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We study the effect of stochastic volatility on option prices. In the fast mean-reversion model
for stochastic volatility of [5], we show that there is a full asymptotic expansion for the option
price, centered at the Black-Scholes price. We show how to callibrate the first two terms in
the expansion with the implied volatility surface. We show, however, that this price does not
converge in a strong sense to Black-Scholes as the mean-reversion rate increases.

1 Introduction

Much of the current research in continuous-time financial math traces back to the seminal
work of Black & Scholes [1]. They assume the risky asset price S; to follow a log-normal
SDE,

dS, = uS,dt + ¢S,dB/, (1.1)

where BF is Brownian motion for some filtered probability space (Q2,.#, P). According to
this model, the market is complete; thus, the put option pay-off max{K — S(T),0} can
be replicated with a risk-free self-financing strategy. Hence, if Q is the (unique) risk-free
measure, then the price of a European put option satisfies

Pps(t,S) = e " TVE2[max{K — S(T),0}|S, = S], (1.2)

which by Feyman-Kac, solves a specific parabolic PDE. We denote by E2 and E the
expectations with respect to Q and P, respectively.

One of the more questionable assumptions in Black & Scholes [1], which much empirical
evidence demonstrates to be faulty, is that the asset price has constant volatility. The
volatility is roughly the standard deviation of the relative change in asset price over one
unit of time. Formally, it is the coefficient ¢ in (1.1). To cite but a few studies challenging
the notion of constant volatility, Canina & Figlewski [2] show that implied volatility is
not consistent with historical volatility. Cont & Fonseca [3] study the dynamics of the
implied volatility surface of option prices. They show that the surface changes over time
with little relation to the underlying.

There has been some success pricing options when the volatility is an Itd process.
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Heston [7] was first to use Fourier transforms to derive a semi-explicit formula for the
option price. His result was improved by Duffie, Pan & Singleton [4] who considered the
additional complication of Poisson jumps in both the stock price and volatility processes.

1.1 The Fouque-Papanicolaou-Sircar model

Fouque, Papanicolaou & Sircar [5] relax the constant volatility assumption by making
volatility be a function of an Ornstein—-Uhlenbeck process, ¢ = f(Y;), where

M <f(y) <M, ae. (1.3)

for some positive bounds M;, M,. (Since P and Q have the same sets of measure zero,
we shall not distinguish P — a.e. from Q — a.e.) The model becomes, in the risk-neutral
probability measure,

dS, = rSdt + f(Y,)S:dB? (1.4)
dY, = (e(m — Y;) — BA(Y,)) dt + BdWE. (1.5)

Here B? and WIQ are Brownian motions with respect to Q,o,m,f are constant, p =
E2[dB?,dW?] and

plp—r)
f)

is a combined market price of risk. The risk-free interest rate r is assumed to be constant.
Because the market is incomplete, the risk-neutral measure is not uniquely specified by
the stock price alone. The unspecified functional form of y reflects this ambiguity.

If we write the dynamics of Y; in the objective measure P, (1.5) becomes

A(y) = + (V1 —p?

dY, = o(m — Y,)dt + pdw}r . (1.6)

For this reason, Y; (and hence the volatility ¢) is said to be fast mean reverting if o > 1.
Such behavior has been detected for S&P 500 index data [5]. Fouque et al. [5] examine
the asymptotic behavior of the option price as they increase o to oo. More specifically,
let ¢ = o~! and consider the log-price process X; = In(S;). They consider the stochastic
volatility model (X}, Y;?) given by, in the risk-neutral measure,

dx; = (r - %fz(Yf)) de + f(Y?) dB2, (L.7)
e __ 1 v\/E € v\/§ 0
dY; = (E(m —Y) — ?A(Yl )) dr + ?dWZ . (1.8)

Note that (1.7) is simply It6’s Lemma applied to (1.4).
Let P.(t,x,y) be the European put option price in a complete market modeled by
equations (1.7) and (1.8):

Py(t,x,y) = e " TVEL[n(X5) | Y =y, X{ = x] (1.9)
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where h(x) = max{K — e*,0} is the pay-off function. In Fouque et al. [5] the authors
obtain the first two terms in the asymptotic expansion of P.(t,x, y) in powers of \/E,

Py(t,x,y) = Pps(t,x) + JePi(t,x) + O(e). (1.10)

Note that the two terms on the RHS of (1.10) are independent of the variable y and hence
independent of the instantaneous volatility at time ¢. The correction term P;(t, x) has been
used to derive partial hedging techniques [10] and to price certain barrier options [9].

The Black—Scholes price Ppg(t, x) is with respect to a volatility ¢ which is the root mean
squared average of the stochastic volatility (see (2.5) and (2.12) for a precise definition).
The volatility ¢ can be calibrated from the implied volatility surface 2, which is the graph
of the volatility (implied by setting equal the Black—Scholes and market prices of the
option) as a function of the “moneyness” K — S; and the time to maturity T — t of the
option. The first order correction Pj(t, x) can also be calibrated from the implied volatility
surface by fitting the surface to the family of functions

In(K /S,)

b
a—+ T—1°

(1.11)

with the two free parameters a,b. Thus if one calibrates implied volatility by a function
of the form (1.11), the corresponding Black-Scholes price gives the price of the option
correct to order \/5 The parameters a and b therefore depend on &. The point of course
is that a,b can be estimated from data whereas ¢ may not be. Fouque et al. [5] refer to
the variable occurring in (1.11) as the log-moneyness-to-maturity ratio, k defined by

_ In(K/S)

The expansion (1.10) was rigorously established by Fouque et al. [5] together with Solna
[6]. They prove that for any fixed x, ¢ with t < T, there is the limit

lim | P;(t, x,y) — (Pps(t, x) + JePi(6, X)) =0, (1.13)
provided p > 0.

1.2 Main results

Using Fourier transforms and perturbation techniques, we improve (1.13) to show the
following:

Theorem 1 Consider the model from §1.1 defined by equations (1.3), (1.7), (1.8) and (1.9).
There exist functions P,(t,x,y), P3(t,x, y),... such that for any positive n € Z, and fixed x,t
witht < T

n
Pu(t,x,y) — Pps(t,x) — Y _ &/*Pj(t,x,y)
. Jj=1
1133 pn =0, (1.14)

provided p > 0.

