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Abstract. We show that for any quasimeromorphic mapping with an essential singularity
at infinity, there exist points whose iterates tend to infinity arbitrarily slowly. This extends
a result by Nicks for quasiregular mappings, and Rippon and Stallard for transcendental
meromorphic functions on the complex plane. We further establish a new result for the
growth rate of quasiregular mappings near an essential singularity, and briefly extend some
results regarding the bounded orbit set and the bungee set to the quasimeromorphic setting.
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1. Introduction

First introduced and studied by Eremenko [11] for transcendental entire functions, and
later extended to transcendental meromorphic functions f by Dominguez [10], the
escaping set is defined as

I(f)={ze€C: f"(z) #ccforalln € N, f"(z) — oo as n — 00}.

It has been shown in [10, 11] that I (f) # @ and the escaping set is strongly related to the
Julia set, via J(f) N I(f) # @ and J(f) = 31 (f). Since then, properties of the escaping
set have been extensively studied; see for example [13, 29, 30, 32, 33].

The fast escaping set A(f) C I(f) was introduced by Bergweiler and Hinkkanen [6]
for transcendental entire functions. Subsequently, it was asked whether all escaping points
could be fast escaping. Rippon and Stallard [31] proved that this is not the case even for
transcendental meromorphic mappings, showing that there always exist points in J (f) that
escape arbitrarily slowly under iteration. Other results in complex dynamics surrounding
slow escape and different rates of escape have been studied in [8, 28, 34, 38].
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Quasiregular mappings and quasimeromorphic mappings generalize analytic and
meromorphic functions on the plane to higher-dimensional Euclidean space R, d>2,
respectively. We say that a quasiregular or quasimeromorphic mapping on R? is of
transcendental type if it has an essential singularity at infinity. In this new setting, some
analogous results for the escaping set also hold; see [4, 5]. In particular, Nicks [17] recently
extended the slow escape result to the case of quasiregular mappings of transcendental
type. We defer the definition of quasiregular and quasimeromorphic mappings until §2.

Recently, the Julia set has been investigated for quasimeromorphic mappings of
transcendental type with at least one pole in [37], as follows:

J(f) = {x e RI\ 05 (00) : card(R! \ OF (Uy)) < oo for all

neighbourhoods U, C RY \ 07 (00) of x} U OF (c0). (1.1)

Here for x € R? :=R? U {oo}, we denote the backward orbit of x as

oy = rtw,

k=0

while for X ¢ R? \ O; (00), we denote the forward orbit of X as

oo
or ) = rfx.
k=0
Using similar techniques to those from [17] and [S], it has been possible to extend the
slow escape result to the case of quasimeromorphic mappings of transcendental type with
at least one pole.

THEOREM 1.1. Let f : RY — RY bea quasimeromorphic map of transcendental type with
at least one pole. Then for any positive sequence a, — o0, there exists ¢ € J(f) and
N € N such that | f" (¢)| — o0 as n — oo, while also | f"(¢)| < a, whenever n > N.

Although Rippon and Stallard [31] proved this theorem for transcendental meromorphic
functions, their method relied on results that do not extend to the quasimeromorphic
setting. In particular, in the case when there are infinitely many poles, they used a version
of the Ahlfors five-island theorem. The proof given here offers an alternative proof in the
meromorphic case which is, in some sense, more elementary.

During Nicks’s proof of the existence of slow escaping points in [17], an important
growth result by Bergweiler was needed [1, Lemma 3.3], which was concerned with the
growth rate of quasiregular mappings of transcendental type defined on the whole of R<.
We have been able to extend this result to the case where the mapping is quasiregular in a
neighbourhood of an essential singularity.

In what follows, we denote the region between two spheres centered at the origin of
radii0 <r < s < 00, by

Alr,s)={x eR?:r < |x| <s).

Further, for a quasiregular mapping f: A(R, S) — R? and a given R <r < S, the
maximum modulus is defined by M (r, ) = max{|f(x)|: |x| =r}.
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THEOREM 1.2. Let R > 0, let f : A(R, o0) — R? be a quasiregular map with an essential
singularity at infinity, and let A > 1. Then

M(Ar, f)
im ——~ =
r—>oo M(r, f)

As an immediate consequence of Theorem 1.2, we get the following useful corollary.

COROLLARY 1.3. Let R>0 and f: A(R, o0) — R? be a quasiregular map with an
essential singularity at infinity. Then

tim CEMCD _

r—o0 log r

Theorem 1.2 and Corollary 1.3 will be used in the proof of Theorem 1.1 in the case when
there are finitely many poles. Furthermore, Theorem 1.2 can be applied in the proof of [18,
Lemma 2.6] to rectify an omission there. Namely, in [18] it is claimed that the proof of a
statement like Theorem 1.2 is similar to the proof of Bergweiler’s result [1, Lemma 3.3].
However, part of the proof in [1] relies upon the function being quasiregular on the whole
of R%. This means that it cannot be applied when the function is only quasiregular in a
neighbourhood of an essential singularity, as in both [18, Lemma 2.6] and Theorem 1.2.
Nonetheless, we will show in §3 that it is possible to significantly adapt the ideas in [1] to
obtain a proof of Theorem 1.2. These new results may be of independent interest.

Alongside the escaping set I (f), it is useful to consider the sets

BO(f):={x € RY {f"(x) :n € N} is bounded}, and
BU(f) :=R?\ (I(f) UBO(f) U O} (00)).

These sets are known as the bounded orbit set and the bungee set, respectively; BO(f)
consists of points with a bounded forward orbit, while BU( f) consists of points x whose
sequence of iterates (/" (x)) contains both a bounded subsequence and a subsequence that
tends to infinity. Together with 7(f) and (9; (00), these sets partition RY based on the
behaviour of the forward orbit of the points. Further, it is clear by their definitions that
BO(f) and BU(f) are also completely invariant under f.

