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ABSTRACT
Employing an analytical method, non-linear low-velocity impact response of carbon nanotube
(CNT)-reinforced sandwich cylindrical panels in thermal environments is analysed. Two
types of core (i.e. homogenous and functionally graded) are considered for sandwich panels.
The face sheets of sandwich panels are multi-layer which consist of CNT-reinforced
composite (CNTRC) and metal layers. Micromechanical models are used to estimate the
material properties of CNTRCs. A higher-order shear deformation theory with a von Kármán-
type of kinematic non-linearity provides the equations of motion. Temperature-dependent
material properties are used to include the thermal effects. The equations of motion are solved
using a two-step perturbation technique. Existing numerical results in the literature are used to
validate the present method. The effect of nanotube volume fraction, material property
gradient, impactor initial velocity, geometrical parameters of cylindrical panel, temperature
change and edge boundary condition on the impact response of cylindrical panel structures is
discussed. The quantitative results and analytical formulations can be helpful in better
designing of CNTRC structures subjected to low-velocity impact in thermal environments.
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NOMENCLATURE
a length in the X direction
b length in the Y direction
E i Young’s modulus of impactor
Em Young’s modulus of matrix
E0 reference value of Young’s modulus of panel
E11 longitudinal effective Young’s modulus
ECN
11 longitudinal carbon nanotube Young’s modulus

E22 transverse effective Young’s modulus
ECN
22 transverse carbon nanotube Young’s modulus

Es
22 transverse Young’s moduli of the surface the panel

FðX; YÞ stress function
Gm shear moduli of matrix
G12 shear moduli of the orthotropic layer
GCN

12 in-plane shear modulus of carbon nanotube
h total thickness of panel
hc thickness of core
hf thickness of face sheet
Kc contact stiffness
m i mass of impactor
M

T
moment

Mx; My bending moments

N
T

force
Nx; Ny; Nxy stress resultants
Pc the overall contact force
Pmax maximum contact force

P
T

higher order moment
Px; Py higher order moments
Qij transformed elastic constants
R curvature radius of panel
Rc radius of the panel
R i radius of impactor
T0 reference temperature
U panel displacement in the direction of X
V0 initial velocity of impactor
V panel displacement in the direction of Y
VCN volume fraction of carbon nanotube
Vm volume fraction of matrix
W panel displacement in the direction of Z
X, Y, and Z directions of co-ordinate system

Greek symbol

αm thermal expansion of matrix
α11 effective longitudinal thermal expansion coefficient
αCN11 longitudinal thermal expansion coefficient of carbon nanotube
α22 effective transverse thermal expansion coefficient
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αCN22 transverse thermal expansion coefficient of carbon nanotube
δ(t) local contact indentation
δmax maximum local indentation
ΔT temperature change
ηi efficiency parameters of carbon nanotube
νi Poisson’s ratios of impactor
ν12, ν21 Poisson’s ratios of the orthotropic layer
ρCN density of carbon nanotube
ρm density of matrix
ρ0 reference value of panel density
ψx the mid-plane rotation of normal about the Y axis
ψy the mid-plane rotation of normal about the X-axis

1.0 INTRODUCTION
Due to their outstanding mechanical, thermal and electrical properties(1–3), carbon nanotubes
(CNTs) are regarded as one the most favourable reinforcement materials for high-strength and
light-weighted polymer composites. Dissimilar to carbon fibre-reinforced composites, only a
low percentage of CNTs (2–5 wt%)(4,5) are allowed in CNT-reinforced composites (CNTRCs)
because more volume fraction beyond a certain limit will worsen their mechanical proper-
ties(6). Hence, the idea of functionally graded (FG) materials was employed in order to
optimally utilise the CNT reinforcement effect. Shen(7) first applied the concept of FG
materials to nanocomposites and investigated the non-linear bending behaviour of CNTRC
plates and observed that the plate load-bending moment curves significantly improved due to
the FG distribution of CNTs through the thickness. Also, Kwon et al.(8) proposed a powder
metallurgy route for fabricating FG CNT-reinforced aluminium (Al) matrix composite which
completely supports the concept of FG nanocomposites. Furthermore, Shen and Xiang(9)

investigated non-linear temperature-dependent large amplitude vibration behaviour of FG-
CNTRC cylindrical panels resting on elastic foundations. They found that non-linear to linear
frequency ratios of CNTRC panels with intermediate volume fraction of CNTs is not
necessarily intermediate.

A thick but lightweight material as core, embedded in two thin but stiff materials such as
face sheets, forms a structure with high bending stiffness and low overall density, which is
called the sandwich structure. Sandwich panels are extensively used in aeronautical and
automotive applications as well as civil infrastructure, such as highway bridges(10). Espe-
cially, under impact loading, sandwich panels are susceptible to face sheet/core debonding
due to the difference in stiffness properties between core and face sheets(11). The purpose of
this work is to examine the behaviour of CNTRC sandwich panels subjected to low-velocity
impact. FG materials usually consist of ceramic and metal phases with varying mechanical
properties through the thickness. For further information on FG materials one can refer to Ref.
12. Utilising an FG core in sandwich panels expressively can reduce the face sheet–core
interfacial shear stresses and so the possibility of face sheet/core debonding(13).

Fibre–metal laminate (FML) is an advanced hybrid composite material consisting of some
thin metal layers bonded with composite material layers. FMLs allow metal benefits such as
ductility, damage and impact tolerances to be combined with good features of composite
materials such as high specific stiffness and strength, good fatigue and corrosion resis-
tance(14–17). The combination of metal and composite characteristics in one material makes

BAYAT ET AL LOW-VELOCITY IMPACT RESPONSE OF SANDWICH CYLINDRICAL PANELS... 1945

https://doi.org/10.1017/aer.2018.104 Published online by Cambridge University Press

https://doi.org/10.1017/aer.2018.104


FMLs a powerful applicant material for new generation and high-capacity aircraft fuselage
skin structures. FMLs also can be used as face sheets in sandwich panels. Tan and Akil(18)

explored the impact response of sandwich composite structure with polypropylene honey-
comb core and FML face sheet. They found that with increasing impact energy, the maximum
impact load increases up to a threshold value and then plateaus while the energy absorption
will increase continuously. Similar to FML, CNTRCs can be used to form a CNT–metal
laminate (CNTML) composite which consist of thin metal layers such as Al, bonded with
CNTRC layers.

