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Abstract

We show that the diameter of a uniformly drawn spanning tree of a simple connected graph on n vertices
with minimal degree linear in 7 is typically of order /7. A byproduct of our proof, which is of independent
interest, is that on such graphs the Cheeger constant and the spectral gap are comparable.
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1. Introduction

The uniform spanning tree of a finite connected graph G, denoted by UST(G), is a uniformly
chosen random spanning tree of G. The main result of this paper is that the diameter of the UST,
i.e., the largest distance between two vertices of the UST, on graphs with linear minimal degree
grows like the square root of the number of vertices with high probability.

When G is the complete graph on n vertices, K,, much more is known. A classical result
of Szekeres [18] (see also [9]) explicitly provides the limiting distribution of the diameter
of UST(K,) scaled by n~'/2. This was greatly extended by the influential work of Aldous
[1-3] and Le Gall [12,13] who proved that UST(K}), viewed as a random metric space
and scaled by n~'/2, converges in distribution with respect to the Gromov-Hausdorff dis-
tance to a canonical random compact metric space known as the Continuum Random
Tree [1].

The UST is a critical statistical physics model, hence it is expected that as long as the base graph
G is ‘high dimensional’, UST(G) should have a similar geometry to that of UST(K}). This high
dimensionality condition is typically some good isoperimetric condition. This has been pursued
in [16] where the authors show that the diameter of UST(G) is of order </n for a large class of
high dimensional graphs including, for example, Z>, the hypercube {0, 1}" and regular expanders.
The dense graphs we study in this paper, however, can be very far from being high dimensional.
For instance, two cliques on #/2 vertices connected by an edge will have the worst isoperimetric
inequality, yet the diameter of its UST is still of order /n. We now state our main result. For
a connected graph H we write diam(H) for the maximal graph distance in H between any two
vertices.
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Theorem 1.1. For any ¢,8 € (0, 1) there exists C= C(3, €) € (1, 00) such that if G is a connected
simple graph on n vertices with minimal degree at least 8n, then,

P (C™'/n < diam(UST(G)) < Cv/n) > 1 —¢,

The main tool we use is a decomposition theorem (Lemma 2.2) which can be thought of as
Szemerédi-type Regularity Lemma allowing to partition the vertices of G into O(1) sets such that
the induced graph on each set satisfies a sufficiently strong isoperimetric inequality and such that
the number of edges connecting two such sets is sufficiently small. This partition is then used to
study the behaviour of the loop-erased random walk on G which in turn provides estimates on the
UST via Wilson’s algorithm (Section 1.1).

It turns out that one can get significant mileage in the study of the random walk using such
a decomposition theorem. One such estimate, which we believe is of independent interest, is an
improvement to Cheeger’s inequality on graphs of linear minimal degree. This improved inequal-
ity shows that on such graphs the Cheeger constant and the spectral gap are comparable. Denote
by P the transition matrix of the simple random walk on G, and let 7 (v) = deg(v)/2|E(G)| denote
its stationary distribution. Since P is self-adjoint in L?(r) it has n real eigenvalues in [— 1,1]
denoted by

l=A1>2A>..>2A,>—1

A classical highly useful inequality proved by Alon-Milman [4, 5], Lawler-Sokal [11] and Jerrum-
Sinclair [7] known as Cheeger’s inequality relates the spectral gap y(G):=1— X, of P with its
isoperimetric constant (also known as Cheeger’s constant). More precisely, for a set of vertices S
of G we denote its volume by Vol(S) = ), deg(v) and its edge boundary by 3S = {(u, v) € E(G) |
ueS,v¢S}). We define the Cheeger constant as

®(G) . 9]
:= min
sm(8)<1/2 Vol(S)
Cheeger’s inequality states that
®(G)*/2 =y(G) =29(G). (1)

When G is a simple graph of linear minimal degree we can improve the lower bound in Cheeger’s
inequality to match the order of the upper bound.

Theorem 1.2. For any § € (0, 1) there exists a constant ¢(§) > 0 such that the following holds. Let
G = (V, E) be a simple graph on n vertices with minimal degree at least 8n and Cheeger constant
O(G), then

Y(G) = c(§)®(G).
Remark 1.3. Our proof gives c(8) = §'°/23* but we have not tried to optimize this constant.

Remark 1.4. After posting this paper we learned from Majid Farhadi, Suprovat Ghoshal, Anand
Louis, and Prasad Tetali of an alternate proof of Theorem 1.2, which gives ¢(§) = €2(8). Since the
proofs are completely different we believe there is value in presenting both. We emphasize that
our proof of Theorem 1.2 is just a byproduct of the tools we develop to prove our main result
Theorem 1.1 and is also quite short given these tools. It is presented in Section 2.3.

The alternate proof follows from Theorem 1 of [10]. In our notation, it states that there exists
a universal constant C > 0 such that for all k < n,

_ Gk (G
- V1=
To obtain Theorem 1.2 from (2), observe that when the minimal degree of G is at least 6n, each

diagonal term of P? is bounded from above by 1/(8n) and therefore the trace of P? is bounded
from above by 1/8. Since the trace of P? equals the sum of squares of the eigenvalues of P, we have

®(G) )
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that at most 4/§ eigenvalues of P are larger than 1/2. Hence, A14/57 < 1/2. Plugging this into (2)
and rearranging gives

y(G) = d80(G)

for some ¢’ > 0.

1.1 Preliminaries

For a finite graph G = (V, E) and a vertex v € V we denote by deg(v) its degree. When U C V we
will write deg;(v, U) for the number of edges between v and U and G[U] for the subgraph of G
induced by U. We will sometimes omit the subscript when it is obvious to which G we refer. A
network (G, w) is a connected graph G = (V, E) endowed with a non-negative function w: E —
[0, 00) on its edges. The simple random walk {X;}{°, on G is the Markov chain on the state space V/
that at each step moves along a uniformly chosen edge incident to it. Similarly, the simple random
walk on a network (G, w) is the Markov chain such that the transition probability from v to u
is proportional to w ({v, u}). In order to avoid issues of parity, we will sometimes consider the
lazy random walk. Formally, at each step, with probability 1/2 the walker stays put and otherwise
chooses a neighbour uniformly (or proportionally to w({v,-}). We will often consider random
walks with different starting distributions. When p is a probability measure on V, we will use the
notation IP,, for the probability measure conditioned on Xy ~ . We will also use P, for the walk
conditioned on X, = v. Also, for a non-negative integer ¢t > 0 and two vertices v, u € V we write
p' (v, u) for P,(X; = u). Forany a, b € [0, 00), we write X[a, b] for (X;);c; where I = [[(ﬂ , LbJ] NN.
Similarly, we write X[a, b) if we wish to exclude b from I.

We will frequently use some facts about the mixing time of the random walk on G which we
now define. The total variation distance between two probability measures u, v on V is

dTV > V) = Z |/~’L

ueV
For every ¢ € (0, 1/2), the e-mixing time of G is defined by

tG. (e):= max min{t > 0+ [p‘(v, ) — 7 ()lrv <e},

where 7 (v) = deg(V)/2|E|, the stationary distribution of the random walk on G. To avoid issues
of periodicity we emphasize that in this paper the quantity tﬁlx(s) is defined only for the lazy
random walk. We liberally vary the choice of ¢ throughout the proof; this changes the mixing
time by at most a multiplicative constant. Indeed, for every ¢ < 1/4 and any integer, we have (see,

[14, equations (4.34) and (4.32)])

le( g) < 10g2(8 l)tmlx(1/4) and le(S ) < ktmix(g/z)‘ (3)

The uniform spanning tree (UST) of G is the uniform measure over the set of all spanning trees
of G. More generally, when (G, w) is a finite network, we denote by UST(G) the weighted uniform
spanning tree. That is, the probability measure supported on spanning trees of G that assigns
to each such tree T a measure proportional to [[,. w(e). We briefly describe here some useful
properties of the UST involving sampling, conditioning and stochastic domination and refer the
reader to [15, Chapter 4] for a comprehensive overview.

