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The Dirichlet problem

Au+ K(|z))|uP"lu =0 in B, } %)
*

u=0 onoB
is considered, where B = {x € RN : |z| <1}, N > 3,p > 1, K € C?[0,1] and
K(r) >0 for 0 < r < 1. A sufficient condition is derived for the uniqueness of radial
solutions of (x) possessing exactly & — 1 nodes, where k € N. It is also shown that

there exists K € C*°[0, 1] such that () has at least three radial solutions possessing
exactly k — 1 nodes, in the case 1 < p < (N +2)/(N —2).

1. Introduction

We consider the Dirichlet problem

Au+ K(|z)|u/P'u=0 in B, } @

u=0 on JB,

where B = {z e RY : |z| < 1}, N > 3, p > 1, K € C?[0,1] and K(r) > 0 for
0<r<1.

According to the well-known result of Gidas et al. [6], every positive solution
of (1.1) is radially symmetric if K'(r) < 0 for 0 < r < 1. On the other hand,
there exist non-radial nodal solutions of (1.1) under somewhat hypotheses (see, for
example, [1,2]). As pointed out by Seok [17], if K(r) =1 on [0,1], u is a solution
of (1.1), the nodal set of u is spherical and u(0) # 0, then w is radial symmetric. In
this paper we investigate the nodal radial solutions v = u(|z|) of (1.1).

Let u(r) be a radial solution of (1.1), where r = |z|. Then u(r) satisfies the
second-order ordinary differential equation

N-1
u + ——u' + K(r)|ulP"fu =0 (1.2)
r

for 0 < r < 1, and the boundary condition

@/ (0) = u(1) = 0. (1.3)
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We consider solutions u of problem (1.2)—(1.3) satisfying «(0) > 0 only, since if u
is a solution of (1.2)—(1.3), so is —u.

In this paper we study the uniqueness of solutions of the problem (1.2)—(1.3)
having exactly k — 1 zeros in (0, 1), where k € N. Hence, we consider the following
problem:

u’ + ?u' + K@)|uftu=0, 0<r<l,
W(0) =u(1) =0, u(0)>0, (14)
u has exactly k — 1 zeros in (0,1).
We define the constant A and the function V(r) as follows:
(N—-2)p— (N +2) rK'(r)
2 ’ K(r)

A= Vir)=
It is known [9,10] that if
Viry<A, 0<r<l1, (1.5)

then problem (1.4) has no solution for every k € N. For example, (1.5) is satisfied
in the case where p > (N 4 2)/(N —2) and K’'(r) < 0 on [0,1]. We can find more
precise conditions for the non-existence of solutions of (1.4) in [12,22].

The existence results for (1.4) have been obtained by Castro and Kurepa [3],
Dambrosio [4], Esteban [5], Naito [14] and Struwe [18]. The following theorem has
been established by Naito [14, theorem 3].

THEOREM 1.1 (Naito). Let k € N. If 1 < p < (N +2)/(N — 2), then there exists
at least one solution of (1.4).

Now we consider the case where K(r) = 1 on [0,1]. Then we easily see that
problem (1.4) has at most one solution, since if u is solution of (1.2), so is v(r) :=
au(aP=Y/2r) for a > 0. Hence, from theorem 1.1 it follows that if 1 < p <
(N +2)/(N — 2), then (1.4) has a unique solution for every k € N. Moreover, if
p = (N +2)/(N —2), then (1.4) has no solution, since (1.5) holds.

Ni [15] and Ni and Nussbaum [16] considered problems of the form

N -1
W'+ ——u' + f(ryu) =0, 0<r<l,
T (1.6)

u'(0) = u(1) =0,

and derived the sufficient conditions for the uniqueness of positive solutions of (1.6).
Applying the results in [15, theorem 3.19] and [16, theorem 2.47], we conclude that
problem (1.4) with k& = 1 has at most one solution if either

p(N_l);(N+3)<V(r)<W, O<r<1 (1.7)

or
(N=-2p—-N<KV(r)<S(N=-2)p+N—-4, 0<r<l. (1.8)
In the case when K(r) = 7!, | > 0, Nagasaki [13] showed that if 1 < p <

1
(N 4+2+420)/(N — 2), then (1.4) has a unique solution for every k € N, and that
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if p > (N+2420)/(N —2), then (1.4) has no solution. In the case when [ > 0,
we have K(0) = 0. On the other hand, we assume that K(0) > 0 in this paper.
Yanagida [21] proved that, for each k € N, problem (1.4) has at most one solution if
V' (r) is non-increasing. We can apply his result independently of whether K (0) = 0
or K(0) > 0. However, very little is known about the uniqueness of solutions of (1.4)
for the case where V (r) is not non-increasing.

