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Abstract

A treatment is given of harmonics generation resulting from nonlinear inverse bremsstrahlung in a plasma with an
anisotropic bi-Maxwellian electron velocity distribution function. A complete characterization of the process is re-
ported. In particular, analytically and numerically we established how the efficiency of the odd harmonics generation
and their polarization depend on such process parametdrd dse degree of effective temperature anisotrdgythe
frequency and the intensity of the fundamental wave (8hthe angle between the fundamental wave field direction and

the symmetry axis of the electron distribution function.
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1. INTRODUCTION ionization (Delone & Krainov, 199}, or due to electron

heating during inverse bremsstrahlung absorption of the pulse
Collisions of electrons with ions in the presence of a strong Chichkovet al., 1992. After the laser pulse—plasma inter-
electromagnetic field are one of the basic mechanisms foaction, the newly formed anisotropic bi-Maxwellian EDF
harmonics generation in fully ionized plasm&ilin, 1965, lasts for a time interval of the order of the inverse of the
199%). The harmonics generation characteristics typical ofeffective electron collision frequency.
this mechanism depend both on the properties of the pump Below we investigate the basic properties of harmonics
field (Silin, 1998; Ferrantet al., 2000, and on the shape of generation due to nonlinear inverse bremsstrahlung in such
the electron distribution functio(EDF) of the plasmdSi-  a prepared anisotropic plasma, when the latter interacts with
lin, 199%; Ferranteet al., 2001a). In particular, in investi-  a linearly polarized pump laser field. In the following sec-
gating the influence of the EDF shape on the process ofion, we give the derivation of the general expression for the
harmonics generation, one can consider the case when tiarmonics generation efficiency during electron—ion colli-
pump field itself forms the nonequilibrium EDF either as sions in the presence of a linearly polarized high-frequency
result of atom ionizatio(Silin, 199%, 199%), oras aresult radiation field, interacting with a plasma exhibiting an an-
of electron anisotropic heating due to inverse bremsstrahisotropic bi-Maxwellian EDF. The distribution is taken such
lung (Ferranteet al., 1997, 200b). In such a case, the thatT,> T,, whereT, andT, are, respectively, the electron
orientation of the anisotropic EDF axes depends obviousleffective temperatures along and perpendicular to the EDF
in a definite way on the external radiation field parameterssymmetry axis. We give also the general expression for the
In the present article, we consider a different case, in whicldeviation angle of the harmonic field with respect to the
there is no link between the initial shape of the EDF and theoump field direction. The reason for the deviation of
acting radiation parameters. In other words, we assume th#te harmonic field is traced back to the plasma conductivity
an anisotropic bi-Maxwellian EDF is preliminarily created anisotropy at different harmonic frequencies. The general
by a strong ultrashort laser pulse, either through atom tunnedxpression for the harmonic generation efficiency is ana-
lyzed in Section 3. Taking as an instance the harmonic 3
we obtain simple asymptotic expressions of its generation
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electron temperature degree of anisotr@pythe frequency  wherecis the speed of lighty? = 47e?N/mis the square of
and the intensity of the pump field, ari@) the angle be- the electron plasma frequency, aai$ the electron charge.
tween the pump field and the EDF symmetry axis. For awithout loss of generality, we assume that the electric field
highly anisotropic plasma, wheR, > T,, we evidence a vector has only two components, along and perpendicular to
strong anisotropy in the harmonic generation efficiencythe EDF symmetry axig = (E,,0,E,).

which manifests itself in both relatively weak and strong As result of electron scattering by ions, the fi¢&l gen-
pump fields. In Section 4 we investigate the possible depenrerates in the plasma harmonics of the current at the odd
dences of the deviation angle of the harmonic field withfrequencies2n + 1) w, wheren = 0,1,2,... Assuming, as
respect to the pump field direction. For the deviation angleusual in the theory of inverse bremsstrahl{8gin, 1965,

of the third harmonic, we derive clear asymptotic expres-1998, 1999, 199%, 199%; Ferranteet al, 1997, 2000,
sions, taking particularly simple forms when the tempera-2001a) that the influence of the relatively rare collisions on
ture anisotropy is not large. For the case wigr> T,, we  the electron mation in the high-frequency fid2) may be
show that the @ harmonic field exhibits a large deviation treated as perturbation, for the time derivative of the current
angle. For the third, as well as for higher order odd harmondensity proportional to the collision frequency, from the
ics, numerical calculations are carried out to illustrate howkinetic equation we find

the deviation angle depends on the angle between the pump

field and the symmetry axis of the initial EDF. Calculations ¢ . 1 5 e .

are carried out for different values of the rafig’T, and of 5%~ 52 eNvgv (ve) qu e ZO Jan+1(00e)

the pump field parameters.

