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Abstract In this paper, we study a system of thermoelasticity with a degenerate second-order operator
in the heat equation. We analyze the evolution of the energy density of a family of solutions. We
consider two cases: when the set of points where the ellipticity of the heat operator fails is included
in a hypersurface and when it is an open set. In the first case, and under special assumptions, we prove
that the evolution of the energy density is that of a damped wave equation: propagation along the rays
of the geometric optic and damping according to a microlocal process. In the second case, we show that
the energy density propagates along rays which are distortions of the rays of the geometric optic.
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1. Introduction

We consider £2 an open subset of R? and the following system of thermoelasticity:

32u— Au+V-(y0d) =0, (t,x)eR" x 2,
30 —V-(BX)VO) +y(x)-Vou=0, (t,x)eR" x 2,
uy=0 =ug and =0 =wu1 in 2 (1.1)
Oi=0 =00 in £2,
upe =0, dupe =0 and G =0,
where u and 6 are scalar real-valued functions. The matrix-valued function x +— B(x)
and the vector-valued function x — y (x) are supposed to be defined on R¢ (and thus on

£2) and to depend smoothly on the variable x € R?. The matrix B(x) is assumed to be
symmetric, non-negative: there exists C2 > 0 such that

V(£ eR2 xR, 0<BWE-£ < Calel? (1.2)

Note that we may have det B(x) = 0.
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System (1.1) has an energy

Ew,0,1) :=/ |8,u(t,x)|2dx+/ |Vu(t,x)|2dx+/ 02 (t, x)dx
2 2 2

which decreases in time according to
1
E(u,0,f) — E(u,0,0) = —2/ / B(x)VO(s, x) - VO(s, x)dsdx < 0. (1.3)
0 J2

Equation (1.3) gives a priori estimates for initial data ug € Hé(.Q), ul € L2(.Q), and
0o € L?(£2), and yields by classical arguments the existence of a unique solution (u, 8) €
CORT, HY(£2)) N CLR*, L2(2)) x CORT, L?(£2)). We are interested in characterizing
the way the energy decays: our aim is to describe the weak limits of the energy densities

en(t, X) = |3un(t, )| 4 |Vattn (2, x)|> 4 Ba(t, x))%, neN,

associated with families of solutions (uy, 0,),en of (1.1) corresponding to families of
initial data (40 n)yeN on the one hand and (u1,),eN, (Bo.n)neN on the other hand,
uniformly bounded in H!(£2) and L?(£2), respectively. Without loss of generality, we
suppose that (u]),en and (6f),eN g0 to zero weakly in L2(2) and that (up)neN goes to
zero weakly in H L).

The main results on the thermoelasticity system are devoted to the situation where
the matrix B is positive. It is known since the work of Dafermos [9] that, for B(x) =1d
and y(x) = (1, ..., 1), the energy decays to 0 if and only if there does not exist non-zero
function ¢ € Hé (£2) satisfying, for some o € R,

—Ap=0ad%¢p inR2, divp=0 inf2, ¢yo=0.

Under this assumption, the description of this decay has been the subject of several
contributions. In particular, in [21], for a system where the wave equation of (1.1) is
replaced by a Lamé system, Lebeau and Zuazua [21] have proved that, for a large class
of domains, the decay rate is not uniform. More precisely, they give a sufficient condition
on the geometry of the domain 2 (d =2 or 3) that guarantees that the decay rate is
not uniform (Theorem 1.2 in [21]). They also derive, in some cases, sufficient conditions
for uniform decay (Theorem 2.1 in [21]). They crucially use a result of Henry et al. [18]
which shows that the semigroup associated to (1.1) is equal up to a compact operator
to the semi-group of a system consisting of a damped wave equation coupled with a
heat equation on the temperature 6 (see the Appendix for details). The behavior of
the energy density |up(t, x)|? associated with families of solutions of this damped wave
equation (for initial data (upn)neN and (u1,)pen uniformly bounded in HY(£2) and
L2(£2), respectively) can be studied in the same manner as in the papers of Lebeau
[19,20] (see also the survey of Burq [3]). One obtains that the energy propagates along
the rays of the geometric optic associated with the wave operator 8,2 — A with a damping
depending simultaneously on the position and the speed of the trajectory. We implement
this strategy in the Appendix and obtain results on the rate of exponential decay of the
energy. The method is based on the use of microlocal defect measures, and similar works
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have been achieved for the Lamé system in [7], for the equations of magnetoelasticity in
[10], and for the equation of viscoelastic waves by the authors [2].

Of course, the strategy that we have just described fails if the kernel of B does not
reduce to zero, and our main concern in this contribution is to analyze situations where
the set

A={(x,w) e 2 xS, Bx)w =0}

is not empty. Then, the operator V - (B(x)V-) is no longer elliptic, and something else has
to be done. The method we use to treat the coupling between the temperature 6 and
the amplitude u is mainly inspired by the analysis of semiclassical systems performed
in [17]. Of course, we recover the result sketched in the previous paragraph when
A =0, and we are also able to extend it to situations where A # ( provided that a
weak degeneracy assumption stated below holds (see Assumption 2.2). This assumption
consists first in a geometric assumption: the projection of A on £2 is included in a
hypersurface X, and, for (x,w) € A, the vector w is transverse to X at the point x.
Then, Assumption 2.2 contains a compatibility relation between the vector y (x) and the
matrix B(x): y(x) € Ran B(x). With these assumptions, we are able to prove that the
energy density is still damped along the rays of the geometric optic even though they
pass through X. In contrast, if B(x) =0 in an open subset 2 of £2, then the damping
disappears, and we have transport of the energy along rays which are distortions of
the rays observed before. Precise statements of our results are given in §2, and the
organization of the paper is discussed at the end of this section.

Notation. We will say that a sequence (u;),eN is u.b. in the functional space F if
the sequence (up),eN is a uniformly bounded family of F. We denote by |X|gs+2 the
Hermitian norm of X = (X1, ..., X442) € C4*2:

IX|Ze2 = X117 + - + [Xap2l?.

Similarly, we will use the notation (X|Y) for the Hermitian scalar product of C%+2:
VX = (X1, ..., Xq42) € CH2 VY = (Y1, ..., Yyy0) € C4+2,

XY gi+2 =X1Y1 + - - + Xar2Yat2.

2. Main results

In this section, we present our results which crucially rely on the use of microlocal
defect measures that we define in the first subsection. The second subsection is devoted
to the analysis of properties of the thermoelasticity operator that are important for
our purpose. Then, in the third subsection, we mainly consider the situation where
the determinant of B vanishes on points of §£2 which are simultaneously included in a
hypersurface and in a compact subset of £2 (thus, B is non-negative in a neighborhood of
9£2). Finally, in the fourth subsection, we discuss what happens if B vanishes in an open
subset of £2.
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2.1. Microlocal defect measures

Microlocal defect measures allow us to treat quadratic quantities like the energy density
by taking into account microlocal effects. They describe up to a subsequence the limit
of quantities of the form (a(x, D)fy, f,), where a(x, D) is a pseudodifferential operator
and (f)ueN a wb. family of L?(£2) (or, more generally, of H*(£2)). Recall that the
pseudodifferential operator a(x, D) is characterized by its symbol a(x, &), which is a
smooth function taken, for example, in the space Aj" of symbols of order m: this set
contains the functions a = a(x, £) of C*°(£2 x R?) such that a is compactly supported in
£2 as a function of x and satisfies

Va, B € N9, 3C, 5 > 0,V(x, &) € 2 x RY,

020f ax, €)] < Cap(1 + )"

We also assume that if a € A", there exists a function as (x, £) homogeneous of degree 0
such that,

Vxe 2,Yo eSS, lim Ra(x, Rw) = doo(x, ®). (2.1)
R— 00

Then, the operator a(x, D), defined in the Weyl quantization by
Vf e L2RY),  a(x, DY () = (2m) / a (”2” E)f(y) e 0 gy e,

maps H*(R?) into H*~"(2) (see [1]). Consider ¢ € C§°(£2) such that 0 < ¢ < 1 and with
supp(a) C {¢ = 1}; we have adf¢ =0 for all « € N? with |a| > 1 and for f € L2(RY),

pa(x, D)(¢f) = a(x, D)f + Kf, (2.2)

where K maps H*(R%) into H*®(R¥). Note that the operator pa(x, D)¢ acts on functions
of L2(£2). In what follows, we shall denote by a(x, D) the operator ga(x, D)¢ for some
function ¢ as above: this operator maps H*(§2) into H*7"(£2).

The symbols of A" are called interior symbols because they are compactly supported
inside £2. Such symbols are of no help for studying the behavior of (f;),en close to 9£2:
one then uses tangential symbols which are defined in §6. It is easy to convince oneself
that the limits of quadratic quantities (a(x, D)f;, f) (for a € .A? and (f,),en w.b. in L2(£2)
going weakly to 0 in L2(.Q)) only depend on the function as. Then, following [15,
23], it is possible to prove that these limits are characterized by a positive Radon
matrix-valued measure p on §2 x $¢~1 such that, up to the extraction of a subsequence,

(Cl()C, D)fnv fn) m (0007 /’L)

Such a measure p is called a microlocal defect measure of the family (f,),en. Note that
the measure p does not depend on the choice of ¢ in (2.2): if ¢ and ¢ can be associated
with a, the operators pa(x, D)¢ and ¢a(x, D)@ differ by a smoothing operator K, and we
have (Kfy, fn) =< 0 as the weak limit of f;, is 0.
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Let us come back to the sequences (9:u;),eN, (Viltn)neN, and (6,),en that we need to
study simultaneously. For that purpose, we set

8[1/!;1
U,= | Vou, |, (2.3)
On

and the energy density e, is
en(t. x) = |Un(t, 0)|Gas2-
We shall consider quadratic quantities (a(x, D)U,(¢), U, (1)), where the symbol

a(x, E) = (ai,j(-xa D))l,j

is a (d 4+ 2) x (d + 2) matrix of interior symbols of A?*. Then, a microlocal defect
measure of (U,(t)),eNn will be matrix valued and will describe, up to the extraction
of a subsequence, the limits of the quantities (a(x, D)U,(t), U,(t)). Of course, the
t-dependence of these measures is an issue by itself. Therefore, since U, € LIQOC(R, L2(£2)),

we test (a(x, D)U,(t), U,(t)) against smooth compactly supported functions of the
variable t and consider the limits of

I(a, x) ZZ/X(I)(a(x, D)U,(), Un(D))dt.