Low-velocity impact is one of the most crucial loadings that composite structures
experience during their service life, especially for aerospace composite structures(19,20). Wang
et al.(21) studied the low-velocity impact response of foam-core sandwich panels using
experimental and numerical approaches. They also explored the effects of impact variables
and sandwich panel configuration parameters on the impact behaviour. Jam and Kiani(22) used
Timoshenko beam theory to analyse the influences of thermal environment, CNT volume
fraction, distribution of CNTs, initial velocity and mass of impactor on low-velocity impact
response of FG-CNTRC composite beams. Wang et al.(23) analysed the temperature-
dependent low-velocity impact response of single-layer FG-CNTRC as well as sandwich
composite plates and examined the effect of various impact and environmental parameters.
The low-velocity impact response of Al foam sandwich structures with fibre-reinforced
thermoplastic and FML face sheets was modelled using a simple energy-balance model by
Kiratisaevee and Cantwell(24). Using experimental and numerical methods, Meo et al.(25)

studied the low-velocity impact response of the composite sandwich panels at five various
energy levels. They found that at relatively low impact-energy levels, notable internal damage
may occur which could reduce the residual strength of panel significantly.

To the best of the readers’ knowledge, and as the literature survey accepts, there is no study
neither on the low-velocity impact response of sandwich nor CNTML and FG-CNTRC
cylindrical panels. In this study, the non-linear temperature-dependent low-velocity impact
response of nanotube-reinforced composite cylindrical panel-type structures is studied. Three
types of cylindrical panel configurations (i.e. single-layer, CNTML and sandwich cylindrical
panels) are considered in which CNTs are either uniformly distributed (UD) or FG through
the thickness direction. In the sandwich configuration, two types of core (i.e. homogenous
and FG) are considered embedded in two CNTML face sheets. Micromechanical models are
used to estimate the material properties. A higher-order shear deformation theory(26) with a
von Kármán-type of kinematic non-linearity(27) and thermal effects is used to form the
equations of motion. Material properties of all types of configurations are assumed to be
temperature dependent. Two types of boundary conditions (i.e. movable and immovable) are
used for all edges of cylindrical panel. The numerical results illustrate the non-linear low-
velocity impact response of different kinds of composite cylindrical panels under various sets
of environmental conditions.

2.0 NON-LINEAR DYNAMICS OF CNTRC
CYLINDRICAL PANELS
The cylindrical panel studied in this paper is composed of two CNTML face sheets and a
homogenous or FG core. As shown in Fig. 1, the radius of curvature, total thickness of panel,
length in the X and Y directions are designated as R, h, a and b, respectively. The thickness of
each face sheets and core is hf and hc, respectively. The nanotube reinforcement used in
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CNTML of face sheets are either UD or FG. The panel is subjected to low-velocity impact in
various thermal conditions. The origin of co-ordinate system is at the corner of the panel on
the mid-plane (see Fig. 1). Parallel to the right-hand set of axes (X, Y, Z), in which X and Y are
in the axial and circumferential directions of the panel and Z is in the direction of the inward
normal to the middle surface, panel displacements are designated as U, V and W . The mid-
plane rotations of normal about the Y and X axes are labelled as Ψx and Ψy, respectively. The
stress resultants are given as Nx =F;YY , Ny =F;XX and Nxy =�F;XY , where FðX; YÞ is the
stress function in which partial differential with respect to the corresponding co-ordinates is
denoted as comma. It should be noted that all calculations for layers will be carried out using
this co-ordinate system.

Reddy and Liu(28) modified Sanders shell theory and developed a higher-order shear
deformation shell theory. In this theory, the transverse shear strains are assumed to be
parabolically distributed across the shell thickness and the number of independent unknowns
(U, V , W , Ψx and Ψy) is the same as in the first-order shear deformation theory; however,
there is no need for the correction factor. The motion equations of cylindrical panel can be
expressed in terms of a transverse displacement W , two rotations Ψx and Ψy, and a stress
function F, based on Reddy’s higher-order shear deformation theory with a von Kármán-type
of kinematic non-linearity and thermal effects(9), as follows:

eL11 W
� ��eL12 Ψx

� ��eL13 Ψy

� �
+ eL14 F

� ��eL15 N
T

� �
�eL16 M

T
� �

� 1
R
F;XX

=eL W ;F
� �

+ eL17 W
::� �

� eI5 ∂Ψ
::

x

∂X
+eI 0

5
∂Ψ

::

y

∂Y

 !
+ q :::ð1Þ

Figure 1. Co-ordinate system and geometry of cylindrical panel subjected to low-velocity impact.
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eL21 F
� �

+ eL22 Ψx

� �
+ eL23 Ψy

� ��eL24 W
� ��eL25 N

T
� �

+
1
R
W ;XX =� 1

2
eL W ;W
� �

:::ð2Þ

eL31 W
� �

+ eL32 Ψx

� ��eL33 Ψy

� �
+eL34 F

� ��eL35 N
T

� �
�eL36 S

T
� �

=bI5 ∂W
::

∂X
�bI3Ψ:: x :::ð3Þ

eL41 W
� ��eL42 Ψx

� �
+ eL43 Ψy

� �
+ eL44 F

� ��eL45 N
T

� �
�eL46 S

T
� �

=bI 0
5
∂W

::

∂Y
�bI 0

3Ψ
::

y :::ð4Þ

in which

eLðÞ= ∂2

∂X2

∂2

∂Y2
�2

∂2

∂X∂Y
∂2

∂Y∂X
+

∂2

∂Y2

∂2

∂X2
...(5a)

eL17ðÞ=�I1� eI7 ∂2

∂X2
+eI 0

7
∂2

∂Y2

� �
...(5b)

and the other linear operators eLijðÞ are given in Refs 29,30. Ij, bIj and eIj are given in Equation
(19) below. The von Kármán type geometric non-linearity is embedded in terms of eLðÞ in
Equations (1) and (2). In Equations (1)–(4), differentiation with respect to time is denoted
with superposed dots. Forces N