The higher order correction terms P,(t,x,y), n = 2 depend on y.
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In §3, we compute the asymptotic expansion of the price induced by an expansion of
the volatility. Comparing the 0(85) terms to those from the expansion of Theorem 1, for
i=0,1,2, we derive a functional form for the implied volatility surface, correct to O(s%),
which is a generalization of (1.11):

) 2 4
S, T —t,y) = ;(—f)t + Z(ak + b (T — )’ + Zbk(T — 1)Kk, (1.15)
k=0 k=3

where the a;, 0 < k < 2, and by, 0 < k < 4, are constants. The only dependence in y in
(1.15) is in the function c(y). In particular, if we fix a strike Ko and expiration Ty and
let k = k(x,K, T —t), k90 = k(x, Ko, To — t), we can fit determine ay, by from the observed
data of

Z(K, T — t,y)(T — t) — Z(Ko, Ty — t,y)(To — t).

Let PKT denote the price of a European put with strike K and expiration T. To
forecast PXT over some other time period, we need only observe PXoTo  which gives us
2(r9, To — t,¥) and hence c¢(y), via (1.15). Knowing c¢(y), a, by, we model X(x, T — t,y)
with (1.15), and hence PXT from Black-Scholes.

Next we consider the representation of P,(t,x,y) in Fouque et al. [5], which generalizes
the Hull-White formula. Thus let Q be the space of volatility paths Y, t < s < T. Then
if we define P.(t,x, Y¢) by

P(t,x,Y?) = e " TVEL[n(X%) | Xi=x, Y7, (1.16)

it follows from (1.9) that
Py(t,x,y) = E2[P,(t,x, Y*) | Y =y]. (1.17)
The function P.(t,x, Y ?) is explicitly given by equation (2.31) of Fouque et al. [5]. It is a
Black—Scholes price with volatility determined by a path average over Y*¢, but also with

an initial stock price which depends on Y*. Only when the correlation p = 0 is the initial
stock price deterministic as in the Hull-White formula. We prove the following:

Theorem 2 For the § 1.1 model there is mean-squared convergence under the Q measure if
and only if p = 0. Thus for p + 0 one has

lim [ P(t, x, Y*) — Pps(t, X)ll120.0) * 0. (1.18)

Theorem 2 for p = 0 was proved by Papanicolaou & Sircar [12]. In §4 we prove the
p *+ 0 case.

We end with the obvious remark that because of put-call parity, all our convergence
results hold for European calls as well.
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2 Convergence to an asymptotic expansion

We now prove Theorem 1. From Fouque et al. [5] the value P,(t,x,y) of the option
satisfies the initial value problem

or, o P,

b IR = g s0r] S -
0P, OP,

7 {f ) 3 By }

1( ,0%P,
- -0, t<T
- { 0y? (m oy } C s

P.(T,x,y) = h(x). (2.1)

To begin the asymptotic analysis of (2.1) we Fourier transform the equation in the x
variable. Thus putting

Bt e, y) = / Py(t, %, )¢ dx, (2.2)

we see that ﬁg(t, £, y) satisfies the initial value problem,

oP, 1 . 1 A s
R Y i {r - f(y)z] B~ rP,

N/{JIJVJ”

1 o2P, op,
+ - v2—+(m—y :0, t<T,
€ 0y? y

PAT, &, y) = (). (2.3)

If we denote the solution of (2.3) when iz(f) =1by Gs(t, £,y) then it is clear that

Pi(t,&,y) = G(t,E,(E), t<T.

We define a function u,(s,&,z),s > 0,&,z € R by

A _ T —t y—m
Guren=u (T4 = ).

whence the variable s corresponds to (T —t)/¢ and z corresponds to (y — m)/ ﬁv. Note
however that, although T —t has a fixed positive value in the statement of Theorem 1,
we shall in the following be defining variables s, s1,... analagous to s which vary in the
entire interval 0 < s < (T — t)/e. This is because we generate the function u, by means
of a perturbation series expansion. From (2.3) we see that u, satisfies the initial value
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problem

ou, _ 10%u,  du,

Ou,
T T aam ~F e TG i)

— % g(z)’&* +ic [r—% g(Z)Z} +r} Uy 5> 0,
u,(0,¢,2) = 1, (2.4)

where the functions g, " are defined by

y—m\ y—m\
g (W> —f»). T ( = ) — AW

Next define a function v,(s, &, z) by

0s.60) = uts.Erexp {5 (@8 it =3 )] o} -1 @s)

where 62 = (g?) is the average of g2 with respect to a probability measure to be determined
later. Then it follows from (2.4) that v, satisfies the initial value problem

ov, 13%,  Qv, ) v,
= 3w~ e — T () +itpg(a) 5
— 5[5 — (@NE =ik + 11, s>0,
v:(0,&,2z) =0. (2.6)

We wish to obtain the solution of (2.6) as a convergent perturbation series expansion from
which we can obtain the terms in the expansion of Theorem 1. To do this we introduce a
parameter 2 € R and let v, (s, £, z) be the solution to the initial value problem

al)&)y 1 azvg,;, avﬁ,g . alis,/z

5s 2022 0oz VAT@F el
& .

—5lg(2) = (& = iO)lwey +1], 5>0,

0,(0,€,2) = 0, 27)

The solutions of (2.6) and (2.7) are related by the identity v.(s, &, z) = v.1(s, &, z). We write
the solution of (2.7) in a perturbation series expansion in 4,

Do = ) Don A (2.8)

n=0

Substituting (2.8) into (2.7) and equating the coefficients of powers of 1 on both sides of

https://doi.org/10.1017/50956792505006285 Published online by Cambridge University Press


https://doi.org/10.1017/S0956792505006285

Ergodic volatility models 391

(2.7), we see that the v,, can be solved for inductively by the equations

Ovgo 1 621)8,0 Ov,o ¢ 5 Nred
3 —3 32 %o _E[g(z) — (g —i&), s>0,
US,O(Oa 672) = 09
Vg i1 - 1 azve,n-H OUgnt1 . Oz
os 2 oz2 oz ‘/E{F(Z) +iCpg(2)} 0z

— (80 = (@E — iEhu 5> 0n >0,
Ve,n+1 (O> 57 Z) =0.
Observe now that the solution of the initial value problem

ov 1 0% ov

&—5@—Z§+‘f‘(s,z), S>0
v(0,z) =0,
has the representation
v(s,z) = / / G(s—+5,z,2)f(s,2')dz' ds, (2.9)
0 J—wo

where G(s,z,z') is given by Mehler’s formula

G(s,z,z') = exp[—(z’ — ze™*)* /2a(s)?], (2.10)

_
&
a

a(s)
and a(s) is defined by
1
a(s)? = 5[1 —e ¥, s>0.

