Proceedings of the Royal Society of Edinburgh, 145A, 779-790, 2015
DOI:10.1017/50308210515000141

Superlinear elliptic problems under
the non-quadraticity condition at infinity
Marcelo F. Furtado

Departamento de Matematica, Universidade de Brasilia,
70910-900 Brasilia-DF, Brazil (mfurtado@unb.br)

Edcarlos D. Silva
Instituto de Matemaética e Estatistica, Universidade Federal de Goias,
74001-970 Goidnia-GO, Brazil (edcarlos@mat.ufg.br)

(MS received 24 January 2014; accepted 14 April 2014)

We present some sufficient conditions to obtain compactness properties for the
Euler-Lagrange functional of an elliptic equation. As an application, we extend some
existence and multiplicity results for superlinear problems.

Keywords: elliptic equations; superlinear problems; non-quadraticity condition;
variational methods

2010 Mathematics subject classification: Primary 35J20
Secondary 35J60

1. Introduction

In this paper we consider the nonlinear elliptic equation

—Au = f(x,u) in {2, (1)
u=0 on 012,

where 2 C RY, N > 3, is a bounded smooth domain and f € C(2 x R, R) satisfies
the standard subcritical growth condition:

(fo) there exist a1 > 0 and p € (2,2*) such that

|f(z,8)] <ai(1+|s|P~!) for any (z,s) € 2 x R.

Under this condition the weak solutions of the problem are precisely the critical
points of the C'*-functional

where F(z,s) := fos f(z,7)dr. Hence, we can use all the machinery of the critical
point theory to look for weak solutions. It is well known that this theory is based
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on the existence of a linking structure and on deformation lemmas [1, 2, 23, 25].
In general, to be able to derive such deformation results, it is supposed that the
functional satisfies some compactness condition. We use here the Cerami condition,
which reads as follows: the functional I satisfies the Cerami condition at level
c € R ((Ce), for short) if any sequence (u,) C HE(£2) such that I(u,) — ¢ and
1" (wn)l g () (1 + [lunl) — 0 has a convergent subsequence.

Our main objective is to present sufficient conditions to ensure that the func-
tional satisfies the Cerami condition. More specifically, we shall consider the non-
quadraticity condition at infinity introduced by Costa and Magalhaes [4]:

(NQ) setting H(x,s) := f(z,s)s — 2F(x, s), we have that

lim H(z,s) = +oco uniformly for x € 2.

|s|—o0

In the core result of this paper we show that the above condition and (fy) are
suffice to guarantee compactness for the functional I. More specifically, we prove
the following result.

THEOREM 1.1. Suppose that [ satisfies (fo) and (NQ). Then the functional I sat-
isfies the Cerami condition at any level ¢ € R.

As an application of this theorem we prove some new results for the problem (P)
in the case that f is superlinear at infinity and at the origin. Furthermore, we give
a unified approach for any superlinear elliptic problem using the non-quadraticity
condition. In order to better explain our results we recall that, in their seminal
work, Ambrosetti and Rabinowitz [1] introduced the following condition.

(AR) There exist # > 2 and so > 0 such that

0<0F(z,s) < sf(x,s) forany x € 2, |s| > so.

A straightforward calculation shows that this yields ¢; > 0 such that F(z,s) >
c1|s|? for |s| large. Thus, the problem is called superlinear in the sense that the
primitive of f lives above any parabola of the type cys?. Unfortunately, there are
several nonlinearities which are superlinear but do not satisfy the above inequality.
For example, if we take f(s) = |s|In(1 4+ |s|), we can easily check that
. 2] _
SEIJPOO F(s)/s"=0

for any 6 > 2. So, it is reasonable to ask if we can replace (AR) by a more natural
condition.

(SL) The following limit holds:

2F (z,s)

5— = +0o uniformly for x € (2.

lim
|s]—+o0 S

One of the main features of condition (AR) is that it provides the boundedness

of Palais—Smale sequences. In the past 40 years many authors have tried to obtain
the solution in situations where (AR) is no longer valid. Instead, they consider the
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condition (SL) with extra assumptions. See [4,10-16,18,20,21] and the references
therein; in most of these papers, there is some kind of monotonicity assumption
on the functions F'(z,s) or f(x,s)/s, or some convexity condition on the function
flx,8)s — 2F (x, s).

Our results concerning problem (P) are stated below.

THEOREM 1.2. Suppose that f satisfies (fo), (NQ) and (SL). Then problem (1.1)
has at least one non-zero weak solution, provided that

(f1) it holds that
F(z,s)

lim sup 5

s—0 S

=0 wuniformly for x € (2.