T
, moments M

T
and higher order moments P

T
caused by

elevated temperature are given by

N
T
x M

T
x P

T
x

N
T
y M

T
y P

T
y

N
T
xy M

T
xy P

T
xy

264
375=

X
k= 1

ðh = 2
�h = 2

Ax

Ay

Axy

24 35
k

1; Z; Z3
� �

ΔTdZ ...(6a)

S
T
x

S
T
y

S
T
xy

264
375=

M
T
x

M
T
y

M
T
xy

264
375� 4

3h2

P
T
x

P
T
y

P
T
xy

264
375 ...(6b)

where ΔT=T − T0 shows the temperature change from reference temperature T0 in which no
thermal strains are available, and

Ax

Ay

Axy

24 35=�
Q11 Q12 Q16

Q12 Q22 Q26

Q16 Q26 Q66

24 35 1 0
0 1
0 0

24 35 α11
α22

� 	
...(7)

where longitudinal and transverse thermal expansion coefficients are denoted by α11 and α22,
respectively; as given in details in Ref. 28, Qij indicate the transformed elastic constants. For
an FG-CNTRC layer (i.e. orthotropic layer), Qij =Qij, and

Q11 =
E11

1�ν12ν21
; Q22 =

E22

1�ν12ν21
; Q12 =

ν12E11

1�ν12ν21
Q16 =Q26 = 0; Q44 =G23; Q55 =G13; Q66 =G12 :::ð8Þ

in which the longitudinal and transverse effective Young’s moduli, shear moduli and Pois-
son’s ratios of the orthotropic layer are designated as E11, E22, G12, ν12 and ν21, respectively.
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A micromechanical model can be used to predict the effective material properties of
CNTRCs(7) as follows:

E11 = η1 VCNE
CN
11 +VmE

m ...(9a)

η2
E22

=
VCN

ECN
22

+
Vm

Em
...(9b)

η3
G12

=
VCN

GCN
12

+
Vm

Gm
...(9c)

whereECN
11 ,E

CN
22 andGCN

12 are the longitudinal and transverseYoung’smoduli, and in-plane shear
moduli of CNT, respectively and Em and Gm are the similar properties of the matrix. The CNT
efficiency parameters are denoted by ηj (j= 1, 2, 3) and are determined later by matching the
elastic moduli of CNTRCs obtained from the molecular dynamics (MD) simulations with those
of the extended rule of mixture in Equation (9). CNT and the matrix volume fraction are
designated as VCN and Vm, respectively, which satisfy the condition of VCN +Vm= 1.

The material properties of FG ceramic-metal core studied in this paper change continuously
from one side to the other in which the constituent volume fraction can follow a simple power
law. While only linear FG-CNTRC materials can be readily achieved in practice(8). Hence, only
the linear distribution of FG-CNTRCs is considered in this study. Three types of FG-CNTRC
layers as well as ceramic-metal FG-core are considered in this study: (1) FG-Λ, in which the
inner surface of the layer is CNT/ceramic rich; while in (2) FG-V, the outer surface of the layer is
CNT/ceramic rich; and finally in (3) FG-X, both outer and inner surfaces are CNT/ceramic rich.

For single-layer FG-ΛCNTRC : VCN = 1 +
2Z
h

� �
V�
CN ...(10a)

For single-layer FG-VCNTRC : VCN = 1 +
2Z
h

� �
V�
CN ...(10b)

For single-layer FG-XCNTRC : VCN = 4
Zj j
h
V�
CN ...(10c)

For single-layer UDCNTRC : VCN =V�
CN =

wCN

wCN + ρCN = ρmð Þ− ρCN = ρmð ÞwCN
...(10d)

where the mass fraction of nanotube is designated as wCN, and the densities of matrix and
CNT are labelled as ρm and ρCN, respectively. ρ=VCNρCN +Vmρm defines the overall mass
density of CNTRC. It is notable that both the UD (i.e. VCN =V�

CN) and FG CNTRCs will have
the same value of CNT mass fractions.

The longitudinal and transverse thermal expansion coefficients are defined as follows:

α11 =
VCNECN

11 αCN11 +VmEmαm

VCNECN
11 +VmEm

...(11a)

α22 = 1 + νCN12
� �

VCNαCN22 + 1 + νmð ÞVmαm�ν12α11 ...(11b)
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where αm is the matrix thermal expansion coefficient; and αCN11 and αCN22 indicate the CNT
longitudinal and transverse thermal expansion coefficients, which are graded in the thickness
direction; also νm and νCN12 are, respectively, matrix and CNT Poisson’s ratios. It should be
noted that thermal stress due to different thermal expansion of CNT and matrix is neglected in
this study. As in this study, the material properties are assumed to be temperature dependent,
the effective material properties of FG-CNTRC vary with position and temperature. However,
the effective Poisson’s ratio is expressed as

ν12 =V�
CNν

CN
12 +Vmνm ...(12)

because it weakly depends on position and temperature change.
Consequently, the volume fraction of ceramic of the core is as follows:

ForΛ type core : Vc =
1
2
+

Z

hc

� �n

...(13a)

For V type core : Vc =
1
2
� Z

hc

� �n

...(13b)

For X type core : Vc = 2
Zj j
hc

� �n

...(13c)

The four edges of the cylindrical panel are supposed to be simply supported with or without
in-plane displacement, labelled as ‘movable’ and ‘immovable’, as the temperature is increased
steadily. Based on the above definition, the boundary conditions are

X = 0; a :

W =Ψy = 0 ...(14a)

Mx =Px = 0 ...(14b)

ðb
0
NxdY = 0 movableð Þ ...(14c)

U = 0 immovableð Þ ...(14d)

Y = 0; b :