There are many derivations of Mehler’s formula. See Simon [13] for a derivation using
stochastic processes. Note that

lim G(s,z,z') = p(z'), (2.11)

S—00

where the function p(z’), z/ € R, on the RHS of the identity (2.11) is the probability
density function for the normal variable with mean O and variance 1/2. We define now

(g%) by

(g?) = / T @) d-. (2.12)

—o0

Lemma 1 For z € R, n=0,1,2,... there exists a polynomial P,, in & and \/5 with the
property that

Ugn (%, 5,2) - (62 - ié)Pn,z(é’ \/E)
S Gl + 12"1ER + 1ED 115 LIgNZE> + 1ED) + gl 4+ 1T ]
exp[—(T —1)/2¢], &< min[T —¢,1]. (2.13)
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The polynomial P, . has the properties:

(a) P, has degree at most 2n in & and 2n+2 in \/E

(b) If n is odd the lowest power of /e which occurs in Py, is (n+1)/2. If n = 0 the lowest
power of \/5 which occurs is 2. If n = 2 is even the lowest power of \/E which occurs is
n/2+1.

(c) There exists a constant C, depending only on n such that all the coefficients of P, are
bounded by

Gl + 121" TN 1% Lg% + lglloo + 1T loc]™. (2.14)

Proof We first consider the case n = 0. In view of (2.11) we have that

G(s,z,z') —p(z') = —/ v %(s’,z,z’) ds'. (2.15)
One can see from (2.10) that
aG 12 —s / —S !
a(s,z,z):e ‘H(s,z,z') + ze°K(s,z,2'), (2.16)

where for s > 1 there is a universal constant C such that
[H(s,z,2')| + K (5,2,2')] < Cexp[—(z' —ze™*)*/2]. (2.17)
From (2.9), (2.12) we see that
—& . g * / ’ / / /gt
na(s.82) = & =10 [ [ {662 = p ) e - (1 .
We define the polynomial Py, by
—& * * ’ / ’ ’ /3.
P =5 [ ] 1065 =) e — (10
=¢ a(z). (2.18)

It follows from (2.15), (2.16), (2.17) that there is a universal constant C such that
la(z)] < C[1 + |z[]]g||%. We can also see that

< Ce[l +1z11(1E + 1€]) gl 2 exp[—(T — t)/el,

V50 <?52) — (&> —i&)Po.(&, o)

for some universal constant C. We have proved the lemma when n = 0.
To deal with general n > 1 we introduce various integral operators. For n > 1 we define
the integral operator A(s) on functions f : IR — C by

A@S)f(z) = / [G(s,z,2") — p(z)] f(£')dZ". (2.19)

—0o0

We define the operator B by

Bf(z) = / (),

—0o0
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whence B projects to the constant function. The operators Ti(s), T»>(s) are given in terms
of A(s), B by the formulas

[2(2)° — (g*)]AG)f (),
[¢(2)° — (g*)]Bf ().

Ti(s)f(z) =
Ts(s)f(z) =

N\»—NI»—

Note that T»(s) = T, is independent of s and T = 0. We define T3(s) by

) =16 [ e

It is evident from (2.10) that

96 2= £ K(sz.2), (2.20)
0z a(s)
where
IK(s,z,2')| < C G(s, z/2, 2'/2), (2.21)

for some universal constant C. We similarly define an operator Ty(s) by

o)
TS = pee) [ G (52200 b

The function v.,, n = 1, can be expressed in terms of the operators Tj(s), 1 < j < 4. In
fact v, (s, &, z) is a sum of terms,

(R [ — i) / dso .. ds,
{S0+-.4sn(s,5)0,k=0,... ,n}
T(50) T} (s1)... T}, (sa) T2[1](2), (2.22)

where 1 < jp, <4, k =1,...,n and T(sg) can be either the operator A(sy) or B. The
integers p, q,r are given by the formulas

n

p=> [0Gk—3)+ (i — 4,

k=1
n

qa=> o(ik—
k=1

r=14 [60i— 1)+ 00k —2),

k=1

where d(x), x € Z, is the Kronecker 9, 6(0) =1, 6(x) =0, x + 0.
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We consider first the situation in (2.22) where ji, +2, 1 <k <n, and T(so) = A(so). In
that case one has, on putting

Koe) = [ oo [Tl s T T 0 T Tl
that there is a constant C, depending only on n such that
Ka(2)] < Gl + |21 11579 1lgl12+. (2.23)
The contribution to the polynomial P, (¢, \/E) from (2.22) is given by
(e 6)" &' [E% — e 'K (2). (2.24)

Note that the estimate (2.23) is consistent with the estimate (2.14) on the coefficients of
P, .. Using the fact that

nok
/ dsgy...dsyexp[—(so+ ...+ s,)] = = e’
{so+...4+sp>s, s,>0, k=0 } k=0 k .

we see that the difference between K,(z) and the integral in (2.22) is bounded by
Call + 12T IT 1579 I+ expl—(T —1)/2¢],

for a constant C,, depending only on n, when s = (T —t)/e. We have therefore proved the
estimate (2.13) corresponding to the term (2.22).
We consider now the general case of (2.22). We may write

np

T (s1)- - Tj,(sa) T2 = H T;(s)T:

n
H T;(s) H Tj(si) T,

i=ni+2 i=ni+2
where j; =2 if and only if i =n; 4+ 1,... ,n + 1, with 0 < ny, nx + 2 < n. Assuming now
that T'(sg) = A(sop) we have that the integral in (2.22) is the same as

