j = 1

kR d
j ak`p(ZN )

¶

= CkakH
p
Riesz(ZN ): (2.3)

Since g 2 L2(RN), we can use the known characterization of Hp(RN) in terms
of Riesz transforms (see [10]) for the range (N ¡ 1)=N < p 6 1 to deduce that
g 2 Hp(RN ). Moreover, from (2.3), we obtain that

k sup
t>0

jPt ¤ gjkLp(RN ) 6 C

µ
kgkLp(RN ) +

NX

j = 1

kRjgkLp(RN )

¶
6 CkakH

p
Riesz(ZN ); (2.4)

where we have also used the fact that, for 0 < p 6 1,

kgkLp(RN ) 6 Ckak`p(ZN ) 6 CkakH
p
Riesz(ZN ):

Now, since a 2 Hp
Ries z(Z

N ) » `p » `1 and Pt 2 L1(RN), we write, for each t > 0
and x 2 RN ,

(Pt ¤ g)(x) =
X

n 2 ZN

a(n)(Pt ¤ ’)(x ¡ n):

Therefore, if P ’
t = Pt ¤ ’, lemma 2.5 and theorem 1.1 imply that

k sup
t>0

jP d
t ? ajk`p(ZN ) 6 C(kak`p(ZN ) + k sup

t>0
jP ’

t ? ajk`p(ZN ))

= C(kak`p(ZN ) + k sup
t>0

j(Pt ¤ g) d jk`p(ZN ))

6 C(kak`p(ZN ) + k sup
t>0

jPt ¤ gjkLp(RN )): (2.5)

From (2.4) and (2.5) we conclude that

kakH
p
max(ZN ) 6 CkakH

p
Riesz(ZN ):

A similar argument proves the embedding Hp
m ax(ZN ) ,! Hp

Ries z(ZN).
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From now on, we shall write Hp(ZN) to represent the space Hp
m ax(ZN ), 0 < p 6 1.

In the same way that it was done in [3] for one variable, the discrete Poisson
kernel P d

t can be substituted by © d
t , where © d

t (n) = t¡N © (n=t) if n 6= 0, © d
t (0) = 0,

with © a function in the Schwartz class with
Z

RN

© = 1:

Theorem 2.7. Let 0 < p 6 1 and let © 2 S be such that
Z

RN

© = 1:

Then

kak`p(ZN ) + k sup
t>0

j© d
t ? ajk`p(ZN ) º kakHp(ZN )

for every a 2 Hp(ZN).

In relation to this last theorem, we can prove the following proposition about the
boundedness of some discrete maximal operators on Hp(ZN), which will be useful
in the next section.

Proposition 2.8. Let 0 < p 6 1 and © 2 S(RN). The discrete maximal operator
with kernel © d

t is bounded from Hp(ZN) into `p(ZN ), that is, there exists some
positive constant C > 0, independent of a, such that

k sup
t>0

j© d
t ? ajk`p(ZN ) 6 CkakHp(ZN ):

Proof. For a 2 Hp(ZN), and ’ 2 S(RN) \ ER such that ’̂ ² 1 in a zero neighbour-
hood, let us construct the function

g(x) =
X

n 2 ZN

a(n)’(x ¡ n):

As in theorem 2.6, we can show that g 2 Hp(RN ) \ L2(RN). Moreover,

kgkHp(RN ) = k sup
t>0

jPt ¤ gjkLp(RN ) 6 CkakHp(ZN ): (2.6)

On the other hand, we can write for each t > 0 and m 2 ZN , that

( © t ¤ g)(m) = (( © t ¤ ’) d ? a)(m):

If © ’
t = ( © t ¤ ’) d , we deduce, as a consequence of theorem 1.1 and (2.6), that

k sup
t>0

j© ’
t ? ajk`p(ZN ) = k sup

t>0
j( © t ¤ g) d jk`p(ZN )

6 Ck sup
t>0

j© t ¤ gjkLp(RN )

6 CkgkHp(RN )

6 CkakHp(RN ); (2.7)
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where we have used the fact that the maximal operator associated to the kernel
f © tgt>0 is bounded from Hp(RN) to Lp(RN ), which can be easily proved from the
decay of © using the atomic decomposition of the space Hp(RN) (see [8]).