A microlocal defect measure M of (U,(t)),eN is a positive Radon measure on the
set RT x £2 x 891 such that, up to a subsequence, we have the following: Yy € C5°(R)

Ia, x) —— X (Otr (aco (x, )M (dt, dx, dw)) .
n—>+00  JR« Q2 x§d-1

In particular, Vx € C°(R), V¢ € C°(£2),

/ X (OP (xX)ey(t, x)dxdt ——> / x (O (x)tr M (dt, dx, dw).
=0 JRx2x8d-1

The matrix-valued measure M(t, x, w) is positive in the sense that its diagonal
components m;; are positive Radon measures and its off-diagonal components m;;
are absolutely continuous with respect to m;; and m;;. Using the special form of the
components of the vector Uy,(t), one can write

mi(t, x, o) mo,1(t, X, w)w mo,2(t, x, w)
M(t,x,0) = | mo1(t, x, )0 mo(t,x,0)0@® m2(t x, oo |,
moa(t, x,0)  mizt,x o) vo (1, x, ®)

where

e mi(t, x, w), vo(t, x, w) are the microlocal defect measures of (9;u,),eN and of (6,),eN,
respectively,
o mo (1, x, w)wjw; is the joint measure of (dy,un)neN and (dy;un)neN,

e mo,1(t, x, w)wj is the joint measure of (d;u,)peN and (0x;Un)neN
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e mp 2(t, X, ) is the joint measure of (6,),en and (9;uy)neN,
e mj 2(t, X, w)wj is the joint measure of (6,),eN and (dy;un)neN-

By ‘joint measure’ of two u.b. families of L2(£2), (fi)peN and (gu)peN, We mean
a measure which describes the limit up to extraction of a subsequence of quantities

(a(x, D)fy, gn)neN for symbols a of order 0. In the following, we assume that (U,(0)),eN
has only one microlocal defect measure M (0, x, w).

2.2. Analysis of the thermoelasticity operator

Let us now come back to our system (1.1), which we rewrite as
i9,U, = P(x, D)Uy,,
where U, is defined in (2.3) and
0 v —ivV.-(y)
P(x,D) = iv 0 0
—iy-V 0 iV-BxV)

We first study the eigenspaces of the matrix P(x, &), which is not self-adjoint if B # 0.
However, we have the following proposition.

Proposition 2.1. There exists Ry > 0 such that, for |&| > Rg, the matriz P(x, &) has
a kernel of dimension greater or equal to d — 1 and three smooth eigenvalues lo(x, &),
Ay(x, &), and A_(x, &), with smooth eigenvectors Vo(x, &), Vo (x, &), and V_(x, &).

Denote by IT¥(x, £) the matrices: IT*(x, &) = Vi(x, &) ® Vi(x, &) for k € {0, +, —}. Then,
for all R > Rg and for x € C®®RY) such that x (&) =0 for |£] < 1/2, x (&) =1 for |&] > 1,
and 0 < x <1, we have, in D'(£2),

2

¥ (x, D) (D)U
Dix | % n(t, X)

Unt, )12 =Y

+o(1). (2.4)
ke{0,—,+) 2

Cd+

This proposition is a consequence of Propositions 3.1 and 3.2 below, where we study
the asymptotics of P(x, &) for large & (which differ whether (x, é—l) € A or not). Each

matrix IT%(x, &) (k=0,—, +) of P(x, &) characterizes a mode, and for each mode we will
analyze the microlocal defect measure of the component (IT%(x, D)U,)neN-

2.3. Propagation and damping for weakly degenerate (B, y)

Let us first state our assumptions.
Assumption 2.2. We say that the pair (B, y) is weakly degenerate if B and y satisfy
the following conditions.

1) There exists a hypersurface ¥ of R? such that {detB(x) =0} C ¥ and, for all
y
(x, w) € A, the vector w is transverse to X in x.

(2) There exists 7 € C*(£2, RY) such that y (x) = B(x)7 (x).
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Example 2.3. Suppose that d =2, 2 =R, y(x) = e2, and B(x) = (b%l) ?) Suppose
that b(y) =0 if and only if y = 0. Then,

A={(0,y), (£1,0)),y € R},
and one can check that (B, y) is weakly degenerate.

The sequences

1 .
Vig = 75 (1n1 % i1l 0)

have only one microlocal defect measure ,u% given by

13 (x, @) = m1(0, x, ®) + mo(0, x, w) £ Re (mp,1(0, x, w)) .

Theorem 2.4. Suppose that (B, y) is weakly degenerate, Supp(uoi) C A€, and that there
exists Tg € R*T such that, for (x, w) € Supp(pﬁ), and for t € [0, 9], x £ tw € 2. Then, for
x € C5°(10, 1) and ¢ € C5°({detB(x) # 0}),

lim X (O P x)e,(t, x)dtdx = / x (Do (x)d/L,Jr (x, w)dt
Rt x$2 R+ x 2 x8d-1

n—+0o0o +x

+ / X(DPx)du, (x, w)dt,
Rt x02x8d-1
where, for all a € C° (82 x s-1y,

t 2
_[(watow) w)?

+
o) Baxtoww- duy(x, ). (2.5)

(a, ;L;JE) = / a(x =+ tw, w) Exp
2x8d-1

Remark 2.5. (1) Even though the support of ¢ does not intersect {detB(x) = 0}, the
trajectories x £ tw which reach the support of ¢ for r € [0, 9] may pass through it.

(2) Because of (1) in Assumption 2.2, a trajectory x + sw crosses X' at a finite number
of times 0 < #1 < --- <ty < 79. Assuming that B(x + tjw)w = 0, by (2) of Assumption 2.2,
for je {1,..., N}, there exists ¢; € R such that

(y(r +50) - 0)*
w - B(x+ sw)w
This implies that the integral in (2.5) is well defined.

ci(s —1;) ass~1.

This result is proved in §4.2. The measures M;JE contain the part of the energy
corresponding to the projection of U, on the +-mode. There is no contribution of
the 0-mode (which corresponds to the temperature) because of the smoothing effect
of the heat equation. Note finally that the damping in (2.5) can be 0 if, for all times
t € [0, 10], we have y(x F tw) - w = 0. We refer to §4.2 for a discussion of what happens
when (2) fails in Assumption 2.2: all the energy may be damped in finite time (see
Remark 4.3).

Finally, in §6, we briefly discuss what happens close to the boundary under the
following assumptions.
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Assumption 2.6. (1) The rays of geometric optics have no contact of infinite order
with the tangent to 042.

(2) There exists a compact K such that {det B(x) =0} C K C £2.
(3) For all x € 382, y(x) € Tx(352).

If Assumption 2.6 holds, then one can use the methods developed in [16] and the
papers [3], [7], or [20] for the analysis at the boundary of microlocal measures of a
family of solutions to a damped wave equation (see also [4, 5]). We explain in § 6 why no
new phenomena occurs on the boundary when one has Assumption 2.6 (comparatively
with a wave equation). In particular, since B is supposed to be non-degenerate close
to the boundary, one can conjecture that the same phenomenon occurs as when B is
non-degenerate: propagation of the energy along the generalized bicharacteristic curves
as defined in [22] (see § 6 for details). However, this requires further work, and we do not
prove this conjecture here.

Note that, if one has this complete description of the evolution of microlocal defect
measures of families of solutions to (1.1) (propagation and damping along the rays of
geometric optics with reflexions on the boundary), then one can characterize the decay
rate of the energy as in [19,20], and the results of Proposition A.3, which are stated in
Appendix for non-degenerate matrices B, extend to weakly degenerate (B, y), provided
that the conjectured behavior at the boundary is proved.

2.4. Distorted propagation in an open set included in {B(x) = 0}

We suppose now that B(x) =0 in 5, an open subset of £2. Then, the symbol P(x, &)

is self-adjoint on £2 x R?, and the method of [17] can be adapted with straightforward
modifications. Note first that, in £2, the function 0,u,, satisfies the wave equation

01 (0run) — A(Bsutn) — V (y () (y (x) - VOyuy)) =0,

(atun)\t:(] = Up,1-

This equation induces the wave operator 8,2 —c¢(x, D) o c(x, D), with

cx, &) =1/(yx) - &2 + &%,

which will play an important role in the following. We introduce ,11§ and Vg, the
microlocal defect measures of the sequences

~+ 1 .
vy = ﬁ (:bunyl — iW(x, D)|Dluy,0 + N(x, D)On)o)
0, = iN(x, D)|Dluy 0 + W(x, D)0y.0,

where W(x, D) and N(x, D) are pseudodifferential operators of order 0 of symbols
€] y()-§
x(&/Ro) and N(x,§)=
c(x, §) / c(x, §)

the function x is smooth and satisfies x(§) =0 for |£] < 2 and x (&) =1 for |[&] > 4;
besides, Rp is chosen as in Proposition 2.1. Note that the measures ,&g and vy do not

Wix, §) = x (§/Ro);
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depend on the cut-off function x, and they satisfy

0 0
= —— | MO.x0) [¢W 0o ||| 6@ oo :
c(x, w) 1 1
Cd+2
+c(x, w) Tc(x, )
naoi = et )7 M, x, w) - —w
y@-o )| \r@-o// .,

Before stating the result, let us introduce some notation. Define
He(x,§) = Vee(x, §) - Vi — Vie(x, §) - Vg,

to be the Hamiltonian vector field associated with ¢, and H:° to be the vector field
induced by H. on §*£2.

Theorem 2.7. Suppose that Supp(vg) C .5, Supp(ﬁoi) - !}, and that there ezists
10 € R* such that, for all x € 2 and w € 841, the projection on §2 of the integral

curve of HZ° issued fr0~m (x, w) stays in 2 on the time interval [0, tg]. Then, for
x €C5°(R) and ¢ € C§°(£2),

lim X (O (x)e,(t, x)dtdx = / x (¢ (x)dﬁf (x, w)dt
2 Rt x02x8d-1

n——+00o R+ x

+ / x O x)dp; (x, w)dt
Rt x02x8d-1

+ / X (¢ (xX)dvo(x, w)dt,
R+ x02x8d-1
where ﬁli satisfy the transport equations 8,ﬁ,i FHX(x, a))ﬁli = 0 with initial data ﬁoi

Remark 2.8. Let us call distorted bicharacteristic curves the trajectories of S$*£2
associated with HZ°: the transport equation for nF implies that the energy propagates
along these trajectories.