/ dso dsy..dsy, dsy,+2...dsy
{so+s1 et Suy +Sng 42 HSny +-~-+Snk+2+~-+b'n<s}

1 k
p[s—(soJrsﬁL--~+sn1 + Sma2 F oo Sy + ot Sy o+ 5]

ny ny

T(so) [[ Tis) T2 [ Tils) T2 - H () T2[1](2). (2.25)
i=1

i=n;+2 i=ng+2

If we expand out the monomial of degree k in the last expression we can write it as

k
S 5 Kulz.9).

m=0
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Arguing as in the previous paragraph we see that the infinite integral K, ,,(z,00) exists
and

Kn(z (T = 1)/8) = Kun(z,00)| < Cal[L + |21 [T |15 gl exp[—(T —1)/2¢], (2.26)

for some constant C, depending only on n. The contribution to the polynomial P, (¢, \/¢)
from (2.22) is given by

(1Yo Gen & ’1§:( ) Kz 227)

m=0

Evidently (2.26) implies the bound (2.13) corresponding to the term (2.22). Similarly one
also obtains the bound on the coefficients corresponding to (2.14).

We are left then to establish the bounds (a) and (b) on the degree of the polynomial P, ..
The bound (a) follows from the fact that p+r =n+1, g+r < n+1. To prove (b) we need
an upper bound on k in (2.27). Since T3 = 0 one sees that among T(so), Tj,(s1) ... T}, (sn)
there can be at most (n+ 1)/2 equal to T, or B if n is odd and n/2 if n is even. Now
the lowest degree of /e in the polynomial (2.27) is p+2(r —k) = n+ 1 —r + 2(r — k)
=n+1—k+(r—k). Since k < r we obtain the estimate (n+ 1)/2 for the lowest degree of
/& Similarly for n even the lowest degree of /e is n/2+1 since k < n/2 and r—k > O

We consider next the Green’s function corresponding to the evolution equation (2.7).
Thus let G, (s, z,z’) have the property that the function

v(s,z) = /OO G.ye(s,2,2)f (') dz’'

—0

is the solution to the initial value problem,

v 19
a—z = 56—;— S AJE(2) +icpgl(z }—
=2 [ — ()] (€ —i&)w. s>0,
v(0,2) = f(z). (2.28)

Evidently, if e = 0 or 4 = 0 then G, ¢ coincides with the Green’s function G of (2.10).

Lemma 2 Suppose the function g of (2.28) satisfies the inequality g(z)> > m> >0, z € R.
Then there is the inequality

/\@mzw& exp [ 10— 27 — ()1

—0o0
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Proof We make the transform v = exp[w]. Then if v satisfies (2.28) w satisfies

ow 1@ ow\’ ow . 0
% =5 [az‘;} + (avzv) ] —z a—vzv —A\/E{F(z)—i-lépg(z)}a—‘:
— 2[5 — (@ ik s> 0
w(0,z) = log f(z).

Writing w = wy + iw, with wy, w, real we have that

6w1 . 1 62W1 6w1 GW2 6w1
o5 2|2 ( oz
I )G () o — L) — (g1

Using the Schwarz inequality in the last expression we obtain a differential inequality,

owq <1 %wy owq 2 owy
o S22 (a_> %
0
— AT (2) 5 = 511 = ap")g@) — (7)€%
wi(0,z) = Re logf(z).

Making the inverse transformation v; = exp[w;] therefore yields the differential inequality

0 19? 0
<3 5~ E AT = S I = iphm’ — (gD
0 < v1(0,2) < |f(2)l. (2.29)

Let H(s,z,z') be the Green’s function for the equation

w1 0% ov

Then by the maximum principle H(s,z,z’) = 0 and the solution v; of (2.29) satisfies the
inequality

0< 01(s,2) < exp [‘7‘” (L — 292 — <g2>]m] / " H(sz () d

The result follows now by choosing a suitable f with |f(z')] = 1, z/ € R and using the
identity

o0
/ H(s,z,z')dz = 1. O
—0o0
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Lemma 3 Let u,(s,&,z) be the solution of (2.4). Then there is the inequality

u(s, &,z) — exp [—85 {%(gzﬁz +ié [V - %(gﬂ + VH ’

<esle? —ig] gl exp [—ss {%(1 — pHmie + rH : (2:30)
Proof We have from (2.5), (2.6) that the LHS of (2.30) is bounded by

1 A ’ ’ W
e — ie| IglﬁoeXp[—SS{E(g%z-i-rH// 1Gore(s,2,2)] dz'ds’. (231
0 J—wo

If we now use the estimate from Lemma 2,

os]
| (Gursts.z 2l <exp [%g%z}, 0<s <s/2,

—0o0

@ —&s &s
/ |Gere(s,2,2")| dz" < exp {4(1 — pHm*E + 2<g2>52}, s/2<s <s,

—00

the result follows from (2.31). O

Lemma 4 There is a universal constant C > 0 such that
T—t
va,n (—3 ia Z)
e

Proof Let G be the Green’s function (2.10). Then it is easy to see that for any y > 0 there
is the inequality,

< C"explelz|/(e — D)]e"* max [1,(T — t)"2] (1€ + €)1 glI2,

X [1gl%(E% + 1€ + llg ol &l + 1T llo]". (2.32)

o0 o0
/ dz; / dzi G(s0,20,21)G(s1,21,22) - - G(sk—1, Zk—1, zx)e’ ™ < C(y)ker™l,  (2.33)
—00 —0o0

where C(y) is a constant depending only on y. We also have that if sg,... , 5.1 > 1,

o0 o0 k—1
dzy / dzy G(s0,20,21)G(s1,21,22) - G(Sk—1, Zk—1, 2k ) €XPp [Z lzil + 712
—®© —®© i=0
1
<C(y)exp Z e’ +e*y | Izl |, (2.34)
=0

where C(y) depends only on y. We have already observed that v, ,(s, £, z) is a sum of terms
of the form (2.22). The number of such terms is at most 4", Hence if we bound (2.22)
by the RHS of (2.32) we shall be done. The inequalities (2.33), (2.34) enable us to do this.
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We consider first the situation in (2.22) where ji 2, 1 <k < n, and T(sg) = A(sp). We
can write the integral in (2.22) as a sum of 2"*! integrals,

/ dso / dsi--- / dsp, (2.35)
EoNEg E|NEg E,NE;

={so+.+s<s, x>0, k=0,...,n},

where

and the sets E;, 0 < j < n, are either the interval (0,1) or (1,00). It follows now from
(2.16), (2.17), (2.20), (2.21) and the inequalities (2.33), (2.34) that the integral (2.35) is
bounded by

cr exp{ }m gl + / a(so) dso / alst)dsy / a(sdse  (2.36)
Eo E, E,

where C is a universal constant and the function a : (0,00) — IR is defined by
s)=1/s, 0<s<1, as)=e*, s> 1.