The main result of this paper is as follows.

THEOREM 1.2 (main theorem). Let k € N. Assume that
[V(r)—p(N—=2)=N+4][V(r)—p(N —=2)+ N] =2rV'(r) <0, 0<r<1. (1.9)
Then the solution of (1.4) exists and is unique.

REMARK 1.3.

(i) Letting » — 40 in (1.9), we have p < N/(N — 2). Hence, by theorem 1.1, we
see that if (1.9) holds, then (1.4) has at least one solution for each k € N.

(i) There exist K € C?[0,1] and p > 1 for which (1.7) and (1.8) are not satisfied,
although (1.9) is satisfied (see example 1.5, below).

We have the following corollary of theorem 1.2.

COROLLARY 1.4. Let k € N. Assume that (1.8) holds and V'(r) > 0 for 0 <r < 1.
Then the solution of (1.4) exists and is unique.

EXAMPLE 1.5. We consider the case where p = N/(N —2) and K(r) = e@GN=3)r,
Then we see that V(r) = (2N — 3)r, so that V(r) is strictly increasing, and neither
(1.7) nor (1.8) is satisfied. Therefore, we cannot apply the results in [15,16,21]. On
the other hand, since

[V(r) —p(N —2) — N +4][V(r) — p(N —2) + N] — 2rV'(r)
— (2N — 3)r — 2N + 2)(2N — 3)r
< (2N —3—2N +2)(2N — 3)r
=—(2N =3)r
<0

for 0 < r < 1, from theorem 1.2, it follows that the solution of (1.4) exists and is
unique for each k£ € N.

In theorem 1.2 we cannot remove condition (1.9). Indeed, we have the following
result. In particular, it is emphasized that the uniqueness of solutions of (1.4) is
not caused by the smoothness of the function K(r).

THEOREM 1.6. Let 1 < p < (N +2)/(N —2). For each k € N, there exists K €
C>[0,1] such that K(r) > 0 for 0 < r < 1 and such that (1.4) has at least three
solutions.

We also note that (1.1) has three positive solutions for some K (r).

In the case N = 1, Moore and Nehari [11] proved that there exists a piecewise
continuous function K such that (1.1) has at least three positive solutions. We use
their idea in the proof of theorem 1.6.
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2. Proof of theorem 1.2

The proof of theorem 1.2 is based on the shooting method. Namely, we consider
the solution u(r, ) of (1.2) satisfying the initial condition

u(0) =a >0, u'(0) =0, (2.1)

where a > 0 is a parameter. Since K € C?[0, 1], we see that u(r, «) exists on [0, 1]
and is unique, u,u’ € C1([0,1] x (0,00)) and uq(r,a) = Qu(r, a)/da is a solution
of the linearized problem

N -1
w” + ——w' + pK (M) |u(r, )P rw =0, re(0,1],
=L+ pK ()lu(r, ) .1 s

w(0) =1, w’(0) = 0.

(see, for example, [20, §§6 and 13]).

We note that u(r,a) and «'(r,«) cannot vanish simultaneously. In fact, if, for
some rg € (0,1], u(rp,a) = u/(rg,@) = 0, then, by the uniqueness of the initial-
value problem, u(r,a) =0 for r € (0, 1], which contradicts (2.1).

We define z; to be the ith zero of u(r, «), if such a z; exists. Then we easily find
that

(=)' (2, ) = (—1)i%u(zi,a) >0 fori=1,2,.... (2.3)

To prove theorem 1.2, we need the following lemma. The proof will be given in
the next section.

LEMMA 2.1. Assume that there exists the kth zero zj of u(r,«) in (0,1]. Let w be
the solution of (2.2). If (1.9) holds, then (—1)'w(z;) > 0 fori=1,2,... k.