W =Ψx = 0 ...(14e)

My =Py = 0 ...(14f)

ðb
0
NydY = 0 ðmovableÞ ...(14g)

V = 0 ðimmovableÞ ...(14h)
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in which, as defined in Ref. 28, Mx, My and Px, Py are bending and higher-order moments,
respectively. The expressed conditions in Equations (14d) and (14h) are satisfied in the
average sense as ðb

0

ða
0

∂U
∂X

dXdY = 0;
ða
0

ðb
0

∂V
∂Y

dYdX = 0 ...(15)

or ðb
0

ða
0
A�
11
∂2F
∂Y2

+A�
12
∂2F
∂X2

+ B�
11�

4
3h2

E�
11

� �
∂Ψx

∂X
+ B�

12�
4
3h2

E�
12

� �
∂Ψy

∂Y

�
� 4
3h2

E�
11
∂2W
∂X2

+E�
12
∂2W
∂Y2

� �
� 1
2

∂W
∂X

� �2

� A�
11N

T
x +A

�
12N

T
y

� �#
dXdY = 0 :::ð16aÞ

ða
0

ðb
0
A�
22
∂2F
∂X2

+A�
12
∂2F
∂Y2

+ B�
21�

4
3h2

E�
21

� �
∂Ψx

∂X
+ B�

22�
4
3h2

E�
22

� �
∂Ψy

∂Y

�
� 4
3h2

E�
21
∂2W
∂X2

+E�
22
∂2W
∂Y2

� �
+
W

R
� 1
2

∂W
∂Y

� �2

� A�
12N

T
x +A

�
22N

T
y

� �#
dY = 0 :::ð16bÞ

in which the reduced stiffness matrices A�
ij

h i
, B�

ij

h i
, D�

ij

h i
, E�

ij

h i
, F�

ij

h i
and H�

ij

h i
that are

functions of position and temperature are defined as(27)

A� =A�1; B� =�A�1B; D� =D�BA�1B; E� =�A�1E; F� =F�EA�1B;

H� =H�EA�1E :::ð17Þ

where panel stiffnesses Aij, Bij, etc. are defined as

Aij;Bij;Dij;Eij;Fij;Hij

� �
=
X
k= 1

ðtk
tk�1

Qij

� �
k
1; Z; Z2; Z3;Z4; Z6
� �

dZ;

i; j= 1; 2; 6ð Þ :::ð18aÞ

Aij;Dij;Fij

� �
=
X
k= 1

ðtk
tk�1

Qij

� �
k
1; Z2; Z4
� �

dZ i; j= 4; 5ð Þ ...(18b)

The inertias Ii (i= 1, 2, 3,…,7) are defined by

I1; I2; I3; I4; I5; I7ð Þ=
X
k= 1

ðtk
tk�1

ρk Zð Þ 1; Z; Z2; Z3; Z4; Z6
� �

dZ ...(19a)
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with c1= 4/(3h 2), the following variables are defined(9)

I1 = I1; I
0

1 = I1 +
2
R
I2; I2 = I2�c1I4; I

0

2 = I2 +
1
R
I3�c1I4� c1

R
I5; I3 = c1I4;

I
0

3 = c1I4 +
c1
R
I5; I4 = I

0

4 = I3�2c1I5 + c21I7; I5 = I
0

5 = c1I5�c21I7;

Î3 = I4� I2I2
I1

; Î
0
3 = I

0

4�
I
0

2I
0

2

I
0
1

; Î5 = I5� I2I3
I1

; Î
0
5 = I

0

5�
I
0

2I
0

3

I
0
1

; Î7 =
I3I3
I1

�c21I7;

Î
0
7 =

I
0

3I
0

3

I
0
1

�c1I7; ~I5 = Î3 + Î5; ~I
0
5 = Î

0
3 + Î

0
5;

~I7 = Î7�Î5; ~I
0
7 = Î

0
7�Î

0
5 :::ð19bÞ

3.0 NON-LINEAR DYNAMICS OF IMPACTOR
In this study, the vibration of impactor is neglected. The overall contact force Pc during the
loading phase is related to local contact indentation δ(t) and defined by a non-linear relation
as follows(31,32):

PcðtÞ=Kc δðtÞ½ �r ...(20)

According to the Hertzian law for contact between two homogeneous isotropic solids,
r= 1.5 is considered. In addition, it has been proved that for laminated composite targets, r is
also equal to 1.5. The contact stiffness Kc is given by

Kc =
4
3
E� ffiffiffiffiffi

R�p
; E� =

1�νi2
Ei

+
1�ν212
Es
22

� �
;

1
R� =

1
Ri

+
1
2Rc

...(21)

in which E i, νi and R i are Young’s moduli, Poisson’s ratio and radius of impactor, respec-
tively; and Es

22 and R c are the transverse Young’s moduli of the surface and radius of the
panel, respectively.

Through the unloading phase, the contact force is defined as(32)

PcðtÞ=Pmax
δðtÞ�δ0
δmax�δ0

� 	s
...(22)

where Pmax and δmax are the maximum contact force and the corresponding local indentation
through the loading phase, respectively. Through the loading phase, as δmax is blew a critical
indentation, there is no permanent indentation δ0. In Equation (22), s is a curve fitting
parameter and is computed by fitting the function in Equation (22) to experimental results.
Tests have been indicated that s= 2.5 provides a good agreement to experimental results(32).