For a transcendental entire function f, the sets BO(f) and BU(f) have been well
studied; for the former, see for example [2, 20], while for the latter we refer to [12, 21, 35].
It should be noted that BO(f) is often denoted as K (f) in the literature, however this
notation is not used in the quasiregular setting because K (f) is reserved for the dilatation
of a quasiregular mapping.

When f is a transcendental meromorphic function, by following a similar argument to
that given in [21, Proof of Theorem 1.1] and using the fact that BU(f) # & (which shall
follow from Theorem 1.4), we get the following relationship between these sets and the
Julia set.

J(f)=201(f) =09BO(f) =0BU(f). (1.2)

Some results for BO(f) and BU( f) were successfully extended to the case where f is
quasiregular of transcendental type in [7] and [19], respectively. For instance, it was shown
that both BO(f) and BU( f) intersect J (f) infinitely often, and J (f) C a1 (f) N dBO(f).

https://doi.org/10.1017/etds.2019.110 Published online by Cambridge University Press


https://doi.org/10.1017/etds.2019.110

On slow escaping and non-escaping points of quasimeromorphic mappings 1193

Further, for many quasiregular mappings of transcendental type we also have that J(f) C
oBU( f). However, examples in [7, 19] show that equation (1.2) does not extend to entire
quasiregular mappings of transcendental type.

For quasimeromorphic mappings of transcendental type with at least one pole, we find
that analogous results hold.

THEOREM 1.4. Let f : R¢ — R9 be a quasimeromorphic map of transcendental type with
at least one pole. Then:

1) BO(f)NJ(f)and BU(f) N J(f) are infinite;

(i) J(f) Ccal(f)NaBO(f) NaBU(S).

By extending the examples mentioned above, we can show that equality in Theorem
1.4(ii) need not hold for general mappings in the new setting. Examples 6.2 and 6.3 shall
show that it is possible to have (31 (f) N dBO(f)) \ J(f) # @ and 0BU(f) \ J(f) # 9,
respectively.

The majority of this paper will be dedicated to the proof of Theorem 1.1, which shall be
completed in two parts. Firstly, §2 will be dedicated to stating definitions and preliminary
results. In §3 we will prove Theorem 1.2. From here, following a similar argument by
Nicks [17], the case when the mapping f has finitely many poles in Theorem 1.1 will be
proven in §4, by considering whether f has the ‘pits effect’ (see §4.1) or not. In §5, we
treat the remaining case where f has infinitely many poles. Finally, in §6 we will prove
Theorem 1.4 and provide counterexamples to equation (1.2) in the new setting.

2. Preliminary results

2.1. Quasiregular and quasimeromorphic mappings.  For notation, for d > 2 and x €
R? we denote the d-dimensional ball centered at x of radius r > 0 as B(x, r) = {y e R :
|x —y| <r}. We also denote the (d — 1)-sphere centered at the origin of radius r > 0
by S(r) =9B(0, r). Finally, given A € R and a set X C R4, we define the scaled set
AX :={Ax:x e X}

We shall briefly recall the definition and some main results of quasiregular and
quasimeromorphic mappings here. For a more comprehensive introduction to these
mappings, we refer to [14], [23] and [27].

Let d >2 and U C R? be a domain. For 1 < p < oo, the Sobolev space Wé )
consists of all functions f:U — R for which all first-order weak partial derivatives
exist and are locally in L”(U). A non-constant continuous map f € Wdly (U) is called
quasiregular if there exists some constant K > 1 such that

Jloc

loc

d
(sup |Df(x)(h)|> < K Jy(x) almost everywhere, (2.1)
[h|=1

where Df (x) denotes the derivative of f(x) and J¢(x) denotes the Jacobian determinant.
The smallest constant K for which equation (2.1) holds is called the outer dilatation and
denoted Ko (f).

If f is quasiregular, then there also exists some K’ > 1 such that

d
K/<|g|nf1 |Df(x)(h)|> > J¢(x) almost everywhere. 2.2)
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The smallest constant K’ for which equation (2.2) holds is called the inner dilatation and
denoted K;(f). Finally, the dilatation of f is defined as K (f) :=max{Ko(f), K;(f)}
and if K(f) < K for some K > 1, then we say that f is K-quasiregular.

The definition of quasiregularity can be naturally extended to mappings into RY. Fora
domain D C R¢, we say that a continuous map f : D — R9 is called quasimeromorphic if
every x € D has a neighbourhood U, such that either f or M o f is quasiregular from U,
into R?, where M : RY — RY is a sense-preserving Mobius map such that M (co) € RY.

If f and g are quasiregular mappings, with f defined in the range of g, then f o g is
quasiregular, with

K(fog) =K(f)K(g). (2.3)

Similarly, if g is a quasiregular mapping and f is a quasimeromorphic mapping defined
in the range of g, then f o g is quasimeromorphic and the above inequality also holds.

It was established by Reshetnyak [23, 24], that every K-quasiregular map f is discrete
and open. Moreover, many other properties of analytic and meromorphic mappings
have analogues for quasiregular and quasimeromorphic mappings, such as the following
analogue of Picard’s theorem by Rickman [25, 26].

THEOREM 2.1. Let d > 2, K > 1. Then there exists a positive integer gy = qo(d, K),
called Rickman’s constant, such thatif R > 0 and f : A(R, 00) — R4 \ {a1, a2, ..., aq~o}
is a K -quasimeromorphic mapping with ay, a, . . . , ag, € RY distinct, then f has a limit
at oQ.

In particular;, if by, by, ..., b5 € RY are distinct points and f: R 5 RY is a
K -quasimeromorphic mapping of transcendental type, then there exists some i €
(1,2, ..., qo} such that f~Y(b;) contains points of arbitrarily large modulus.

It should be noted that by the above theorem, the exceptional set E(f) :={x € R?:
(’);(x) is finite} has at most go elements.