Now, with a similar proof to that of lemma 2.5, we obtain that

f( © t ¤ ’)(n) ¡ © t(n)gn 2 ZN nf0g 2 `p(ZN);

and thus, as a consequence of (2.7), we conclude that

k sup
t>0

j © d
t ? ajk`p(ZN ) 6 C(kak`p(ZN ) + k sup

t>0
j© ’

t ? ajk`p(ZN )) 6 CkakHp(ZN ):

3. Atomic decompositions for sequences in Hp(ZN)

In order to prove the connection with the atomic version of the Hardy spaces on ZN

introduced in [4], we need the following result that relates sequences a in Hp(ZN)
and functions in Hp(RN) constructed from a (see also [3,11]).

Theorem 3.1. Let 0 < p 6 1 and a 2 Hp(ZN). If ¿ 2 L2(RN), with supp ¿ »
fjxj 6 Ag, then

f (x) =
X

n 2 ZN

a(n) ¿ (x ¡ n) 2 Hp(RN):

Moreover, there exists a constant C = C(p; N ) such that

kfkHp(RN ) 6 CkakHp(ZN ):

Proof. To estimate kfkHp(RN ), we shall use the maximal characterization of the

spaces Hp(RN), with the kernel a function ª 2 S with supp ª » B(0; 1) (see [6]).
Therefore, we write

k sup
t>0

j ª t ¤ f jkp
Lp(RN )

=

Z

RN

sup
t>0

¯̄
¯̄
Z

RN

X

n 2 ZN

a(n) ª t(x ¡ y) ¿ (y ¡ n) dy

¯̄
¯̄
p

dx

=
X

m2 ZN

Z

m + [0;1)N

sup
t>0

¯̄
¯̄
Z

RN

ª t(x ¡ y)

µ X

jn¡mj6 C0

+
X

jn¡mj>C0

¶

£ (a(n) ¿ (y ¡ n)) dy

¯̄
¯̄
p

dx

6
X

m2 ZN

Z

m + [0;1)N

sup
t>0

¯̄
¯̄

X

jn¡mj6 C0

a(n)

Z

RN

ª t(x ¡ y) ¿ (y ¡ n)) dy

¯̄
¯̄
p

dx

+
X

m2 ZN

Z

m+ [0;1)N

sup
t>0

¯̄
¯̄
Z

RN

X

jn¡mj>C0

a(n) ¿ (y ¡ n)( ª t(x ¡ y)

¡ PN0 [ª t; m ¡ n](x ¡ y)) dy

¯̄
¯̄
p

dx
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+
X

m2 ZN

Z

m+ [0;1)N

sup
t>0

¯̄
¯̄
Z

RN

X

jn¡mj>C0

a(n) ¿ (y ¡ n)

£ PN0 [ª t; m ¡ n](x ¡ y) dy

¯̄
¯̄
p

dx

= (I) + (II) + (III);

where PN0
[ª t; m ¡ n](x ¡ y) denotes the Taylor polynomial of degree

N0 = [N (1=p ¡ 1)]

of ª t in m ¡ n at the value x ¡ y.
Being ¿ 2 L2(RN), the maximal function supt>0 jª t ¤ ¿ j is locally integrable and

we can estimate (I) as follows:

(I) =
X

m 2 ZN

Z

m + [0;1)N

sup
t>0

¯̄
¯̄

X

jn¡mj6 C0

a(n)( ª t ¤ ¿ )(x ¡ n)

¯̄
¯̄
p

dx

6
X

m 2 ZN

X

jm¡nj6 C0

ja(n)jp
Z

m¡n + [0;1)N

sup
t>0

jª t ¤ ¿ jp(x) dx 6 Ckakp
`p(ZN )

:

To estimate (II), we observe that, for every multi-index ¬ such that j¬ j = N0 + 1,
for all M > 0 and 0 < ³ < 1,

jD ¬ ª t(m ¡ n ¡ ³ (x ¡ y ¡ m + n))(x ¡ y ¡ m + n) ¬ j

6 Ct¡N¡N0¡1

µ
1 +

jm ¡ n ¡ ³ (x ¡ y ¡ m + n)j
t

¶¡M

= CtM¡N¡N0¡1(t + jm ¡ n ¡ ³ (x ¡ y ¡ m + n)j)¡M : (3.1)

Since x ¡ m 2 [0; 1)N , jy ¡ nj 6 A and jm ¡ nj > C0, taking C0 large enough, we
get

t + jn ¡ m ¡ ³ (x ¡ y ¡ m + n)j > C jn ¡ mj:

Therefore, if we take M = N + N0 + 1 in (3.1), we obtain that

(II) =
X

m2 ZN

µZ

m + [0;1)N

sup
t>0

¯̄
¯̄
Z

RN

X

jn¡mj>C0

a(n) ¿ (y ¡ n)

£
X

j¬ j = N0 + 1

1

j¬ j!
D ¬ ª t

£ (m ¡ n ¡ ³ (x ¡ y ¡ m + n))

£ (x ¡ y ¡ m + n) ¬ dy

¯̄
¯̄
p¶

dx

6 C
X

m2 ZN

µ X

jn¡mj>C0

ja(n)j
jm ¡ njN + N0 + 1

Z

RN

j¿ (y)j dy

¶p

6 Ckakp
Hp(ZN )

:
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Since supp ª » B(0; 1), (III) can be bounded by means of

(III) =
X

m2 ZN

Z

m+ [0;1)N

sup
t> 1

¯̄
¯̄

X

jn¡mj>C0

a(n)

N0X

j ¬ j = 0

1

j¬ j!
1

tN + j ¬ j (D ¬ ª )

£
µ

m ¡ n

t

¶ Z

RN

¿ (y)(x ¡ m ¡ y) ¬ dy

¯̄
¯̄
p

dx

6
N0X

j ¬ j = 0

X

m 2 ZN

Z

m + [0;1)N

sup
t> 1

¯̄
¯̄

X

jn¡mj>C0

a(n)
1

j¬ j!tj ¬ j (D ¬ ª )t

£ (m ¡ n)

Z

RN

¿ (y)(x ¡ m ¡ y) ¬ dy

¯̄
¯̄
p

dx

6
N0X

j ¬ j = 0

X

m 2 ZN

sup
t> 1

¯̄
¯̄

X

jn¡mj>C0

a(n)
1

j ¬ j! (D
¬ ª )t(m ¡ n)

¯̄
¯̄
p

£
µZ

[0;1)N

¯̄
¯̄
Z

RN

¿ (y)(x ¡ y) ¬ dy

¯̄
¯̄
p

dx

¶

6 kakp
Hp(ZN )

;

where we have used the following application of proposition 2.8:

k sup
t> 1

j(D ¬ ª ) d
t ? ajk`p(ZN ) 6 CkakHp(ZN ):

Therefore, we have obtained

k sup
t>0

j ª t ¤ f jkLp(RN ) 6 CkakHp(RN ):

Let us now recall the de nition of an atom in Hp(ZN) (see [4]).

Definition 3.2. Let 0 < p 6 1. We say that a sequence a = fa(n)gn 2 ZN is an
Hp-atom in ZN if the following conditions hold.

(i) There exists a cube Q in ZN such that supp a » Q.

(ii) kak 1 6 1=(#Q)1=p, where #Q represents the cardinality of Q.

(iii)
P

n ¬ a(n) = 0 for every multi-index ¬ 2 NN with j ¬ j 6 N (p¡1 ¡ 1).