The local contact indentation is given as

δðtÞ= SðtÞ�WðX; Y; tÞ ...(23)

where the displacement of the impactor and the deflection of the panel are designated as SðtÞ
and WðX; Y ; tÞ, respectively. Then, the motion equation of the impactor can be written as
follows:

mi S
::

ðtÞ +PcðtÞ= 0; Sð0Þ= 0; S
:

ð0Þ=V0 ...(24)

in which m i and V0 represent the mass and the initial velocity of the impactor, respectively.
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4.0 SOLUTION PROCEDURE
With γijk being defined as in Ref. 27, the following dimensionless variables are presented for
the sake of solution process convenience

x= π
X

a
; y= π

Y

b
; β=

a

b
; η=

π2R
a2

D�
11D

�
22A

�
11A

�
22

� �1 = 4
;

W =
W

D�
11D

�
22A

�
11A

�
22

� �1 = 4 ; F =
F

D�
11D

�
22

� �1 = 2 ; S=
S

D�
11D

�
22A

�
11A

�
22

� �1 = 4 ;
ðΨx;ΨyÞ= a

π
ðΨx;ΨyÞ

D�
11D

�
22A

�
11A

�
22

� �1 = 4 ; γ14 =
D�

22

D�
11

� 	1 = 2
; γ24 =

A�
11

A�
22

� 	1 = 2
;

γ5 =�A�
12

A�
22

; ðγT1; γT2Þ= AT
x ;A

T
y

� �
R

A�
11A

�
22

D�
11D

�
22

� 	1 = 4
;

v0 =
V0a

π D�
11D

�
22A

�
11A

�
22

� �1 = 4 ffiffiffiffiffi
ρ0
E0

r
;

γT3; γT4; γT6; γT7ð Þ= a2

π2hD�
11

DT
x ;D

T
y ;

4
3h2

FT
x ;

4
3h2

FT
y

� �
; t =

πt
a

ffiffiffiffiffi
E0

ρ0

s
;

Mx;Pxð Þ= a2

π2
1

D�
11 D�

11D
�
22A

�
11A

�
22

� �1 = 4 Mx;
4
3h2

Px

� �
;

λq =
Pca4

π2D�
11 D�

11D
�
22A

�
11A

�
22

� �1 = 4 ; γ170 =� I1E0a2

π2ρ0D�
11

; λx; λy
� �

=
σxπ2R2; σya2
� �

h

4π2 D�
11D

�
22

� �1 = 2 ;
γ91; γ92; γ81; γ82; γ83; γ84; γ171; γ172ð Þ= �Î3;�bI 0

3 ;�eI5;�eI 0
5 ; Î5;bI 0

5 ;�~I7;�eI 0
7

� � E0

ρ0D�
11

:::ð25Þ

where ρ0 and E0 are the reference values of the CNTRC matrix density and Young’s moduli at
the room temperature (T0= 300 K), and AT

x , A
T
y , D

T
x , D

T
y , F

T
x and FT

y are defined as

AT
x DT

x FT
x

AT
y DT

y FT
y

� 	
ΔT =�

X
k= 1

ðtk
tk�1

Ax

Ay

� 	
k

1; Z; Z3
� �

ΔTdZ ...(26)

where Ax and Ay is defined in Equation (7).
Then, the non-linear Equations (1)–(4) can be rewritten in the dimensionless form as

follows:

L11ðWÞ�L12ðΨxÞ�L13ðΨyÞ + γ14L14ðFÞ�L16ðMTÞ�η�1γ14F;xx =

γ14β
2LðW ;FÞ +L17ðW

:: Þ + γ81
∂Ψ
::

x

∂x
+ γ82β

∂Ψ
::

y

∂y

 !
+ λq :::ð27Þ
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L21ðFÞ + γ24L22ðΨxÞ + γ24L23ðΨyÞ�γ24L24ðWÞ + η�1γ24W;xx =� 1
2
γ24β

2LðW ;WÞ ...(28)

L31ðWÞ +L32ðΨxÞ�L33ðΨyÞ + γ14L34ðFÞ�L36ðSTÞ= γ83
∂W

::

∂x
+ γ91Ψ

::

x ...(29)

L41ðWÞ�L42ðΨxÞ + L43ðΨyÞ + γ14L44ðFÞ�L46ðSTÞ= γ84β
∂W

::

∂y
+ γ92Ψ

::

y ...(30)

where the dimensionless operators Lij() and L() are defined in(27).
The boundary conditions presented in Equation (14) will be as follows:

x= 0; π :

W =ψy = 0 ...(31a)

Mx =Px = 0 ...(31b)

ðπ
0

∂2F
∂y2

dy= 0 ðmovableÞ ...(31c)

ðπ
0

ðπ
0

γ224β
2 ∂

2F

∂y2
�γ5

∂2F
∂x2

� �
+ γ24 γ511

∂Ψx

∂x
+ γ233β

∂Ψy

∂y

� ��
�γ24 γ611

∂2W
∂x2

+ γ244β
2 ∂

2W

∂y2

� �
� 1
2
γ24

∂W
∂x

� �2

+ η�1 γ224γT1�γ5γT2
� ��

ΔTdxdy= 0 immovableð Þ :::ð31dÞ

y= 0; π :

W =Ψx = 0 ...(31e)

My =Py = 0 ...(31f)

ðπ
0

∂2F
∂x2

dy= 0 ðmovableÞ ...(31g)

ðπ
0

ðπ
0

∂2F
∂x2

�γ5β
2 ∂

2F

∂y2

� �
+ γ24 γ220

∂Ψx

∂x
+ γ522β

∂Ψy

∂y

� ��
�γ24 γ240

∂2W
∂x2

+ γ622β
∂2W
∂y2

� �
+ η�1γ24W� 1

2
γ24β

2 ∂W
∂y

� �2

+ η�1ðγT2�γ5γT1Þ
�
dydx= 0 ðimmovableÞ :::ð31hÞ
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Mathematically, Equations (27)–(30) can be divided into two sets and solved sequentially.
The first set of equations forms the solution of static deflection because of thermal bending
moments, and the second one yields the homogeneous solution of vibration on the initially
deflected panel. Using a two-step perturbation technique(9), the solution for the second set of
equations can be expressed as