Our analysis of the UST will rely on Wilson’s algorithm [19] for efficiently sampling the UST.
This popular algorithm is frequently used not just to sample but rather to prove theorems about
the UST, see [15]. Let G = (V, E) be a finite connected graph. A walk of length L on G is a sequence
of vertices (Xo, . . ., Xr) such that (Xj, Xjy1) € E for every 0 <i < L. Given such a walk X, its loop
erasure LE(X) is a sequence of vertices defined as follows. We put LE(X)y = Xp and inductively,
for every i > 0 and given LE(X)[0,i — 1], define s; := max{t < L|X; = LE(X);_1}. If s; =L, the
loop-erased random walk of X is (LE(X)o, . . . , LE(X);—1). Otherwise, let LE(X); = X, +1. In words,
we walk along (X, . .., Xy) and erase the loops as they are formed. Given two vertices v, u the
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loop-erased random walk from v to u is defined to be LE(X) where X is the simple random walk
started at v and terminated upon when hitting . In a similar fashion we define the loop-erased
random walk from a vertex v to a subset of vertices U. Wilson’s algorithm works as follows.
Choose any ordering (v, . . ., v,) of the vertices of G and let T} be the empty tree containing v,
and no edges. At each step i > 1, run a loop-erased random walk from v; to T;_; let T; be the
union of this loop-erased random walk and Tj_;. This process terminates after going through
all vertices and results a spanning tree T,. A remarkable theorem of Wilson [19], that we use
throughout this paper, states that T), is distributed as UST(G).

Next, it is very simple to prove that conditioning on the existence or absence of edges in the UST
results in a UST on the graph obtained from G by contracting or erasing those edges, respectively.

Lemma 1.5. [15, Section 4.2] Let (G, w) be a network and let e be an edge of G. The UST of (G, w)
conditioned to contain e is distributed as the union of e with the UST of the network obtained from
G by contracting the edge e to a single vertex.

Lastly, we recall a few highly useful corollaries to a result of Feder and Mihail [6]. Given two
probability measures 11 and i, on 2F, we say that ju; is stochastically dominated by u; if there
exists a probability measure i on 2F x 2F with marginals i1 and 1, which is supported on

{(T1, To) e 28 x 28 | Ty € Ta).

Lemma 1.6. [15, Lemma 10.3] Let G be a connected subgraph of a finite connected graph H.
Then, UST(H) N E(G) is stochastically dominated by UST(G) when both are viewed as probability
measures on 28,

This lemma can be further generalized to our needs. We say that a network (G, w) is a sub-
network of (H, w') if V(G) C V(H) and for every edge (v, u) with w(v, u) # 0 we have w(v, u) =
W' (v, u). The same proof of [15, Lemma 10.3] yields a more general statement.

Lemma 1.7. Let (G,w) be a subnetwork of a finite network (H, w'). Then, UST(H) N E(G) is
stochastically dominated by UST(G) when both are viewed as probability measures on 25,

Given a network G and a subset of vertices A we write G/A for the network obtained from G by
contracting the vertices of A to a single vertex and keeping all edges. The following is well known
and can be obtained by a similar argument to the proof of [15, Lemma 10.3].

Lemma 1.8. Let (G, w) be a finite network and let A C B be two sets of vertices of G. Then, UST(G/A)
stochastically dominates UST(G/B).

1.2 Proof outline and organization

It is easier to bound the diameter of the UST after conditioning on a long path in it. Indeed, a
key lemma from [16] (see Lemma 4.1) roughly states that if a vertex set W C V is sufficiently
spread out in the sense that the random walk is unlikely to avoid it, then one can upper bound
the probability that the diameter of UST(G/W) is much larger than |W|, where G/W is the graph
obtained from G by identifying W to a single vertex. When G, say, is a regular expander (or any
other ‘high dimensional’ graph) the approach in [16] is to take W to be the vertices on the unique
path in UST(G) between two independently drawn uniform vertices of G. The expansion property
is then used to show that this set has size ©(y/n) and is sufficiently spread out, so Lemma 4.1
implies that UST(G/W) has diameter ®(/n).

The high level approach in this paper is to use our decomposition theorem (Lemma 2.2, proved
in Section 2) and partition the graph into O(1) sets so that with high probability the UST path
between two random vertices in each set remains within the set, is of size ©(4/n) and is sufficiently
spread out within the set. Formalizing and proving this is performed in Section 3. In Section 4 we
take the union of these O(1) paths to be our set W and apply Lemma 4.1 from [16] to obtain that
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UST(G/W) has diameter roughly of order /7 from which we deduce the desired upper bound on
the diameter of UST(G).

2. Decomposition of linear minimal degree graphs

In this section we prove that any finite connected graph G = (V, E) on n vertices with linear mini-
mal degree can be decomposed into k sets, each of them linear in the number of vertices, such that
a random walk typically mixes inside every such set before leaving it. Hence, when considering
short times, roughly /7 steps of the walk, a random walk on the graph can be approximated well
by a random walk on one of its sets in this decomposition. We will denote a partition of V by P
and sometimes more explicitly by V.=V, u. ..U Vi. We write [k] for the set {1,. .., k}.

Definition 2.1. Let ¢ €(0,1),8 € (0,1] and 8 > 0 be fixed and let G=(V, E) be a graph on n
vertices with minimal degree at least n. We say that a partition V=V, U...U Vi isan (¢, 6, B)-

.. . . 92/8
good decomposition if there exists some @ € [¢!12

satisfied.

, €] such that the following conditions are

1. The number of sets in the decomposition, denoted by k, satisfies k <2/.
2. For every i € [k] we have |V;| > 57”.

3. For every i € [k], the spectral gap of G[V;] is at least 8168

231,42
4. For everyi € [k] and each v € V; we have that deg(v, V;) > ‘Z—é‘.
5. For every i € [k] we have [E(V;, V\ V})| < 26%8.

The majority of this section is devoted to proving the following decomposition lemma which will
be key in the proof of Theorem 1.1.

Lemma 2.2. For every § > 0, there exists a constant ¢ = c(§) > 0 such that the following holds.
For every e € (0, c), every B € (0, 240n/(¢6*)) and any simple graph G = (V, E) on n vertices with
minimal degree at least 8n there exists an (g, 8, B)-good decomposition of G.

We remark that the proof of Theorem 1.2 does not use this lemma, rather a simpler
decomposition lemma, Lemma 2.11, which is also the first step in the proof of Lemma 2.2.

2.1 Preliminary estimates on the spectral gap
In this subsection we prove the following lemma allowing us to lower bound the spectral gap of a
decomposable graph.

Definition 2.3. Given a partition P of V, denoted by V.= V; L. .. U Vi, and some ¢ > 0, we define
the graph H(P, ¢) as follows. The vertices of H(P, c) are [k] where each vertex i € [k] represents a
set V; of P and we join an edge (i, j) if |[E(V;, V)| > c.