Note that, inside .6, one cannot separate the contribution to the energy density of (u;)
and of (6,). The measures ﬁti depend on the value at time t = 0 of both quantities (u;)
and (6,).

These results call for further work: it would be interesting to know what happens at
the boundary of £ and how transitions occur between the two regimes. It would be also
interesting to know whether this result in {B(x) = 0} extends to the set A provided that
the distorted rays issued from points of A are included in A. The following example
show such a situation.

Example 2.9. Suppose that d =2, 2 =R, y(x) =e1, and B(x) = (b%2) ?) Suppose
that b(y) = 0 if and only if y = 0. Then,

A={x,w),IyeR,x=(,0), w= (%1, 0)}
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is invariant and the distorted bicharacteristics curves issued from points of A are
included in A:

(x5 &5) = (0 £5v2,0), (£1,0), seR.

Note that, in that case, the distorted trajectories issued from points of A coincide with
the usual ones; however, they are described with different speed. Note also that (2) of
Assumption 2.2 is not satisfied here.

2.5. Organization of the paper

The main part of the article consists in the analysis of the microlocal defect measures
associated with the families (Hk(x, D) Un) (for k € {0, +, —}), where the functions I7% are
defined in Proposition 2.1. We begin in § 3 by studying the symbol P(x, £), which allows
us to prove Proposition 2.1. Then, in §4, we prove Theorems 2.4 and 2.7; they rely on
the analysis of the propagation of the microlocal defect measures associated with the
sequences (1'[ *(x, D) U,,), which is the object of §5. Finally, § 6 is devoted to a discussion
of the reflexion of the measures on the boundary. In the Appendix, we present another
proof of the result of Theorem 2.4 when the matrix B is non-degenerate. It is also in
the Appendix that we explain how the analysis of microlocal defect measures can give
information on the rate of the decay of the energy.

3. Analysis of the symbol of P(x, D)

In this section, we analyze the properties of the matrix P(x, £). The main interest of
Weyl quantization is that the symbol of a self-adjoint operator is real valued. We denote
by o (A) the symbol of an operator A, and we have in particular

o (V) =i,
1
oly(x) V) =iy@) & =5V y), (3.1)
o (V- (B()V)) = —=B(x)§ - § +bo(x), (3.2)
where
1
bo@==7 D 05 Bk, (3.3)
1<j,k<d

Observe that, if d =1, the function by has a sign on A. Indeed, if d =1, the
points (x, w) € A correspond to values x which are minima of B(x), and in this
case by < 0. However, in higher dimension, the function bg(x) can be positive or
negative indifferently, as the following example shows. Choose d =2 and B(x) such
that A ={((0, y), (%1, 0)), y € R}, with

so= {1 O ) tows
Y= 0 1+x g
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close to (0, 0). Then we have
L o2 3
bo(x) = —1(12)61 + 6x2) + O(|x]”).

Therefore, bg(0,y) = —%y + O(ly|®) and the sign of by changes on A. Note also that, if
B(x) =0 in an open subset 2 of §2, then bg =0 in Q.
The eigenvalues of the matrix P(x, &) satisfy the following proposition.

Proposition 3.1. There exists Ry > 0 such that, for |&| > Ro, the following facts hold.
The matrixz P(x, £) has a kernel of dimension greater than or equal to d — 1 and

{(0,e,0),e-& =0} C KerP(x, &). (3.4)

Moreover, P(x,&) has three smooth eigenvalues A_, Ag, and Ay with the following
properties.
(1) If (x, é—‘) & A, then dim [Ker P(x, §)] =d — 1 and

L2
Ao(x, &) = —it - BOWE + ibo(x) + i% + 031 Y), (3.5)
hi(x, &) = £B(x, &) +ia(x, &),
with
B 1w 8)? 4
Bl.£) = E1+0Q),  a(n§)=—7 =" pr + 0™, (3.6)

2) If (x, é—l) € A, then, if bo(x) =0, dim[KerP(x,&)] =d and, if bo(x) # 0,
dim [Ker P(x, §)] =d — 1. Moreover,

2
ho(x., §) = ibo(x) c(f|g)2 +0(g ™, (3.7)

Ai(x, &) =B, &) +ia(x, §),

with

(y(x) - £)2

. +O0(E1™h, (3.8)

1
plx. &) =c(x.§) +0(), el §)=bo(x)

and c(x,&) = /(Y (x) - £)2 + |£]2.

The modes £ (corresponding to the eigenvalues Ai) give the wave feature of the
equation. The speed of propagation is characterized by the function 8 and, in the first
case, the function o corresponds to the damping. Note that, in the second case, the
speed of propagation is distorted in comparison with the initial wave operator 8,2 — A.
Outside A, the eigenvalue Ao encounters the heat aspect.

Proof. We write P(x,&) = iQ(x,&), and for simplicity we work with Q(x, &). For
p,q € N*, we denote by 0,, the p x ¢ matrix with all coefficients equal to 0. We
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have
0 iE —k(x,8)
0, §) = & Oga 041 ;
k(x,&) 014 b(x,§)

where, in view of (3.1) and (3.2), b = ba + by with ba = —B(x)§ - & real valued, and
k =ik + ko with

1
ki=-y®-& ko=35V-yX.

The vector (x, Y,y) € R x R? x R is an eigenvector of Q for the eigenvalue v if and only if

1) vx — iE-Y + ky = 0,
Q)  ixt — vY = 0,
3  kx + (b—v)y = 0.

Let us suppose first that v = 0; then, for & # 0, equation (2) gives x = 0. For b # 0,
equation (3) then implies y =0, and (1) gives & - ¥ = 0. Therefore, for large &, the kernel
of Q(x, &) is of dimension at least d — 1, and we have (3.4).

Let us now suppose that v # 0. Equation (2) implies that Y is colinear to & and

x = —ivr, where Y = r&. Equations (1) and (3) become
ky - i0P+EPr = 0,
b-v)y - ivkr = 0.

Therefore, the non-zero eigenvalues are the roots of the real-valued polynomial
F&X) ==X° +X°b — X5 + kI*) + blg|%.

It is easy to see that, for large &, f has one real-valued root vg (with vg # 0 for
bo # 0) and two conjugated complex-valued roots vy and v_. These three roots of the
polynomial f are simple and thus smooth; they give three smooth eigenvalues of Q.
Consider three associated eigenvectors Vg, Vi, and V_; they are independent from the
vectors V;(§) defined above. Therefore, we are left with a basis of eigenvectors: the
matrix Q(x, &) diagonalizes.
Let us now study more precisely the asymptotics of the eigenvalues.

(1) Suppose that (x,&) ¢ A, & large, and denote by X1 < X < 0 the two negative roots
of f/(X). We have X1 = 2bs + O(€|) and X2 = O(|€]). Then, using f’(X2) = 0, we obtain
f(X2) = b(X% + |€]%) < 0 and deduce that f has only one real-valued root vy with vg < X7.
We set vg = ¢pb with ¢ > % + o(1) and

0=r(v0) =b3¢*(1 — ¢) — Ppb(Ik> + 15| + blE|%. (3.9)

2
Necessarily, ¢ = 1 + r with r = —k3 /b3 + O (|&|~3), whence vp = b — ’,j—; + 0 (]g]71) and
(3.5).
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Let vy be the two other (non-real-valued) roots; we set vy =« F if. We observe that

{v++v_:2a:b—vo,

3.10
Vo (g +v-) + vpvs =200 + o + B2 = k|7 + €7, (310)

whence o = 2b + O0(J&]171) and B2 = €)% + O(|&|). This implies (3.6).

(2) Suppose now that (x, §) € A; then b(x, &) = bg(x). The polynomial function f'(X) has
no real-valued root and f(X) has only one real-valued root vg. Since f(0)f(bg) < 0, the
function vo(x, £) = O(1) as & grows and

v (1 + k%) = bol§|* + O(L),
whence (3.7). Besides, denoting as before by v = o Fif the two other roots, (3.10) gives
_bo K
BERGENE
whence (3.8). O

+0.3gl™) and BE=K3 + £ + O,

Let us now describe the eigenspaces of P(x, &) for large &.

Proposition 3.2. Let Ry > 0 be sufficiently large. There exist smooth vector-valued
functions Vg, Vi, and V_ defined on 2 x {|&| > Ro} such that

P(x7 S)Vk(xvg) Z)"k(x’ S)Vk(xvg) fO'f’ € {07 +7 _}
Besides, we have the following expansions.

W 7 (v ) ¢4

i & ~1
Vi=— 1,—,0 0] , 3.11
f ﬁ<¢ H )+ () (3.11)
Vo =(0,0,1) 4+ O(|]72). (3.12)

1 £y & o
=—|(-1,=* , s 1
Ve ﬂ( c(x. £) :Fc<x,s>)+0('5' ) (3.13)
y() £ £ ] o
Vo= 10, o [0) . 3.14
0 ( c(x. &) [E] c(x,s>)+ (& (8.14)

Note that there exist smooth eigenvectors, but their asymptotics are discontinuous;
similarly, their asymptotics are orthogonal while the original vectors are not. When
bg = 0, there is an eigenvalue crossing between the eigenspace for Ag which merges into
the kernel of P. However, close to a point of §2, there still exist smooth eigenvectors,
and we will take advantage of this fact in the following sections. Besides, we have the
following remark.

Remark 3.3. Assuming (2) of Assumption 2.2, we have, for (x, w) € A,
Y@ o=y - (BEw)=0.
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Therefore, if (x, é—l) €A, cx &) =& and

Vi= = (—1, + 3 0> +ogel ™,
NG |

Vo= (0,0,1) + O(|g|™1).

Let us now prove Proposition 3.2.