Wðx; y; tÞ= ϵA 1ð Þ
11 ðtÞ sinðmxÞ sinðnyÞ
+ ϵA 1ð Þ

11 ðtÞ
� �3

α331 sinð3mxÞ sinðnyÞ + α313 sinðmxÞ sinð3nyÞ½ � +Qðϵ4Þ :::ð32Þ

Ψx x; y; tð Þ= ϵA 1ð Þ
11 tð Þ

� �
c111 + ϵAð1Þ

11

::

tð Þ
� �

c311

� 	
cos mxð Þ sin nyð Þ

+ ϵA 1ð Þ
11 tð Þ

� �3
c331 cos 3mxð Þ sin nyð Þ + c313 cos mxð Þ sin 3nyð Þ½ � +Oðϵ4Þ :::ð33Þ

Ψyðx; y; tÞ= ϵA 1ð Þ
11 ðtÞ

� �
d111 + ϵAð1Þ

11

::

ðtÞ
� �

d311

� 	
sinðmxÞ cosðnyÞ

+ ϵA 1ð Þ
11 ðtÞ

� �3
d331 sinð3mxÞ cosðnyÞ + d313 sinðmxÞ cosð3nyÞ½ � +Oðϵ4Þ :::ð34Þ

Fðx; y; tÞ=�B 0ð Þ
00 y

2 = 2�b 0ð Þ
00 x

2 = 2 + ϵA 1ð Þ
11 ðtÞ

� �
β111 + ϵAð1Þ

11

::

ðtÞ
� �

β311

� 	
´ sinðmxÞ sinðnyÞ + ϵA 1ð Þ

11 ðtÞ
� �2

�B 2ð Þ
00 y

2 = 2�b 2ð Þ
00 x

2 = 2 + β202 cosð2nyÞ
h

+ β220 cosð2mxÞ� + ϵA 1ð Þ
11 ðtÞ

� �3
β331 sinð3mxÞ sinðnyÞ + β313 sinðmxÞ sinð3nyÞ½ �

+Oðϵ4Þ :::ð35Þ

λqðx;y;tÞ= ϵAð1Þ
11

::

ðtÞ
� �

g30+ ϵA 1ð Þ
11 ðtÞ

� �
g31

� 	
sinðmxÞsinðnyÞ

+ ϵA 1ð Þ
11 ðtÞ

� �2
g220cosð2mxÞ+g202cosð2nyÞ½ �+ ϵA 1ð Þ

11 ðtÞ
� �3

g33sinðmxÞsinðnyÞ½ �+ ��� :::ð36Þ

where ϵA 1ð Þ
11 ðtÞ

� �
is the second perturbation parameter which is related to the dimensionless

vibration amplitude.
The non-linear equations of motion of both panel and impactor in the loading phase can be

determined by setting (x,y)= (π/2,π/2) in Equation (36):

sin
mπ
2

� �
sin

nπ
2

� �
g30

d2 ϵA 1ð Þ
11 ðtÞ

� �
dt2

+ g31 ϵA 1ð Þ
11 ðtÞ

� �24 35 + ϵA 1ð Þ
11 ðtÞ

� �2
´ g220 cosðmπÞ + g202 cosðnπÞ½ � + ϵA 1ð Þ

11 ðtÞ
� �3

g33 sin
mπ
2

� �
sin

nπ
2

� �h i
= g34 SðtÞ� sin

mπ
2

� �
sin

nπ
2

� �
ϵA 1ð Þ

11

� �
� ϵA 1ð Þ

11

� �3
α331 sin

3mπ
2

� �
sin

nπ
2

� ���
+ α313 sin

mπ
2

� �
sin

3nπ
2

� �		1:5
:::ð37Þ

BAYAT ET AL LOW-VELOCITY IMPACT RESPONSE OF SANDWICH CYLINDRICAL PANELS... 1955

https://doi.org/10.1017/aer.2018.104 Published online by Cambridge University Press

https://doi.org/10.1017/aer.2018.104


d2 SðtÞð Þ
dt2

=�g35 SðtÞ� sin
mπ
2

� �
sin

nπ
2

� �
ϵA 1ð Þ

11

� �h
� ϵA 1ð Þ

11

� �3
α331 sin

3mπ
2

� �
sin

nπ
2

� ��
+ α313 sin

mπ
2

� �
sin

3nπ
2

� �		1:5
:::ð38Þ

The symbols used in Equations (37) and (38) are given in Appendix A. Satisfying the
convenient initial conditions (i.e. ϵA 1ð Þ

11 ð0Þ= ϵA 1ð Þ
11

:

ð0Þ= Sð0Þ= 0; S
:
ð0Þ= v0) Equations (38)

and (39) can be solved using the Runge–Kutta iteration method. By substituting the solution
into Equations (32)–(36), the displacements and contact force of the shell can be obtained.

5.0 NUMERICAL RESULTS AND DISCUSSION
In this section, numerical results are presented for sandwich cylindrical panels with CNTML
face sheets subjected to transverse low-velocity impact in various thermal environments. As
mentioned before, there is no study neither on the low-velocity impact response of sandwich
nor CNTML and FG-CNTRC cylindrical panels. In this study, the non-linear temperature-
dependent low-velocity impact response of nanotube-reinforced composite cylindrical panel-
type structures is studied. For verification of the employed method, the problem of a simply
supported square isotropic steel plate subjected to low-velocity impact with a steel spherical
indenter with the following material and geometrical information previously treated by Refs
33–36 is resolved:

∙ Plate: E= 206.8GPa, ν= 0.3, ρ= 7810 kg/m3, length a= b= 200mm and thickness
h= 8mm

∙ Impactor: E= 206.8GPa, ν= 0.3, ρ= 7810 kg/m3, diameter Di= 20mm and velocity
V0= 1m/s

Time histories of the impactor displacement and contact force found using the present
method are shown in Figs 2 and 3, respectively. Present results are compared with those
reported by Karas(33), Wu and Chung(34), Khalili et al.(35) and Wu and Springer(36). The
results of the present model are in a good agreement with existing ones. The little negligible
difference between presented results and some existing one(35) may be due to the use of
classical plate theory and linearised contact law; while higher-order shear deformation theory
and a non-linear contact law are used in present study.