Now we employ the Priifer transformation for the solution u(r, ) of problem (1.2)
and (2.1). For the solution u(r, o) with a > 0, we define the functions p(r, &) and
0(r, ) by

u(r, @) = p(r, a) sin 6(r, ),
N () = p(r, a) cos O(r, @),

where ' = d/dr. Since u(r, ) and v/ (r, &) cannot vanish simultaneously, we see that
p(r, ) and 0(r, ) are written in the form

p(r,a) = ([u(r, ) + *N D[/ (r,a)]?) /2 > 0

and
u(r, o)

9(7", CY) = arctan W,

respectively. From u, v’ € C*([0, 1]x (0, 00)), it follows that p,§ € C1((0,1]x (0, 00)).
By a simple calculation we find that

0 (r,a) = r~ N+ cos? O(r,a) + rN_lK(r)|p(r, a)|p_1| sin (r, oz)|p+1 >0,

for r € (0,1], which shows that 0(r, «) is strictly increasing in r € (0,1] for each

fixed & > 0. From (2.1) it follows that p(0, ) = a and 6(0, a) = 17 (mod 2r). For
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simplicity we take §(0, ) = 17. It is easy to see that u(r, ) is a solution of (1.4)
if and only if
0(1, o) = k. (2.4)

Hence, the number of solutions of (1.4) is equal to the number of roots a > 0
of (2.4).

LEMMA 2.2. Let k € N and let u(r, ) be a solution of (1.4) for some ag > 0.
Suppose that (1.9) holds. Then 0,(1,ag) > 0.

Proof. Observe that

’I“N_l !

U (r, )N 71! (7, @) — u(r, @) ul, (r, @)

90((7“, a) = [u(r, a)]2 4 [TNflu/(r, a)]Q

Since 2z = 1 and u(1, ag) = 0, we obtain

ua(2k, 0)

Pl 0) = ot a0)

Note that (—1)*u/(zx, ap) > 0, by (2.3). It follows from lemma 2.1 that
(=1 ua(zr, a0) > 0,
which implies that 6,(1, ap) > 0. The proof is complete. O

Proof of theorem 1.2. Recalling remark 1.3, we see that (1.4) has at least one solu-
tion. We show that the solution of (1.4) is unique. Assume to the contrary that there
exist numbers o7 and as such that u(r, 1) and u(r, as) are solutions of (1.4) and
0 < a3 < ag. Then 0(1, 1) = 6(1,a2) = k. Lemma 2.2 implies that 6,(1,a1) > 0
and 0,(1,az) > 0. Hence, we see that 6(1,a9) = km and 0,(1,ap) < 0 for some
ag € (a1,as). This contradicts lemma 2.2. Consequently, (1.4) has at most one
solution. The proof of theorem 1.2 is complete. O

3. Proof of lemma 2.1

In this section we prove lemma 2.1. Henceforth we assume that there exists the kth
zero zj of u(r,«) in (0, 1]. For the solutions u(r,a) and w(r) of (1.2), (2.1) and
(2.2), respectively, we set

Ut,a) = tut/ N2 a),  W(t) = tw(t/ V).
Then U = U(t, o) and W = W (t) satisfy

U'+MOUP'U=0, 0<t<1, (3.1)
U,a) =0, U'(0,a) = a, (3.2)

W +pM|U(t,a)P'W =0, 0<t<1, (3.3)
W()=0,  W(0)=1, (3.4)

where / = d/dt and
M(t) = (N — 2)*2t*P*(N74)/(N72)K(tl/(]\]72)).
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Set Z; = zfv_z, 1=1,2,...,k and Zy = 0. Then we see that
U(Zi,a) =0, i=0,1,2,... k,
(-7 (t,a) >0 forte (Z;_1,7Z;), i=1,2,...,k,
By (3.1), there exist S;, i = 1,2,...,k such that
Si € (Zi—1, Zi),
U'(S;,a) =0, i=1,2,...,k,
U'(t,a) >0 fort € (0,57),
(-)U'(t,a) >0 fort e (S;,Sit1), i=1,2,...,k—1, (3.5)
(=DFEU'(t,a) >0 fort € (Sk, Z).

LEMMA 3.1. Let W be a solution of (3.3), (3.4). Then, for each i € {1,2,...,k},
W has at least one zero in (Z;i—1,Z;).