T, T .
X exp[—qz2 — —q? —L]sin[(Zn +1)(wt — kN)], (4)
2. BASIC EQUATIONS 2m 2m

Asitis now establishetsee, e.g., Delone & Krainov, 1991  wherel,,. ; is the Bessel function of orden2 1, vg = | g|,
in atom tunnel ionization by a linearly polarized radiation, agg = eE/mw is the amplitude of electron quiver velocity, and
velocity photoelectron distribution is formed which is close v (v ) is the effective electron—ion collision frequency,
to an anisotropic bi-Maxwellian EDF with the effective elec-
tron temperature along the field larger than the tempera- 47Ze*N
i i i vve) = —5 5 A (5)
ture perpendicularto T, . Thatis, the velocity photoelectron m2ug
distribution to a good approximation is given by

andA is the field-dependent Coulomb logarithisee Silin

& Uryupin, 1981, foI more detai)sIn accordance witi4),
the current densitgj has the form

F@) =

Nm | m m?  m?
PR

27T, N 27T,

wheremis the electron mas$ is the electron density, and
T, andT, are the effective temperatures in energy units. A
distribution close to the anisotropic bi-Maxwellian EDF is
also formed in the case of anisotropic electron heating as &he harmonics of the current densiji(F,t) with n # 0
result of inverse bremsstrahlung absorption of intense elegyield the generation of the corresponding harmonics of the
tromagnetic radiation when the amplitude of the electrorfield at the frequencie®n + 1) w. To determine the electric
quiver velocityvg exceeds the initial thermal velocityy,  fields of the harmonicE,(f,t) with n # 0, we use the
but is smaller thaiZvr, whereZ is the multiplicity of ion-  Maxwell equations, where the curre?ﬁ,(?, t) is the source
ization of plasma iongfor details, see Chichkostal,, 1992;  of the harmonics. Taking into account the condition
Ferranteet al., 200Db). Let us assume that a plasma with an

anisotropic bi-Maxwellian EDF is preliminarily formed as a V-E,(F,t) =0, (7)
result of one of the two processes quoted above. Below, we

investigate how such a prepared plasma will interact with drom the Maxwell equations we have

high frequency electromagnetic wave, created by some other

o = 3 3ja(r. ). )

source of coherent electromagnetic radiation. Let us take the 2AE (F 1t _azﬁn(?,t) CWE(F D) =4 35? - .
wave field in the form CAEN(N ) — —— 5 —wfEy(M 1) = 47— 8n(F D). (8)

E cos(wt — kF), (20 We look for a solution of the linear equati¢®) in the form
where the frequency and the wave vector are linked by the E,(7,t) = —E,sin[(2n + 1) (wt — k7)]. (9)

dispersion relation

Then, taking into account the expressidds and (6) and
w? = wf + k*c?, (3 the dispersion relatiofB), from (8) we obtain the electric
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field of the nth harmonics resulting from nonlinear inverse the vectorE, with respect to the vectd, it is natural to

bremsstrahlung

R 1 eN . .4 &i
BT ) wp ) ) B ge dena( @)
T, T
% 2t 2L 1
exp[ G 5 A 2m]’ (10

wheren # 0. According ta(10), the field of the harmonik,,
similar to that of the fundamental fiellf, has only two
component&,, andE,,. The efficiency of generation of the
(2n + 1) w harmonic is characterized by the ratio

E.|?
M = E . (11)
Using(10), the generation efficiency is written as
2
= [ﬂ] a2(n,7,5,0). 12)
w
In (12) the following notations are used:
vr = NT/m, T=(T,+ 2T,)/3, 6 =A/T,
A=T,—-T, >0, v = mug/4T; (13

further « is the angle between the fielland the oZ axis,
while the functiora(n) = a(n, y, 8, «) is given by the relations

a(n|
{az(m} N

a?(n) = a2 + a2, (14

1 1 dy
2rN2mn(n+1) Jo Y1—y?