If f(x,s) is odd in s, then we can drop condition (f1) and obtain infinitely many
weak solutions.

We note that, for the existence result, we can suppose that the limit in (SL) holds
only for x € 2y, where 29 C {2 is a subset with positive measure (see the proof
of theorem 1.2). So, we can deal with nonlinearities that are locally superlinear at
infinity.

In order to compare our existence result with the literature, we start by again
citing [4], where Costa and Magalhaes supposed, among other conditions, that

(F,) there exist az > 0 and p > $N(p — 2) such that

> as uniformly for z € (2,

where the number p € (2,2*) comes from (fp). Since p > 0, we see that (NQ)
is weaker than (F),), and therefore our existence result extends theorem 1 of [4].
It also extends the main theorem of [18], where the conditions (f1) and (NQ) are
replaced by

(f1) f(z,s) = o(s) as s — 0, uniformly for = € 12,
(My) the function f(z,s)/|s| is increasing in |s| for |s| > s;.

In addition to the conditions at the origin in [18] being stronger than ours, the
main point is that (M;) and (SL) together imply (NQ). Indeed, it can be proved
that (M) implies that H(z, s) is increasing in |s| for |s| > so. Hence, if s > s5, we

have that
F(I;S)iF(fE,QSQ):/ d{F(l;T)}dT—/ H(J:?:T)dT
s 535 s, AT T s T
< H(z,s) —i—i-i (1.2)
SHEIN\ T3z ez ) '
and therefore
F(x,s)

- <cz+ceqH(z,s)

for some c3, ¢4 > 0. It follows from (SL) that lims_, ;o H(z,s) = +00. An analogous
argument shows that the same occurs as s — —oo. In [7], Fang and Liu obtained
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one non-zero solution by assuming (fo), (SL), (f1) and the following:

(J) there exists 6 > 1 such that H(z,ts) < 0H(x,s) for any (z,s) € 2 x R and
t e 0,1].

This quasi-monotonicity condition was introduced by Jeanjean in [11]. The same
argument used in (1.2) shows that (J) and (SL) imply (NQ), and therefore theo-
rem 1.2 extends theorem 1.1 of [7].

Our existence result also complements many other works of the updated litera-
ture. For example, in [17], Liu and Wang obtained a non-zero solution under ( f 1),
(SL) and the following version of (Mj):

(M) the function H (z,s) is non-decreasing in |s| and increasing for |s| small.

This hypothesis plays an important role in their proof, since they apply the Nehari
method. Finally, Schechter and Zou [22] assumed (fp), (SL) and (f1) hold. More-
over, they additionally assumed that H(z,s) was convex on s or

(SZ) there exist 8 > 2, ag > 0 and s3 > 0 such that

OF (x,s) — sf(x,s) < az(l+s%) forany x € £2, |s| > s3.

Since we do not require any kind of monotonicity or convexity, our existence
result extends or complements the aforementioned works. It also complement other
results on superlinear problems (see [17,20,21,24,26] and the references therein).
As a matter of fact, we can consider here the nonlinearity f such that H(z,s) =
a(z)s?(1+cos(s))+1In(1+|s|), with a € C°°(£2) being positive. Hence, the arguments
presented in the cited papers do not work in our setting.

The multiplicity statement of theorem 1.2 complements many results on mul-
tiplicity of solutions for superlinear problems (see, for instance, [1,9,27] and the
references therein). The main novelty here is that the non-quadraticity condition
is considered in the superlinear setting. We emphasize that, in some of the afore-
mentioned works, the proof of existence is given by showing that the (bounded)
Palais—Smale sequence weakly converges to a non-zero critical point of I. Hence,
their authors cannot obtain multiple solutions, even if the function f is odd. Since
here we prove compactness for I, we are able to use the symmetric mountain pass
theorem to obtain infinitely many solutions in this context.

In the next section we prove our main result, namely theorem 1.1. The result is
applied in § 3, where we present the proof of theorem 1.2. Note that our ideas can
be used in many different linking-type settings, so §4 gives possible extensions of
the study of problem (P).

2. Proof of the main result

Throughout the paper we suppose that the function f satisfies (fp). For brevity,
we write [, g instead of [, g(x)dz. For any 1 <t < oo, |g|; denotes the norm in
LY(9).

We denote by H the Hilbert space H}(£2) endowed with the norm

1/2
Hu||2 = (/ |VU|2> for any u € H.
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As stated in §1, the weak solutions of (P) are precisely the critical points of the
C'-functional

I(u) := %HUHQ—/F(x,u) for any v € H.