“For K -quasiregular mappings, the quantity go := go — 1 is also referred to as Rickman’s
constant. This is because infinity is omitted, which is not always the case for K-
quasimeromorphic mappings. Since the case with finitely many poles reduces down to
K -quasiregular mappings defined near an essential singularity, we shall mainly use go and
refer to it explicitly as Rickman’s quasiregular constant.

Another important theorem is a sufficient condition for when a quasiregular mapping
can be extended over isolated points. The following theorem follows from a result first
established by Callendar [9], which was later generalized by Martio, Rickman and Viiséla
[15].

THEOREM 2.2. Let D C RY be a domain, E C D be a finite set of points and f : D \ E —
R? be a bounded K -quasiregular mapping. Then f can be extended to a K -quasiregular

mapping on all of D.

2.2. Capacity of a condenser. Let U C R? be an open set and C C U be non-empty
and compact. We call the pair (U, C) a condenser and define the (conformal) capacity of
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(U, C), denoted cap(U, C), by
cap(U, C) := inf/ |V¢|ddm,
¢ Ju

where the infimum is taken over all non-negative functions ¢ € C{°(U) satisfying ¢ (x) >
1 forallx € C.

It was shown by Reshetnyak [23] that if cap(U, C) =0 for some bounded open set
U D C, then cap(V, C) = 0 for all bounded open sets V O U. In this case, we say that C
has zero capacity and write cap(C) = 0; otherwise we say that C has positive capacity and
write cap(C) > 0. If C C R is an unbounded closed set, then we say that cap(C) =0 if
cap(C’) = 0 for every compact set C' C C.

It is known from [36, Theorem 4.1] that cap(C) = 0 implies C has Hausdorff dimension
zero. Also, it is known that if C is a countable set, then cap(C) =0. Hence, we can
informally consider sets of capacity zero as ‘small’ sets.

For a quasimeromorphic mapping of transcendental type with at least one pole, a strong
relationship between points with finite backward orbits and capacity was established in
[37].

THEOREM 2.3. Let f : R? — RY pe a quasimeromorphic mapping of transcendental type
with at least one pole. Then x € E(f) if and only ifcap((’); (x))=0.

2.3. Julia set of quasimeromorphic mappings.  The following theorem due to Miniowitz
[16] is an extension of Montel’s theorem to the quasimeromorphic setting. Here, we denote
the chordal distance between two points x1, x2 € R4 by x(x1, x2).

LEMMA 2.4. Let F be a family of K-quasimeromorphic mappings on a domain X C
RY, d > 2, and let qo = qo(d, K) be Rickman’s constant.

Suppose that there exists some € >0 such that each f e F omits qo values
ar(f), aa(f), ..., ag(f) e RY with x@i(f),a;j(f)) =€ forall i #j. Then F is a

normal family on X.

For a general K -quasimeromorphic mapping f, the dilatation of the iterates f* can
grow exponentially large. As a result, the above theorem cannot be applied to the family
of iterates to study the Julia set in this case. Nonetheless, it can be applied to a rescaled
family of mappings {f(rx)/s : r, s € R}, since all members of this family have the same
dilatation K.

By defining the Julia set directly using the expansion property in equation (1.1), it has
been possible to study analogues of the Fatou—Julia theory in the new setting. Recently, the
Julia set for quasimeromorphic mappings of transcendental type with at least one pole has
been successfully established in [37]; here, it was shown that many of the usual properties
of the Julia set analogously hold as well. These are summarized below.

THEOREM 2.5. Let f : R? — RY pe a quasimeromorphic mapping of transcendental type
with at least one pole. Then the following hold.

1)  J(f) # 3. In fact, card(J (f)) = oo.

@) J(f) is perfect.
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(i) x e J(f) \{oo} if and only if f(x)e€ J(f). In particular, J(f)\ (9]7(00) is
completely invariant.

(iv) J(f) COF(x) forevery x € RIN\ E(f).
V) J(f) =05 x) forevery x € J(f) \ E(f).
(vi) Let U C R? be an open set such that U N J(f) # &. Then for all x € R4 \ E(f),

there exists some w € U and some k € N such that fk (w) = x.
(vii) Foreachn e N,

J(f)={x e RY\ 05 (00) : cardR! \ 0, (Uy)) < 00 for all

neighbourhoods U, C R4 \ (’); (00) of x} U (’); (00).

We remark that the Julia set definition in equation (1.1) is different to the Julia set
definition used for quasiregular mappings of transcendental type, which were defined by
Bergweiler and Nicks in [7]. For those mappings, the cardinality condition is replaced by
a weaker condition using conformal capacity. Although these conditions are equivalent for
quasimeromorphic mappings of transcendental type with at least one pole by Theorem 2.3,
it remains an open conjecture whether this result can be extended to quasiregular mappings
of transcendental type; see [7]. For this reason, we include the extra condition that each
quasimeromorphic mapping has at least one pole in the statement of the theorems within
this paper.

2.4. Brouwer degree and covering lemmas. Let f:G — R? be a quasiregular
mapping, D C G be an open set with D C G compact, and let y € R\ f(dD). Firstly,
for x € G, we define the local (topological) index of f at x, denoted by i (x, f), as

i(x, f):=inf{sup{card(f~'(w) N Uy) : w € RY}},

where the infimum is taken over all the neighbourhoods U, C G of x.
From here we define the Brouwer degree of f at y over D, denoted u(y, f, D), as

pGy, £,Dy= Y ilx, ), 2.4)

xef~l(y)ND

which informally counts the number of preimages of y in D including multiplicity.
For quasiregular mappings, the Brouwer degree has many useful properties, which will
be summarized below without proof (see [22, §11.2.3] and [27, Proposition 1.4.4]).

THEOREM 2.6. Let f: G — R? be a quasiregular mapping and let D C R¢ be an open

bounded set with D C G. Then the following hold.

(i) If x,y & f(dD) are in the same connected component of R%\ f(dD), then
p(x, f, D) = p(y, f, D).