X fl dx{ym]

1

y (xcosa + yN1— x2sina)

e

X eXFi_W]{ln[W] - |n+1[W]} (15)

% [xcosa + yV1— x2sina]?
1+ 6<x2 - —>
3

wherel, is the modified Bessel function aforder. As the

W= (16)

exploit the relation

EE,
|EIIE,|

w(n,y,8,a) = arc 005< > = arcco$G(n,v,d,a)],

(17)
where the functiors(n, y, 8, @) has the form

1 1 dy
2mN2mran(n+ 1) Jo \/1—y2

G(n,y,8,a) =

fl (xcosa + yV1 — x2sina)?
X dx

e

X expl—WEI,[W] = 51 [W]} (18
The functionsa?(n,y, 8, a) and¥(n, v, 8, «) define both the
efficiency and the polarization direction of higher harmon-
ics versug1) vy, characterizing the intensity of the funda-
mental wave(?2) 8, defining the degree of anisotropy of the
initial EDF; and(3) the anglav, defining the direction of the
polarization vector of the fundamental field with respect to
the initial anisotropic bi-Maxwellian EDF symmetry axis.
All these dependencies will analyzed below in the next two
sections.

3. HARMONICS GENERATION EFFICIENCY

In this section, we consider the harmonics generation effi-
ciency in a plasma with the anisotropic bi-Maxwellian EDF
(1). In particular, as an instance, we consider the third har-
monic (n = 1 and frequency @), for which we derive as-
ymptotic expressions. The basic features of generation of
higher order harmonics and of the3iarmonic as well are
reported below in graphical form. Let us start with the case
when the pump field is weak enough that

T,> T, > mué. (19
Then, keeping i15) only the terms linear iy (or in W),
from (14) approximately we have

siqy = 2 BN (TH2TY
a?() = —
L T AT 3

T, 1 2
X {[— sirfa+ (1— 3g)<cosza — —sin? a)]
2T, 4

harmonics generation efficiency depends on the angle be-

tween the fundamental fiel and the EDF symmetry axis,

the direction of the harmonics polarization, in general, will
not coincide with the direction of the fundamental field

polarization. To determine the anglgn) = ¥(n, vy, §, @) of
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where We note that expressioli24) and(25) have been obtained
in the approximation when Il — C; > 0, where¢ indicate
T, < \T, I VLT, T, 4T,— Ti> the argument of the logarithm entering(R¥). From(24) it
9= T2 T N N : follows, that fora values nearr/2, the functionn, has a
GTANL-L AL -VE-T 3T local minimum. This behavior is specific to the strong field
(21 limit. In a weak field, as can be seen frd20), ata = 7/2,
the 3w harmonic generation efficiency has its maximum
Expression(20) takes a very simple form in a plasma with value. For values ok approaching zer¢or 77) the behavior
isotropic EDF, that is, whef, = T, = T. In fact, from(20) of the functiorn, depends on the relation between the quan-

we have tities T,/T, — 1 > 0 and INmv2/4T,) — C; > 0. When the
degree of the temperature anisotropy is relatively not large,
1 [ mud )2 such that
2(1) = —— : 22
=5 <160T 22
E 1< —é - C 26
which does not depend on the anglelf insteadT, > T,, T, : 4T, > 26