By using some careful estimates we can prove our compactness result as follows.
Proof of theorem 1.1. Let (uy) C H be such that
I(un) = ¢, |1 (un) |l (1 + Jlunl) = 0,

where ¢ € R. Since f has subcritical growth it suffices to prove that (u,,) is bounded.
Arguing by contradiction we suppose that, along a subsequence, ||u,| — +oco as
n — +o0. For each n € N, let ¢,, € [0, 1] be such that

I(tpuy,) = tren[aa)i] I(tuy,). (2.1)

Setting vy, := up/||unl||, we obtain v € H such that, along a subsequence,
vy, — v weakly in H,
v, — v strongly in LI(2) for any 1 < ¢ < 2%, (2.2)
vp(x) = v(x).
In what follows we prove that v # 0. Indeed, suppose by contradiction that v = 0.
Then it follows from (f) and the strong convergence in (2.2) that [ F(z,v4muv,) —

0 as n — oo for any fixed m > 0. Since we may suppose that v4dm < |ju,]|, it
follows from the definition of ¢, in (2.1) that

Vim

) =2m— /F(a:, Viamuv,) =m > 0, (2.3)

for any n > ng, where ng € N depends only on m.
We look for a contradiction by considering two cases.

CASE 1 (along a subsequence, t, < (2/|lun]|)). In this case we first use the condi-
tion (fo) and the Sobolev embeddings to obtain ¢y, ce > 0 such that

‘ / H(x, thun)

If ¢, > 0, it follows from I’ (t,u,)(t,u,) = 0 that

< ertpllunll + coth [[un||” < 2¢1 + c22P = cs.

0= £2 Jun|2 /f(x,tnun)(tnun) — 2 (tun) — /H(m,tnun),

and therefore
1
I(tyuy,) = 5 /H(x,tnun) < %03.

The above inequality also holds if ¢,, = 0, and therefore we obtain a contradiction
with (2.3), since the number m > 0 in that expression is arbitrary. Hence, case 1
cannot occur.

It remains to disprove the following.
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CASE 2 (along a subsequence, t,, > (2/||uy]|)). In this setting we fix v > 0 such
that
3v|02| > 4, (2.4)

where |2] stands for the Lebesgue measure of £2. In view of (NQ) we can obtain
so > 0 such that H(z,s) > « for any = € £2, |s| > so. On the other hand, since H
has a subcritical growth, we have that H(z,s) > —C|s| for any = € £, |s| < s1,
where s; > 0 is small.

We consider the non-negative cut-off function . : R — R given by

e~/ if s #£0,
Ye(s) = .
0 if s=0,

with € > 0 free for now. Note that 1. is smooth and
. T ’ _
lim . (5) = lim 4 (5) =
These limits, (fy) and the continuity of H provide C, . > 0 such that
H(z,s) = y:(s) — Cyc|s| for any (x,s) € 2 xR.

Given 0 < s < t, we can use the above inequality and the definition of H to get
I(tun)  I(sun) / / F(x, Tun) drda
Plunl?  s2[un]? dr \ 72 lun|?

" H( n)
/ (@, Tu drdz

3 unl2
/ / < Y,€ |Un| 7_72 _ ’YwE(Trl;n)T‘S) dT dl‘,
[[wnll fJun [[wn|
from which it follows that
I(tuy) I(suy,) |[Un |1 / ‘ Ve (|Tun|) -3
< ) — — 27 2drdx.
llunll? = slunl? 7 sl olts  unl?
‘We now set
1 2
s=8p =77 < 7—— < Iln-

Since

tn
/ r3dr = L(lun|? - £2),
S

n

we have that

I(tpuy,) 7102 1
5 < I(v,) +C nl1 — 1— A,
22 S 1)+ Oreloals =71 = e ) 7
< B"/ + 0775‘Un|1 - /F(J?,Un) +rYAn (25)
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tn 1 _ n
/ / Lo vellrunl) s 4, 47 >
[[un

By =3(1-3992) <0

with

and

where we have used (2.4) in the last inequality.
We shall verify below that, uniformly in n € N, the following limit holds:

tn 1 _ n
lim / L= vellrunl) =5 4,47 . (2.6)

=0  fual®

If this is true, we can choose € > 0 such that vA4, < f%B,y for all n € N. Since
we are supposing that v = 0, it follows from (2.2) and (fy) that |v,|1 = 0,(1) and
[ F(z,v,) = 0,(1) as n — +o00. Hence, we can take the limit in (2.5) to obtain
I(t,uy) B B
i Lntin) o p 2y _ By g
woee a7 T2 T2
and therefore I(t,u,) < 0, for n large, again contradicting (2.3).
We proceed now with the proof that the limit in (2.6) is uniform. We start by
considering § > 0 and splitting the term A,, into two integrals

tn 1_ B n tn tn
/ / 1= vellrunl) _3dxdT:/ / (...)+/ / ()
HU’WH Sn [Tupn|>6 Sn |[Tun|<d

For ease of notation we call the first integral on the right-hand side above A; 5, and
the second one A, ;. It suffices to show that these quantities go to 0, uniformly in
n, as € — 0.

