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Let x be a random variable whose first three moments exist+ If the density ofx is
unimodal and positively skewed, then counterexamples are provided which show
that the inequality mode# median# mean does not necessarily hold+

1. MOTIVATION

Let x be a continuous random variable with distributionFx~u! :5 Pr~x # u!
and densityfx~u! :5 dFx~u!0du+ Assume that the first three moments ofx exist
and letm :5 E~x! denote the mean, m the median, and M the mode+ If the
density ofx is unimodal with E~~x 2 m!3! . 0 ~positive skewness!, then there
appears to be widespread belief that the inequalityM # m # m holds+ ~If
E~~x 2 m!3! , 0 then the inequality is reversed+!

In fact, this is incorrect+ Although no counterexamples have been given, var-
ious authors have attempted to find conditions under which the inequalitydoes
hold, hence also acknowledging the possibility of its violation+ Thus, van Zwet
~1979!, following earlier papers by Groeneveld and Meeden~1977! and Run-
nenburg~1978!, argues that, because

m 2 m 5E
0

`

~12 Fx~m2 u! 2 Fx~m1 u!! du,

a sufficient condition form # m is that

Fx~m2 u! 1 Fx~m1 u! # 1 for all u . 0,

henceforth called “van Zwet’s condition+” Van Zwet then shows that his condi-
tion also implies thatM # m, thus establishing the inequality+ Notice that van
Zwet is not discussing skewness~but see Section 3!+ He is only interested in
finding the class of densities for which the median is located between the mode
and the mean+

Van Zwet’s condition is a very strong one: that the inequality holds at every
point u of the integrand for it to hold for the integral too+ However, it is simple
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and appealing, and most of the well-known asymmetric distributions~gamma,
beta! satisfy his condition+ Two later papers discuss the relationship between
van Zwet’s condition and stochastic ordering~Dharmadhikari and Joag-Dev,
1983! and a discrete analogue~Abdous and Theodorescu, 1998!+

In spite of all these papers, several questions remain+ First, many distribu-
tions other than the standard textbook ones~e+g+, mixtures! have now become
popular in areas of applied statistics, such as empirical finance~e+g+, see Aba-
dir and Rockinger, 2003!+ Will these also satisfy van Zwet’s condition? If they
do not satisfy this sufficient~but not necessary! condition, will the mean-median-
mode inequality still be satisfied? Using a simple mixture of two densities, Sec-
tion 2 derives three counterexamples to the inequality+ The first of these is also
used to illustrate thatm # m may hold in spite of van Zwet’s condition being
violated+ In Section 3, the features of the simple illustrative counterexamples
are discussed, and it is shown how these examples can be extended and the
conclusions unchanged+

2. COUNTEREXAMPLES

One counterexample is provided for each of the three inequalities implied by
M # m # m+ In each case, it will be assumed that the distribution is positively
skewed in the sense that E~~x 2 m!3! . 0+

~a! M . m+ Consider the density

fx~u! 5 1u[R2

eu

2
1 1u[~12M5,11M5!

1

4M5
, (1)

an equally weighted mixture of two densities, with means of opposite signs+ It
is easy to see thatm 5 0 and

E~x3! 5E
2`

0 eu

2
u3du 1E

12M5

11M5 1

4M5
u3du 5 23 1 3 5 0,

hence no skewness, but that the density is not symmetric aroundm 5 0; see
Figure 1+ The modeM is also zero, but the median ism ' 2 1

4
_ , because

Fx~u! 5
emin$0,u%

2
1 1u.12M5

min$11 M5,u% 2 1 1M5

4M5
+

Allocating slightly less probability to the lower end of the density, one can
substantially increase the mean and skewness but not alter the median by as
much+ The mode is unchanged+ As a result, a counterexample arises where the
median is less than the mode, in spite of the positive skew+ For example, replac-
ing eu by 2e2u in ~1! givesm 5 1

4
_ , E~~x 2 m!3! 5 47

32
_ andm ' 20+14+ Notice

that this is an example wherem . m, even though van Zwet’s condition
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1 $ Fx~m2 u! 1 Fx~m1 u! 5
e2 min$0,m2u% 1 e2 min$0,m1u%

2

1 1m2u.12M5

min$11 M5,m2 u% 2 1 1M5

4M5

1 1m1u.12M5

min$11 M5,m1 u% 2 1 1M5

4M5

is violated for someu, e+g+, any u [ ~20+19, 0+19!+
~b! m . m+ Next, consider the density

1u[R2

eu

2
1 1u[~2e,21e!