then the efficiency of the third harmonic generation depends

one«. The generation efficiency is largestaat 77/2, when  the functionn,; has a local maximum. On the contrary,
the pump field lies in the plane of the smaller tempefiate  when the degree of anisotropy is so large that the inequal-
In fact, it is just in this plane that the electron—ion collision ity reverse to(26) takes placey; has another local mini-
frequency has its largest value, and, accordingly, the hamum. In such conditions, the third harmonic generation is
monics generation as well is in this plane the most effectivethe most effective, if the pump field is directed at an angle
thanks to the nonlinear inverse bremsstrahlung. On the con,,, # /2 with respect to the EDF symmetry axis. In
trary, ate = 0 (or @ = 7) the functiona®(1) has a minimum,  particular, forT, > T,, the maximum of the function, is
physically arising from the small values of the collision reached ata,, ~ \/T,/T, < 1 (or at7# — a.,). For a
frequency characteristic of electrons with temperaffite  strongly anisotropoic plasma, another interesting limiting
The larger the ratidl,/T,, the stronger the anisotropy in case may be envisaged when

harmonics generation. Let us consider now tleharmonic

generation in a strong field, when T,>mE>T,. 27

mg>T,>T,. (23 Together with the r.h.s inequalit27), we assume that the
following stronger inequality too is fulfilled:
When these inequalities are obeyed, one can neglect the

corrections due to the electron thermal motion along the muésin®a > T,. (28
pump field direction. Exploiting this circumstance froh?)—
(16) approximately we find For smalla (or close torr), inequality(28) does not hold,
and for the third harmonic generation, we may use expres-
3 V[ v(ve) ]2 sion (20), adequate for weak fields. For conditions corre-
M= <E> [ » } sponding to inequalitie€7) and(28), from (12)—(16) we
have
mvd 2
8 {(ln[(\/ﬁ+ \/Tzsin2a+Tlcos?a)2} C3> _ [V(UE)]Z[ mvé] 1 29
Ui in2 ot
) 87T, | sin“ «
4 sir’ a cos a
+ T,sifa + T, cof a Expression29) has a minimum a& = /2. As « departs

from 7r/2, the 3v harmonic generation efficiency grows up

(T,—T,)2 to its maximum aty,,, ~ \/TL/m;é < 1 (orform — ayy). The
8 (T, + \T,si? @ + T, cos a)? } @9 further departure o& from 7r/2 gives a decreasing of gen-
eration efficiency according t@®0), which corresponds to
whereC; is a constant of unity order the weak field limit.
In Figure 1, the functiom?(1) (12) is plotted. The func-
27 [ tion a?(1) describes the efficiency of the third harmonic
Cs= 3 f dyvye™ generation in a plasma wiffy = 10T, (or § = 9/4) versusy,
0 the angle between the field of the pump wave and the o0Z-
X Iny{y[lo(y) — ls(y)] + 3(L = Y)[1.(y) = ()]} axis. Different curves correspond to different values of the
parameter (13): 0.1, 0.4, 1, 3, 10. The curve with= 0.1
= 0.62. (25) corresponds to the weak field limit, and like express0),
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Fig. 1. The 3w harmonic generation efficiena?(1) versusa, the angle  Fig. 2. The same function as in Figure 1, but fpr= 0.4 and three values
between the field of the pump wave and the oZ-axis. The five curvesof the parameteé: 6 = 9/4 (T, = 10T,), 6 = 12/7 (T, = 5T,), 6 = 3/4
correspond t@ = 9/4 (T, = 10T, ) and five values of the parametgr0.1, (T, =2Ty).

0.4,1,3,10.

the functionsa?(n) decreases with the increasingyofThis
shows a strong anisotropy of the functiaf(1) with alarge  property is clearly seen from the comparison of the contin-
maximum fora = /2. Fory = 0.4, the efficiency of the yous(y = 10) and dashedly = 3) curves in Figure 3. For a
third harmonic generation at= /2 reaches its maximum.  strong field, the anisotropy becomes logarithmically weak.

The generation efficiency at = 7/2 decreases with a fur-  For higher harmonic order, the transition to the strong limit
ther increasing of. This is shown by the curves with = takes place at larger field values.