The atomic space Hp
at(ZN ) consists of the space of sequences a such that

a =

1X

j = 0

¶ jaj;

where aj are Hp-atoms and
P 1

j = 0 j ¶ jjp < 1. Moreover,

kakH
p
at(ZN ) = inf

½µX

j

j¶ ijp
¶1=p¾

;

where the in mum is taking over all possible representations of a as above.
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The standard proof in the setting of homogeneous-type spaces shows the follow-
ing.

Theorem 3.3. Let 0 < p 6 1. Then the space Hp
at(ZN) is continuously embedded

in Hp(ZN ).

With the aim of getting an atomic decomposition for sequences in Hp(ZN), we
must construct, for each k = [N (1=p ¡ 1)], some auxiliary functions in RN , say Ck,
with some special conditions (see [3] for the case N = 1). The required properties
for Ck are the following.

(i) supp Ck » [ ¡ 1
2(k + 1); 1

2 (k + 1)]N = Qk.

(ii) If k is even and m 2 ZN , Ck must be a polynomial of degree less than or
equal to k over any cube of the form m + [ ¡ 1

2
; 1

2
]N . (From now on, we shall

restrict ourselves to the case of k an even integer, in the remark that follows
theorem 3.7 we shall hint the necessary changes for k odd integer.)

(iii) For every multi-index j 2 NN such that 0 6 jjj 6 k,

X

m2 ZN

mjCk(x ¡ m) = Pj(x); x 2 RN ;

where Pj is a polynomial of degree jjj  xed by the following condition

Z

n + [¡1=4;1=4]N

Pj(x) dx = nj for each n 2 ZN (3.2)

(if n = j = 0, we shall understand that nj = 1).

Let us now prove that (3.2) determines in a unique way the polynomials Pj .

Lemma 3.4. For each j 2 NN , there exists a unique polynomial Pj(x) of degree jjj
that veri¯es (3.2).

Proof. Let

Pj(x) =
X

jsj6 jjj

Bs
j xs;

and let us check that the coe¯ cients fBs
j gjsj6 jjj are determined in a unique way.

To do this, we observe that
Z

n+ [¡1=4;1=4]N

Pj(x) dx =
X

jsj6 jjj

Bs
j

Z

[¡1=4;1=4]N

(x + n)s dx

=
X

jsj6 jjj

Bs
j

·Z

[¡1=4;1=4]N

xs¡
X

 6 s

µ
s



¶
n dx

¸

=
X

jsj6 jjj

Bs
j

X

 6 s

µ
s



¶
n Is¡ ;
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where

I¬ =

Z

[¡1=4;1=4]N

x¬ dx:

Therefore, the coe¯ cients Bs
j have to satisfy the following system:

X

j j6 jjj

n

· X

jsj6 jjj; s> 

µ
s



¶
Is¡ Bs

j

¸
= nj 8jjj 6 k:

If  = j, we obtain
I0Bj

j = 1;

from which the coe¯ cient Bj
j is uniquely determined. Now, if  6= j, we have that

X

jsj6 jjj; s> 

µ
s



¶
Is¡ Bs

j = 0: (3.3)

On the other hand, if s >  and jsj 6 j j implies s =  , then if  6= j, but j j = jjj,
equation (3.3) reduces to B

j = 0.
With this remark, we have  xed all coe¯ cients B

j such that j j = jjj. Let us
suppose that we have solved the system of equations given by (3.3), up to  nd
coe¯ cients B

j with jjj ¡ r 6 j j 6 jjj, r > 0 an integer. Now, from (3.3), we obtain
that for j j = jjj ¡ (r + 1),

0 =
X

jsj6 jjj; s> 

µ
s



¶
Is¡ Bs

j

=
X

jjj¡(r + 1)6 jsj6 jjj; s> 

µ
s



¶
Is¡ Bs

j

= I0B
j +

X

jjj¡r6 jsj6 jjj; s> 

µ
s



¶
Is¡ Bs

j ;

and therefore, B
j is uniquely determined.

Lemma 3.5. Fixed Pj as in the previous lemma, for every j multi-index such that
0 6 jjj 6 k, there exist piecewise polynomial functions Ck verifying conditions (i),
(ii) and (iii).