First of all, the effective material properties of CNTRCs are needed to be determined. Ploy
methyl methacrylate, labelled as PMMA, is chosen for the matrix with material properties of
ρm= 1150 kg/m3, νm= 0.34, αm= 45(1 + 0.0005ΔT) × 10 − 6/K and Em= (3.52 − 0.0034T)
GPa, where T=T0 +ΔT and T0= 300K (room temperature). In this way, αm= 45.0 × 10 − 6/K
and Em= 2.5GPa at T= 300K. The (10,10) single-walled carbon nanotubes (SWCNTs) are
chosen as reinforcements. As listed in Table 1, typical size and temperature-dependent
material properties of CNTs are obtained using MD simulations(37). It should be mentioned
that the manufacturing procedure of (10,10) SWCNTs are described in detail in Ref. 38.

Aluminium 2024-T3 is selected for the metal part of CNTML, with temperature-dependent
material properties given in Table 2(39). To comprehensively define a CNTML laminate, the
following coding system is used. The coding system of nanotube-reinforced aluminium
laminate is Al/CNT (1 + i)/i, for instance, for i= 3, Al/CNT 4/3 defines a laminate composed
of four aluminium and three nanotube-reinforced layers stacked together (i.e. Al/CNT/Al/
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CNT/Al/CNT/AL). In the following examples, the thickness of metal and CNTRC layers are
assumed to be hAl= 0.2mm and hCNT= 0.3mm, respectively.

The CNT efficiency parameters ηi (i= 1,2,3) are crucial in the successful application of the
extended rule of mixture to CNTRCs. Unfortunately, no experiments have been done to
determine the values of ηi for CNTRCs, yet. As it was mentioned before, these parameters can
be calculated by matching theoretical results of extended rule of mixture to those of
experiments or MD simulations. In this study, the longitudinal and transverse Young’s moduli
and in-plane shear moduli of CNTs obtained from MD simulations given by Han and Elliott(4)
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Figure 2. Time history of impactor displacement of an isotropic plate subjected to low-velocity impact
predicted by Karas(33), Wu and Springer(36) and present method.
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Figure 3. Time history of contact force of isotropic plate subjected to low-velocity impact predicted by
Karas(33), Wu and Chung(34), Khalili et al.(35) and present method.
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are matched to those predicted from the extended rule of mixture in order to estimate the CNT
efficiency parameters. As previously presented in Ref. 37, these parameters are listed in
Table 3. In the following examples, these values are used in which it is assumed that
G13=G12 and G23= 1.2G12

(40).
Three types of FG-CNTRC layers (i.e. FG-Λ, FG-V and FG-X) are considered. A UD-

CNTRC layer is also considered for comparison. Also, the deflected mode is assumed to be
(m,n)= (1,1). The impactor is made of steel (ρi= 7960 kg/m3, E i= 207GPa and νi= 0.3) with
a radius of R= 6.35mm and an initial velocity of V0= 3m/s.

The low-velocity impact response of sandwich cylindrical panels with Al/CNT 2/1 face
sheets and FG-X core is presented in this section. For all cases below, the cylindrical panel
geometric parameters are taken as a= b= 200mm and R/a= 5. The Al/CNT 2/1 is selected
for sandwich panel face sheets. Also, the CNT layer is assumed to be FG of type X, due to its
high strength to impact(41). Titanium alloy, referred to as Ti–6Al–4V, and Zirconia are
selected as metal and ceramic part of FG core, respectively; the material properties of which
are given in Table 4 as a non-linear function of temperature(42). The thickness of homo-
geneous or FG core is taken to be hc= 4, 6 and 8mm.

Table 1
Temperature-dependent material properties for (10,10) SWCNT

(L=9.26 nm, R= 0.68nm, h=0.067 nm and νCN12 =0:175)

Temperature (K) ECN
11 ðTPaÞ ECN

22 ðTPaÞ GCN
12 ðTPaÞ αCN11 ð ´ 10�6 =KÞ αCN22 ð ´ 10�6 =KÞ

300 5.6466 7.0800 1.9445 3.4584 5.1682
400 5.5679 6.9814 1.9703 4.1496 5.0905
500 5.5308 6.9348 1.9643 4.5361 5.0189
700 5.4744 6.8641 1.9644 4.6677 4.8943

Table 2
Temperature-dependent material properties of aluminium 2024-T3

(ν=0.33 and ρ= 2770 kg/m3)(39)

Temperature (K) E (GPa) α (×10 −6/K)

300 73.4 22.5
400 68.6 24.3
500 64.2 25.5

Table 3
(10,10) SWCNT efficiency parameters (L= 9.26 nm, R= 0.68nm,

h=0.067nm and νCN12 =0:175)

V�
CN η1 η2 η3

0.12 0.137 1.022 0.715
0.17 0.142 1.626 1.138
0.28 0.141 1.585 1.109
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Low-velocity impact response of sandwich cylindrical panels with Al/CNT 2/1 face sheets
and four types of core (i.e. homogenous, FG-Λ, FG-V and FG-X) is displayed in Fig. 4. The
panel with FG-X core has the lowest central deflection while the contact forces are almost the
same. Also the power index of the FG core, mentioned in Equation (14), can influence the
impact response of the sandwich panels with FG cores. Therefore, the impact response of
sandwich panels with FG core of type X with five various power indexes is compared in
Fig. 5. Using a power index of n= 0.1 significantly decreases the central deflection, however,
slightly increases the contact force. Hence, the FG core of type X with power index of n= 0.1
will be considered in the following examples.

The effect of core thickness on the low-velocity impact response of the sandwich
cylindrical panel with Al/CNT 2/1 face sheets with CNT volume fraction of V�

CN = 0:12 and
FG-X core with power index of n= 0.1 is presented in Fig. 6. The sandwich panel with
thicker core has lower central deflection along with a little higher contact force.