Lemma 2.4. Let G=(V, E) be a simple graph on n vertices. Let P be a partition of V denoted by
V=Viu...u Vi Assume that there exists a, b, c > 0 such that the following conditions hold.

o Forevery i€ [k], the spectral gap of G[V;] is larger than a,
o Foreveryic [k] and every v € V; we have deg(v, V;) > b,
o The graph H(P, c) is connected.

: ; abc
Then, the spectral gap of G is at least min {a, s }
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Lemma 2.4 is an application of the main result of [8] together with some quick estimates involving
the Dirichlet form (see [14, Chapter 13] for further reading on the Dirichlet form). In the rest of this
subsection we cite and prove these necessary background results, then prove the lemma. Since the
proof digresses from the main ideas of this paper, the reader may want to take this lemma as a ‘black
box’ and skip reading its proof. We will typically use this Lemma when a is roughly a constant, b is
of order n and c is of order ®(G)n?.

Let (G, w) be a network where G = (V, E) with a partition of its vertex set V=V U...U V.
Let 7w be the stationary measure of the simple (or lazy) random walk on (G, w). For such a net-
work with a partition of its vertex set to k sets, we define the distribution 7 on [k] by setting
7(i) = ZVGV’, 7 (v). The projection chain is a Markov chain on [k] with the following transition
probabilities

- 1
Pi’jZ% Z 7 (v)P(v, u). (4)

veVi,uer

Note that 7 is the stationary distribution of this chain. Furthermore, we define k restriction chains,
to which we will also refer as the restriction walks. For every i € [k], this restriction walk is a
Markov chain on V; with transition probabilities

P(x,y) X#y,

Pi(x,y) =
1- ZweV,-\{x} Plx,w) x =)

We are now ready to state a weaker version of [8, Theorem 1] which will be useful later. We remark
that our version follows easily from [8, Theorem 1] by applying trivial upper bounds to the spectral
gap of the projection chain and to the probability to move from one set in the decomposition to
another one.

Theorem 2.5. ([8, Theorem 1]) Let (G, w) be a network where G=(V,E) and let V=V, U...U
Vi be a partition of its vertex set. Denote by y the spectral gap of the projection chain associated with
it and for every i € [k] let y; be the spectral gap of the restriction walk on V;. Then, the spectral gap
v of the random walk on (G, w) satisfies

. VVi
> _—
Y mill'l 6

For an irreducible Markov chain on a finite state space 2 with transition matrix P, stationary
distribution 7 and a function f : Q2 — R, we denote

1
E1N)=3 Y m@PE ()~ )

x,ye

The following lemma which we will not prove is helpful in estimating spectral gaps of networks
which are obtained by a small perturbation of another network.

Lemma 2.6. ([14, Lemma 13.8]) Let Py and P, be transition matrices with stationary distributions
7o and 7 over the same finite state space Q. Let y° and y' be their spectral gaps, respectively. If

there exists o > 0 such that for all functions f : Q@ — R we have 55} () < ou‘,':g (f), then

0
yl< (max m) ay®.

weR 7'[1(0))

Claim 2.7. Let G=(V,E) and let Wy = (G, wy) and W1 = (G, w1) be two networks such that
there exists a vertex v € V such that w9, < w,,,, and for every other edge (u, w) # (v, v) we have
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w) , =wi.,,. Denote by y® and y! the spectral gaps corresponding to Wy and W, respectively.
Then, y' < y©.

Proof For i € {0, 1}, we let P; be the transition matrix corresponding to W;. We denote
wL:Zwé, Zi=Zw;.
esu ueV

We also denote by 7 the stationary distribution of W; and recall that 7i(u) = w; /Z;. We will now
use Lemma 2.6 to show that y! < yo. A simple calculation shows that for every f

1
w
N = Z L (f(u) — () = —5P° 2(F). (5)
Zy
uveV
Also, we write ¢ = wl, — w9, > 0. Then, for every u € V we have
0 2 #~
— u#v
70(u) % %
lw) v |z W
Z1 —_— =
Zy wW)+e

Hence, in any case 70%uw) /7 () < Z1/ 2. By (5), we can use Lemma 2.6 with @ = Z/Z;. We thus
get that y1 < 0.

As mentioned in the last subsection, if P is a transition matrix of some random walk and Q is
the transition matrix of its lazy version, then Q = %(I + P) and hence y(Q) = %V(P). Similarly, if
X is a random walk with transition P and Y is an «-lazy random version of X, that is, at each step
the walker stays put with probability & and otherwise chooses its next step according to P, then
Q=al+ (1 —a)P.Hence, y(Q) =1 — a)y(P).

We can further generalize this. For every v € V, let p, € [0, 1). We call (p,),ev the lazy vector.
Let X be some random walk on V with transition matrix P and let Y be the following random walk
on V. At each step, if the walker is at some u € V, it stays put with probability p, and otherwise
chooses its next step according to P. The next claim shows that we can lower bound the spectral
gap associated with this random walk.

Claim 2.8. Let P be a transition matrix of a random walk X on a finite connected graph G with
spectral gap y (P). Let o € (0, 1) and let (py)yev € [0, «)V be a vector which we call the lazy vector.
Let Y be the following random walk on G. If Y; = v, stay put with probability p,. Otherwise, choose
Xi+1 according to P. Let Q be the transition matrix of Y. Then, y (Q) > (1 — a)y (P).

Proof Let (G, w*) be the network associated with the graph G such that w¢, =1 if (4, v) € E and
wS, = B, where B, satisfies W = o. If P is the transition matrix of the simple random walk
on G, then Q:=al + (1 — )P is the transition matrix corresponding to (G, w*). Note that the
spectral gap of Q satisfies (Q) = (1 — )y (P). Let (py)vev be the lazy vector with all values non-
negative and smaller than . The random walk that stays put at some u € V with probability p,, and
jumps according to P otherwise can be seen as a random walk on a network (G, ) which can be
constructed from (G, w*) by going iteratively over all vertices v € V and decreasing the weight of
w5, at each step according to p,. By Claim 2.7, at each step the spectral gap can be only increased.

Hence, the spectral gap of the walk corresponding to (G, wF) is larger than y(Q) = (1 — &)y (P),

as required. 0

Another canonical method of bounding the spectral gap from below is the path method.

Claim 2.9. (The path method, see [14, Corollary 13.21]) Let P be a transition matrix of a Markov
chain on a finite state space Q2 with stationary distribution 7w and spectral gap y. For every x,y € £,

https://doi.org/10.1017/50963548322000062 Published online by Cambridge University Press


https://doi.org/10.1017/S0963548322000062

Combinatorics, Probability and Computing 1017

denote Q(x, y) = m(x)P(x, ). Let {¢xy}x,ye be a collection of paths in Q from x to y such that every
path @y is a path from x to y with Q(e) > 0 for every e € ¢y, Denote

1
B:= max—e Z N(x)ﬂ()/)|(/)x,y|-

Then, y > B~L.

Proof of Lemma 2.4. When k = 1, this is trivial and the spectral gap of G is at least a. We assume
henceforth that k > 2 and we consider the projection and restriction chains associated with the
decomposition of V to sets of P as described earlier in this section. Let i € [k] and consider the
restriction chain associated with V;, a set of P. By our assumption, we have that the spectral gap of
G[ V3] is at least a. However, the restriction walk on V; is different from the simple random walk
on G[V;], as it is obtained from it by adding self loops for every edge that exits V;. For everyve V
we denote by p, the probability to move from v to itself in the restriction chain. Since every v € V;
has deg(v, V;) > b, we have that p, < (1 — %). We thus have by Claim 2.8 that y;, the spectral gap

of the restriction chain, satisfies y; > “—f

We turn to the projection chain, which is a Markov chain on the state space [k] with stationary
distribution 77 and transition matrix P as in (4). We will use Claim 2.9 to bound the spectral gap
associated with it from below. For every edge e = (I, m) € H(P, c), we denote Q(e) = 7 (I)P(l, m).
We denote by P the transition matrix of the original simple random walk. By the definition in (4),

we have

Qo) =7 () - = Y. mWPwv)=)

JT(Z) ueVyveVy, ueV;

[E(u, Vi)l > |E(V], Vi)l > i
21E] n? ~n?