It is clear now that the bound (2.36) implies that (2.22) is bounded by the RHS of (2.32).
One can generalize the previous argument to deal with the situation where j, = 2 for
some k. In that case we use the fact that the integral in (2.22) is the same as (2.25). [

Proof of Theorem 1 For the put option h(x) = max{K — ¢¥,0} one has
h(E) = K7 /iE(1 4 i8). (237)

Observe that the Fourier integral of the function h exists only if 3(¢) < 0 but one can
justify setting 3(&) = 0 in the following. The function h(¢), £ € R, is bounded as |¢| — o
and ¢h(¢) is bounded as ¢ — 0. We have by the Fourier inversion theorem that

1 P e T —
Ptxy) = Pasex) = 5 el‘f*h(:){us (Tté)

— exp {—(T —1) {§<g2>52 it [r - §<g2>} " rH } &, (239)

where z = (y —m)/ \/Ev. Let o > 0 be arbitrary. Then it follows from Lemma 3 that for
the integral on the RHS of (2.38) we have the estimate,

’/ ’ C(p,m, T — 0K ||g||3, exp[—(T — 1)(1 — p*)m* /8],
[E]>1/e
where C(p,m, T —t) is a constant depending only on p,m, T —t. From (2.5) we may write

1 1/&* A
/ di=— [ e
e<1/e 21y

X exp {—(T—t){%<g2>§2+ié [r— %<g2>} +VH v (TS_I, é,z) dé.
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From (2.8) we have that

T—t - T—t
vg( P é,z) =n§003,n (T, é,z). (2.39)

Lemma 4 implies that the series in (2.39) converges for |£| < 1/&* provided o < 1/8 and
¢ 1s sufficiently small. In particular we see that

1/&* R
% /_ e {—(T g {%<g2>52 L [r _ %<g2>} + rH

T —t ~ T —t
X {US (T, 5,2) —nXZ;U&n <T, é,Z>}dé

where C is independent of z and ¢. The result now follows from Lemma 1. O

<Cexp [eelzw (N(25-22)

3 Evaluation of coefficients

In this section we evaluate the coefficients in the asymptotic expansion correct to O(e).
This has also been carried out in Howison [8] by a different methodology, simultancously
and independently of the present work. We shall further compute the corresponding
functional form of the implied volatility. Our starting point is the identity

Pitxny) = Pastt) = o [ e Eii@renp [—(T -1 {%<g2>52 +iglr — (%) ”H

S va (Tt @)

where z = (y—m)/ﬁv. The identity (3.1) follows from (2.5), (2.38), (2.39). The coefficients
in the asymptotic expansion can be obtained then by computing the polynomials P, . (¢, \/5)
defined by Lemma 1. It follows in particular that all the terms in the expansion depend
on the observables, the stock price S = e¢* and the strike price K, only through the
derivatives of Pgg(t, x) with respect to x. This is consistent with equation (5.43) of Fouque
et al. [5].

We can derive (5.43) of Fouque et al. [5] by identifying the terms in \/E in (3.1). The
only polynomial which contributes a term in \/E is P;.. From (2.22) the contribution is
obtained from the expression,

\ﬁ[a(éz—if)]/ dso dsi B Ts(s1)T2[1](2)

So+s1<8

+ Jeil[e(EF — id)] dso dsiB Tu(s)T>[1](2),

So+s1<s

where s = (T — t)/e. Doing the integration with respect to so and then letting ¢ — 0 we
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see that the coefficient of \/5 term in Py is given by

T — ) Ja(& — i) /0 dsyB Ty(s0) Tal11(2) + (T — 1) Jaié (&2 — i€) /0 dsiB Tals) Tal1](2)
= (T — (& — iE)[Vs — 2V3 — iE V3], (32)

where V2/. /e, V3/,/e are constants depending only on p,g,I". Observing now that we
have the correspondence of operators given by

* 0 , 0°
et T ey

2 3
(52—if)i§Hi [i—i] =287 o +583 — e
Ox

E—if

ox2  0Ox 0S? 083’
it follows from (3.1), (3.2) that

3P ;0°Ps
652 +VaS 353

P,(t,x,y) = Pps(t,x) — (T — t) [V s? + 0(e), (3.3)
which is (5.43) of Fouque et al. [5].

The asymptotic expansion (3.3) yields an implied volatility curve (5.55) of Fouque et al.
[5] which is not flat. We give a derivation of this which we will then generalize to the
expansion correct to O(e¥/2). Let Pgg(t, S, 2) be the Black—Scholes price of the put option
with strike price K, S the stock price at time ¢, and 2 the volatility. Then the Black—Scholes
formula yields,

Y
Pgps(t,S,2) = —S —/ 2247 4 Ke " (T—0) / e * 24z, (3.4)
\/27‘5 llz
where

In(S/K)+ (r £ 12T —1)
>JT —t '

dip =

We now write X as an expansion in powers of /e,
I =0 +aj\Je+0(), (3.5)
which in turn yields an expansion
Pgs(t,S,2) = Pps(t,8,5) + by /e + O(e). (3.6)

We need to obtain b; as a function of a;. To do this we write d,d, as a function of X
and note that

di(@ + a1 /e + O(e) —al\[[
d>(@ + ar\J& + O(e) =—a1\/>[\/T {4 800 )}+0() (3.7)

dl(ff)

] + 0(e),
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Now from (3.4), (3.7) one has