Table 4
Material property of the constituent materials of the considered FG

core as a non-linear function of temperature
(P=P0(P− 1/T+1+P1T+P2T

2 +P3T
3))(42)

Material Property P0 P
− 1 P1 P2 P3

Ti–6Al–4V E (Pa) 122.55676e9 0 − 4.58635e − 4 0 0
ν 0.28838235 0 1.12136e − 4 0 0
α (per K) 7.57876e − 6 0 0.00065 0.31467e − 6 0
ρ (kg/m3) 4429 0 0 0 0

Zirconia E (Pa) 244.26596e9 0 − 1.3707e − 3 1.21393e − 6 − 3.681378e − 10

ν 0.2882 0 1.13345e − 4 0 0
α (per K) 12.7657e − 6 0 − 0.00149 1e−6 − 0.6775e − 11

ρ (kg/m3) 5700 0 0 0 0
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Figure 4. Comparison of the impact response of sandwich cylindrical panels with four types of cores: (a)
central deflection and (b) contact force (a/b=1, a=200mm, R/a=5, hAl= 0.2mm, hCNT=0.3mm,

hcore= 6mm, n=1, V�
CN=0:17, V0=3m/s and T= 300K).
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The low-velocity impact response of sandwich cylindrical panels with various CNT
volume fractions is illustrated in Fig. 7. The sandwich panels with higher CNT volume
fraction in their CNTML face sheets respond faster to the low-velocity impact than others (i.e.
reach to their maximum of central deflection faster) which can be due to their stiffer CNTRC
layer. Also, the sandwich panel with the CNT volume fraction of V�

CN = 0:17 of its CNTML
face sheet has the lowest central deflection in comparison with others. There is no con-
siderable change in contact force of sandwich panels with three different CNT volume
fractions; however, as the CNT volume fraction increases, the contact force decreases slightly.

The effect of impactor initial velocity on the low-velocity impact response of sandwich
cylindrical panel is presented in Fig. 8. Similar to single-layer CNTRC and CNTML
cylindrical panels, the central deflection as well as the contact force of the sandwich panel
increases as the impactor initial velocity increases. However, this example can be
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Figure 5. The effect of power index of FG core of sandwich panel on the impact response: (a) central
deflection and (b) contact force (a/b=1, a=200mm, R/a=5, hAl= 0.2mm, hCNT=0.3mm, hcore= 6mm,

V�
CN=0:17, V0=3m/s and T= 300K).
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Figure 6. The effect of core thickness on low-velocity impact response of sandwich cylindrical panel with
Al/CNT 2/1 face sheets and FG-X core: (a) central deflection and (b) contact force (a/b= 1, a=200mm,

R/a=5, hAl=0.2mm, hCNT=0.3mm, n= 0.1, V�
CN=0:12, V0=3m/s and T= 300K).
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quantitatively helpful in optimally designing sandwich cylindrical panels with CNTML face
sheets and FG core.

The effect of temperature on the low-velocity impact response of the sandwich cylindrical
panels with ‘immovable’ edge boundary conditions is also illustrated in Fig. 9. The central
deflection increases significantly in elevated temperature because of ‘immovable’ boundary
condition and thermal effects. However, the contact force changes negligibly.

To see the effect of boundary condition, the impact response of sandwich panels with two
types of boundary conditions (i.e. ‘movable’ and ‘immovable’) is presented in Fig. 10.
Obviously, the central deflection increases considerably when the edge boundary condition is
‘immovable’. As was discussed previously, there is no change in the contact force when the
edge boundary condition changes to ‘immovable’.
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Figure 7. The effect of CNT volume fraction on low-velocity impact response of sandwich cylindrical panel
with Al/CNT 2/1 face sheets and FG-X core: (a) central deflection and (b) contact force (a/b= 1, a=200mm,

R/a=5, hAl= 0.2mm, hCNT=0.3mm, hcore= 8mm, n=0.1, V0= 3m/s and T=300K).
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Figure 8. The effect of impactor initial velocity on low-velocity impact response of sandwich cylindrical panel
with Al/CNT 2/1 face sheets and FG-X core: (a) central deflection and (b) contact force (a/b= 1, a=200mm,

R/a=5, hAl= 0.2mm, hCNT=0.3mm, hcore=8mm, n=0.1, V�
CN=0:17 and T=300K).
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6.0 SUMMARY AND CONCLUSION
The non-linear low-velocity impact response of sandwich cylindrical panels with CNTRC and
metal face sheets and four types of core (i.e. homogenous, FG-Λ, FG-V and FG-X) in thermal
environments was presented. The present method was validated with the existing literature
data. A parametric study of various effective parameters on the impact response was con-
ducted. The presented numerical examples demonstrate that the CNT volume fraction,
impactor initial velocity and the thermal environment have a significant role on the impact
response of CNTRC cylindrical panels. In addition, the effect of geometrical parameters was
studied. It was found that functionally grading the CNTRC core with the power index of
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Figure 9. Low-velocity impact response of sandwich cylindrical panel with Al/CNT 2/1 face sheets and FG-X
core in various thermal environments and with ‘immovable’ edge boundary condition: (a) central deflection
and (b) contact force (a/b=1, a=200mm, R/a=5, hAl=0.2mm, hCNT=0.3mm, hcore= 8mm, n=0.1,
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CN=0:28 and V0=3m/s).
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Figure 10. The effect of edge boundary condition on low-velocity impact response of sandwich cylindrical
panel with Al/CNT 2/1 face sheets and FG-X core: (a) central deflection and (b) contact force (a/b=1,
a=200mm, R/a=5, hAl= 0.2mm, hCNT=0.3mm, hcore= 8mm, V�

CN=0:12, V0=3m/s and T=500K).
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n= 0.1, significantly decreases the central deflection, however, slightly increases the contact
force. Also, the sandwich panel with thicker core has been discovered to have lower central
deflection along with a little higher contact force. Moreover, the sandwich panels with
higher CNT volume fraction in their CNTML face sheets are found to respond faster to
the low-velocity impact than others. The presented analysis and numerical results can be
useful in optimally designing nanocomposite structures subjected to impact in thermal
environments.

APPENDIX A
In Equations (37) and (38)
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in which (with other symbols given as in Refs 43,45)
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also

ΦðTÞ= λ +Θ2ðλÞ2 +Θ3ðλÞ3 + � � � ...(A.3)
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For ‘movable’ edge boundary condition
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and for ‘immovable’ edge boundary condition
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