Since the graph H(P, c) is connected, for every x, y € [k] we can choose a path ¢, connecting
x and y such that every edge in this path has Q(e) > ¢/n?. We choose such paths for every x, y
arbitrarily. We obtain that for every edge e which belongs to any path in this choice (¢xy)x ye[x]
we have
1 o kn? o kn?
— TOTWpxyl < — D TRT() < —.
Q(e) c c
@xyde Pxyde
Hence, by Claim 2.9, the spectral gap of the projection chain ¥ is at least c/kn?. Using Theorem
2.5, we conclude
— b
y > min n, 4%

Tielk] 6 — 6kn3’ 0

2.2 Primary decomposition

Definition 2.10. Let G=(V,E) be a graph on n vertices with minimal degree at least n. A
8-primary decomposition of G is a partition of its vertices V = V; U...U Vy which has the
following properties.

. The number of sets in the decomposition, denoted by k, satisfies k <2/4.
. For every i € [k], we have | V;| > 57”.

5*n

1

2

3. For every i € [k] and each v € V; we have that deg(v, Vi) > %'
4

. For every i € [k], the spectral gap of G[V;] is at least g%
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Lemma 2.11. Let G = (V, E) be a simple graph on n vertices with minimal degree at least $n. Then,
there exists a §-primary decomposition of G.

Proof We build the decomposition inductively each time refining the partition of V. We begin
with the trivial partition {V}. At each step, if there is a subset W in the partition that can be

further partitioned W = W; U W, such that |[E(W;, W5)| < g—g |W1|| W3], then we refine the par-
tition by replacing W with Wy, W,. We call the edges E(W}, W3) in each such refinement step
negligible. The choice of W and W7, W5, is not necessarily unique and at each step we choose arbi-
trarily among all possibilities. Since the graph is finite this process must stop and we denote the
final decomposition by V= U, L. .. U U, where edges between any pair U; and Uj are negligible.
The sum of |W||W>|, described above, over each of the £ refinement steps is no more than the

cardinality of pairs of vertices, hence, the number of negligible edges is at most g—; (g)

We call a vertex bad if the number of negligible edges touching it is larger than én/2. Our
bound on the number of negligible edges implies that there are no more than §21/10 bad vertices.
Every vertex which is not bad is called good. If a set U; in the partition contains a good vertex
we call it a good set, otherwise, a bad set. Since the minimal degree in the graph is larger than
dn, every good vertex v touches at least §n/2 edges that are not negligible; the corresponding
neighbours must be in the same set of the partition as v. Hence each good set is of size at least
8n/2 and so their number is at most 2/8. We call bad vertices belonging to bad sets evil. To obtain
our primary decomposition, we remove all bad sets from the partition and redistribute the evil
vertices among the good sets as follows. Assume without loss of generality that the good sets of
the partition are Uy, ..., Uy where k < {.Letve V'\ Ule U; be an evil vertex. Since the number
of good neighbours of v is at least 81 — 821/10 and k < 2/8, there exists some i € [k] for which
d(v, U;) > 8%n/3. We add v to one such set chosen arbitrarily.

We denote the resulting decomposition by V=V, u...uU Vi (with U; C V; for all i€ [k])
and argue that it satisfies the desired conditions of Definition 2.10. Conditions (1) and (2) are
immediate. To see that condition (3) is satisfied, let i € [k] and let v € V;. If v is good, then
deg(v, Vi) > én/2. If v is bad but not evil, then |E({v}, U;)| > %|Ui| > 8*n/40 since otherwise
we would have partitioned U; to {v} and U;\ {v}. If v is evil, then it was added to V; since
d(v, U;) > 8°n/3.

It remains to prove condition (4). Due to Cheeger’s inequality (see equation (1)), it is enough
to show that for every i € [k]

5

1)
D(G[V;]) > 1200° (6)

Fix i€ [k]. We slightly abuse notation and write Vol and m for the volume and stationary
measures on G[V;] respectively, that is, for any S C V; we have Vol(S) =) ¢ deg(s, V) and
7(S) = Vol(S)/Vol(V;). Let X C V; be a subset with 7 (X) < 1/2. If at least half of the vertices
of X are evil, then its size is at most twice the number of bad vertices, i.e. |X| < 82n/5. Each evil
vertex of X has at least §211/3 — 82n/5 of its neighbours in V; outside X. Hence,
2
D
Vol(X) = n|X]| 15

Suppose otherwise that at least half of the vertices of X are non-evil. Denote the set of non-evil
vertices of X by R and let T be the other non-evil vertices of V;. Note that RU T = U;. The num-

3
ber of edges between them is at least g—0|R||T|, since otherwise U; would have been partitioned
further. Thus,
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83 83
X E(R, 1 =|R||1 =|T||X 3T
|8 | >| ( > )|>20| || |>20| || |>5| |

Vol(X) = Vol(X) ~— Vol(X) ~— 2n|X| ~— 40n @

It remains to lower bound |T|. Denote by G; and B; the sets of good and bad vertices of V;,
respectively. We have that |G;| > §n/2 — 8?n/10. Each vertex v € G; has deg(v, Vi) > én/2 hence
Vol(G;) > 82n2/5. On the other hand, since the total number of bad vertices is at most 8211/10
we have Vol(B;) < §?1n%/10. We deduce that 7(G;) > 2/3. Since m(V;\ X) > 1/2, we have that
7(T) = 7 (G;N (V; \ X)) > 1/6. We bound Vol(T) < |T|n and Vol(V;) > Vol(G;) > §?n?/5 which
with the last estimate gives |T| > 621/30. We plug this into (7) to obtain that % > %, as
required. ]

2.3 The Cheeger constant and spectral gap are comparable on graphs with linear degree

Proof of Theorem 1.2. For brevity we denote ®(G)=r. By Lemma 2.11, there exists a §-
primary decomposition P of G, also denoted by V=V, ... U V. We claim that the graph
H(P, r8?n?/2k?) is connected. Indeed, assume to the contrary that it is not connected and let
S C [k], S # [k], be a connected component in this graph. Let Vs := Ujeg V; be the set correspond-
ing to S in G. We may assume that 7w (Vs) < 1/2 (otherwise, we will take one of the connected
components of Vx)\s). Since P is §-primary and ®(G) = r, we have that

| Vs| > rVol(Vs) > r8*n? /2.

r82n? /2k?, contradicting the assumption that S is a connected component of H(P, r§?n?/2k?).

Hence, we can find a component V; C (V'\ Vs) and a component V; C Vg with |E(V}, V})| >

19
We can therefore apply Lemma 2.4 and obtain that Theorem 1.2 holds with the constant 25 (note
that § <1 so the minimum in the conclusion of Lemma 2.4 is attained in the second item). OJ

2.4 Coarsening

Given two partitions P and P’, we say that P is a coarsening of P’ if every set in P is a union of
sets in P’. Suppose that G = (V, E) has minimal degree at least §n. Let P be a partition denoted by
V=ViU...UVy, and let P/ be a partition V.=V’ ... U V’; such that P is a coarsening of P’.
For each i € [k] we write P; for the partition of V; into sets of P’.