(i) Ify ¢ f(D), X1, X2, ..., X, are disjoint sets and if DN f~1(y) C U; Xi Cc D,
then

w(y, £, Dy=Y_ uy, f, Xi) (if defined).

i=1
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(ii) If vy & f(@D) and g:H — R is a quasiregular mapping with D C H such
that max{| f(x) — g(x)|:x € 3D} <min{| f(x) — y| : x € dD}, then u(y, f, D) =

n(y, g, D).
iv) Ifa, B>0anday ¢ f(0D), then

w(ay, f, D)= u(y, F, D"),

where D' = (1/B)D and F:Q — R? is a quasiregular mapping with 2> D/,
defined by F (x) = (1/a) f (Bx).

The following covering lemma is an extension of [34, Lemma 3.1] to the
quasimeromorphic setting.

LEMMA 2.7. Let f : RY — R4 be a continuous function. Forn > 0, let (F,,) be a sequence
of non-empty bounded sets in R?, (£,,11) be a sequence of natural numbers and G, C F,
be a sequence of non-empty subsets such that '+ is continuous on G, with

FEo1(Gr) D Fuyr. 2.5)

Forn €N, set r, =Y ¢_, {;. Then there exists { € Fo such that f'"(¢) € F, for each
neN.

Further, suppose that f : R¢ — RY is a quasimeromorphic mapping of transcendental
type with at least one pole such that for n >0, f'+ is quasimeromorphic on G, and
equation (2.5) holds. If there is a subsequence (Fy,) such that F_nk NJ(f) # D for all
k €N, then ¢ can be chosen to be in J(f) N Fy.

Proof. For all n >0, fi+ is continuous on G, and G, is compact, so equation (2.5)
implies that f a1 (G D F,+1 for all n > 0. Now define the sets

Tn ={x€Go: f"(x) € G, foralln < N}.

The sets Ty are non-empty, compact and form a decreasing nested sequence. Thus
T :=(\y-; Tn is non-empty and any ¢ € T is such that " (¢) € F, foralln e N.

Now suppose that f is a quasimeromorphic mapping of transcendental type with at least
one pole satisfying the hypotheses in the last part of the lemma. Since J(f) is backward
invariant, we get that G, N J(f) # @ for all n > 0. It follows that fzn+1 (G_n NJ(f) D
Fur1 NJ(f) foralln > 0.

By applying the first part of the lemma to the closed sets F,, N J(f), then¢ € J(f) N Fy
as required. O

It should be noted that by setting £, =1 for all n € N, we get a modified version of
[31, Lemma 1]. This version shall be used for the proof of Theorem 1.1, while the general
version shall be reserved for the proof of Theorem 1.4.

2.5. Holding-up lemma. For a quasimeromorphic mapping with finitely many poles, it
is possible to get sufficient conditions for the existence of a slow escaping point using the
same ‘holding-up’ technique as that for quasiregular mappings of transcendental type. The
proof of the following lemma is similar to that by Nicks [17, Lemma 3.1] and is therefore
omitted.
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LEMMA 2.8. Let f : RY — RY be a K -quasimeromorphic function of transcendental type

with at least one pole. Let p € N and, form e Nandi €{1,2, ..., p}, let X,(,? Cc R? be
non-empty bounded sets, with X,, = f: h X,(,’,), such that
inf{|x|:x € X;,} > 00 asm — oo. (2.6)
Suppose further that
(X1) for al] me N'andi e{l,2,..., p}, there exists some j €{1,2,..., p} such that
fxsHo>x9

and there exists a strictly increasing sequence of integers (m;) such that
X2) forallteNand i e€{l,2,..., p}, there exists some j€{l,2,..., p} such that
FXS) D X, and
(X3) forallt e Nandi € {1,2, ..., p}, XS N J(f) #@.
Then given any positive sequence a,, — 00, there exists ¢ € J(f) and N1 € N such that
| f"(¢)| = o0 as n — oo, while also | f"(¢)| < a, whenever n > Nj.

3. Growth result for quasiregular mappings near an essential singularity

Before we begin the proof of Theorem 1.2, we will first note the following fact about the
maximum modulus for quasiregular mappings defined in a neighbourhood of an essential
singularity; this follows from the maximum modulus principle and an application of
Theorem 2.2.

LEMMA 3.1. Let R > 0 and let f: A(R, o0) — R? be a K -quasiregular mapping with
an essential singularity at infinity. Then there exists R’ > R such that M (r, f) is a strictly
increasing function forr > R'.

Using the above, we now aim to prove Theorem 1.2. We will assume without loss of
generality that R > 0 is sufficiently large such that f : A(R, oo) — R? is a K-quasiregular
mapping with an essential singularity at infinity and M (r, f) is a strictly increasing
function for r > R.

Now let A > 1 be given and suppose for a contradiction to Theorem 1.2 that there exists
some constant L > 1 and some real sequence r,, — oo such that M (Ary,, ) < LM(r,, f).
By taking a subsequence and then starting from large enough n, we may assume that (r,,)
is a strictly increasing sequence with r; > R.

Define a new sequence (f;) by

Sfrax)

(x):= .
I M(ry, f)

For each N e N, let Ay := A(R/ryn, A). Now for all n > N, f;, is well defined and
K -quasiregular on Ay .

3.1

LEMMA 3.2. There exists a bounded mapping h defined on B(0, A) \ {0}, which is
either constant or K -quasiregular, and a subsequence of (f,) that converges to h locally
uniformly on B(0, A) \ {0}.