Proof. We represent by

J = fj = (j1; : : : ; jN ) 2 ZN : jjij 6 1
2k; 1 6 i 6 Ng:

We observe that m 2 J if and only if m + [¡ 1
2 ; 1

2 ]N » Qk. For each m 2 J , let Cm
k

be a polynomial of degree less than or equal to k, to be found, such that

Ck(x) = Cm
k (x); x 2 ¡ m + [ ¡ 1

2
; 1

2
]N ;

and write
Cm

k (x) =
X

jjj6 k

Am
j (x + m)j; x 2 ¡ m + [ ¡ 1

2 ; 1
2 ]N ; (3.4)
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with unknown coe¯ cients fAm
j gjjj6 k. In order to verify condition (iii) we impose,

 rst of all, the equations
X

m2 ZN

mjCk(x ¡ m) = Pj(x); x 2 [ ¡ 1
2
; 1

2
]N : (3.5)

Now, if x 2 [¡ 1
2
; 1

2
]N , x ¡ m 2 ¡ m + [ ¡ 1

2
; 1

2
]N and, from (3.4), we get that (3.5) is

equivalent to the fact that, for every 0 6 jjj 6 k,

Pj(x) =
X

m2 J

mj

µ X

jsj6 k

Am
s xs

¶
=

X

jsj6 k

xs

µ X

m 2 J

mjAm
s

¶
; x 2 [¡ 1

2
; 1

2
]N :

Writing, as in the previous lemma,

Pj(x) =
X

jsj6 jjj

Bs
j xs;

if we equal coe¯ cients, we observe that for a  xed multi-index s such that jsj 6 jjj,
the system X

m2 J

mjAm
s = Bs

j ; 0 6 jjj 6 k; (3.6)

holds. And for s such that jsj > jjj, Bs
j = 0.

Given a multi-index s, the system above has (k + 1)N unknowns, fAm
s gm 2 J , and¡

N + k
k

¢
equations. Since the range of the system (3.6) coincides with the number of

equations, we can choose a subset I » J n f0g having cardinality

(k + 1)N ¡
µ

N + k

k

¶

such that

Am
s = 0 for every m 2 I and all jsj 6 k;

and determine the remaining unknowns in a unique way. Then, for m 2 I , Cm
k ² 0.

In such a way, we have constructed a function Ck satisfying conditions (i), (ii)
and equation (3.5). We must now check that (3.5) is also true for all x 2 RN . If
x 2 RN and n 2 ZN is such that x 2 n + [¡ 1

2 ; 1
2 ]N , we have

X

m2 ZN

mjCk(x ¡ m) =
X

m 2 ZN

(m + n)jCk(x ¡ n ¡ m)

=
X

m 2 ZN

µX

¬ 6 j

µ
j

¬

¶
m ¬ nj¡ ¬

¶
Ck(x ¡ n ¡ m)

=
X

¬ 6 j

µ
j

¬

¶
nj¡ ¬ P ¬ (x ¡ n);

where the last equality follows from (3.5), since x ¡ n 2 [¡ 1
2
; 1

2
]N . It is easy to prove

that this last polynomial is equal to Pj , checking that it also veri es condition (3.2),
which, following lemma 3.4, determines Pj . This fact shows us that condition (iii)
is true for all x 2 RN , and so we are done.
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Remark 3.6. From the construction of the functions Ck, we observe that, due
to (3.2) and property (iii),

X

m 2 ZN

Z

[¡1=4;1=4]N

Ck(x ¡ m) dx =

Z

[¡1=4;1=4]N

P0(x) dx = 1;

and for 1 6 jjj 6 k,

X

m 2 ZN

mj

Z

[¡1=4;1=4]N

Ck(x ¡ m) dx =

Z

[¡1=4;1=4]N

Pj(x) dx = 0:

These equations imply that
Z

[¡1=4;1=4]N

Ck(x) dx = 1 and

Z

n + [¡1=4;1=4]N

Ck(x) dx = 0; n 2 ZN n f0g:

(3.7)

Theorem 3.7. Let 0 < p 6 1 and a 2 Hp(ZN). Then there exists a sequence
f ¶ ig 1

i = 0 such that
1X

i= 0

j ¶ ijp < 1

and a set of Hp-atoms in ZN , faig1
i = 0, verifying

a(n) =

1X

i = 0

¶ iai(n); n 2 ZN :

Moreover, for a positive constant C > 0, independent of a, we have that

µ 1X

i = 0

j¶ ijp
¶1=p

6 CkakHp(ZN ):

Proof. First, let us assume that k = [N(1=p ¡ 1)] is even. Let a 2 Hp(ZN), and set

f (x) =
X

n2 ZN

a(n) À [¡1=4;1=4)N (x ¡ n):

By theorem 3.1, f 2 Hp(RN ) and

kfkHp(RN ) 6 CkakHp(ZN ):

Since f is also in L2(RN ), it can be decomposed in terms of Hp-atoms fbigi> 0, that
is,

f(x) =

1X

i = 0

¶ ibi(x) a.e. x 2 RN ;

where
1X

i = 0

j¶ ijp < Ckfkp
Hp(RN )

:
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Let us consider, for every i 2 N, Qi, the smallest cube containing the support of
an atom bi and write

J1 = fi 2 N; jQij > 1=8N g and J2 = fi 2 N; jQij 6 1=8Ng:

If i 2 J1, we have that

kbik1 6 1

jQij1=p
6 8N=p;

and hence the series
X

i 2 J1

¶ ibi(y)

converges for a.e. x 2 RN and in the distributions sense to a function in L2(RN).
Thus, for each m 2 ZN , and Ck the function constructed in the previous lemma,

we get

(f ¤ Ck)(m) =

·µ 1X

i= 0

¶ ibi(¢)
¶

? Ck

¸
(m)

=

Z

[¡(k + 1)=2;(k + 1)=2]N

µ 1X

i = 0

¶ ibi(m ¡ y)

¶
Ck(y) dy

=

Z

[¡(k + 1)=2;(k + 1)=2]N

µX

i 2 J1

¶ ibi(m ¡ y)

¶
Ck(y) dy

+

Z

[¡(k + 1)=2;(k + 1)=2]N

µX

i 2 J2

¶ ibi(m ¡ y)

¶
Ck(y) dy: (3.8)

For the  rst term, using the dominated convergence theorem, we have

Z

[¡(k + 1)=2;(k + 1)=2]N

µX

i 2 J1

¶ ibi(m ¡ y)

¶
Ck(y) dy =

X

i2 J1

¶ i(bi ¤ Ck)(m):

Let us now see that the second term in (3.8) is equal to 0. If we analyse how
the atomic decomposition is obtained for our function f (see [8]), we see that we
can assume that supp bi \ supp f 6= ;. Therefore, if i 2 J2 and l 2 ZN , then either
supp bi » l + [¡ 3

8 ; 3
8 ]N , or supp bi \ (l + [¡ 1

2 ; 1
2 ]N ) = ; and thus

X

i 2 J2

¶ ibi(y) = 0 a.e. y 2 (l + [¡ 1
2
; 1

2
]N ) \ (l + [ ¡ 3

8
; 3

8
]N )c: (3.9)

If, as in the previous lemma, we write

J = fj = (j1; : : : ; jN) 2 ZN ; jjij 6 1
2k; 1 6 i 6 Ng;
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we obtain from (3.9) that
Z

m + [¡(k + 1)=2;(k + 1)=2]N

µX

i 2 J2

¶ ibi(y)

¶
Ck(m ¡ y) dy

=
X

j 2 J

Z

m+ j + [¡1=2;1=2]N

µX

i 2 J2

¶ ibi(y)

¶
Ck(m ¡ y) dy

=
X

j 2 J

Z

m+ j + [¡3=8;3=8]N

µX

i 2 J2

¶ ibi(y)

¶
Ck(m ¡ y) dy:

Now, given j 2 J , let ’j 2 S(RN), with supp ’j ³ m + j + [ ¡ 1
2 ; 1

2 ]N and ’j ² 1
on m + j + [ ¡ 3

8 ; 3
8 ]N . By (3.9), we can write this last equation as

X

j 2 J

µZ

RN

µX

i 2 J2

¶ ibi(y)

¶
’j(y)Ck(m ¡ y) dy

¶
:

Since Ck is equal to a polynomial of degree less than or equal to k on the support
of ’j, we see that ’j(¢)Ck(m ¡ ¢) 2 S(RN ), and hence the above expression is

X

j 2 J

X

i 2 J2

¶ ihbi(¢); Ck(m ¡ ¢)’j(¢)i:

By the cancellation property of the atom bi and the choice of ’j , we can easily
deduce that for every i 2 J2 and j 2 J ,

hbi(¢); Ck(m ¡ ¢)’j(¢)i = hbi(¢); Ck(m ¡ ¢)i = 0;

and therefore
Z

[¡(k + 1)=2;(k + 1)=2]N

µX

i 2 J2

¶ ibi(m ¡ y)

¶
Ck(y) dy = 0:

Consequently, from this argument and (3.7), we have proved that

a(m) =
X

n 2 ZN

a(m ¡ n)

Z

n + [¡1=4;1=4]N

Ck(x) dx

= (f ¤ Ck)(m)

=
X

i 2 J1

¶ i(bi ¤ Ck)(m)

=
X

i 2 J1

¶ iai;k(m): (3.10)

Let us now prove that ai;k = f(bi ¤ Ck)(m)gm are Hp-atoms in ZN . We observe
that the only atoms taking part in (3.10) are those having support in cubes Qi with
jQij > 1=8N and such that ai;k 6² 0. Thus we have the following.

(i) supp ai;k ³ supp(bi ¤ Ck) \ ZN ³ (Qi + [¡ 1
2(k + 1); 1

2 (k + 1)]N) \ ZN ³ Bi;k,
with Bi;k being a ball in ZN . Since jQij > 1=8N , the cardinality of Bi;k can
be estimated as #Bi;k 6 (k + 2 + jQij1=N)N 6 C(k; N)jQij.
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(ii) kai;kk 1 6 kbik 1

Z

RN

jCk(x)j dx 6 C(k)

jQij1=p
6 C(k; p; N )

(#Bi;k)1=p
.

(iii) If 0 6 jjj 6 k, using property (iii) of the functions Ck and the cancella-
tion property of the atoms bi for polynomials of degree less than or equal to
k = [N (1=p ¡ 1)], we have

X

m2 ZN

mjai;k(m) =
X

m2 ZN

mj(bi ¤ Ck)(m)

=
X

m2 ZN

mj

Z

RN

bi(y)Ck(m ¡ y) dy

= ( ¡ 1)jjj
Z

RN

bi(y)Pj( ¡ y) dy

= 0:

On the other hand, we have by theorem 3.1 that

1X

i= 0

j ¶ ijp 6 Ckfkp
Hp(RN )

6 Ckakp
Hp(ZN )

;

and we get the result.

Remark 3.8. If k = [N (1=p ¡ 1)] is odd, we must replace the function f above by

f (x) =
X

n 2 ZN

a(n) À [1=4;3=4]N (x ¡ n); a 2 Hp(ZN):

In this case, the same proof works if we replace conditions (ii) and (iii) for func-
tions Ck by the following ones.

(ii0) Ck must be a polynomial of degree less than or equal to k over any cube of
the form m + [0; 1]N , m 2 ZN .

(iii0) For every multi-index j 2 NN such that 0 6 jjj 6 k,

X

m2 ZN

mjCk(x ¡ m) = Pj(x); x 2 RN ;

where Pj is a polynomial of degree jjj  xed by the condition
Z

n + [1=4;3=4]N

Pj(x) dx = nj ; n 2 ZN

(if n = j = 0, we understand that nj = 1).
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