Since 1. is non-decreasing we have that

N —5/5 tn
A / / |7, |73 da dr
™8 S 6Hun”2 [TUn |20 "
< 1—ec/? ( 1) ||
h Slunl Sn tn o llunll

1 7676/52
< (6)|vn|1,

since s ||un|| = 1. Recalling that (|v,|1) is uniformly bounded, we conclude that
the limit lim._,q A:lr, s = 0 is uniform.

The calculations for A ; are more involved. We first note that, for each |s| < &
fixed, the function & — 1).(s) is smooth. Hence, it follows from Taylor’s theorem
that, for h(s) = s—2e~ (=),

r(e,8)

1—1(s) = es 27/ +r(e,s) = E(h(S) + -

) <e(h(s)+1)

holds, since the continuous remainder term r is such that lim._,o (g, s)/e = 0 uni-
formly in the compact set |s| < d. By applying Taylor’s theorem again, we get,
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for |s| <4
h(s) = h(0) +h'(0)s +ri(e, s) = r1(e, ),

with r1(e,s) = o(|s]) as s — 0. Thus, we conclude that if § > 0 is small,

1—1.(s) <e(1+]s|]) forany |s|] <§

The above inequality and the definition of A s give

1- n —
AT_H;:/ / wg(h'zu D 3dazdr
’ [Tun| <8 ||’LLn||
5/ /%dxdr—&—s/ / |u"|27'_2dxd7'
s Jo llunll sn Jo llunll
2 () e (i) /|
=e——|1- + 1- vy | dz
2 to llunl? [[wn | tullunll ) Jo
<o,
2 b

since we may assume that ||u,|| > 1. This implies that, uniformly in n,

N

hmA_ﬁ—O

e—0
holds. This completes the proof that the weak limit v is non-zero.

After proving that v # 0 we can prove the theorem in the following way: the
set 2 := {x € 2: v(x) # 0} has positive measure. Moreover, since |ju,| — oo,
we have that |u,(x)] — 400 almost everywhere in 2. Thus, the continuity of H,
Fatou’s lemma and (NQ) yield

2c=lim (2I(up) — I'(un)uy)

n—-4oo

> meas(2\ 2) min H + / liminf H(x, u,) = 400,
QxR H n—+oo

which is a contradiction. Hence, we have that (u,) is bounded and the theorem is

proved. O

3. Proof of theorem 1.2

In this section we prove our results concerning problem (P). For the multiplicity
part we need the following version of the symmetric mountain pass theorem [19,
theorem 9.12] (see [2, theorem 1.3] for the proof that the deformation lemma used
in [19] also holds with the Cerami condition).

THEOREM 3.1. Let X be an infinite-dimensional Banach space, let T € C'(X,R)
be even and satisfy (Ce). for any ¢ € R and satisfy Z(0) = 0. If X =V & W, where
V' is finite dimensional, and T satisfies the following conditions, then T possesses
an unbounded sequence of critical values.
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(Z1) There exist o, p > 0 such that
Z(u) > a for any u € 0B,(0) N W.

(Zy) For any finite-dimensional subspace X C X there exists R = R(X) such that
Z(u) <0 for any u € X \ Bgr(0).

We are now ready to obtain the solutions for (P).

Proof of theorem 1.2. Conditions (fp), (f1) and standard arguments imply that
[ F(z,u) = o(||ul|?) as |Jul| — 0. Hence, there exist a, p > 0 such that I(u) > «
whenever u € 0B,(0) C H. Suppose that the limit in (SL) holds for z € 2y C 2
of positive measure. If we take a positive function ¢ € H}(£2y), we can use (SL) to
conclude that I(t¢) — —oo as t — 4o0. Since I satisfies the Cerami condition, it
follows from the mountain pass theorem that I has a non-zero critical point.

To prove the multiplicity part we shall apply theorem 3.1 with X = H and
7 =1I. Since f is odd in the second variable, I is even. Recalling that 7(0) = 0 and
I satisfies the Cerami condition, it remains to check the geometric conditions (Z;)
and (Zz).