Proof. Observe that foreachn > N and x € Ay,
M(ralx), f) _ M(Ar, f) _

= = 7Y = M )

(3.2)

https://doi.org/10.1017/etds.2019.110 Published online by Cambridge University Press


https://doi.org/10.1017/etds.2019.110

On slow escaping and non-escaping points of quasimeromorphic mappings 1199

As L is not dependent on N, then f;, is uniformly bounded on Ay for all n > N. By
Lemma 2.4, Fy :={f, : n > N} is a normal family on Ay for each N € N. In particular,
for the sequence (f;,) C Fi there exists a subsequence ( fl,k)zgil C (fn) such that (f x)
converges locally uniformly on A;. Discarding the first term if necessary, we may assume
that (f1,x) C F2 so the subsequence is defined and uniformly bounded on A,. Thus there
exists a subsequence ( fz,k);fil C (f1.k) such that (f2«) converges locally uniformly on
Aj.

By repeating this process, we build a sequence of subsequences (f1 ), (f2.4), - - -
such that (f; ) D (fi+1.x) foralli € N and (f; k) converges locally uniformly on A;. Now
consider the sequence (f x) and observe that (fx x)«>; is a subsequence of each (f; )
with i € N by construction. This means that the pointwise limit function

h(w) == Him fi j(w) (3.3)

exists on B(0, A) \ {0}.

Let D C B(0, A) \ {0} be a compact set. Then there exists some N € N such that D C
Ay and (fk.k)k>n 1s defined on D.

Now by construction, ( fy k) converges uniformly on D. As ( fi.x)k>n 1s a subsequence
of (fw k), then from equation (3.3) we have that f; x — & uniformly on D. Further, since
(frk.)k=n 1s a sequence of K-quasiregular mappings on D, then 4 is either constant or
K-quasiregular on D. Finally, since D was arbitrary, then fi x — h locally uniformly on
B(0, A) \ {0}. Therefore, A is either constant or K-quasiregular on B(0, A) \ {0}.

By discarding terms and relabelling, we may assume that f, — & locally uniformly on
B(0, A) \ {0}. Now by equation (3.2), for all x € B(0, A) \ {0} we have that |h(x)| <L,
so h is bounded. O

By Theorem 2.2, we can extend & to be either constant or a K-quasiregular mapping
defined on B(0, A). By relabelling, let this extended map be 4.

Before showing that 2(0) = 0, we make an observation. For each n € N, let x,, € S(1)
be such that | f (r,x,)| = M (r,, ). As S(1) is compact, then there exists a subsequence
(xn,) of (x,) that converges to some point X € S(1). Since f, — h locally uniformly on
B(0, A) \ {0}, then it follows that f,, (x,,) — h(x) as t — oo. Therefore, |h(x)| =1 for
such x € S(1).

LEMMA 3.3. Let h be as above. Then h(0) =0, so h is a K -quasiregular mapping.

Proof. Suppose that |h(0)|=¢ #0. Let T >4/¢, (z;z) C B(0, A) \ {0} be a sequence
such that z,, - 0 as m — oo, and define C,, := S(|z;u|) for each m e N. As h is
a continuous function, then there exists some § > 0 such that |h(x) — h(0)| < 1/2T
whenever |x| <§. In particular, there exists an M € N such that |z,,| <& whenever
m > M. Hence for all x € Cyy, we have |h(x) — h(0)| < 1/2T whenever m > M.

Now as f,, — h locally uniformly on B(0, A) \ {0} then for all x € Cyy, there exists
some Ny € N such that | f;,(x) — h(x)| < 1/2T whenever n > Nj;. Therefore, for every
X € CM,

1

| fn(x) = RO)| = [ fu(x) — h(O)] + |h(x) — h(0)] < % + % =7 (3.4)

whenever n > Nj,. Fix such an n.
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Since M (ry, f) — oo as k — 00, then there exists some ¢ € N such that M (¢, f) >
2M(ry, f). Now consider V := A(ry|zpm |, rn+tlzm|)-
As n > Ny then from equation (3.4),

M(ry, f) .
fnCp) =M@y, f)fu(Cy) C Bl M(ryn, f)R(0), — )= B,, and
@t Cyt) =M ngs, 1) fnr(Cu)
C B<M(rn+t» ), W) =: Byys.

Since M (ryts, f) > 2M(ryn, f) and T¢ > 4, it follows that B, N B,1; = &.

As f is continuous and open, then f(V) is an open path-connected set. Now there
exist x € f(V)N B, y€ f(V)N By4+; and a continuous path g : [0, 1] — f(V) with
endpoints x and y.

Since B, and B, are disjoint, then there must exist some ¢ € (0, 1) such that f(c) €
f(V)\ (B, U By4;). However, as f isopen, then df (V) C f(0V) C B, U By44,50 f(V)
must be unbounded. This contradicts the fact that f is continuous on V. a

Now by Theorem 2.1, there exists some a € R? such that f takes the value a infinitely
often. Without loss of generality we may assume that a = 0, else we can consider instead
the function f(x 4 a) — a rather than f. We aim to get a contradiction using the Brouwer
degree of f and h.

Let t; € (0, A) be such that h(x) # O for all x € S(z2). Then let F := min{|h(x)|: x €
S(t)} > 0. Since 2(0) =0 and £ is continuous at 0, then we can choose some #; € (0, 1)
such that P := M (t, h) < F/4. Now, set U := A(t1, 12), SO Uc B(0, A) \ {0}. Using
this spherical shell, we will show that there exists some point y such that the Brouwer
degrees of f,, and h at y over U agree for large n.

LEMMA 3.4. Let f, be defined as in equation (3.1) and let h be defined as in Lemma 3.3.
Then there exists some N € N such that whenever n > N, then u(y, f,, U) = u(y, h, U)
forally e AQP, F/2).