Proof. Let i € {1,2,...,k}. Assume to the contrary that W(t) # 0 for ¢t €
(Zi—1,%;). Let U be a solution of (3.1), (3.2). We may assume without loss of
generality that W (t) > 0 and U(t) > 0 for t € (Z;_1, Z;), since another case can be
treated similarly. Then we see that U'(Z;) < 0 and U'(Z;—1) > 0, and hence

W(Z)U'(Z;) = W(Zi—1)U'(Zi—1) < 0.
An easy computation shows that
(WU —W'U) = (p—-1)M®|UP'UW, 0<t<I1. (3.6)

Note that (WU’ — W'U)’ is integrable on [0,1], because of (3.2) and (3.4). Inte-
grating (3.6) over (Z;_1, Z;), we have

W(Z)U'(Z;) = W(Zi—1)U'(Zi—1) > 0.
This is a contradiction. Consequently, W has at least one zero in (Z;_1, Z;). O

The following identity plays a crucial part in the proof of lemma 2.1. This identity
has been obtained in [19], by using the idea due to Korman and Ouyang [8]. (See
also [7, lemma 4.1].)

LEMMA 3.2. Let U be a solution of (3.1), (3.2), and let W be a solution of (3.3),
(3.4). Then

[M@)] P WU = WU"] = (M@0 V2 WU') = (M) V2)'WU' (3.7)
forO<t <1,

Proof. By (3.1), we note that U"" = —M'(t)|U|P~1U — pM (t)|U|P~LU" for 0 < t <
1. A direct calculation shows that (3.7) follows immediately. O

LEMMA 3.3. Let U be a solution of (3.1), (3.2), and let W be a solution of (3.3),
(3.4). Then

tl_ig_lO[[M(t)}il/z[WlU/ _ WUH} _ ([M(t)]fl/Q)/WU/} —0.
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Proof. In view of (3.2) and (3.4), it is sufficient to show that

Jim [M()]71207 (1) = 0, (3.8)
Jim ([ (5)]~1/2) W (t) = 0. (3.9)
Since U
tLHEOT :thEOU/(t) —a and p-1+ N_2°~ 0

p
= tP= 1R/ (N=2D /2 g (1/(N=2)y)1/2

- )

U(t)
Tt

o (3.8) holds.
‘We observe that
(M) V2 = o(N = 2)t7 K (/N2 12
_ %tg+(1/(N_2))_l[K(tl/(N_Q))]_3/2K/(t1/(N_2)), (310)

I R e
7T\PT N2 '

Since lim;_, 1o W (t)/t = W’'(0) = 1, we have

where

Wit
lim 7 'W(t) = lim t"J =0 (3.11)
t—+0 t—+0 t
and hence
lim o+ N=2D=1yy(3) = . (3.12)
t——+0

Combining (3.10)—(3.12), we conclude that (3.9) holds. The proof is complete. [
LEMMA 3.4. Inequality (1.9) holds if and only if ([M()]~*/?)" <0 for 0 <t < 1.

Proof. Set t =rN=2. Then [M(t)]~V/? = (N — 2)r*[K(r)]~'/2, where p = 1(p(N —
2) + N — 4). Hence, we obtain

%[M(t)]_l/Q = prp_N+2K_1/2 _ %TP—N+3K—3/2K/
and
d? _
@[ ()12
rp—2N+4 2p_N+3TK/ 3 TK/ 2 1’/"2KH
=75 -N+2)—-—*£ — = 2 _ 2 .
(N —2)K'/? p(p +2) 5 K+4<K) 5 K }
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Recall that V(r) = rK'(r)/K(r). Since r?K" /K = rV' —V 4+ V2, we have
1/2 g2
AN DR & oy
=dp(p—N+2)—22p— N +2)V +V? 27V’
=V =2p)(V—-2(p—N+2))—2rV’
=V —-p(N—=2)—N+4)(V-p(N—-2)+N)-—2rV".

Therefore, (1.9) holds if and only if ([M(¢)]~/2)” <0 for 0 <t < 1. O

LEMMA 3.5. Assume that (1.9) holds. Let W be a solution of (3.8), (3.4). Then
the following hold:

(i) W(t) >0 fort € (0,51];
(ii) W has at most one zero in (S;, Sit1] for each i € {1,2,...,k —1};
(iii) W has at most one zero in (Sk, Z].

Proof of lemma 3.5. First we prove (i). Suppose that there exists t5 € (0,.51] such
that W(t2) = 0 and W (t) > 0 for ¢t € (0,t2). Then we have W'(t3) < 0. Since
ta € (0,51], we see that U'(t2) > 0, so that W/ (t2)U’(t2) < 0. Integrating (3.7)
over (0,t2] and using lemmas 3.3 and 3.4, we have W/(t2)U’(t2) > 0. This is a
contradiction. The proof of (i) is complete.