Proof. In the proof of Proposition 3.1, we have seen that the eigenvectors of Q(x, &)

associated with vg, vy, and v_ are of the form (x, r&, y), with x = —ivr and
b-v)y - ivkr = 0,
ky = i02+1EPHr = 0.

Let us consider first the +-modes. We have vi = O(|&|). Therefore, b — vy # 0 for large
& independently of the fact that (x, £/]&|) € A or not. The vectors

Vi(x, &) =7 (£ v+ — b), i(v+ — b)§, kvy),

. ~ —-1/2 .
with r = (|vi —b2(ve? + 1E1%) + |k|2|vi|2) / are smooth non-zero eigenvectors
associated with vy. In view of the asymptotics of Proposition 3.1, we obtain asymptotics
for V4.

(1) In A€, va = Filg| + O1), k= —iy (x) - £ + O(1) and b= —B(x) - £ + O(1). Therefore

-1 -1 -1
7= eBz - &)" (1+00e1™).

Vi, &) =7[ (FilE|(BWE - §),i(B(x)& - §) &, FlEly (x) - &) + 0(|§|2)L
whence (3.11).
(2) In A, vy = Fic(x, £)+0(1), b = O(1), and we still have k = —iy (x)-E4+0(1). Therefore

F=1/(V2e@. £)*)(1+0()),
Vilx, &) =7 [ (v, ©) £e(x, £) &, Felr )y @ - ) + 0(eD] |
whence (3.13).

Let us consider now the 0-mode. We have vg = O(1) in A and vy + O(1) € R in A°.
Therefore, v% +1£12 # 0 for large &, and the vector

Vo(x, &) = ro (—vok, —iké, vf + I&2)

o\ —1/2
with 7o = (IVO|2|k|2+I§I2|k|2+ (v + 1) )

is a smooth eigenvector associated with the eigenvalue vg. We are now left with a smooth
basis of eigenvectors. Let us now study the asymptotics of this vector.

(1) In A€ vp = —B(x)& - £ + O(1); therefore

ro=BWE -6 (1+008™) and Vo &) = (©,0,1)+0(& ™).
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(2) In A, vp = O(1), whence
1o =1/(c(x, ©)[EN + 0017,
Vot &) =ro [ (0, (v §) €, 1617) + 00D |
which gives (3.14). O

Before concluding this section, we point out that these asymptotics imply
Proposition 2.1. Indeed, we have obtained the existence of Ry such that, for |§| > Ry,

P(x, &) = Ao(x, )TO(x, &) + Ay (x, O)TH (x, &) + A (x, E)IT ™ (x, §)
where the smooth eigenprojectors are asymptotically orthogonal with
T (x, ) = Vi(x, §) ® Vi(x, &) + o(1).

Since U, (¢, x) goes weakly to 0 in L%(£2), we have

2

D
|Un(t, )| Gasz = ’X () Un(t, )| +o(1) inD'(£2).

R

Besides, for R > Ry, we observe that IT%(x, D)x (D/R)U,(t, x) is well defined and we have,

in D'(£2),
2 D
= ‘(Vk(& D)|x <R> Un(t, x))
Cd+2 Cd+2

We can now use the asymptotics of Proposition 3.2 which, combined with the weak
convergence to 0 of U,(t, x), gives

D
E (Vk(x, D)|x <R> Un(t, x))
Cd+2

ke{0,—,+}
= Dutn (1, ))? + |Vt (1, ¥) |2 + 6,1, ) + 0(1)  in D'(£2),

2

1% (x, D) b U,
Dix\ % n(t, X) +o(1).

2

whence Proposition 2.1.

4. Proof of the main results

The proofs of Theorems 2.4 and 2.7 are inspired by the method developed in [17]
for analyzing semi-classical measures associated with solutions of a system of partial
differential equations. The proof of Theorem 2.7 is a direct adaptation of the results
of [17] in the microlocal defect measures setting, while the proof of Theorem 2.4
requires non-trivial adaptations due to the fact that P(x, &) is not self-adjoint and
that one of its eigenvalues is a symbol of order 2. Therefore, we focus on the proof of
Theorem 2.4, and we leave to the reader the simple adaptation of these arguments to
prove Theorem 2.7. Theorem 2.4 relies on Propositions 4.1 and 4.2 stated in §4.1; then
the proof of Theorem 2.4 is performed in §4.2.
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4.1. Preliminaries

We state technical results (Propositions 4.1 and 4.2) that we will use in the next
subsection. The proof of Proposition 4.1 is done at the end of this section, while that of
Proposition 4.2 is postponed to § 5.

The first result describes the evolution of the temperature 6,.

Proposition4 1. Let v be a microlocal defect measure of the sequence (Op)peN of
(R, L2(R%)); then, as a measure on RT x A€, v =0.

loL

Our second result concerns the contribution to the energy density of the sequences
(Hi (x, D)X(D/R)“”)neN for R > Rg and x as in Proposition 2.1. We set

n D
U, p(t, x) = I+ (x, D) x R Uy.

The sequences (U,j;R)neN are uniformly bounded in L?(£2), and their microlocal defect
measures are matrix-valued measures independent of R > 0. Besides, by the definition of

U,j:R, these measures are of the form u(f, x, ) [T (x, w), where the measures u®(z, x, )

can be understood as the traces of w4 (t, x, )T (x, w). We prove the following result.

Proposition 4.2. Assume that condition (2) of Assumption 2.2 is satisfied in 21 C §2,
and let T > 0. There exist a subsequence ng and a continuous map t+— w4 (t) from [0, T]
into the set of positive Radon measures on 2 x S such that, for all t € [0, T] and for
all scalar symbols a € AY, we have

(a(x DU, R(t)|Unk R(t)) —> /aoo(x w)du+(t, x, w). (4.1)

Moreover, in D'({t > 0} x 21 x S9~1), we have

Ot + Hg(pg) — 2000t = v, (4.2)

where vy is a measure supported on A absolutely continuous with respect to w4, and
where, for all a € A?,

/aoo(x w)d (Hp(us)) = /(Hﬁa)oo dp+ —/({a B oo dpp+.

Proposition 4.2 is proved in § 5 below.
Let us now prove Proposition 4.1.

Proof. It is enough to show that, if ¢ is a symbol of order 0 such that g(x, w) € C§°(A°),
then g(x, D)6, goes to 0 in LIOC(R L%(£2)). We observe that we only need to consider
large values of &. Indeed, if x € C*(RY), x(&) =0 for €| <1, and x(¢£) =1 for |&| >
with 0 < x < 1, we have

D
q(x, D)0, = q(x, D) x <R) On + o(1)
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in L2(£2), because 6, goes weakly to 0 and the operator 1 — x (%) is compact. We write

1
q(x, §)x (i) = EQR(x, §) - VB,

where Qp is the vector-valued symbol of order —1:

Or(x. £) = Ry (5) A8 pe

R) B()E - &
(8 Kl ©)
=X (R) Boe - VWS

with X () = |u|~ x(u). Note that Qg is smooth, since g =0 in a neighborhood of A,
and because x € C§° (RY). Note also that Qg satisfies symbols estimates uniformly with
respect to R. Therefore, there exists a constant C > 0 such that, for all f € L2(2),

I1Or(x, D)fll12(2) < Cllfllz2(2)-
We write
q(x, D)6y = R~ Qr(x, D)/ B(0) Vs, + o(1)
in L2(£2), where the o(1) is uniform in R > 1 when n goes to +00. As a consequence, if

feL?(£2) and ¢ € CP(R), we have

1
[ vorawpsond = ‘ [ w0 (VB@I90,010r( DY'F) dif + 001

C
< W) / WO 1/ BE VOOl 2(0di + 0(1)

for some constant C > 0, and where the o(1) is uniform in R > 1 as n goes to +oo.
We observe that the energy equality (1.3) gives that the family («/B(x)Vxen(t)) is u.b.
in L2 ([0, T] x 2, Rd) for all T > 0. Therefore, letting n and R go to oo, we obtain the
result. |

4.2. Proof of Theorem 2.4

We suppose that (B, y) is weakly degenerate; that is, that the conditions (1), (2), and

(3) of Assumption 2.2 are satisfied. Let x and ¢ be as in Theorem 2.4. We observe that
the energy density e,(¢, x) is

(t,3) = 106,01 + = |3 Py 2+13 + Py :

en(t,x) = X — |0y — — - Vu — |0ty + — - Vu

n n 2 t“n |D| n 2 t“n |D| n

Therefore, it remains to analyze the limit of each of these terms for ¢ supported outside

{detB(x) = 0}.
First, we observe that, by Proposition 4.1, if ¢ € Cg° ({detB(x) # 0}),

lim //X(t)¢(x)|0n(t,x)|2dtdx=// X (OPx)dv(t, x, w) = 0.
RJQ R c

n—-+00

Therefore, the weak limit of the energy density expresses only in terms of the sequences
oy, £ % - Vuy,, of which the microlocal defect measures are ui(t, x, w) by Remark 3.3.
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By Proposition 4.2, the measures u4 satisfy

(y () - 0)?
it £ Vit = —1pc ———us + s,
Bx)w - w

where we have used aoo (X, @)14 = b() (x) (’C’((;C)w?% =0 by Remark 3.3.

Let us now prove that the fact that w is transverse to the hypersurface ¥ implies that
u+ly = 0. Let f(x) =0 be a local equation of X' in a subset §29 of £, and let a be a
symbol supported in 22 x R¢ and such that @ > 0 and & - Vf(x) > 0 for (x, &) € Suppa,

& #0. We choose a function x € Co(R) such that x'(0) = 1, and we use the test symbol

by (x, &) = S alx, £) <f(;)> ,

where § > 0. The transport equations for 4 imply that
J@® ( )
aoo (X, w) - VF(x) X' du+(x, w) = 0(3).

By letting § go to 0, we obtain j}(x):[) oo (X, W) - Vf(x)du+(x, w) =0, whence utly =0
on the support of a. In this way (inspired from [11]), we finally obtain u4+1,4 = 0, since
AC XY xR

Besides, since the measure vy is supported on A and absolutely continuous with
respect to u4, we deduce that vy =0.