Definition 2.12. For ¢, €(0,1) and 8 > 0 we say that P is an (¢, a, B)-good coarsening of a

zl
partition containing ¢ sets P’, if there exists some 6 € |:8 (2—2‘) , 8:| for which the following

conditions are satisfied.

1. For every i € [k] we have that H(P;, 08) is connected (H is defined in Definition 2.3).
2. For everyi € [k] we have |[E(V;, V\ V})| < 0%Ba.

Lemma 2.13. Foranye,a € (0,1) and any B > 0, if G = (V, E) is a finite graph and P’ is a partition
of V containing £ sets, then there exists an (¢, «, B)-good coarsening of P’

Proof. Let ¢ > 0. We will construct P, an (¢, o, 8)-good coarsening of P’, which will satisfy con-
ditions (1) and (2) of Definition 2.12 with some parameter 6. At first, if P’ satisfies condition (2)
with e playing the role of 6, then P’ is an (¢, &, 8) good coarsening of itself. Otherwise, we build
recursively a finite sequence of length at most £ of coarsenings (P;) of P’ and parameters (6;), such
that P; satisfies condition (1) with 6;. We set P; :=P’ and 6; =¢.
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At step m > 1, we are given with P,,—; and 6,,—; such that P,,_; satisfies condition (1) with
parameter 0,,_1. If Pp,_; also satisfies condition (2) with 6,,_;, then P,,_; is an (¢, o, B) good
coarsening and we halt the process, denoting P := P,,_; and 0 := 0,,_1. Otherwise, there exists a
set U in the partition P,,—; which has |[E(U, V \ U)| > 931_105;3 . Since there are £ sets in P/, there
exists at least one pair of sets W1 C U and W, C V' \ U, both are sets of the partition P/, such that
|[E(W1, W))| > Gfr‘_laﬁ/ﬁz. We denote

On = 5500 (8)
and form P,, by replacing U and the set containing W, in P,,_; with their union. We note that
since we assumed that P,,_ is a coarsening of P’ and satisfies condition (1) with 6,,—;, then Py,
is also a coarsening of P” which satisfies condition (1) with 6,,.

Eventually, since the number of sets in P’ is £, this process halts within at most ¢ steps and we
obtain an (g, «, B) good coarsening P and 0, a parameter satisfying 0 > 6, with which conditions
(1) and (2) are satisfied. Solving (8) with initial condition 6 = ¢, we obtain

s \2"-1
O =c¢ (—) .

Therefore, we have

as required. U

2.5 Proof of Lemma 2.2

To prove Lemma 2.2 we will show that with the right choice of @ an (¢, «, 8)-good coarsening of
a §-primary decomposition is in fact a (&, 8, 8)-good decomposition.

Proof of Lemma 2.2. Let G = (V, E) be a graph on n vertices with minimal degree at least é#, let
£ > 0andlet 0 < B <240n?/(£8*). By Lemma 2.11, there exists a §-primary decomposition of V.
We denote this decomposition by P’. By Lemma 2.13, we obtain that there exists an (¢, &7, 8)-
good coarsening of P/, denoted by P. We also denote this coarsening explicitlyby V.=V, L. ..U
Vi and we let 6 be the parameter from Lemma 2.13 to which the coarsening corresponds.

We claim that P is indeed an (¢, §, 8)-good decomposition satisfying conditions (3) and (5)
of Definition 2.1 with this 8. We first note that for ¢ > 0 small enough and by the properties of a
good coarsening

- 4

Conditions (1), (2) and (4) of Definition 2.1 are immediate for every coarsening of a §-primary
decomposition. Condition (5) is satisfied by condition (2) of the coarsening in Definition 2.12.
We are then left with verifying that condition (3) of Definition 2.1 holds. To this end, we let V;
be some set in P and V; = Vi U. ..U Vi, be its partition to ¢; sets of P which we denote by P;.
Note that for every j € [¢;] and for every v € V;; we have deg(v, V;;) > 8*n/40. Also, by condition
(4) of the primary decomposition, Definition 2.10, we have that the spectral gap corresponding
to G[V;] is at least 8107222, Finally, by the properties of the coarsening, the graph H(P;, 68) is
connected. Hence, denoting y (G[V;]) for the spectral gap of G[V;] and using Lemma 2.4 we get
that

22/8
11.22/ g10§2
e <eg <6 <e.

510 g4y 510 1
} ) 9)

V(G[Vi])zmin{ﬁ’ 4_0'?'9’8'6&-;13
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Since 6 <e and B < 240n? / (e8*) and ¢; > 1 we learn that the minimum above is attained in the
second term. As P is a coarsening of a §-primary decomposition, we have that £; <2/, hence,

(G[V])>84n 510 08 1 >8159ﬂ
VIS =" "2 6l — 22

and we deduce that condition (3) of Definition 2.1 holds. |

3. Random walks and Wilson’s algorithm on decomposed graphs
In the rest of this paper we take 8 = n3/? in the decomposition of Section 2. The main goal of this

section is to prove the following estimate.

Theorem 3.1. For any § € (0, 1] there exists C= C(§) < 0o such that the following holds. Let G =
(V, E) be a connected simple graph on n vertices with minimal degree at least §n and € > 0. Denote
by V=ViU...UVy an (g8, n'°)-good decomposition of G with parameter 6 (as guaranteed to
exist by Lemma 2.2). Then for every i € [k] there are two vertices v\, v € V; such that if T is a
uniform spanning tree of G and ¢ is the unique path between v\ and v, in T, then

P(&“S@ﬁf lp] < 9—\/2 and ¢ C Vi) >1-—Cs%
g

In Section 3.1 we prove a couple of preliminary useful random walk estimates on graphs with
linear minimal degree that do not involve the decomposition. In Section 3.2, we show that a
random walk on G stays inside one set of the decomposition for at least /7 steps with high prob-
ability; since the spectral gap of each set in the decomposition is at least of order n~/2 and the
induced graph on the set has linear minimal degree, the random walk is mixed in this set (even
though the mixing time of G may be much larger than \/n). We use this estimate in Section 3.3 to
prove the aforementioned Theorem 3.1.

3.1 Preliminary random walk estimates

It is a classical fact that the mixing time of the random walk on a connected graph G is always
Oo(y~! log n) where n is the number of vertices and y = y(G) is the spectral gap, see for instance
[14, Theorem 12.4]. This estimate is sharp as is seen on bounded degree expander graphs where
the gap is 2(1) but at least Q( log 1) steps are needed for the walker to be able to reach the majority
of the graph. However, when the minimal degree is linear, after a single step the location is already
spread on a set of linear size and this estimate can be improved.

Lemma 3.2. For any § € (0, 1] there exists a constant C = C(8) < oo such that the following holds.
For any simple graph G on n vertices with minimal degree at least n and any ¢ € (0, 1) we have

15.4(e) < Clog (1/¢) (y "1(G) +log (n)) .