1,3,10. The maximum of generation efficiency shifts in the

region of angles close = 0 anda = 7. The last property

is illustrated clearly by the curve witly = 3. A similar

behavior takes place alsopt= 10, but for values o very 10°

close to zero or tor. The curve fory = 10 as well as the

asymptotic formulg24) show a weak dependenceaf(1)

versusw in the strong field limit. 10°
In Figure 2, the functiom?(1) versus the angle is plot- E

ted fory = 0.4 and for three different values of the param- =

eters (13): 9/4(T,=10T,),12/7 (T,=5T,,), 3/4(T,= 2T,). 107 K ;3

1 (1 IIlllll

-

According to Figure 2, the higher the temperature ratio

T,/T,, the larger the anisotropy of the third harmonic gen-

eration efficiency. For instance, &t 9/4 (T, = 10T, ), the

degree of anisotropy is characterized by a factor of 25.
Similar dependences take place for higher harmonics also.

In Figure 3, the generation efficiency of the fiftwgn = 2),

the seventh @ (n = 3) and the ninth & (n = 4) harmonics

are plotted fo¥ = 9/4 (T, = 10T, ) and for two values of the

parametety: 3 and 10. From Figure 1 and Figure 3, one sees

a qualitative similarity of the functions?(n), but an essen-

tial difference too is noted. Namely, the degree of anisotropy

of the functionsa?(n) is increasing with the harmonic order.

This effect is more pronounced for relatively weak fields. In Fig- 3- Efficiency of harmonics generatiaar(n) versusa, the angle be-

ticul dina to the dashed in Ei 3 f tween the field of the pump wave and the oZ-axis, in a plasmadvitt9/4
parlicular, according 1o the dashed curves in Figure 5, O'ETZ = 10T,). Different curves correspond to harmonice n = 2), 7w

y = 3 the values of the functioreg(3) anda?(4) vary by two (n = 3), 9w (n = 4). Dashed curves correspondo= 3 and continuous
and three orders, respectively. The degree of anisotropy difes toy = 10.

AN 4

~
=
=g
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«<

11 lllllll
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0w e— where the function g is given b§21). If the temperature
anisotropy is not large,

T
1- =1, 32
T,

z

._.
=)

T T T T T

Wl

expression(31) significantly simplifies, and30) takes the
form

a”(n)
=
n] T TTTIT

TTTTIT

5 T\ .
V(1) = =-|1— = )sinacosa. (33
7 T,

According to(30), (31), and(33) there is no deviation of
the polarization vector of the third harmonic at= /2
anda = 0 (ora = 7). From(33), it follows that in the case
of weak anisotropy, the largest deviation of the polarization
vector takes place at= 7r/4. Instead, ifT, > T, in accor-

a dance with(30) and(31), for the deviation angle, we have

Fig. 4. The same function as in Figure 3, but for= 3 and two values of approxmately«lf(l) =m/2—a. . . .

the parametes: 5 = 9/4 (T, = 10T,)—continuous curvesj = 3/4 (T, = In the case of a strong pump field, when inequaliti3

2T,)—dashed curves. take place, from{18), we have an expression lik80), but
with the functionF weakly dependingthrough a loga-
rithm) on the pump field intensity

] T TTTT

T T RITT]

Lol

(=]

Figure 4, where the dependencies of the functiat()
on the anglex for v = 3 and foré = 9/4 (T, = 10T,) and B 2 sina cosa T.-T
8 = 3/4 (T, = 2T,) are plotted, shows that the harmonics = \T. + \T,sifPa + T, cofa \T,siPa+ T, cofa
generation anisotropy increases with increasing of the ra-
tio between the longitudinal and the transverse electron .t mu2 c -1
temperatures. Besides, Figure 4 shows a large increasing {”[ — 2] - 3} '
of the anisotropy of the functiom?(n) when the ratio (VT + \Tosin®a + T, cos'a)

T,/T, increases by a factor of 5. The effect of the anisot-

ropy amplification is more pronounced for high harmonic Eq. (34) has been obtained in the approximation, when the
orders. logarithm in the denominator is much larger i@y 0.62.