2
Finally, we observe that the function F(x, w) = —% extends continuously to the

set £2 x S471 with F(x, w) =0 on A (since y(x) - @ = y(x) - (B(x)w) = O(|B(x)w|) by (2) of
Assumption 2.2). Therefore, we can write

(y () - w)?
a + wV =
i+ £ OV Boo o
As a conclusion, we obtain Theorem 2.4. Indeed, take a € C§°(£2 x S 0 < s <1< 1,

and set
t—s
a(s,x,w)=a(xx (t — s)w, w) Exp {/ Fxtow,w)do|;
0
then a;(t, x, ) = a(x, w) and

d
T, nE(s) =

whence formula (2.5).
Let us conclude this section by a remark.

Remark 4.3. If (2) of Assumption 2.2 fails, then all the energy may be damped in finite
time.

Proof. Suppose that puy =0 and /LE)" =apd(x — x0) ® 8(w — wg) for (xg, wg) € A, and
suppose that there exists 7g such that

Vi e [0, 0], (x0+two,wo) & A and (xg+ tgwo, wg) € A.
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Set yo = xp + fgwo- One first observes that, in view of B(x)wg - wg = 0, the point yg is a
minimum of the function x — B(x)wo - wp and dB(yp)wo - wo = Oga. Therefore, for s close
to tg, there exists Ag > 0 such that we have

B(xo + swo)wo - w0 = Ag(i — 5)° + o((to — $)*).
Let us assume that Ag # 0.
Using Theorem 2.4 on [0, ] for all ¢ € [0, #9), we obtain, for x € C§°(£2),

/en(t, X)X(x)dx—+>/x(x+sa))d,ut+(x, )
o n—-+00

" (y (x0 + swp) - w0)2d }
S| .

=agx (xg + twg)Exp | —
0x (X0 ) p{ o B(xg + swg)wg - wg

Since
t A 2
Exp | — (y (o + swo) - @0)” 0.
0 B(xo + swo)wo - wo 1—1to
all the energy is damped between times 0 and #g. |

5. Propagation of microlocal defect measures

In this section, we prove Proposition 4.2. We consider the + mode; the — mode can be
treated in the same way. We proceed in three steps.

e First, we analyze the time derivative of (a(x, D)UZ R(t)lU,': R(t)) for scalar-valued
symbols a € A?, and prove that there exists a symbol T € A; such that, uniformly
in R as n goes to 400,

d
(a(x, DYU RIU ) = —({a, BY(x, DYU, R|U, &) 4 2((ae) (x, D)U; (Ul )

dt
+ (T, D — | U, — | U +o(1 5.1
<(7 )X(R> an(R) n) () ()

e We calculate precisely the symbol T(x, &), and show that T € A?. Therefore, the
quantity (% (a(x, D) UniR|U,ij)) N is uniformly bounded, and by considering a dense
’ ’ ne

subset of Aé, the Ascoli theorem yields the existence of the continuous map t +— w4 (¢)
satisfying (4.1).
e Finally, we prove that, for all ¥ € C§°(R),

i /w(t) <T(x D)x (D) U, () (D>U (z)> dt
n——+00 ’ R " R/ "

= / ¥ (Daso (x, @)dve (x, w)dt, (5.2)

where v is a measure supported on A and absolutely continuous with respect to .

At the end of these three steps, we have obtained Proposition 4.2. We now detail each
of these steps.
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5.1. First step: proof of (5.1)
The family of functions U,’: r satisfies the equation

- N D

i0, U, g(t, x) =IT"(x, D)x 7 P(x, D)U,. (5.3)
Since V x is compactly supported, we have

D D
X\ R P(x, D) =P(x,D)x =)t Kr(x, D),

where Ky is a compact operator. Moreover, we have
% (x, D)P(x, D) = b+ (x, DYT T (x, D) + Ri (x, D),

where the symbol Ry will be precisely calculated in the next subsection. So (5.3)
becomes

i0,U, p(t,x) = (hy (x, D)ITH (x, D) + R1(x, D)) (2) U, + IT" (x, D)Kg(x, D)U,

D
= A4 (x, D)U; p + R1(x, D) x (R> Uy + IT" (x, D)Kg(x, D)U,
=A+(X7D)UZR+FZR(an)a (54)
where
+ D +
Fn’R(x, D)=Ri(x,D)x R U, + I (x, D)Kr(x, D)U,. (5.5)
For a real-valued symbol a € A?, (5.4) implies that %(a(x, D) UZR|UIR) =11 + Iz, with
1—1 D)A,(x, D)U',|U" 1 DYU oAy (x, D)U
1= i(a(x, YA+ (x, D)U, glU, R) i(a(x, YU, g2+, DYU, ),
1 1
Iy = —(a(x, D)F, g (x, D)|Uy ) = = (a(x, DU, glFyg)-

The term /7 will give the transport by the vector field Hg and the damping by «. The
term o is a rest term, and its main contribution will be described by a symbol T'.
Let us study I7.

1
h=- ((a(x, D)A4(x, D) — (A4(x, D)) a(x, D) U, U, R).

We recall that A4 (x, D) = B(x, D) + ia(x, D), so, since we use the Weyl quantification for
the symbols, we have (A4 (x, D))* = B(x, D) — ia(x, D), and

1
I = ;([a(x, D), B(x, D)IU; (U, r) + 2((ae)(x, DYU, (Uit )

+ (r-1(e, DYUS (U )
= —({a, BY(x, DU RIU; %) + 2((@@) (x, DU RIU &) + (r—1(x, YU, RIU ).
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where r_1(x, £) will denote from now on a generic symbol in A; L Using (3.6), we then
obtain that, if n and R tend to infinity,

L — — /{a, Bloox, @)dis(x, ) + 2/aoo(x, @)oo (X, w)d iy (x, ). (5.6)

Note that, for these terms, we do not need to integrate in time to get the convergence.
Let us now study I. We set Uy g = x (2) Uy, and, by (5.5), we obtain I = Iz 1 + I2,2,
with

1
L) == (aGx, DYIT (x, D)KRU,(t) [T (x, D) Uy, (1))
- % (aCx, DYITT (x, D)Uy, g (DT (x, D)KgU,(1))

1
I22(1) = 7 (a(x, D)R1(x, D)Uy ()T (x, D)Uy R (1))
1 +
3 (alx, DYIT™ (x, DUy r(1)|R1 (x, D)Uyp R (1))

Since (Uy,)neN goes weakly to 0 as n goes to 400 and Kg is a compact operator, the
sequence (KrU,),eN goes strongly to 0. Therefore,

VieR", Ip1(t)— 0. (5.7)
Besides, I2,2(1) = (T(x, D)Up,g|Un.r), with

1 + * * +
T(x,D) = i (T (x, D)*a(x, D)R (x, D) — Ry (x, D)*a(x, D)I[T* (x, D)) .

5.2. Second step: the symbol of the rest term

In the following, rest terms in the symbol class .Ai_k for k € N will be denoted by r_.
We set
0 0
K= d+1,d+1 d+1,1 7
01,441 1
and we prove the following lemma.

Lemma 5.1. Suppose that §21 is like in Proposition 4.2. Then, in 21, T € A? and
T(x,§)=T1(x,8) +Ta(x, ) + r-1(x, §),

with
T = —g (17+{n+, BY+ T, BUTT + ITH{ITT, BYIT-
(T, )T (58)
Ty = 3 (THUT* bIK — K{T*. YT (5.9)

Besides, T111y and IToTy are symbols of A;l.

https://doi.org/10.1017/51474748013000108 Published online by Cambridge University Press


https://doi.org/10.1017/S1474748013000108

166 A. Atallah-Baraket and C. Fermanian Kammerer

Note that T2 € AY, because ITTK, KIT* € A;l by Remark 3.3.
Proof. We first calculate R1. Recall that
Ry (x, D) = IT" (x, D)P(x, D) — A, (x, D)IT" (x, D).
We write P(x, §) = P1(x, &) + ib(x, £)K, with
0 —'& y()-&
Pi(x, &)= =& 0qa Oa1
y@) & O 0
Since b(x, £) is of order 2, Ry is a priori of order 1, and, in view of ITTP = A ITT, we
have

Ri= o (U7, P) = (s, ITH) + QK 471,

where the matrix-valued symbol Q is in .A? and is the sum of second derivatives of IT™
multiplied by second derivatives of b. More precisely, and after ordering the terms of
higher degrees, we write

Ry= SUT%, BIK — & (UT*, 81+ (1%, Pr)) + QK + 1,

where we have used that Ay = 8+ia and {a, [TT} € Ai_l. However, since y (x) € Ran B(x),

y(x) - & =0 for (x, %) € A, and, by Remark 3.3,

KT+, MK e AL (5.10)

Derivations of these relations imply that {ITT, b}K € .A,Q and QK € .A;l. Finally, we find
that

1 i
Ry= ST, b}K — o (T, B} + {17, P1}) + o1 € A,
whence T € A?, with
1
T=-(I"aRy, — Rjall*) +r_q
i

— % (ITH{ITY, YK — K{IT*, b}TT)

a

2

where we have used (JTT)* =TT + r_1 and

(ITHIT, By + (T BT + TT{ITT, Py — (P, TTMTT) 47y,
1 i
RY = §K{17+, b} + 3 (", By —{P1. ITT}) +r_1.
We now transform the expression of the principal symbol of T. We write
Pi=P—ibK =A% +A_IT" + roM1° — ibK.

By Propositions 3.1 and 3.2 and Remark 3.3, we notice that
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o in A¢, [T° =K + O(1€|72) and A9 = ib + O(1),
einA, M=K+ 0(&™Y), Ao = 0(1) and b = O(1).
Therefore,
Pi=A 01" +A_II +r.
In view of (5.9), we deduce that T = Ty + T, with

T= —g <(n+{n+, )+ (T, BYITY)

n Z (n+{n+,x@n‘f}—{Agnf,n+}n+)>+r1
-)

=-2 ((H+{H+, BY+ (T, ByI)
+ > (mrur sty - (s, n+}n+)> +ro.