PBS(t,S,& + al\/g—i_ 0(8)) _PBS([7S’ 6’)

= > exp [~&(5)/ ]auf[ﬁ IS)}
R o @2 ar e {x/ﬁ + dzf)] 0w

S
=—ex d G)/2| aiJeJT —t+ O(e
We conclude that ay, b; are related by

by = \/% exp [—d{(6)/2] VT —t ay. (3.8)

The implied volatility curve correct to order \/Z is now obtained by setting bl\/E equal to
the \/Z term on the RHS of (3.3) and then using (3.8) to solve for a;. We have now that

02 Py _ exp[—d3(5)/2] 03Py __exp[— d3(3)/2] {1 di(3) } (39)
08*  \J2nSa T —t oS’ 2nS% T —1t eJT —t])’ ‘
Hence from (3.3), (3.8) we conclude that
al\[————i-—{l—i- 41(9) }=aln(K/S‘)+b=ax+b, (3.10)
o oT —t T—1t

where a,b are constants of order \/E We have derived equation (5.55) of [5].

Next we compute the terms in ¢ in (3.1). By Lemma 1 the polynomials P,. which
contribute terms in ¢ are n = 0,1,2,3. The n = 0 contribution is given by (2.18), and
depends on z. The other contributions are independent of z. From (2.22) the contribution
from P; is the term

[o(&> — iE)]? / dsy dsi BT (s1) T2 [1](2).

So+s1<s

Arguing as before this yields an ¢ term given by

(T —0)e(&* —if) /OCO dsyBT;(s1) T2 [1](2). (3.11)

The contribution from P, is the sum of the terms,

(—1)8(1'5)"[8(52—1'5)]/ dso dsy ds;BT;(s1) Ty (s2) T2[1](z),

So+s1+52<s

where j,j can be either 3 or 4 and ¢ is the number of them that are 4. The ¢ term
corresponding to these is given by

(T — 0e(ie)(E> — i¢) /0 | /0 *dsy dsaBTy(s0) T (52) To[1](2). (3.12)
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The contribution from Pj; is the sum of the terms,
o oE e [ dso ds dsa dss BT, (s1)T> Ty(s3) Ta[1](2),
So+S1+S2+53<s

where again j, j/ can be either 3 or 4 and q is the number of them that are 4. The ¢ term
corresponding to these is given by

(T -1
2

(@ —ief [ [ asds BT T e, G13)

It follows then that the O(¢) contribution to the RHS of (3.3) is given from (2.18), (3.11),
(3.12), (3.13) as,

o°P o’P o3P
2,07 I's BS 30" Ppg
8{“1(2)3 852 352 Y s

2

o2 0 2\’
—|—(T—Z)2{065 <S2@> Ppg + o (S ﬁ) (S2W> Pgg

2 2\ 2
+og (S ai) (Szaasz> PBSH, (3.14)

where only the coefficient o(z) depends on z = (y — m)/ﬁv. Note that o;(z) does not
depend option-specific data, like K and T —t.

We wish now to determine the relation between the O(e) contributions in (3.5), (3.6)
analogous to (3.8). We write therefore,

+ OC4S4

0*Pys }

_ 2
+ (T —1) {OCQS a4

=06 +ae+ax+0(?),
Pps(t,S,2) = Pps(t,5,6) + b Je + bae + O (7/2). (3.15)

In analogy to (3.7) we have that

di (6 +a1\/§+a28+0(83/2)) —dy(5) = [a1/e + az¢] [\/T—t— dlfﬁ)}

o

efdi(@) 1 — 3/2
| SVT =t +0(e7),

o

dy (6 + a1 e+ are + 0(£7%)) — do(5) = —[a1 /e + aze] [\/T —t+ @]

o

€ 'd2(5)+%\/ﬁ- +0(2%). (3.16)

o

<
=10

+

0n|

a

—_1o

_|_

QI|

If we write the LHS of (3.16) as d| — dy,d, — d» with di = dy(5),d> = d»(G), then we have
from (3.4) that

Pps (1,5,5' +a1\/5+a28 + 0(83/2)) — Pgs(t,S,0)

== e [~@2){ (s — )~ (ds —) - 2 — ) by ) 0},

J2n 2 2

(3.17)

https://doi.org/10.1017/50956792505006285 Published online by Cambridge University Press


https://doi.org/10.1017/S0956792505006285

Ergodic volatility models 403
It follows from (3.16), (3.17) that b, is given by the formula

by = \/% exp [ — d1(6)/2]JT — t {a> + a1d,(5)d2(5)/25 } . (3.18)

We can derive now from (3.10), (3.14), (3.18) the functional form of a; analogous to (3.10).

In order to do this we need to obtain derivatives of Ppg higher than those given in (3.9).
We first note that

(S a) (O Pss __expl=di(6)/21d1(5)

0s) 78T T JmmeX(T -
¢ OV OPss __expl-di(@)/2)
( ﬁ) 082 \/E[E-Z(T_ )]3/2[
0\’ 0Pgs _ exp[—d}(3) /2 .
(S ﬁ) 08~ JamleX(T — {d1( —di(3)*},
o \*4 0’ Pgs . eXp[—d%(o')/2] . .
<S 63) 352 = JamfonT —gpr 0 MhEN @)

_1 + dl(a—)z] >

It is clear now that a; is a polynomial of degree 4 in x = In(K /S)/(T —t) with coefficients
which depend on T — t. More precisely we have from (3.14) the identity,

2ty s 1(2) _ % _4i@)
ay + ajd(0)d2(5)/26 m+? G {1+0\/ﬁ]
o [ 3di(G) | di(3)’ —
L RN a%T—tJ
+ % —oJT =t i)~ 1+ di(5Y]
o e di(5) — d,(a)’
5 [+ it
_,_ﬂ 3d1((—;)_d1(0) +3—6d1( 6)*> + di(6)* ]
63 | g /T —t ( [) .