Proof Let P be the transition matrix of the lazy random walk on G. Recall that P is a self-
adjoint operator P: L?(r) — L*(rr) where 7 (v) = deg(v)/2|E(G)| is the stationary distribution.
We denote the eigenvalues of Pby1=X1; > ...> A, > 0and y(P) =1 — A, and by 1 the all 1 vec-
tor which is the eigenvalue corresponding to the eigenvalue 1. Let u be any probability measure
on V and write f for the vector f(v) = u(v)/m (v). We have that f — 1 is orthogonal to 1 and for
any integer ¢ > 1 we have that 7 (v)Pf(v) = P,,(X; = -) so in particular P'f — 1 is orthogonal to 1.
Hence

[Pf =l =P (=), =2 Ir =1, (10)
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We rewrite this as
H PM(Xt = )
()

We now claim that for any v € V and every u € V we have that

—1 =il
2

2
Py (Xfiogym) =) < 5

Indeed, if the random walker made a non-lazy step at some time in { , [log,(n)]}, then the
probability to be at any vertex u at time [log,(n)| is bounded by 1/(8 n) On the other hand, the
probability of staying put [log, (1) | steps is at most % Since % <m(-)< ﬁ it follows that

2

< R (11)
2

Py(XT10g,(m] =)
()

Using (10) and (11), for t = [logz(n)—| + log (ﬂ/sﬁ)y‘l and every v € V we have

-1

=. P,(X =.
‘ Py(X; =-) —1| < )\;_ [log,(m)] 8 [log,(n) ] ) —1| < ﬁ(l _ y)t— [log,(n)] <e.
()l () e
By [14, Lemma 12.18] we have that
Py (X, =")
2||pt(v,)_n()”d'[‘v§”%_l 587
: 2
concluding our proof. O

Claim 3.3. For any § > 0 there exists ¢ = c(§) > 0 such that the following holds. For any ¢ € (0, ¢),
any simple graph G = (V, E) on n > &2 vertices with minimal degree at least $n, any U C V with
|U| > e+/n and any vertexve G

PUXI0,2065,e/2) + [V INU=2) <1 - 2,

where X is the simple random walk on G.

Remark 3.4. We emphasize a potentially confusing point: tyix is defined in terms of the lazy
random walk, but in this claim, as well as the rest of this paper, we study the non-lazy random
walk running for times depending on fpx.

Proof. We prove this for the lazy simple random walk and trivially it follows for the usual random

walk. Without loss of generality we may assume that |U| = [./n ], otherwise we may take a subset
of U of that size. By equation (3) we have that 2(t%, (¢/2) + N E >0 (e2) + | /1] so it is

then enough to bound from below the probability that X hits U within S, (¢2) + | /n] steps.
Recall that

E2[Z]
=~ E[22]
for any non-negative random variable Z. Let Y be a lazy random walk starting from the stationary
distribution and define Z = |{t € [0, Lﬁj 1| Y € U}|. We will use (12) to bound P(Z > 0) from
below. Since |U| > ¢4/n and the minimal degree is §n, we have that 7 (U) > edn~ Y% andsoE[Z] =
([vn] +1D)r(U) = e6.

To bound E[Z?], let t < r be two positive integers. If Y; € U, there is a probability of 2—(r=0)
that the walker made r — ¢ lazy steps and then Y, = Y;. Else, since the minimal degree is at least

P(Z>0)> , (12)
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8n, the probability that Y, € U is bounded by |U|/(8n). Therefore,

;v 1 |U| 1

Hence, by summing overall t <r < | /|

Lvn) NaRNa
E[Z?] = Z P(Y; € U) +2 Z Z P(Y; €U, Y, € U)
t=0 t=0 r=t+1
Lvn) Lvn)
[V ] + 1>n<U)|U|
E[Z] +z( +2 3 2
Z Z -

Since E[Z] = (LJ_ J + 1) ) we upper bound the last term of the right-hand side by 2E[Z].
For the middle term we wrlte

(VJ“>”(?'U' (|| +1)- ”“ﬂU'sE[ ](8({;1) JEIz)

where the last inequality holds for & small enough. Therefore, for & small enough we have that
E[Z?] < ZE[Z] and thus by (12)

2E[Z] 2&8
Pz 0)> 22 268
7 7
By the definition of tglx(sz) if X is a random walk starting from some v € V, we have that

drv(Xy (22 ) < &2. Therefore, we can couple the walk X starting from time tgix(ez) with an
independent random walk Y starting from the stationary distribution such that the walks coincide
with probability larger than 1 — £2. We thus obtain that for ¢ small enough

Py(X[t5i (%), tS (D) + | /1] 1N U # @) > £8/3.5 — 2 > e8/4. 0

3.2 Random walks of length ./n stay in the same set of the decomposition

We now show that with high probability the random walker on a graph with linear minimal degree
will stay in the same set of its (¢, &, nl's)-good decomposition that it walked to in its first step.

Lemma 3.5. Let§ € (0, 1], ¢ > 0 and G = (V, E) be a simple graph on n vertices with minimal degree
at least 3n. Also let V.=V U. ..U Vy be an (&, 8, n')-good decomposition of G with parameter 0
(as guaranteed to exist by Lemma 2.2). Then for any C > 0 and any i € [k]
Cco2ed
82

Pv (Ht € [1, C\/Z] ZXt € Vi, Xt+1 ¢ V;) < (13)

where X is the simple random walk on G. Furthermore, for any i € [k] there exists a set Vi C V;
satisfying |Vi'| > 8*n/80 such that for every v € V
80CH%¢’

P, (X[0,CVn]C Vi) >1— 56

Proof. Leti € [k] and let § be the parameter from the (&, §, n'-*)-good decomposition P. For every
t > 1, we have

(14)

i |[E(w, V)| |E(V;, V)
Sn T 8202

P(X; € Vis Xer1 € Vi) < ) PG =w) - p(w, V}) <

weV; weV;
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Hence by taking the union over ¢ € [1, Cy/n] and using condition (5) of a (&, §, nl's)—good decom-
position (Definition 2.1) we immediately obtain (13). To prove (14) let C > 0 and fix some v € V;.
By condition (4) of Definition 2.1, we have that deg(v, V;) > 8*n/40. By (13) we have
Co?¢?

52

Py(Xi € Viand X [1,CV/n+1] £ V) <

Yet on the other hand,

By € Viand XILCVAl 2 V) 2 3 Fu(X[0, GVl £ V).

u~v,ucVj

Thus the number of u € V; with u ~ v satisfying

80CH%e°
Py, (X[0> Cy/n] Z Vi) = 56

cannot be larger than 8*n/80. Since deg(v, V;) > 8*n/40 we conclude the proof of (14). O

3.3 LERWs and Wilson’s Algorithm on the decomposed graph

We now proceed to the proof of Theorem 3.1. In the rest of this section we assume that § € (0, 1]
and ¢ > 0 are given, that G = (V, E) is a connected simple graph on n vertices with minimal degree
dnandthat V=V;u...UVisan (s, nl's)—good decomposition with parameter 6 as guaran-
teed to exist by Lemma 2.2. Lastly, note that if v/n < 1/(6¢®), then Theorem 3.1 is trivial, so we
assume the contrary.