Observing that {IT*, [T}, {IT+, [T*} € A;l, by Remark 3.3 and equation (5.8), we
obtain

F=—2 (17*{17*, Bl+ Tt piT + Y (Mt gyt — . n*}ﬂ*)) +r1,
te{+,-}
=T14+r

where we have used ITH{8, Tt}[TT =0 (which comes from (IT1)? = [T+, whence
(B, IV} =B, ITT} + {B, TT}TT and, multiplying by ITT on both sides, we obtain
I, MH}I+ = 0). Notice that {8, T}1° € A72 and M8, M*} € A2, whence
nor, 7o e AL O

5.3. Third step: passing to the limit in the rest term

We use the following lemma.
Lemma 5.2. Consider A a smooth symbol of order 0 supported in $21 and such that
A=ITTAIT" or A=IT'AITT, where T* =11~ or M* =11, 1 <j<d— 1. Then, if
¥ e Cg(R),
/’ﬁ(l) (A(x, D)Un (1), Un(t)) dt ——— 0.
n——+00

Since the symbol Ty is the sum of terms of the form ITH{IT+, BYT¢ or ITH{ITT, BT+
with=—orf=j, 1<j<d—1, we can apply the lemma, and we obtain

D D
/W(t) (T(x D)x ( ) Un(®)x ( )U (t)>
D D
Z/iﬂ(t) <T2(x, D)x <R> Un (DX (R> Un(t)> dr+o(1)
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as n goes to +00. In view of (5.9), we have

. D D
llmsup/lﬂ(t) (T2(X7 D) x (R) Un(D]x <R> Un(l)> dt
n—+o0o

o /X(t)(T2)oo(X, w)dvy (t, x, w),

where v is the joint measure of KU, = 6, and of U,': r- The measure vy is absolutely
continuous with respect to w4 and v. By Proposition 4.1, vy is supported on A, and we
obtain (5.2), with vy = (T2)eV4+, which is absolutely continuous with respect to uy and
supported on A. We now focus on the proof of Lemma 5.2.

Proof. Let IT* be one of the projectors IT~ or IT/, 1 <j<d — 1, and let us consider a
term of the form ITTAITY; the proof is similar for the other terms. We have

(ITYAIT, Pl= (h¢ — A )ITTAITE.
Let us denote by C* the symbol of Ai_lz
C'=(h —rp) ' ITT AT

We have Ct e .Al-_l, and, by Remark 3.3, we have C'K, KC* € Ai_2. We write

[ w0 (AT A6 DUl

L2(R4)

= [ v (4C" PDG:. D) 1Ur )

2R dt
Besides,
[C, PI(x, D) = [Ct(x, D), —id; + P(x, D)] — 2% ({c‘f, P} — (P, cf}) x, D)
+r_1(x, D).

Using P = Py + ibK and {C’, P1}, {P1, C'} € A;'L, we obtain
(CY, Py — (P, C*'y = i{C*, b}K — iK{b, C*} + r_1.

Therefore, we have

[C, P(x, D) = [C(x, D), —id; + P(x, D)] — % ({ci, bIK — K{b, cﬁ}) (x, D)

+r_1(x, D)
= [C'(x, D), —id; + P(x, D)] + r_1(x, D),

where we have used {C',b}K = {C'K, b} € A7' and K{C’, b} = {KC',b} € A7! (as a
consequence of KCt, C!K ¢ Ai_2). In view of P*(x, D) = P(x, D) — 2ib(x, D)K, we can write

[C’, PI(x, D) = C*(x, D) (—id; + P(x, D)) — (—id; + P*(x, D)) C*(x, D)
— 2ib(x, D)KC* (x, D) + r_1(x, D).
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Finally, using (id; — P(x, D))U, g = KrU,, with K compact, we obtain

[0 (@ Am) @ DU aiU) , o

:—i/x/(t) (Cz(x, D)Un,R|Un,R)

dt
L2RY)

—2i/x(t)(b(x, D)KC!(x, D)Un,R|KUn,R) di+o(D).

L2(RA

Since C* is of order lower or equal to —1, we have

C'(x. DYU, x|U ) 0.
( (x, D) n,R| n,R L2(Rd)m

‘We use
D
b(x, D)KUp g = <0, ...,0,x (R) b(x, D)9,,> ,

with b(x, D)6, € L2 (R, H'(£2)) by Proposition 4.1. Since, moreover, bKC* is of order 0
in £21, we have

limsup / ) (b(x, D)KC(x, D)U,,,RlKUn,R) df — 0,

o LQ(Rd) R—+0o0

whence
li { (H*AHZ » DYUn rIU, ) dr 0. =
imsup / V@ (AT @ DU klUnk) , 0l s

6. Analysis on the boundary

In this section, we investigate what happens close to the boundary when one has
Assumption 2.6 and how one reduces to the analysis of a wave equation. We briefly
recall the arguments of [7] and explain how they apply to our setting. In all this section,
we work in a neighborhood £21 of a point of 3§2 where B is non-degenerate. We first
recall in the first subsection the definition of a Melrose—Sjostrand compressed bundle
(see [22] and the survey [3]) and of the generalized bicharacteristics. Then, in the second
subsection, we will link [7]’s approach and ours (we also refer to [3,10]). The last
subsection will be devoted to the proof of the main statement of this section.

6.1. Melrose—Sjostrand compressed bundle and the generalized
bicharacteristics

We work in space-time variables, and set L = R; x £2. We denote by (z, ¢) the points
of T*L: z = (t,x) and ¢ = (t, §). Then, the Melrose-Sjostrand compressed bundle to L is
given by

TiL= (T*L\ {0}) U (T*0L\ {0}) .
Quotienting by the action of R through homotheties, one obtains the normal

compressed bundle to £2:

S;L=T;L/R*.

https://doi.org/10.1017/51474748013000108 Published online by Cambridge University Press


https://doi.org/10.1017/S1474748013000108

170 A. Atallah-Baraket and C. Fermanian Kammerer

The projection
T (T*Rdﬂ) _—T;L
L

induces a topology on T;L. On T*L, we denote by po the symbol of the wave operator
and by X the projection on T} L of its characteristic set:

oz O =12 g%, Zo=7{(z ), poz ) =0}). (6.1)

Locally, near a point of dL, we use normal geodesic coordinates

0.1 = (V0. 1. - - -+ Ydi 0 M. - - - . Ng) € R*H2

in an open set V of T*R4*! such that L NV = {ys > 0} N V. Therefore, the wave operator
8? — Ais —de — R(y, Dy), where the symbol R(y,n’) is a homogeneous polynomial
of degree 2 in n’; we denote by r(y,n") its principal symbol. We can now distinguish
between different sorts of points of 7*9L \ {0}: those which are not in Xy and those which
are in Xy depending whether R(y, n') < 0 or not. In the case where p € Xy, there exist at
most two points of {t2 = |§|2} = {173 = R(y, ')} which are in 771 ({p}); they correspond
to the two roots of the equation 173 =R®yu, Y, n'). Consider p € T*9L\ {0}.
o If p & X, one says that p is elliptic.
o If Card (7~ 1({p}) N {z? = |]?}) =2, p is said to be hyperbolic.
o If Card (7~ 1({p}) N {z? = |&]?}) = 1, p is said to be glancing.

We denote by H (respectively, G) the hyperbolic (respectively, glancing) points of dL.
We say that p € G is
e non-strictly gliding if 9,,r7(p) = 0,
o strictly gliding if dy,r(p) <0,
o diffractive if d,,r(p) > 0,
e gliding of order k if

HJ,Q/’O’,’/)(aydr\yd=0)(/0) =0, 0<j<k—2 and Hf&go,,,/)(aymyd:o)(p) #0.

We denote by Gy (respectively, G;) the set of points which are gliding of order k
(respectively, diffractive). The assumption that §£2 has no contact of infinite order with
its tangents ((1) in Assumption 2.6) consists in assuming that

g=J G (6.2)

The generalized bicharacteristics are defined by taking the Hamiltonian trajectory of pg
inside £2 and by specifying how the connection is made on the boundary. The only
problematic points are the glancing ones where the trajectory arrives tangentially to
the boundary. Indeed, for p € G, we have y; = 14y = r(y, ) = 0. Recall that the geodesic
trajectories are generated by the Hamiltonian flow H,,, which in coordinates (y, ) is

Hp, = (=Vyr, n'), 2na, Vyr(/, n), dy,r(v, 1)) .
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If p € Gy, dy,r(y,n’) > 0; therefore n, increases on the trajectory and changes sign at
p; thus, y; decreases before p and increases after, which implies that this trajectory
remains in 2. In contrast, if p & G4, the coordinate on 9,, is non-positive and the
trajectory will leave £2: if ng decreases after passing in p, then 5y and y; become
non-positive. To overcome this difficulty, one uses the vector

H(p) = Hpo (p) — y,r(y, ') 3y

This vector has a coordinate on d,, which is 0. One then defines the generalized
bicharacteristic as follows (see [22] or [3]).

Definition 1. A generalized bicharacteristic is a continuous map @ : R — T} L such that
there exists a set I of isolated points with

e O(s)eT*LUGforsgl and ®(s)eHforsel,

o for s g1, @ is differentiable with

@ (s) = Hp, (P(s)) if (s) € T*LU Gy,
b(s)=H(p) ifP(s)€G\Ga.
It is proved in [22] that these definitions are intrinsic and that, if assumption (6.2) is

satisfied, then, for pg € TjL N Xp, there exists a unique generalized bicharacteristic curve
such that @ (0) = pg.

6.2. Propagation near the boundary

Working in space-time variables, one first defines tangential symbols by use of the
system of local normal geodesic coordinates: in an open set O where we have such
coordinates (y, ), the function a(y, n') € C*(L x RY) is said to be a symbol of Ay ifais
compactly supported in @ in the variable y and satisfies Vo, 8 € N, 3Cu > 0,

V(y,n) € L x R,

00 (atv. 1)) | < Caup 0+ 1P (6.3)

This definition implies that the sets AJ" depend on the choice of the open sets (O))jey.
Then, one defines

A" ={qeC®(2 xR, 3¢ € A", 3" € A, g =¢" + ¢'},

and one considers elements g € A™ which have a principal symbol: there exists a function
goo homogeneous of degree 0 such that, for all (z, ¢) € $%(2), the sphere of radius 2 of
Rt we have

Goo(z, ) = RETOO R™™q(z, R?).