Proof. As f, — huniformly on compact subsets of B(0, A) \ {0}, then there exists N € N
such that

sup{| fu(x) — h(x)| : x € JU} < sup{| fu(x) —h(x)| :x € U} < P, (3.5)

whenever n > N. In particular, for all n > N and for all x € 9U, we have || f,(x)| —
|h(x)|| < P. It follows that whenever n > N, then

M(t1, fo) =M(t1, h) + P =2P, (3.6)

and

F F
min{| f,(x)] : ¥ € S(12)) > min{ [ ()] 1 x € $@)) = 5 = 5. 3.7)

Now, for all » > N we have that A(2P, F/2) C f,,(U) since the f, are open and
continuous. In addition, A(2P, F/2) C h(U) by construction. Fix some y € A2P, F/2).
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Forall x € 9U andn > N, we have f,,(x) # y and h(x) # y. Thus from equations (3.6)
and (3.7), whenever n > N we have

rmmm@)—ypxeauy>mm{ur—Mahhymmumwpxesugy—g}

. F
=min{P, —} =P.

Therefore, by Theorem 2.6(iii) and equation (3.5), we conclude that u(y, f,, U) =
wu(y, h, U) whenevern > N. O

Let yo € AQ2P, F/2) be fixed. As h is a discrete mapping, then 1~ (yg) N U is a finite
set and so
d:=uly, h, U) < o0. (3.8)

Using equation (3.8) and Lemma 3.4, we shall now aim for a contradiction by considering
the behaviour of w(yg, fn, U) as n — oo.

For n > N, define dy, = u(yo, fu, U), yn=M(rn, fyo and U, = A(ruty, rat2) =
r,U. Now observe that for each n > N, we have y, € f(dU,). It then follows by
Theorem 2.6(iv) and equation (3.1) that for eachn > N,

dn = H/(y()v fn’ U) = M(M(rn’ f))’(% fa Un) = M()’n’ f’ Un) (39)

LEMMA 3.5. Let d, be as in equation (3.9). Then d,, — 00 as n — oo.

Proof. Fix some n > N and consider d,, = u(yn, f, Up) and dy1 = un+1, fo Uns1).
First note that from equations (3.1) and (3.6) we have

M@rp1t1, f) -

M1y, fay1) = Miner. 1) = 2P.
Now since |yu 11| > 2P M (ruy1, f) = M(rug1t1, f), it follows that
U nst1s fo A(raty, rpga1) =0. (3.10)
Next, as |yul, |Yn+1l € QPM(ry, f), (F/2)M (rp+1, f)), then Theorem 2.6(i) gives
wOns [o Aratt, rp112)) = (W(n1s fo Alratt, Tng112)). (3.1

Finally, as min{| f,,(x)| : x € S(t2)} > F/2, then

min{| f(x)| : x € S(rnt2)} > gM(Vn, ) > 1ynl > 0.
This means by Theorem 2.6(i),
w(O, f, A(rata, rpg112)) = w(yn, f, Alrnt2, rat112)). (3.12)
Therefore, using equations (3.10), (3.11), (3.12) and Theorem 2.6(ii),
dptt = dpy1 + WOnt1, [, Aratt, rpg11))
= Un+1, [, Alrat, Tagit2))
= w(yn, f, Alrat1, rpy112))
= un, fs Alrnt2, rp+112)) +dn
= (0, f, A(ratz, rat112)) + dn. (3.13)
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Now for all n > N, by applying equation (3.13) finitely many times and using
Theorem 2.6(ii) again we get that

n—1

dy =y (0, f, ACrit, riz1t2)) +dy = p(0, f, Aryta, rat2)) +dn .
i=N

It remains to note that as f has infinitely many zeros, then u (0, f, A(rytz, rytz)) — 00
as n — 0o, completing the proof. O

A contradiction now follows from Lemma 3.4, Lemma 3.5 and equation (3.8),
completing the proof of Theorem 1.2.

4. Proof of Theorem 1.1: finitely many poles

With the growth result of Theorem 1.2 established, we are now in a position to prove
Theorem 1.1 in the case where the quasimeromorphic mapping of transcendental type has
at least one pole, but finitely many poles; this will closely follow the proof from §§3.2-3.4
in [17], which covered the case for quasiregular mappings. Within the proof of Nicks, the
covering and waiting sets can be found sufficiently close to the essential singularity.

For f:R? — RY a quasimeromorphic mapping of transcendental type with finitely
many poles, there exists some R > 0 such that all the poles of f are contained in B(0, R).
This means that f restricted to A(R, 0co) is a quasiregular mapping with an essential
singularity at infinity. It therefore suffices to verify that the results stated by Nicks in
[17] for quasiregular mappings of transcendental type on R remain valid for mappings
defined on a neighbourhood of the essential singularity.

4.1. Functions with the pits effect. The following definition of the pits effect we shall
use is adapted from [7].

Definition 4.1. Let R > 0 and let f : A(R, c0) — R¥ be a K-quasiregular mapping with
an essential singularity at infinity. Then f is said to have the pits effect if there exists some
N € N such that, for all s > 1 and all € > 0, there exists Ty > R such that

{x e AT, sT): |f()| =1}
can be covered by N balls of radius €T whenever T > Tj.

As a direct consequence of [7, Theorem 8.1], using Corollary 1.3 rather than
[1, Lemma 3.4] in the proof, we get the following analogous result.

LEMMA 4.2. Let R > Oand let f : A(R, 00) — R? be a K -quasiregular mapping with an
essential singularity at infinity that has the pits effect. Then there exists some N € N such
that, forall s > 1, all @ > 1 and all € > 0, there exists Ty > R such that

{x € AT, sT) : | f(0)| = T*}

can be covered by N balls of radius €T whenever T > Ty.
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Throughout the remainder of §4.1, we shall assume that f is as in the statement of
Theorem 1.1 and that the restriction f : A(R, oo) — R? is a K -quasiregular mapping that
has the pits effect. Using Lemma 3.1, we can further assume that R > 0O is sufficiently
large that M (r, f) is a strictly increasing function for » > R.

First we require some self-covering sets to achieve the ‘hold-up’ criteria from
Lemma 2.8. The following lemma is essentially that of [17, Lemma 3.3], with the proof
following similarly.