Let X C H be a finite-dimensional subspace. Since all the norms in X are
equivalent, there exists ¢; > 0 such that [[u]|> < ¢ [u? for any u € X. Given
M > (2/cy), it follows from (SL) that F(z,s) > Ms? —c, for any z € 2 and s € R.
Hence,

rw < (1= 2 )P + el
2 C2
and we conclude that I(u) — —oo as ||u|| = +oco, u € X. This establishes (Z5).
In order to verify (Z;) we set, for each k € N,

Vi := span{¢1, ..., 0k}, Wi = ij.7

where (¢)ken are the eigenfunctions of (—A, H}(£2)). Integrating the inequality

in (fo), we get
I(u) > Yull = eslul? - ca,

for some c3, ¢4 > 0. Since 2 < p < 2*, the interpolation inequality |ul, < |u|§|u|3=?,
for some 6 € (0,1), yields

p(1-0)

I(u) > llull® = eslult’ ful5: c1 2 gllull? — esluls’ ul PO — ey,

where ¢5 > 0 and we have used the embedding H < L (12).
The above inequality holds for any v € H. If we take u € Wy, we can use the
variational inequality [|u||? > Apy1|u|3 to obtain

C5 _ 1 C5 _
1) > Hlul? = 2 Pl = o = (5 = 5ol =2l - .
k+1 k+1
We now set p = 2+/c4 + 1 and choose k € N such that
% p-2 1
k+1
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This is always possible, since A, — 4o00. It follows that, for any u € 9B,(0) N Wy,

Iw) >3- —a=2Va+1)?-a=1

holds. Therefore, (Z;) is satisfied with o = 1, p = 24/¢4 + 1 and the decomposition
of H being H = Vi, & Wy. The multiplicity result follows from theorem 3.1. O

4. Further remarks

In this final section we present many variants for consideration. For example, con-
cerning the condition at the origin, we could suppose that

2F
lim 7(33’ )

lim =5 = Ko(xz) uniformly for z € 2,

where Ko € L'(£2) for some t > 1N and the positive part of Ky is non-trivial. In
this case the linear problem

—Au = AKo(z)u, ue€ H (),

has a sequence of eigenvalues (A;(Kp)) jen with A\ (Ko) > 0. A simple inspection of
the proof of theorem 1.2 shows that it remains true if we suppose that A;(Kp) > 1
instead of applying condition (f1). Indeed, we can deal with non-resonance at the
origin in the following sense: suppose that A, (Ko) < 1 < Appy1(Kp) for some m >
1. In this case we can apply the local linking theorem given by Li and Willem [15],
together with our compactness result, to obtain a non-zero solution. So, it is possible
to generalize the main theorems contained in [6,12,13].

We could also treat the asymptotically linear case, by replacing (SL) by the
following condition:

lim &2’8) = Ko (x) uniformly for z € £2,
|s]—+o0 S

where Ko, € L*(2) for some t > N and the positive part of K is non-trivial.
If \(Koo) = 1 for some m > 1, we could use the saddle-point theorem to extend
the existence result of [4, theorem 2] (see also [8] for related results). This means
that, under the non-quadraticity condition, we give here a unified approach for
nonlinear elliptic problems that are superlinear or asymptotically linear at infinity.
Actually, our theorem 1.1 presents another proof of [4, lemma 1.2] but with weaker
conditions. Hence, we could also consider the double-resonant case:

(DR) there exists j > 1 such that

f(z,t)
t

Aj < liminf f(z,t) < lim sup < Ajt,
[t|—o00 || =00
where \; is the sequence of eigenvalues on (—A, H}(£2)). In this case the resonant
phenomena are allowed in two consecutive eigenvalues. The main point here is to
obtain compactness for the associated functional, but now this is a consequence of
condition (NQ). Thus, we can obtain a non-trivial solution under the assumption

f(z,s)

s )\m+1

Am < lim
s—0
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for some m > 1 as a consequence of the local linking theorem (see [3,5,8] for more
details on double-resonant problems).

Finally, under the hypothesis of theorem 1.2, it is possible to argue as in [1] to
obtain two solutions, one positive and other negative. Indeed, to obtain the first
one we define
flz,s) ifs>=0,

+ —
Jrlws) =1 if 5 <0,

and consider the functional
I = 3l - [ Pre), ue (@),

where

+$SZZS+$TT.
F*(z,5) /Of(7)d

We have that F* is superlinear at infinity and non-quadratic at infinity in one
direction. More precisely,

lim (sf*(z,s) — 2F"(z,s)) = +oo uniformly in x € (2,

S§—00

and we can argue as in the proof of theorem 1.2 to obtain a positive solution. The
negative solution can be obtained with the analogous truncation, f~
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