We can rewrite this as

ay + d}dy(5)dy(5)/26 = Qo-(T —t)—l—ZQ(T—t where
i=1
1

Qo(T — 1) = o [Po(2) + (T — )+ p(T —1)?],
01T —1) = py+ pi(T — 1),

0x(T —1) = p5 + pi(T — 1),

03(T — 1) = pi(T —1),

Q4(T — 1) = pi(T —1),

and the pg are constants except for pJ(z) which depends explicitly on z. The above
equations, (3.10) and (3.15) give (1.15).
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4 Proof of Theorem 2

We now prove Theorem 2 in the case p + 0. First we obtain a formula for the Fourier
transform of the function P,(t, x, ) of (1.16). One can easily derive from this by Fourier
inversion the formula for P,(t, x,w) given in Fouque et al. [5].

To derive the formula we first note that at least formally the function

Py(t,x,Y*) = e TE [h(X5)| Xi = x],

defined for a given volatility path Y, t < s < T, solves the initial value problem

P, 1,2 o ol OP: 1 5 2 0P,
& T zf(Yl)—l—f(Yt)th o rPE+2(1 p2)f (Y{) axz—O,t<T,
P,(T,x,Y?) = h(x). (4.1)

In (4.1) the process W,Q is the white noise process which is the derivative of the Brownian
motion W2 of (1.8). On taking the Fourier transform of (4.1) we obtain an initial value
problem for the transform Isg(t, E,Y?) of P(t,x,Y?),

oP, [ N e N2 5
ot —ig |:r_§f (Yzb)z'f'f(yt&)p WZQ:| P, —r Ps_zéz(l_pz)f (Y[“')ng =0,1<T,

PAT, &, Y% = (). (4.2)

We may solve (4.2) to obtain an explicit formula for P,
A A T 1 2 .
Py =i@ren| - [ aiefr=1r )45 vy owe]
t
1 o &
51— () H (43)
To see why one might expect Theorem 2 to hold, consider
> eN2 — (B £)12 ’ 1., 2 &) 2
P& YO = &P exp |=2 [ ds{r+ 581 —pf (1)
t
N r N2
= |Pps(t, ) exp [62 / as { (g — (1= p)f (1) }] ,
t

where g is as in (2.5) and (g?) is given by (2.12). If we now take the expectation in the
last equation conditioned on Y =y we have, by Jensen’s inequality,

T
E[|P(t, &, Y*)P|Y} = y] = |Pps(t, &) exp [52/ ds{(g”) — (1 — p*)E [f(YS”)2|Y§" =] }] .
It is clear that

T
lim [ dsl(g®) = (1 = pE[F (V) 1Y = 3]} = (T = 1)(&?).
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We conclude therefore that
lim E[|Py(t.&, Y)Y = y] > |Pos(t. &),

if p+0and ¢ +0.
We proceed now to the proof of Theorem 2. First note that the function

ﬁs(t’ 5, y) = E [Ps(t’ é, Y13)|Ytz; — y]
is the solution of (2.3). For &, ¢’ € R define the function P,(t, &, &, y) b
ﬁa(ta é; 5/, y) |:P (l’ 5 Yé¢ )W| YIE _ y} . (44)

It is easy to see that f’g(t, £, &', y) is the solution to an initial value problem similar to (2.3).
In fact if we note that

A

Pit.& YO €, Y ) = HEOME ) exp {— /IT ds{i(é -&) {r S F 5 (V) WE
2 5@+ 0= () | @)
and compare (4.5) with (4.3) we see from (2.3) that P,(1, &, &, y) satisfies
o % FOPUE = PP +(& + )1 = p*P,
—ie—¢) {r - % f(y)z)} P~ b,

) .
+%{v2 6fg+(m_y)6Pg}:0’ t<T,

PAT, &, &, y) = h(E)h(E). (4.6)

Let us define ﬁo(t, &, &) by

Po(t,¢.&") = h(E)h(—¢') exp [ —(T— t){ S+ — 228 )
wig =) |- 30| v}, e<

We shall show that lim,_o Py(t, &, &, y) = Po(t, &, ). To do this we proceed in a similar
way to how we obtained the asymptotic expansion for the solution to (2.3). Thus we
deﬁne us(safaé,’ Z) by

7 ’ _ ;Y m (£
Pg(t,é,é,y)—us( & ﬁv)h«:)h(f).
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If we define v,(s, &, &, z) by

US(S’ é: é,a Z) = uH(S9 6’ é/’z) eXp [SS{;<g2> [52 + 5/2 - 255,,02]

LiE— &) [r - §<g2>] +2r}] Y

then it follows from (4.6) that v, is the solution to the initial value problem

Ov, 1 d%v, 60}
W 20
S [8( — (HE + &7 2680 —i(¢ =}l + 11, 5> 0,
0:(0,¢,¢&',z) =0. (4.7)

Let G,¢¢(s,z,2') be the Green’s function for the initial value problem

v 13%
&

—E[g(zf - <g HNE + 5’2 — 2887 — i~ <f Jo. s3>0,

v(0,z) = f(z). (4.8)

Thus the solution of (4.8) is given by

v(s,z) = /30 Geeo(s,2,2)f(2))dz.

—o0

Note that G,¢~ is an analytic function of &, & € €. We have in analogy to Lemma 2 the
following:

Lemma 5 Suppose the function g of (2.28) satisfies the inequality, g(z)> = m> >0, z € R.
Then there is the inequality

[ 1Gusetsn N < oxp | S 101812 + () Re £ + (RedF — 2R ENRe E))
~nPl(Re £ + (Ree VY1~ ) ||
provided [Imé|, [Im&| < 1
Proof Same as for Lemma 2. O
Next we define v,0(s, &, &', z) by
vl 802) = SUE+ =268~ = ) [ AWl ~ (o)

where A(s) is the operator (2.19). It follows now from (4.7), (4.8) that v,(s, &, &, z) has the
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representation

0o(5, &, €,2) = 1o0l5, &, &, 2) — B /O ‘ / Guco(s — 2, )T ()

60&0
oz’

X /o /70; Goeo(s—5,2,2)[g(2') — (@) ]vs0(s, &, &, 2') dz' ds. 49)

+i(& — pg()} =7 (5,¢, 8 2 d" ds' — %{52 +E7 28t —iE - &)}

It is clear that v.(s, &, &', z) is analytic for &, ¢ € C.