Then, one associates with the sequence u,(t,x) its H' space-time microlocal defect
measure 4 by the following: up to extraction of a subsequence, for all ¢ = ¢, + g; € A?
admitting a principal symbol,

(q(z, D)uy, uy) —— | 4o (2, $)du(z, ).
n—>+00  JT5d(2)
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Note that, on §*£2, the measure p is the usual microlocal defect measure (or H-measure)
as introduced in [15] and [23]. The link between this measure y and the measures u* of
Theorem 2.4 is described in the following proposition.

Proposition 6.1. In R x 21 x $4(2), we have

1 1
w2t =25 +1)® wf(x, €) @ dr + F3E =D e (6 ed. (6.4)

1 (y @)

Hpo =4tacop  with aoo(x, @) = — 5 Bw o

This proposition is proved in § 6.3 below.

If one wants to have a complete description of the behavior of the measure u close
to the boundary, the next step should consist in proving the reflexion of u close to the
boundary, that is, in proving the analog of Theorem A.1 in [20]: u-a.e., the generalized
bicharacteristic map @ (s) is well defined and satisfies @ (s) o @ (—s) = Id; besides, for all
Borelian w C X,

n (P (s)w) =/

w

exp [—/ ta (P (o, p)) da} du(p). (6.5)
N{po=0} 0

We conjecture that (6.5) is true under Assumptions 2.2 and 2.6 and, to support this
conjecture, we point out that most of the results of Theorem 15 in [3] for a damped wave
equation also hold in our setting. Recall that, if p € T*dL is a hyperbolic or a glancing
point, then there exist two points p* such that 7(p*) = p and p* € (2= |.§|2}. These
two points are equal if p € G. When p € H, they differ by their &-component, which
we will denote by &*. Besides, as in [7], because of the equation satisfied by (u,),eN,
the sequence of the normal derivatives (dyu,),eN is a uniformly bounded family of
L?OC(R, L2(3£2)), and we denote by A its microlocal defect measure (we suppose that we
have extracted a subsequence so that A is uniquely determined).

Proposition 6.2. Let N(x) be the exterior normal vector to 952 ; then
S —&EN) —8(E—&) N
6+ —&-)-N()

Moreover, u has no mass above hyperbolic points of T*OL and A has no mass above
non-strictly gliding points.

Hpop — 4t aoo b = HUG -

Proof. Let us calculate £ := Hj,u — 47 aso t. We already know that, if ¢ is an interior
symbol, (g, £) = 0. For analyzing the action of £ on tangential symbols, one computes the
quantity
Lt =([a? R(y, Dy), ,D/} ), t)
(1) 'V +R(@y 'y ), gy y) un(1), un() L2((ya>0))

(for gp a tangential symbol of order 1) by use of integration by parts. These integration
by parts generate terms on the boundary: some of them are the same than in [7] and
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generate a distribution £2 in the limit n — 400; some others are new and produce a
distribution that we denote £1. References [3] (pages 14-15) and [7] give
SE—ET) -8 —-&)
fy_ ME—E =€)
E+—§)- N

On the other hand, the distribution £1 comes from the analysis of

L0 = (g5, Dy)un (0, 7 ) - V0,)) = (g5, D)7 ) - VO, (1), un (1)) + 0(1),

where y (y) - n is the principal symbol of the operator I which arises when writing V- (y-)
in the normal geodesic coordinates. On the one hand, if g5 is an interior symbol, the
limit of I,} as n goes to +oo is described by the joint measure of 6, and Vu, (close to the
boundary); this joint measure is absolutely continuous with respect to w. On the other
hand, let us take § > 0 and x € Ci°(R) such that x () =1 for |¢f| < 1/2 and x(¢) =0 for
[t] > 1 with 0 < x <1, and study
Yd -
D@ = (x () 90 D). 70) - V6, )
The fact that y is tangent to the boundary implies that

70,0 = (7'(/.0),0);

therefore, we can write ¥ = (7', y474). Then, the worst term to estimate — which is the

one which involves 9y, derivatives of 6, —

T == (x (5) 000 Dy)yata)dy, (0. wn(0))

and we observe that

175(0)| = ‘ / ) (@0, Dy)YaTa ()03 (0). n(D)) 2 i1y

< Sllun(2) “H1 (2) I 8yen(l‘) ||L2(Q)'

Therefore, for any @ € C§°(R), there exists a constant C such that

limsup / O ) Jns()dt| < C$

n—-+4o00

Finally, letting § go to 0, we obtain that this term has no contribution on the boundary.
As a conclusion, £ is a measure absolutely continuous with respect to .

Then, we can argue like in [7]: using that €1y is a measure, an argument similar
to the one of §4.2 gives that puly =0, whence €119y = 0. Besides, close to glancing
points of the boundary, by using an adapted test function (see page 15 of [3]), one can
prove that A (and thus 2 too) has no mass on the set of non-strictly gliding points
of T*9L. |

Unfortunately, we are not able to deduce a full description of the measure u form this
proposition. Heuristically, following a bicharacteristic which reaches 9£2 in a hyperbolic
point, the measure is totally restituted (since u =0 above H) and the restitution is
described by £217/, which means propagation along the reflected curve. Besides, close to
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glancing points of the boundary, the right-hand side term of the equation of the measure
is 0 above those points, which also means propagation along these trajectories (again
heuristically). Therefore, if §2 is the exterior of a bounded convex obstacle, there are no
strictly gliding points, and the heuristic argument sketched before can be made correct
(see [14], Section II.3 and [16], Section 2, Theorem 2.3). Note that, in that setting, the
set £2 is no longer supposed to be bounded; then one has to avoid losses of mass at
infinity in order to deduce results about the energy. In other situations (like ours), there
are strictly gliding points. For the damped wave equation, the only existing proof is the
one of section A.3 in [20] (see Theorem A.1). It is likely that it adapts to our context,
but it requires further works. Note that the analysis of a Lamé system leads to similar
difficulties which are overcome in [7] in a different way (in particular, the authors use
the polarization aspects that the microlocal measure presents, since the wave equation is
replaced by a system). It is also interesting to keep in mind that the transport equation
of Proposition 6.2 gives information about the support of the microlocal defect measure,
which is enough for applications in control theory (see [10] for results in the framework
of magnetoelasticity).

6.3. The link between the measure g and the measures u;b

In this section, we prove Proposition 6.1.
Note first that the second assertion is a simple consequence of the first one. Suppose
that we have (6.4) where, by Proposition 4.2, the measures ,uti satisfy

B,,u,tjE +£&- ny,;c = Qawufﬁ, in 21 x S%1.
We obtain

Hpopp =2 (700 — & - Vi)
= (=0 —&- V) @t + D @dt + (dp; —& - Vepy ) @ — D) @dt
= =200t (X, &) @ 8(T + 1) ® df + 20000, (x, £) ® 8(r — 1) ® dt

=4T 0o L.

Let us now prove (6.4). We take g € .A? and apply ¢(z, D;) to the first equation of (1.1).
We get

0= (q(z, D) (82un — Aty + V - (¥ (¥)6)) , ).

Using that (6,),en is wb. in L7 . (R, H'(£2)) and that u, goes to 0 weakly in H!(£2), we
obtain, passing to the limit,

/ 9z (&% — t)du(z, ¢) = 0.
Rx 21 x54(2)

Therefore, on the support of i, we have t2 = |£|2. Since, moreover,

EP =7+ 57 =2 on$!(2),
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we obtain that 72 = |£]2 = 1 on the support of wu, whence the existence of two measures
i+ on R x £21 x §9-1 guch that

pu(t,x,7,6)=6(t+ 1) ®@ptt,x, 8§ +8(r - @pn-_(tx5%)
in D' (R x £21 x 5§°(2)). (6.6)
Let us now link the measure i+ with the measures u* of §4.2 inside £2. Let us consider,
asin §4.2,
1

7 (i07un (1, x) & [Dx|un (1, X)) -

These families are uniformly bounded in L%2(2) for all t € R, and their microlocal
defect measures are the measures u*. Besides, by the definition of u, for ¢ € A?, we
have

f:l:,n(tv X) =

1
(4G D fan) = 5 (0 £ [DDq(, D) (0, £ |Dl)un, un)
1

n——+00 5

/ Goo (2, O) (= £ |EN2dp(z ¢)
Mx54(2)

= 2/ qOO(t7x7 :F17§)dﬁ:t(tax’§)7
Rx2x54-1

where we have used (6.6) for the last equality. Let us choose ¢(z, ¢) = x(H)b(x, §) with
b(x, &) a symbol of order 0 compactly supported in £2. We obtain on the one hand

/ Goo(t, x, F1, E)dfi4 (2, x, &) =/ x(Ob(x, &)dp+(t, x, §).
Rx2xs§d-1 Rx 02 x8§d-1

On the other hand, we have, for all r € R,

(b0 DY (0), fien) = 4 ©)du (x, ),

n——+o00 QXSd_
whence i+ (2, x, w) = %uli(x, w)  dr.
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Appendix. The non-degenerate case
In this appendix, we focus on the non-degenerate situation, when the matrix B satisfies
dcg >0, B(x) > c¢old. (A1)

We show by classical methods how one can describe the behavior of microlocal
defect measures of families of solutions to (1.1). This provides an alternative proof
of Theorem 2.4 in the non-degenerate setting. We also discuss how the analysis of
microlocal defect measures allows one to study the existence of a lower bound for
the exponential rate of the energy by following the strategy introduced by Lebeau
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in [19] and [20]. These arguments apply in both situations: for the weakly degenerate
pair (B,y) as in §2.3 (see the last paragraph therein) and for the non-degenerate
case.