We now prove (ii) only, as we can prove (iii) in exactly the same way.

Assume that there exist t; and to such that S; < ¢ < ta < Siy1, W(t1) =
W(ta) = 0 and W(t) # 0 for t € (t1,t2). We may suppose that W(t) > 0 for
t € (t1,t2), since the case where W (t) < 0 for ¢ € (¢1,t2) can be treated similarly.
Then we have W'(t1) > 0 and W'(t2) < 0. Let U be a solution of (3.1), (3.2).
Integrating of (3.7) over [t1, t2] and then multiplying it by (—1)¢ and using lemma 3.4
and (3.5), we obtain

[M(t2)] 71 2W! (2) (1)U (t2) — [M (£)] 72 W (02) (=1)°U (t2) > 0.
This contradicts (3.5), W' (¢1) > 0 and W' (¢2) < 0. The proof is complete. O

Proof of lemma 2.1. By lemmas 3.1 and 3.5, there exists a number Cy € (S1,71)
such that W(t) > 0 for ¢t € (0,C1), W(C1) = 0 and W (t) < 0 for ¢t € (C1, S2]. In
particular, we have W(Z;) < 0. Also from lemmas 3.1 and 3.5 we see that there
exists a number Cy € (S3, Z2) such that W(t) < 0 for t € (S3,Cs), W(C3) = 0,
and W (t) > 0 for t € (Cy, S3], so that W(Z3) > 0. By continuing this process, we
conclude that (—1)'W(Z;) > 0 for i = 1,2,..., k. This means that (—1)%w(z;) > 0
for i =1,2,...,k. The proof is complete. O

4. Proof of theorem 1.6

In order to prove theorem 1.6 we need the following lemma.

LEMMA 4.1. Assume that k € N and 1 < p < (N +2)/(N — 2). Then there exist
R >0, L € C™|0, R] and solutions vy and v1 of

N -1
v+ ——v L)oo =0 (4.1)
r
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such that L(r) > 0 for 0 < r < R, vg has at least k zeros in [0, R), v1 has at most
k —1 zeros in [0, R] and v1(0) > v(0) > 0.

The proof of lemma 4.1 is given in the next section. By the well-known fact [21,
lemma 2.1(a)], we note that the solutions v; in lemma 4.1 satisfy v;(0) = 0.

We denote by v(r, &) the solution of (4.1) with v(0) = « and v'(0) = 0.

By using the results of Naito [14, lemmas 6.2 and 6.3], we obtain the following
lemma.

LEMMA 4.2. Let R >0 and 1 < p < (N +2)/(N — 2). Suppose that L € C*[0, R]
and L(r) > 0 for 0 < r < R. Then the following hold:

(i) for sufficiently small o« > 0, v(r,a) > 0 on [0, R];
(i) the number of zeros of v(r,a) in [0, R] tends to 0o as o — 0.

Proof of theorem 1.6. Let R > 0 and L € C*[0, R] as in lemma 4.1. Then there
exist ap and aq such that v(r, ag) has at least k zeros in [0, R), v(r, a1) has at most
k — 1 zeros in [0, R], and oy > ap > 0. We use the Priifer transformation for the
solution v(r, @), that is, we define the functions p(r, «) and 6(r, @) by
v(r,a) = p(r, ) sin6(r, a),
N7 (r,a) = p(r, a) cos O(r, @),

where ' = d/dr. We see that 0(R, ag) > km and (R, o) < km. By lemma 4.2, there
exist au, a* such that 0 < o, < ap < ag < o, and the following (i) and (ii) are
satisfied:

(i) O(R,a) < 7 for v € (0, v

(ii) (R, @) > km for o > a*.
Hence, there exist 01, 02 and (3 such that a, < 31 < ap < B2 < a1 < (3 < o, and
O(R, 3;) = km for i = 1,2, 3. Consequently, the problem (4.1) with v/(0) = v(R) =0

and v(0) > 0 has three solutions vy, vo and vs possessing exactly k—1 zeros in (0, R).
We find that vy (Rr), va(Rr) and vs(Rr) are solutions of the problem

N -1
'+ ——u' + RPL(Rr)|[ulPfu =0, 0<r<l,
r
u'(0) = u(1) = 0.
This completes the proof of theorem 1.6. O
5. Proof of lemma 4.1

We assume that k € Nand 1 < p < (N +2)/(N —2). Let ¢1 be a solution of

N -1
'+ ——u Pty =0, r>0,
r

u(0) =1, u'(0) = 0.
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From 1 < p < (N +2)/(N — 2) it follows that ¢; has infinity many zeros in (0, c0)
(see, for example, [9,10]). Set ®;(t) = tp1(t/N=2)). Then &; has infinity many
zeros in (0, 00) and is a solution of
U" 4+ (N —2)" 2P~ W=/ N=2 7 1p=17 = 0, ¢ >0, (5.1)
U(0) =0, U'(0) = 1.