LEMMA 4.3. There exists 6 € (0, 1/2] and a sequence of points x; — 0o such that the
moduli T; = |x;| are strictly increasing and the balls B; := B(x;, 61;) are such that

B, C B(0, 2T;) C f(By) 4.1)
forallt e N.

From Corollary 1.3, for all large r we have M (r, f) > 2r. Thus we shall now assume
that the 7; as defined in Lemma 4.3 are large enough such that the sequence (r;), defined
by M(ry, f)=T; with r; > max{R, M(R, f)}, satisties M(r;, f) > 2r, for all t e N.
Consequently, note that (r;) is a strictly increasing sequence with r, — 0o as t — co. We
now have the following result, which is based on [17, Lemma 3.4] and whose proof also
follows similarly.

LEMMA 4.4. Foreacht € Nand A > 2T;,
A(ry, 24) C f(A(re, A)).

Using Lemma 4.3 and Lemma 4.4, we can appeal to Lemma 2.8, with p=1, to
complete the proof of Theorem 1.1 for mappings with finitely many poles that have the
pits effect. With this in mind, we shall omit the superscripts and choose the sets X, for
each m.

Set m; =1 and inductively define m;+| =m; + K;, where K; > 1 is the smallest
integer such that (3/2)7;4+1 < 2K:T,. Now for each m € N, set

B, if m = m; for some t € N,

Xm = _ .
A(ry, 2"~ ™ Ty iftm e (my, myqq).

Firstly note that as 7; — oo and r; — oo as t — 00, then equation (2.6) is satisfied. In
addition, (X2) is satisfied due to equation (4.1) from Lemma 4.3. Next as T; are large, then
from Theorem 2.5(i) we can assume that B(0, 27;) N J(f) # <. From this, equation (4.1)
and Theorem 2.5(iii) then imply that B; N J(f) # &, so (X3) is satisfied. To show (X1)
holds, we shall consider three cases.

(1) When m = m, for some ¢ € N, then from equation (4.1),

S (Xm,) = f(B:) D B0, 2T;) D A(rs, 2T) = X, +1-
(2) Whenm € (m;, my+1 — 1) for some ¢t € N, then by Lemma 4.4,

FXm) = F(AQr, 2™ T)) D Ary, 2" ) = Xy
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(3) Whenm =m;y; — 1 for some ¢ € N, then by Lemma 4.4,
fXm) = f(AGr, 2717 17MT)) D Ay, 27T

3T,
=A@, 25T o A<r,, ;“ )

Now since T;4+1 > T; > 2r, for all ¢, then

37, T 37,
f(Xm) D A(rt, ;“) > A(T“ #“) S Biyi = X1

Finally, as all the hypotheses are satisfied, then an application of Lemma 2.8 completes
the proof of Theorem 1.1 for mappings with finitely many poles that have the pits effect.

4.2. Functions without the pits effect. In this subsection, the main objective is to
prove Theorem 1.1 in the case where f:RY — R? is a quasimeromorphic function of
transcendental type with finitely many poles, whose restriction to a domain near the
essential singularity is a quasiregular mapping that does not have the pits effect. This
will be done by adapting the methods found in [17, §3.4].

For r > 4R > 0, we shall first define domains Q;(r) C A(R, o0).

Let ¢ € N and fix 2¢ distinct unit vectors u1, U2, . . . , u24, so each iy is such that ity €
R4 and lig]| = 1. Fix 6 > 0 small enough so forall £ =1, 2, .. ., 2q, the truncated cones

Uup -

1 N
Cor=3x€eAl-,2g+1): x>cos(0)
4 x|

are such that C; N C_] = @ for all pairs £ # j, where uy - x is the scalar product.
Now forr > 4R and £ € {1, 2, ..., 2q}, define

Q¢(r)y=Alr, £+ %)r) UrCy. 4.2)

A useful observation is that for all £ and r, Q¢(r) =rQ,(1) and that each Q,(1) is
bounded away from infinity by the chordal metric.

By using a combinatorial argument, we can get a useful extension of Lemma 2.4. Here,
we shall state the result for a family of K-quasiregular mappings, however the proof is
analogous in the quasimeromorphic case.

LEMMA 4.5. Let F be a family of K-quasiregular mappings on a domain X C R and

let qo be Rickman’s quasiregular constant. Let N € N and, fori =1,2,..., Nqo and
n=1,2,..., N, let A;, be bounded sets such that for each n, A; , N Aj, =2 for all
i #].

Suppose that every g € F omits a value from each set A; = U,ILV:I Ain. Then Fis a
normal family on X.

Proof. Fixan N € Nand foreachn € {1, 2, ..., N}, let¢, > 0 be such that, forall i # j,
dist(A; , Ajp) :=inf{la; —aj|:a; € Ajn,aj € Ajp} > €.

Set e =min{e,:n=1,2,..., N} and consider any set D ={di,d2, ..., dng}
where d; € A; for each i. It follows that there exists some n € {1, 2, ..., N} such that
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di € A; , for at least go values of i; these values d; form a subset {a1, @z, ..., 04} C D
such that |y — o¢| > € for k # €. Now by considering Lemma 2.4 and noting that each
of the A; ,, are bounded away from infinity in the chordal metric, we conclude that F is a
normal family on X. O

Note that in the above lemma, the result can be sharpened by asking that every mapping
in F omits a value in at least N(go — 1) 4+ 1 of the A;. We shall apply this lemma later
with N =2, A; 1 =A@, i 4+ 1/2) and A; » = C;, so that 4; = Q;(1).

To find sets that satisfy the ‘hold-up’ criterion, we will first introduce some notation.
Following Rickman [27, p. 80], using the Brouwer degree in equation (2.4) we define

p(y, f,D) 1 Jy(x)

1
AV(f. D) -=_/Rd A+ T o Jo T+ IFP T

Wd
which is the average of u(y, f, D) over all y € R?. Here wg denotes the surface area of
the unit d-sphere $4(0, 1). It should be noted that Rickman identifies RY with {x e RI+1:
|x — (1/2)eg41| = 1/2}, where ¢; denotes the k™ unit vector, while we use {x € R?*!:
|x| = 1}. This accounts for the differing factor of 24 in the above definition.