Let us now come back to the non-degenerate case and consider families of solutions
to (1.1) (uo.n)neN and (u1.,)peN uniformly bounded in H'(£2) and L?(£2), respectively.
Since the operator V - (B(x)V) is elliptic, by Theorem 3 of Henry et al. [18], the
semigroup associated to (1.1) is equal up to a compact operator to the semi-group of the

system
{a}: — Au+T9i=0, (tx)€eR" xQ (A2)
90 —V - (B(x)VO) + y(x).Vou =0,
where the operator I" is a damping operator given by
r=G07'6, G=yx -V and Q=V-BxV.). (A3)

This system consists of a damped wave equation on & coupled with the equation on
the temperature 6. Besides, the analog of Proposition 4.1 induces that the measure
16,,(2, x)|2drtdx goes to 0 in D'(R; x £2), and we are reduced to the analysis of the
microlocal defect measure of the sequences (i,). The wave equation satisfied by u,
presents a damping term given by a pseudodifferential operator of order 0: I" = a(x, D)
with principal symbol

(r () -§)°

B(g-&

The case of a damping by a function a(x) has been extensively studied in the literature.
As long as one uses microlocal methods, they naturally extend to a pseudodifferential
damping I' = a(x, D). In the first subsection, we describe the results derived from the
works of Lebeau [19, 20] concerning the damped wave equation on ii,; we will follow the
presentation of the survey of Burq [3]. Then, in the second subsection, we explain how
the properties of the microlocal measures of families of solutions to (1.1) allow us to
characterize the rate of exponential decay. We do not give the proofs in details and refer
to the literature.

o(@)(x,§) =

A.1. Microlocal defect measures associated with a family of solutions to a
damped wave equation

One gets the following. Consider u(t, x, T, ®), the microlocal defect measure associated
with u, viewed as a sequence of LIQOC(R, HY(RY)). This measure satisfies that, up to a
subsequence, for all symbols a(t, x, T, §) of order 2,

(a(t, X, Dl) Dx)ul’h un) —+) /a(tv X, T, é’ C!))M(dt, dxv dtv da))
n— o0

The analog of Theorem 15 in [3] (which sums up the results on the subject) gives
that the generalized bicharacteristic map @(s) is well defined, u-a.e., and satisfies
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@ (s) o @(—s) =1d, p-a.e. and for all Borelian w C Xy,

w (P (w) = /

N
exp [—/ ta (P (o, p))dcf] di(p). (A4)
©N{po=0) 0
The only difference with Theorem 15 of [3] is in the damping operator: I' = —2a(x)
in [3], and here we have a pseudodifferential operator I" given by (A 3). Of course, this
is not a difficulty, since the microlocal defect measures are adapted to pseudodifferential
operators. The proof of (A4) is made by Lebeau in Section 3 of [20]; the argument
combines the Melrose-Sjostrand result about propagation of singularities [22] for
identifying the support of pu with the generalized bicharacteristic curves, and energy
estimates to gain the quantitative information contained in (A 4).

A.2. Analysis of the decay rate of the energy of the thermoelasticity system
We denote by A the operator of thermoelasticity; with the notation of (A 3), we set

0 1 0 0 1 0
A=A 0 V.o |=la o |,
0 —y@ -V V.BxV) 0 -G 0O

with domain D(A) = (H(l] NH? @ Hé &) (Hé N H?). Equation (1.1) becomes 8,V = AV with
V ="(u, d;u, 0). We assume that the eigenvalues of A have negative real part:

sup {—ReA, A € spA} > 0. (A5)

If B is non-degenerate — that is, if B satisfies (A1) — then, (A5) is equivalent to
assumption (i) in [7], section 6, namely the following.

Assumption A.1. If ¢ satisfies

Ap+w’¢p=0 and yx) -Vé=0
in £2, then ¢ = 0.
This assumption is known to be satisfied if all the eigenvalues of the Dirichlet problem
for the Laplacian in £2 are simple, which is a generic property among smooth domains
(see also [9, 18]).

In the general case, when B does not satisfy (A 1), Assumption (A 5) is equivalent to
the following spectral property of the operators G and I' (which is Assumption (A 5)
when Q is elliptic).

Assumption A.2. If ¢ satisfies
Ap — G*Gp + 0’p =0 and 02Gp=0
in £2, then ¢ = 0.

Proof. The equivalence come from the analysis of (u,v,0) such that A(u,v,8) =
iw(u, v, 0)': they satisfy

Au+?u+G9=0, 00—ivd=iwGu, v=iou.
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Therefore, (G*0, u) = (0, Gu) = || Vul|?; + »*|lu]|* € R and
(00.6)=iw ((Gu,0) +101%) € R,

whence 0120 = 0 and 6 = —Gu. One deduces that u satisfies
Au—GG*u+o?u=0 and 0Y?Gu=0. O

Property (A5) (or equivalently, Assumption A.l1 if B is non-degenerate or
Assumption A.2 if not) implies that the energy of solutions of the thermoelasticity
system (1.1) goes to 0: for any solution (u, 0) of (1.1), we have

E(u.0.1) = |Vu®)|72 + 18|72 + 10072 ——2> 0. (A6)

The reader can refer to the proof of Theorem 2 in [18] in the non-degenerate
case, which generalizes easily to the degenerate situation with Assumption A.2 (see
also [6] for similar proofs in the context of the standard damped wave equation).
Indeed, following [18], one is reduced to showing that it is not possible to find (i, 6)
satisfying (1.1) with Q%26 = 0 and with non-zero energy (note that 01/26 = 0 implies
that the energy is constant in time). Actually, set v = 9,4i; then we have

0 — AV +G*Gh=0 and QY?Gv=0.

Decomposing v on a basis of eigenfunctions of —A + G*G, the same arguments as in [18]
give ¥ = 0, and hence a contradiction, since this implies that # =0 (in view of u;5p = 0)
and, similarly, 6=0.

Besides, we have the following result about the exponential decay of the energy of
solutions of the thermoelasticity system (1.1).

Proposition A.3. Assume that B is non-degenerate (see (A 1)), and set
W={(x,w)e 2 x g4t y(x) - @ > 0}
We have the following results.

(1) If Assumption A.1 holds and if there exists T > 0 such that any generalized
bicharacteristic reaches the set YW N[0, T], then there exist C >0 and a > 0 such
that, for any (u, 0) solution to (1.1) and for all t € R,

E(u,0,1) < Ce “E(u,0,0).

(2) If, for all T > 0, there exists a generalized bicharacteristic which does not reach the
set WNI0, T], then for all t e RT,
E(u,0,1)
SUP(u,0) solving (1.1) m =

Note that the proof below shows that the results of Proposition A.3 are true if
Assumptions 2.2, 2.6 and A.2 hold and if the conjecture on the behavior close to the
boundary is proved.
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Proof. (1) The proof relies on a stabilization inequality where one crucially uses our
result on microlocal defect measures.

Lemma A.4. There exist T > 0 and Co > 0 such that any solution (u,0) of (1.1) with
initial data u—o = ug, =0 = u1, and O;—¢ = 0o, satisfies

T
IVuolZs -+ Nt 125 + 6012 < Co /0 / BOOV,6(t,x) - V,0(t, x)ddr.
2

Note that the lemma conjugated with the energy estimate (1.3) implies that
Ew,0,T) < cE,0,0) with 0 < ¢ < 1. By repeating the argument between nT and
(n+ 1)T, one gets

E(u,0,t) < Ce ™
for some C, m > 0. It remains to prove Lemma A.4.
Proof. The proof of this lemma is done by contradiction. If the lemma is false, there

exists a sequence (up, 6,) of solutions to (1.1) and such that

t
1
VieRT, / / B(X)Vi0,(t, x) - VO (t, x)dxdt < ~E(uy, 6, 0).
0 J2 n

By multiplying u, and 6, by a constant if necessary, one can assume that
E(uy, 6,,0) = 1.

Then we have

t
VieRT, / / B(x)V,0,,(t, x) - ViB,(t, x)dxdt — 0. (A7)
0 Q n——4oo

We can consider a weak limit (u, 6) of (uy, 6,), up to extraction of a subsequence. Then,
(u, 0) is a solution to (1.1) and satisfies BV,0 - V6 = 0 because of (A 7). In particular, the
energy estimate (1.3) gives E(u, 0,0) = E(u, 6, t) for all t € RT. Since E(u, 6, 1) m) 0
(see (A6)), we deduce that E(u,0,0) =0, and thus the weak limit of the sequence
(up, 6y) is (u, 6) = (0, 0).

Therefore, we can consider its microlocal defect measures which obey Theorem 2.4.
Consider ,uti, the measures associated with (u,, 6,); for all r € R,

E(un,Gn,t)—>/ (1 (dx, do) + p; (dx, do)) .
n—+0o [

The support of u* is the union of bicharacteristic curves D00 () (Where @y ), (0) =
(x0, wg) € 2 X Sd_l). By assumption, there exist sg, 8o > 0 such that @y, 4, € V for all

2
s €]sg — 80, 5o + 8o[. Therefore, setting @ (x, £) = %85; , the damping term

t
K (xg, wg) = Exp {—/ O (D00 (0))do | dt
0

is strictly smaller than 1. Since 2 x S¢°! is compact, there exists kg such that

Kk (x0, wp) < ko < 1 for all the curves included in the support of ,ui. As a consequence, we
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have

lim E(uy, Oy, 1) = / (" (@dx, do) + p; (dx, do))
n——+00 Q

+ - = 1 -
< /Q (1g (dx, dw) + g (dx, dw)) = Tim E(uy, 6, 0) =1.

Then contradiction comes from the fact that (A7) induces

lim E(y, 6y, 1) = lim  E(uy, 6,, 0) = 1. 0
n——+00 n——+00

(2) Let us now prove (2). We consider a generalized bicharacteristic @ (s) issued from
(x0, wp) € 2 xS971 which does not reach the set WN[0, T] and initial data (Un.0, 6n,0 =0)
with an initial microlocal defect measure supported above (xg, wg). We assume for
example that Ma‘ = 0xg,wo and pg = 0. Then, in view of Theorem 2.4, for positive
times ¢, any microlocal defect measure of the family of solutions (u,, 6,) associated with
the data (u,,0,0) concentrates on the curve @(s) and its mass is not damped: u, =0
and u = 8¢(;). Assume moreover that the microlocal defect measure describes all the
energy of ug at time 0: E(uy, 6,,0) = 1. Then, one can express the energy in terms of a
microlocal defect measure, and we obtain that, for any x € C3°(R) with [ x(ndt =1,

tin [ .0, 01 = X O (v, w)dr
n——+00 R Rt x2xSd-1

= / x (dp (x, w)dt = E(uy, 6,, 0).
R+ x2x84-1

Since, moreover, we always have E(uy, 0,,1) < E(uy, 6,,0), we deduce that it is not

possible to have lim E(uy, 6,, 1) < E(uy, 6,, 0) for some ¢ > 0. O

n——+00
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