1

4 1 4e
,

wheree . 0 and small+ The components have means of opposite sign, giving
m 5 0+ Also, M 5 0+ The median is smaller than either, because Pr~x , 0! . 1

2
_ ,

but the skewness is negative because of the long lower tail of the exponential
function:

E~~x 2 m!3! 5E
2`

0 eu

2
u3du 1E

2e

21e 1

4 1 4e
u3du

5 2
G~4!

2
1 F u4

16~11 e!
G

2e

21e

5 22 1
1

2
e2 1 e,

Figure 1. M 5 0, m ' 20+25, m 5 0, skewness5 0 in ~1!+
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which is negative fore , 21 1 M5+ The mirror image of the density, namely,

1u[R1

e2u

2
1 1u[~222e, e!

1

4 1 4e
, (2)

has E~~x 2 m!3! . 0, but m 5 M , m, in violation of the second alleged
inequality+ This is illustrated in Figure 2 fore 5 0+3+

~c! M . m+ Finally, one can makem , M by shifting the uniform compo-
nent of the last density~2! slightly to the left~away from the origin!+

3. EXTENSIONS

First, one may query the role played by the flat portion of the density+ One
possible reason for this query is as follows+ Kendall and Stuart’s~1977, p+ 40!
definition of a modeM is such thatfx~M ! . fx~u! at “neighbouring values below
and above”M+ Other authors may use the less common definition of the mode
as the value ofu that maximizes the density subject tofx~u! . 0+ In this case,
one would regard the flat part offx~u! . 0 as giving rise to a continuum of
modes, and the distribution would not be regarded unimodal+ ~Without the pos-
itivity requirement, points where the density is zero would also have qualified
as modes; e+g+, any u . 1 1 M5 in Figure 1+! Nevertheless, the counterexam-
ples would still go through after a slight alteration+ For example, in density~1!
of ~a!, one can add an arbitrarily small linear slope to the uniform at its middle
point ~u 5 1!, and

Figure 2. M 5 0, m ' 0+09, m 5 0, skewness. 0 in ~2!+
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fx~u! 5 1u[R2

eu

2
1 1u[~12M5,11M5!

11 ~12 u!e

4M5
(3)

for a smalle . 0 ~which must also not exceed 1YM5 ' 0+45 for the density
to be nonnegative!+ For e , 2M5 exp~1 2 M5! ' 1+30, which is within the
assumed domain, the mode is still zero+ This density is illustrated in Figure 3
for e 5 0+1+ In general, m 5 25e06 and

E~~x 2 m!3! 5
5

6
e 2

25

6
e2 2

125

108
e3,

which is positive fore , 3~M11 2 3!05 ' 0+19+ This is because the meanm is
quite negatively sensitive to thee-change that has been introduced, whereas
E~~x 2 m!3! goes the other way+ By Pr~x , 0! . 1

2
_ , the median is negative,

hence less than the mode, in spite of the positive skew+ Notice that this pro-
vides a new counterexample for~c!, becausem , M also+

Second, the discontinuities in the densities can also be questioned+ Again,
giving a slight inclination to the vertical lines in the previous graphs shows
that the conclusions still hold+ In fact, nonlinear splines can be used in the same
way to provide counterexamples where the density is differentiable a number
of times+

Third, there are various other measures of skewness, which are less com-
monly used+ They include Karl Pearson’s first and second measures, respectively,

mean2 mode

standard deviation
and

3~mean2 median!

standard deviation
+

Figure 3. M 5 0, m ' 20+29, m ' 20+08, skewness. 0 in ~3!+
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The latter lies in the interval@23,3# + If one of these two measures of skewness
is adopted then, in the mean-median-mode inequality, one of the three relations
is a tautology but the others may still not hold, as shown in the counter-
examples+ Notice that, with these alternative definitions of skewness, van Zwet’s
condition then implies that the inequality holdsandalso that the distribution is
skewed in a particular direction+S
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