Lemma 6 There is a universal constant C such that if |Im &|, |Im &'| < 1, then

vy, &, 2)) <& Cllg|2|E2 + &7 — 288 p* —i(E — &)
+ exp | S{10[g]2 + (&) [(Re &) + (Re &' — 2(Re E)(Re & )p?]
—m?[(Re&)* + (Re &)21(1 — pA)} [ {C& 2SI T |0
F1E=E Igldlgl2|e + &7 =288 p? —i(e = &)
F OS2+ E7 =288 2 —i(E = NP llgllL )

Proof Use Lemma 5 and the fact that there is a universal constant C such that

/0 a5 A(s)[g® — (g2)](2)] +

a S
° /0 d5' A(s)[g? — (€)1(2)| < Cllg . O

Let us put

1 R PN
Py = g [ [ dzazee by,
) J—0
1 S g s A
PO(t: X, x/) = 5 dé dé/e_lxgelx ¢ P()([, 59 é/)
42
—0 J —oo
It is clear from (4.4) that
PS(ta X, X,J’) = E |:|P8(t, x7 Y{:)‘2|th = y]

Lemma 7 For any x,x',y € R,t < T, there is the limit

lim P;(z, x, x',y) = Po(t,x,x).
£
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Proof We have that

Pu(t, &, y) — Po(t, &, &) = h(&)h(—¢E")

exp [—(T —) {§<g2>[é2 Lt 2e 4 iE — &) [r - ;<g2>} i er
T—t p y—m ’
Ug (T’é,f,ﬁ)’ é,é E]R. (410)

We can represent the function P.(t,x,x’,y) and Py(t,x,x’) as integArals aAlong the lines
Im(¢) = —1, Im(&') = 1. In that way we avoid the singularity of h(¢), h(—¢&') at & =
0, £ = 0. The result follows from (4.10) and Lemma 6. In fact we have
|P.(t,x,x, y) — Po(t,x,x)| < C/e,

for some constant C. O
Proof of Theorem 2 In view of Lemma 7 it will be sufficient to show that

Po(t,x,x) % Pgs(t,x)’, p=*0, t<T. (4.11)
To see this we observe that

Po(t,&,&) — Pps(t,&)Pps(t,—¢) = Ps(t, &) Pps(t,—NT — 1)(g7)&¢'p?

1
x / duexplaT — )(g)¢¢ 7]
0

Let u be the probability measure for the standard normal variable. Then

> 3 du(p) exp[Jap(& + &),

_£2 2 0
eXp[aéé’]=eXp[ ac” _ac ]

for any a > 0. Hence we have that

1 o0
Pu(tx.) = Pas(txP = [ dn [ aulp)FpyP, (4.12)
0 —o0
where F(o, ) is given by the formula

Fof) = 5 / dee ™ Pyg(t, O)ep T — 1

- T N2\ 2
@ exp | T oigone .

Observe that F(0, f) = ip/T — t{g?)'/?0Pgs(t,x)/0x + 0. Hence (4.11) follows from (4.12).
|
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5 Conclusion

In this paper we have studied a model of Fouque, Papanicolaou and Sircar for the pricing
of options on a stock which has stochastic volatility. These authors showed that under the
assumption of fast mean reverting volatility, measured by a small parameter ¢, the price
of the option can be written in an expansion in powers of \/E They gave a formula for
the terms in the expansion correct to order \/5 and also a formula for the corresponding
functional form of the implied volatility surface. This paper continues from their work by
obtaining an expansion to all orders in \/E, and proving rigorously that it is asymptotic.
The paper also contains a formula for the functional form of the implied volatility correct
to order & Finally, the paper proves a result showing that a homogenization theorem
of Fouque et al., which holds in the case of zero correlation between stock price and
volatility, does not extend to the case of non-zero correlation.

Acknowledgement

The authors wish to thank Sam Howison, Mattias Jonnson, Ronnie Sircar and Divakar
Viswanath for helpful comments and discussions. The first author was partially supported
by NSF DMS 0138519 and the second author by an NSF VIGRE grant.

References

[1] Brack, F. & ScHOLES, M. (1973) Pricing options and corporate liabilities. J. Political Econ. 81,
637-654.
[2] CaNINa, L. & FIGLEWSK]I, S. (1993) The information content of implied volatility. Rev. Financial
Stud. 6, 659-681.
[3] ConT, R. & DE FONSECA, J. (2002) Dynamics of implied volatility surfaces. Quantitative Finance,
2, 45-60.
[4] DuFrIE, D., PaN, J. & SINGLETON, K. (2001) Analysis and asset pricing for affine jump-diffusions.
Econometrica, 68, 1343-1376.
[5] FouqQug, J. P, PapaNicaLaou, G. & SIRCAR, R. (2000) Derivatives in Financial Markets with
Stochastic Volatility. Cambridge University Press.
[6] Fouqug, J. P, PapanicoLaoU, G., SIRCAR, R. & Sorna, K. (2003) Singular perturbations in
option pricing. SIAM J. Appl Math. 63, 1648—1665.
[71 HestoN, S. (1993) A closed-form solution of options with stochastic volatility with applications
to bond and currency options. Rev. Financial Stud. 6, 327-343.
[8] Howison, S. (2005) Matched asymptotic expansions in financial engineering. Preprint, Oxford
University.
[9] ILHAN, A., JONSSON, M. & SIRCAR, R. (2004) Singular perturbations for boundary value
problems arising from exotic options. SIAM J. Appl Math. 64, 1268-1293.
[10] Jonsson, M. & SIRCAR, R. (2002) Partial hedging in a stochastic volatility environment. Math.
Finance, 12, 375-409.
[11] Kosrov, S., OLEINIK O. & ZHiKov, V. (1994) Homogenization of Differential Operators and
Integral Functionals. Springer.
[12] PapanIiCcOLAOU, G. & SIRCAR, R. (1999) Stochastic vVolatility, smile & asymptotics. Appl. Math.
Finance, 6, 107-145.
[13] SmMoN, B. (1979) Functional Integration and Quantum Physics. Academic Press.

https://doi.org/10.1017/50956792505006285 Published online by Cambridge University Press


https://doi.org/10.1017/S0956792505006285