As described in Section 1.1, the UST path between two vertices of G is distributed as the LERW
between them. A recurring problem in analysing the UST is that the random walk path between
two vertices may be much longer than its loop erasure, meaning that most of the random walk path
is erased during the loop erasure. To overcome this obstacle we use the following idea which goes
back to Wilson [19] and was used extensively by Peres and Revelle [17]. Let G* be the network
obtained from G = (V, E) by adding a vertex p, connecting it to each v € V and assigning edge
weights

fet deg.(v)

N T

for any v € V. An immediate calculation shows that with these edge weights the probability that
the random walk starting from any v € V moves to p in the first step is 0¢*n~1/? and so 7, is a
geometric random variable with expectation /n/6¢*. Furthermore, if X is a simple random walk
on this network, then conditioned on 7, = m, we have that X[0, m — 1] is distributed like a simple
random walk on G of length m — 1. Thus, in G, the random walk typically takes /7 steps to hit p.
It turns out that a positive fraction of such a walk survives the loop erasure with high probability,
and is hence easier to analyse. To deduce information about the LERW in G rather than G” we use
Lemma 1.7 stating that UST(G) stochastically dominates UST(G”) N E(G). Hence, if v; and v, are
two distinct vertices and ¢ and ¢’ are the unique paths between them in UST(G) and UST(G?),
respectively, then

w(v, p)

drv(p, @) <P(p € ¢). (15)

The proof strategy of Theorem 3.1 is as follows. Fix some i € [k] and two vertices v;, v in
Vi which we will choose according to (14). We run Wilson’s algorithm (see Section 1.1) on G
where the first three vertices in the ordering of the vertices of G” are (p, v1, v2). We will first show
that with high probability the random walk from v; to p stays within V; except for the last step
(Claim 3.6) and that the length of its loop erasure is at least £,/n (Claim 3.7); it is also unlikely to
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contain v. Next (Lemma 3.8) we show that conditioned on this first LERW, with high probability
the second LERW starting at v; hits the first LERW in a vertex different than p and stays in V; until
that visit. We will also show there that the second LERW is typically longer than 86 /n. This gives
a lower bound on |¢’| and by (15) a lower bound for |¢| is obtained.

Claim 3.6. For any i € (k] there exists a set V'; C V; with |V';| > §*n/80 such that for every v € VY,
a simple random walk on GP starting from v satisfies

]P)V(Tp < TV\V,') >1- Bgz,
for some B= B(§) < oo.

Proof. Apply Lemma 3.5 with C = 1/6¢ to obtain a set V’; such that for every v V/, if Y is a
simple random walk on the graph G, then

800>
PL(Y[0, /06 Vi) = 1 = = 1 — Be (16)
Also, for a random walk X on G” we have E, 7, = /n/0¢* and thus Markov’s inequality gives
Py(zp < \/Z/Q‘SG) >1- e’ (17)

Let X be a random walk on G”. Conditioned on 7, the random path X[0,7, —1] has
the distribution of a random walk on G. Hence combining (16) and (17) yields the
desired result. O

Claim 3.7. For any i € [k] there exists a set V'; C V; with |V';| > §*n/80 such that for every v € V{
if X is a simple random walk on GP starting at v and stopped when hitting p, then

Py(JLE(X)| > ev/n and LE(X) € V; U {p}) > 1 — Ce?,
for some C= C(8) < oo.

Proof. As in the previous proof, for every v € V; we have that P(t, > /n) > 1 — &*. We condition
on this event on 7, and on the first 7, — £/n steps of the random walk. Let us assume first that

ILE(X[0, T, — e+/n))| > e+/n.

In this case we denote by U the first £ ,/n vertices of LE(X[0, T, — £4/n)). As before, conditioned on
7, the walk X0, t, — 1] is distributed as an unconditional random walk. By the Markov property,
the random walk at times 7, — £4/1, T,,) is distributed as an unconditional random walk on the
graph G. Hence, since the minimal degree of G is at least 67, the probability that X; € U for some
t € [t, — ey/n, 7,] is at most £2/8. If this does not occur, then the set U survives the loop erasure.
It follows that

P (JLE (X[0, 7, — ev/n]) | > e/nand |LE(X)| < e/n) <&* +£%/8 < Ce?,

for some C =1+ 871 In the second case |LE(X[0, 7, — £4/1))| < e/n. In this case the last e/n
steps of X will survive the loop erasure high probability. Indeed, by Markov’s inequality and since
the degrees are at least §n we deduce that the walk X[t, — £4/#, 7,] has no loops with probability
at least 1 — £2/8. By the same reasoning, the walk X[t, — e/n, 7,] does not visit |LE(X[O0, T, —
€4/n))| with probability at least 1 — €2 /8. On these two events LE(X) contains X[ty —e/n, 1] It
follows that

P(ILE(X[0, 7, — ev/m))| < ev/nand [LE(X)| < ev/n) < &* +26°/8 < Ce?,

for some C=1+28"!. Combining the last two inequalities and using Claim 3.6 finishes
the proof. U

Lemma 3.8. For any i € [k] there exist two distinct vertices vy, vy € V; such that the following holds.
Let X be a simple random walk in G starting at vy and stopped when hitting p, and conditioned
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on X, let Y be an independent simple random walk on G starting at v, and stopped when hitting
LE(X). Then,

P (Yegpy # p and [LE(Y)| > £%0+/n and LE(Y) C V3)) > 1 — Ce?, (18)
for some C= C(8) < oo.
Proof. We apply Claim 3.7 to obtain the set Vi’ and take vi, v, to be any two distinct vertices of
V. Let Z be simple random walk on G[V;] starting at v, independent of X (note that unlike Y,

the random walk Z does not leave V; and does not visit p). By Lemma 3.2 and condition (3) of an
(&, 9, nl's)—good decomposition (Definition 2.1) we have that for some C = C(8)

tggri](e/Z) + L\/ﬁj <Clog (1/8)%.
Fix a constant
A=]320log(1/¢)/e5*],
so that by the last estimate, and since v, € V;’ the assertion of Lemma 3.5 implies that

P, (¥ [0.24050 /2 + Vi) < Vi) = Py, (Y [o, W} c Vz‘)

8
1o 160ACOe° P (Tp - 2AC10g(1/8)ﬁ>
86 0
>1—Ce?, (19)

for some C = C(8). Thus we learn that with probability larger than 1 — Ce? we can couple Y and
Z suchthat Y; = Z; forall t < 2A(tG[Vi](8 /2) + Lﬁj ). Now, since v; € V; the assertion of Claim

mix
3.7 states that with probability at least 1 — Ce? we have that |LE(X)| > ey/nand LE(X) C V; U {p}.
The minimal degree in G[V;] is at least §*1/40 and §n/2 < |V;| < n, allowing us to apply Claim
3.3 A times together with the previous estimate to obtain that

AN A

Py, (Z10,2A(t0 (8/2) + | /1] )] N LE(X) = @) < (1 - %) +Ce? < (C+1)e%,

by our choice of A. This together with the coupling of Y and Z and (19) gives
P (Yrgy, # p and LE(Y) C V) = 1 — Ce”.

TLE
We are left with bounding |LE(Y)| from below. We will show that with large probability
Y[0, £30./n) C LE(Y). Indeed, since E,, 7, = y/n/0e* we have that |LE(X)| < /n/6¢° with prob-
ability at least 1 — 2. Furthermore, since v; # v, and the degree is at least én we have that
vy ¢ LE(X) with probability at least 1 — &2 — §'n"1/2 /0% > 1 — Ce?. Hence

0 6
P(Y[0, £50/n) N LE(X) # @) < gseﬁ% +Ce? < G, (20)
n
Furthermore, since the degree is at least §n, the union bound gives that
2
P(Y[0, £36/n) N Y[e30/n, /71/065) £ @) < % 1)

Since 7, > 1/n/0€% occurs with probability at most &2, we deduce by (20), (21) that
P (LE(Y[0, £%0+/n)) € LE(Y)) = 1 — Ce™.