Let Ty > 0 such that @4 (t) has exactly k — 1 zeros in (0,77) and ¢} (T1) = 0 and
(—=1)F=1 (Ty) > 0. We set

&(t,c) = A/P=DIN=2-1g (¢t) ¢ > 0.

Then &(t,c) is the solution of (5.1) with U(0) = 0 and U’(0) = ¢*/[(P=D(N=2)],

There exists € > 0 so small that @(¢,1 — ¢) has exactly k — 1 zeros in (0,7}) and

(—1)*=19®(Ty,1—¢) /0t > 0 and (—1)*~1P(Ty,1—¢) > 0. We set Dy(t) = d(t,1—¢).
Let y1 be a solution of

v+ ylPy =0, (5.2)
y(0) = &1(T), y'(0) = 0.

Then there exists p > 0 such that y1(p) = 0 and y;(¢t) # 0 for t € [0, p). Take
Ty > T} to be so large that

A\ (P=1)
|Do(Th) + D4(Th)(Ty — Th)| = 2<p> . (5.3)
LEMMA 5.1. There exists a function Ms € C°°(0,00) for each sufficiently small
§ >0, such that Ms(t) = (N —2)~2t=p=(N=0/(N=2) for 0 <t < Ty, Ms(t) > 0 for
Ty <t<Ty, Ms(t)=1 fort >Ts, and
T>

g | Ms(t)dt = 0. (5.4)

Let Uy and U; be solutions of
U’ + Mst)|UPP~'U =0

with the initial conditions Uy(Ty) = Po(Th), UL(T1) =
&1(T1), U{(Th) = 0, respectively. We see that Uy(t) = &g
for 0 <t < Th.

@6(T1) and Ul(Tl) =
(t) and Ul(t) = @1(75)

LEMMA 5.2. There exist 0g > 0 and T3 > Ty such that if 0 < 6 < &g, then Uy has
at least one zero in [11,T3), and Uy(t) # 0 for t € [T1,T5].

Let dp and T3 be numbers in lemma 5.2. We assume that 0 < § < dg. Then Uy
has at least k zeros in (0,73) and U; has exactly k — 1 zeros in (0, T5]. We set

R=T;/ ™72 L(r) = (N — 2)?pP(N=2+(N=4) o5 (:N=2)

and
vi(r) = r VAU, (P N2, i =1,2.
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Then we see that vo(r) and v1(r) are solutions of (4.1) and that vy has at least k

zeros in [0, R] and vy has exactly k — 1 zeros in [0, R]. From

. U(r Ui(?)
)= i, P =

N—2)

=U/(0), i=1,2,

it follows that v1(0) > vo(0) > 0. Since M;(¢ 1S7N_2 ) "2 (N=4)/(N=2) for
0 <t < T, we find that L(r) =1 for 0 <r < T . Hence, setting L(0) = 1,
we conclude that L € C*°[0,R] and L(r) > 0 for 0 < r < R. This completes the
proof of lemma 4.1.

Proof of lemma 5.1. Take h € C’OO( ) such that h(z) =0 for <0, 0 < h(z) <
for x € (0,1), and h(zx) =1 for = > 1. For example,

2z—1

o g(t)dt
h(z) = —5———,
S, g(t)dt
where )
o= {=(-a) wer
0, It >1

Note that h)(0) = L) (1) =0, = 1,2,.... We define the function Ms(t) by

m(t), t e (0,71],
h<1t6T1> ()+§h< 6T1>, t e (T, 11 +9),
Ms(t) = {6, te [Ty +06,T,— 6],
(1—6)h<t_T52+5> 6, te(Ty - 6,Ts),
1, t> T,

where m(t) = (N — 2)72¢t7P~(N=9/(N=2) Then we find that Ms € C>(0,00),
M;s(t) > 0 for t > 0 and M;(t) satisfies (5.4). O

To prove lemma 5.2 we need the following two lemmas.