If the temperature anisotropy is smédke inequality32)),
then from(30) and(34), we have approximately

(34

4. HARMONICS POLARIZATION

Due to the anisotropy of plasma conductivity at the har- W(1) = (1_ L) M_ (35)
monics frequencies, deviation of the harmonics field with T Mg
respect to the pump field direction takes place. According In a1, ) Cs

to the treatment given in Section 2, the value of the devi-

ation anglew depends on the harmonic order, the degreqy, (35) the dependence df(1) on« is similar to that found
of temperature anisotropy, the intensity of the pump wavetq, 1he weak field caséd3). For large values of the temper-
and is also a function of the angle formed by the pump,y (e anisotropyT, > T,, and for not particularly small

field direction_ and the EDF _symmetry_ axis. Below, We anglesa > m from (34) follows
report some simple asymptotic expressions of the function

v(1) = ¥(1,v,6,a), defining the deviation angle of the

) Shah . 2 sina cosa
third harmonic field. In the case of weak fields, when F= 5 . (36)
inequality (19) holds, from(18) we find n( e ) o
T,sin? « 3
v(1) = arctan(F), (30
1-5g+| = — 21— 3g)|tar
97121 "4 glama
E= tana, (3D
1 T,
2g+ (1—- 3g)tarf a + tanza[(l— 39) (1— — tar? a) + — tar? a]
4 2T,
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Expression$30) and(36) give a dependence ensimilar to 08— T T

that of (35), but the numerical values of the anglemay
result significantly larger.

Finally, we consider another limiting case of strong an-
isotropy. When inequaliti®7) and(28) hold, from(18) we
have approximately

w(1) = g —a 37)

(1)

This last resultis similar to that obtained in the limit of weak
field for a plasma withr, > T, .

In addition to the relatively simple formula80)—(37)
for the deviation angle¥(n), we report numerical results
as well. In Figure 5, the dependences of the deviation
angle are plotted for the third harmonig(1) in a plasma
with 8 = 9/4 (T, = 10T, ) and for few values of the param-
etery: 0.4, 1, 3, 10. For the selected valuesyotind g, a
according to Figure 5, the deviation angle of the 3
harmonics reaches its maximum value @t~ 7/6 (or Fig. 6. The same.function as in Figure 5, but fpr= 0.4 and three values
~577/6)_. Fory = 0.4 the ma_ximum value orf(l_) is ~m/4. ?;theﬁsr_ameteﬁ' 5=9/4(T.=101), & = 12/7 (T. = 5T.). & = 3/
With y increasing, the maximum value @#f(1) is decreas-
ing up to¥(1) ~ 7/6 for y = 10. Similar dependencies of
the functionWw(1) versus the angle: are plotted in Fig-
ure 6, fory = 0.4 and for three values of anisotropy pa- function ¥(1) in Figure 6 is approximated by the asymp-
rameters: 9/4 (T, = 10T,), 12/7 (T, = 5T,), 3/4 (T, = totic formula(33) rather well. Similar polarization proper-
2T,). From Figure 6, one can see how the value of theties for higher harmonics are illustrated in Figure 7 and
angle (1) decreases with the temperature anisotropy deFigure 8. The deviation angles of the fifth = 2), seventh
creasing. At the same time, the maximum value of the(n = 3), and ninth(n = 4) harmonics for a plasma with
function ¥(1) shifts to the region of angles close 194, & = 9/4 (T, = 10T,) are plotted in Figure 7. Dashed curves
which is realized in a plasma with weak anisotropy. Wecorrespond to pump wave with = 3, while continuous

note that, already for the valu® = 3/4 (T, = 2T,), the  curve corresponds tg = 10. As well as for the @ har-
monic (see Fig. 3 small values of the deviation angle

W (n)

w (1)

Fig. 5. Deviation angle of the @ harmonic field versug, the angle be-

tween the field of the pump wave and the EDF symmetry axis, in a plasmdrig. 7. Deviation angle of the fifthn = 2), seventh(n = 3) and ninth
with 8§ = 9/4 (T, = 10T, ). The curves correspond to four values of the (n = 9) harmonics¥(n) versusa in a plasma with5 = 9/4 (T, = 10T,).
parametery: 0.4, 1, 3, 10. Dashed curves correspondyie= 3 and continuous lines tp = 10.
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' ' 1 EDF itself. Though the results have been obtained for a
plasma exhibiting a bi-Maxwellian EDF, they are of general
character and open the avenue of the treatment of anisotropy
effects in plasmas with more complicated initial EDF, which
may result from different physical processes, such as, for
instance, atoms ionization or plasma interaction with quasi-
stationary strong fields.

W (n)
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