for some C = C(8) < co. Lastly, again by the linear minimal degree and the union bound, the
probability that there is a repeating vertex in Y[0, £860./n) is at most £!°92/8; when this does not
occur Y[0,£%0./n) = LE(Y[0, £30.\/n)), concluding our proof. O
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Proof of Lemma 3.1. If9¢% <1 / /1, the claim is trivial. We assume the converse is true, and we
take the vertices v| and v}, from Lemma 3.8. We denote by ¢ and ¢’ the paths between them in
UST(G) and UST(G”), respectively. As mentioned in the beginning of this subsection, we couple
UST(G) and UST(G®) such that UST(G”) N E(G) € UST(G). We use (15) and recall that under this
coupling, if p ¢ ¢’, then ¢ = ¢’. Hence it suffices to show that

P(sséﬁflw’lf9£Zand<p’§Viandp¢¢’> >1—Ce?,
€

for some C = C(8). By Wilson’s algorithm, we can sample ¢’ by sampling LE(X), a LERW from
Vi to p and then sampling LE(Y), another LERW from v} to LE(X). The path between v} and
vé in LE(X) ULE(Y) is distributed as the path between v’i and vé in UST(G”). By Lemma 3.8
and Claim 3.7, this path is contained in V; and does not contain p with probability larger than
1 — Ce?. By construction |¢’| > [LE(Y)| hence Lemma 3.8 gives the required lower bound on |¢’|.
Finally, as the length of LE(X) and LE(Y) is bounded by two independent random variables with
the distribution of t,,, by Markov’s inequality

P (1Lecor+ e = X5) <1 cet
Oe

concluding the proof. U

4. Proof of main theorem

In [16], the following strategy was used to show that the diameter grows like /7. First, a small
part of the UST is sampled. This part contains roughly /% vertices (in [16], it is simply a path
between two vertices). Then, it is shown that this part of the UST is difficult to avoid in the sense
that random walks starting from any vertex of the graph will hit it with positive probability within
roughly /7 steps. To formalize and quantify this we first define

P v) =P, =v, tw > 1),

for any W C V. Next we define the W-bubble sum by

Bw(G)=>_ (t+1)supply(vv).
=0 veG

If the set W is difficult to avoid, then the pi, (v, v) decays fast with ¢ and thus By (G) is small. It is
shown in [16] that if By (G) is small, then the diameter of UST(G/W) cannot be too large:

Lemma 4.1. ([16, Lemma 3.13]) Let G = (V, E) be a connected graph, let D = % and let W
be a non-empty vertex set. Let Ty be a UST on the graph G/W. Then

Pdiam(Tiy) = ) < C3'€W',

for C3 = 138420 - D* By (G)? log (192DBy (G)).

In our context, we will take W to be the union of k paths in the UST drawn according
to an (&, 8, n'>)-good decomposition. In the next few claims, using the results we obtained in
Section 3.3, we will show that with high probability By (G) = O(1), after which we will prove
Theorem 1.1.

Lemma 4.2. For any § > 0 there exists b(8) > 0 such that for any € € (0, b) there exists C=
C(e, 8) < 00 and c = c(e, 8) > 0 such that the following holds. Let G = (V, E) be a connected sim-
ple graph on n vertices with minimal degree at least 6n and & > 0. Denote by V=V, U...U Vi an
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(¢, 8, n1)-good decomposition of G with parameter 6 (as guaranteed to exist by Lemma 2.2). Then,
for every set W that satisfies |W N V;| > e30./n for every i € [k], we have that

o0
Z (t+ 1) sup piy (v, v) < C.
t=1

veG
Proof. Let W be such a set and fix v € V. We will first show that
P, (X [0,CVn]NW #2) >c. (22)

for some C,c depending on ¢ and 8. There exists at least one component V; in the decomposition
such that P,(X; € V;) > 1/k (note that v does not necessarily belong to V;). Let Y be a random
walk on G[V;] starting from some u € V;. By condition (4) of an (¢, 6, n1'5)-good decomposition
(Definition 2.1), the minimal degree of G[V;] is at least 8%n/40. We apply Claim 3.3 to the graph
G[V;], with €36 playing the role of ¢ in the claim, to obtain that for every u € V;

8 8054
P(Y[oz(m 9+L[J)]mw¢@)z TR (23)
By definition of an (¢, 8, n'-%)-good decomposition (Definition 2.1) we have > &1 Hence by

(3), Lemma 3.2 and condition (3) of Definition 2.1 we get

Me¥0) + [ V] < 8+ 1122215V (e/2)) + | V/n] < 5295531522{@, (24)

le 0
for some B = B(3). By Lemma 3.5
: 2B0 log (1/¢)e’
P(Xlexcandﬂtgzagg”@39y+Lv%J)wnhAQ¢\G>§-———2%;l£E; (25)

Hence, conditioned on X; € V;, if we set Yy = X; then we can couple these two walks such that
Yy = Xp4 for all £ < 2(¢, G[V’](889) + L\/ﬁj ) with failure probability bounded by the right-hand

mix

side of (25). This and (23) imply that

854 9
P, (X[0, 265 (%) + [ Vi I W £ 2) = (lg wm??””)

Plugging in (23) and (25) we obtain that the right-hand side is bounded from below by
1 (88984 2B6 10g(1/8)89>

k\ 160 82

which is lower bounded by some ¢ = c(¢, §). Now (22) follows by (24) and taking C= w.

Now by (22) and the Markov property, for any positive integer m and any t € [mCy/n, (m +

1)C+/n] we have

(1—o™
on

where the denominator accounts for the last step returning to v. We conclude that

P v) <

>

oo (m+1)Cy/n

Bw(G) = Z(t+1>pwv,v)<2 > (m+

mOtmcf

1—=0m
n

s?Z(mH)(l—c)’”,

m=0

and this concludes our proof since the infinite sum above converges. U
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Proof of Theorem 1.1. Let ¢ > 0 and let G=(V, E) be a connected simple graph on n vertices
with minimal degree at least §n. By Lemma 2.2, there exists an (&, §, n'*°) good decomposition
of G, denoted by V = V; L. ..U V. By Theorem 3.1 there exist some C' = C'() and k pairs of
distinct vertices v’i, vé € Vj, such that if ¢; is the random path between v’i and v; in UST(G), then

P (w e [kl:e¥0/n < |¢i| < 9£Z and ¢; C V,-) >1— Cke?. (26)
&

We condition on this event and on the collection of paths (¢;);c[x] and denote by W the set of
vertices of (¢;);c[x]- Let H be the graph obtained from G by contracting each ¢; into a single
vertex. Then Lemma 1.5 implies that UST(H) U {¢;};c[x) has the distribution of UST(G). Hence
diam(UST(G)) < diam(UST(H)) + |W|. Denote also by Ty the UST on G/W. By Lemma 1.8, we
have that UST(H) stochastically dominates 7w := UST(G/W) (when viewed as random subsets of
E(G)) hence there is a coupling such that Ty € UST(H) and since H has k — 1 vertices more than
G/W we deduce that UST(H) is a union of 7y and at most k — 1 more edges. Hence the diameter
of UST(H)) is at most k — 1 times the diameter of Ty. We conclude that

diam(UST(G)) < (k — 1)diam(Tw) + |W|,

Now, Lemma 4.2 implies that the set W has Bw(G) < C for some C=C(e,5) so that
Lemma 4.1 gives

G|wW
Pldiam(Ty) = ) < 00, @)
for C3 = Cs(g, §) and any £ > 1. Hence under our conditioning we have that for any A > k/0¢®
. C3k(k—1)
— 8 — —_—m
BUST(G) = Av/m) < P(diam(Tir) 2 (A — K/eO)Vn/ (k= D) = f 2o
which together with (26) concludes the proof. O
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