LEMMA 5.3. Let T € R and let ¢ > 0. Let y be a solution of (5.2) with |y(T)| >
2(2m/c)?/P=V) | Then y has at least one zero in (T, T + c).

Proof. We may assume without loss of generality that 7' = 0 and y(0) > 0, since
if y is a solution of (5.2), then +y(t + T) is also a solution of (5.2). Assume to the
contrary that y(¢) > 0 for ¢ € (0,¢). Then we see that y”(¢t) < 0 for t € (0,¢), so
that y(t) is concave on (0, ¢). Hence, we have

y(0)

y(h) > = Fe—t) > Iy(0) > p¥ =D 0 <t < de, (5.5)

]

where = 27 /c. Set v(t) = sin(ut). Then v is a solution of
v + o =0, v(0) =v(ie)=0.
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From (5.5) it follows that |y(t)[P~* > p? for 0 < ¢ < Zc. By applying Sturm’s
comparison theorem, we conclude that y has at least one zero in (0, %c) This is a
contradiction. The proof is complete. O
LEMMA 5.4. Let ¢; and co be constants with ¢; # 0 and cico > 0. For every
sufficiently small § > 0, let vs be the solution of

v + Ms(t)|v[P~ 1o =0, v(Th) = c1, v'(Th) = c2,

where Ms(t) is the function in lemma 5.1. Then vs(t) and vs(t) converge to ¢ +
co(t —Th) and co uniformly on [Th,To] as & — +0, respectively.

Proof. We may assume without loss of generality that ¢; > 0. We first show that
vs(t) > 0 on [T1,T>] for all sufficiently small § > 0. Note that vs(Ty) = ¢1 >
0. Assume to the contrary that there exist sequences {0,}52, and {z,}52, such
that lim, 00 0, = 0, 2, € (T1, T3], vs, (zn) = 0 and vs, (t) > 0 on [11, 2,) for n =
1,2,.... We see that

t

vs(t) = c2 — ; Ms(s)[vs(s)[P~ os(s) ds (5.6)
and
vs(t) =c1 +co(t —Th) — /T (t — s)Mjs(s)|vs(s)|P~ s (s) ds (5.7)

for ¢ € [T1, T3], so that 0 < vs, (t) < C for t € [11, 2], where C' = ¢1 + co(T2 — T1).
Therefore, we find that

Zn T
vs,, (zn) = 1 — Cp/ (zn — 8) M5, (s)ds = ¢; — CPTy Ms, (s)ds.
T1 Tl

From (5.4) it follows that vs, (2x5) > 0 for some large N. This is a contradiction.
Let § > 0 be sufficiently small. Since vs(t) > 0 for t € [T1,T5], by (5.7), we see
that 0 < vs(t) < C for t € [T1,T5]. From (5.6) and (5.7) it follows that

T>
0< o —v5(t) <CP M;(s)ds
T
and
T>
0<c+ce(t—T1) —vs(t) < CPT, Ms(s)ds
T

for t € [T1,T5]. Hence, (5.4) implies that vs(t) and vj(t) converge to ¢ + co(t —T1)
and cp uniformly on [T, T3], respectively. The proof is complete. O

Proof of lemma 5.2. Let yo be the solution of (5.2) with
yo(Tz) = Po(T1) + PG(T1)(To — T1),  yo(T2) = PG(Th).

In view of (5.3), lemma 5.3 implies that yo has at least one zero in (T2, T» + %p)
Lemma 5.4 implies that lims_, 10 Up(T2) = yo(T2) and lims_, 10 Ui(T2) = y,(To).
Therefore, by a general theory on the continuous dependence of solutions on initial
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conditions (see, for example, [20, §13]), we see that Uy has at least one zero in
(T, T + 2p) for all sufficiently small § > 0.

Again by lemma 5.4 we find that Uy(t) # 0 on [T7, T3] for all sufficiently small

o> 0, lim(s_,_H) U, (TQ) =& (Tl) and hmg_H_O U{ (TQ) = 0. We note that Y1 (t — TQ)
is the unique solution of (5.2) with y(T2) = @(T1) and y'(T2) = 0 and y1 (t—T2) # 0
for t € [Ty, T + p). Hence, Uy (t) # 0 on [Ty, To + %p] for all sufficiently small § > 0,
by a general theory on the continuous dependence of solutions on initial conditions.

The proof is complete. O
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