By utilizing the average Brouwer degree, we can give a criterion, which states that
if we have sufficiently many bounded domains such that the image of each one covers
many of the others, then the closure of each domain must intersect the Julia set. This is
an extension of [17, Lemma 2.5] to the case of quasiregular mappings defined near an
essential singularity.

LEMMA 4.6. Let f : R? — R bea K -quasimeromorphic mapping of transcendental type
with at least one pole. Let p € N be such that p > K;(f) + qo, where qq is Rickman’s
quasiregular constant. Suppose that Wi, W, ..., W, C R4 are bounded domains such
thatWiﬂsz D foralli # j, and for eachi € {1, 2, ..., p},

f (W) D W; for at least p — qo values of j €{1,2, ..., p}.
Then W; N J(f) # @ foralli €{1,2, ..., p}.

Proof. Firstly, suppose that J(f)NW; =@ for some i €{1,2,..., p}. Then W; N
(’);(oo) =, so f" is K-quasiregular on W; for all n € N. Now note that for any
n € N then, counting multiplicity, f(W;) covers at least (p — ¢gp)" of the domains

W;, jel{l,2,..., p}. By setting v=(p — go)", there exist pairwise disjoint subsets
Vi, Vo, ..., V,, of W; such that if m € {1, 2, ..., v}, then f"(V,,) =W; for some j €
{1,2, ..., p}. Hence for each n € N, there exists some j € {1, 2, ..., p} such that

w(y, f", W) > i forall y € W;.
p .
This implies that there exists some constant C; > 0 such that for all n € N,
C1 Vv

AV (", W) = —. 4.3)
p

Now as J(f) NW; = @, then for each x € W; there exists some 8, > 0 such that
B(x,28,) N J(f) =@ and R¥ \ O;(B(x, 268,)) is infinite. This means that there exists
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a non-exceptional point y € R? \ (O (B(x, 26,)) U E(f)). Since RY \ OF (B(x, 25,)) is
closed, then O (y) C RY \ OF (B(x, 28,)). As y & E(f), it follows by Theorem 2.3 and

the definition of the forward orbit that cap(Rd \ O}L (B(x, 26y))) > 0.

Using [3, Theorem 3.2] and equation (2.3), for each x € W; there exists some constant
Cy > 0, dependent on x, such that for all n € N,

AV(f", B(x, 8x)) < Cx K (f") < CxK ()",

As W; is compact and the union of B(x, §,) forms an open cover, then there exists a finite
subcover of W;. Thus we get that there exists some constant C> > 0 such that

AV(f", W) < CK ()" (4.4)

However, as p > K;(f) + qo, then we get a contradiction from equations (4.3) and
(4.4) when n € N is large. The conclusion now follows. O

Now by appealing to Lemma 3.1 and Corollary 1.3, throughout the remainder of §4.2 we
assume without loss of generality that R > 0 is sufficiently large such that the restriction
f 1 A(R, 00) = R? is a K-quasiregular mapping with an essential singularity at infinity
that does not have the pits effect, and M (r, f) is a strictly increasing function with
M(r, f)>rforallr > R.

The covering result will be based on that given in [17]; the proof follows analogously
using the new growth condition of Theorem 1.2.

LEMMA 4.7. Let gy be Rickman’s quasiregular constant and let Wy, Wa, ..., Wy, C R4
be bounded sets such that W; N Wj = @ for all pairs i # j. Then for all sufficiently large
randeach€=1,2,...,2qo, the following hold.

(C1) There exists some j € {1,2, ..., 2qo} such that f(Q¢(r)) D Q;(M(r, f)).

(C2) There exists some k € {1, 2, ..., qo} such that f(Q¢(r)) D M(r, f)Wk.

The ‘hold-up’ lemma we will use is also closely based on [7, §3] (see also [17,
Lemma 3.7]). We omit the proof here, noting that the adapted proof uses Lemma 4.6
and Theorem 1.2.

LEMMA 4.8. Let qy be Rickman’s quasiregular constant. Then there exist bounded

domains Wy, Wa, ..., Wy, C R4 withW,-C {x € RY: x| >1/2} satisfyingWiﬁsz %]

for all pairs i # j, and a real sequence T; — oo with Ty > 4R such that for every t € N

and L €{1,2, ..., qo} the following hold.

(C3) There exists some j € {1,2, ..., qo} suchthat f(T;W;) D T, W;.

(C4) For each o €[4R, M(Ty, f)], there exists some k €{l,2,...,2q0} such that
J(TiWe) D Qr(a).

(C3) TWeNJ(f) # 2.

Now using Lemmas 4.7 and 4.8, we shall once again appeal to Lemma 2.8 to complete
the proof of Theorem 1.1 for mappings with finitely many poles that do not have the pits
effect. This closely follows the construction technique in [17, §3.4].

Recall that R > 0 is sufficiently large such that f : A(R, co) — R? is a K -quasiregular
mapping with an essential singularity at infinity and M(r, f) is a strictly increasing
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function with M (r, f) > r for all r > R. Now for p € NU {0}, we define the iterated
maximum modulus MP(r, f) as follows. Set MO(r, f)=r and M'(r, f) = M, f).
Then for p > 2, iteratively define

MP@r, f)=MWM""' @, f), f).

We note that as M(r, f) >r is strictly increasing on r > R, then the sequence
(MP(r, f ));"=1 is strictly increasing for all » > R. In particular, these are well defined

for f.
Now towards the proof, first take a real sequence 7; — oo and bounded domains
Wi, Wa, ..., Wy, as in Lemma 4.8. We may assume that 77 > 4R and T;.+1 > M (T3, f).

Then for each 7 € N, there exists a smallest integer p; > 2 such that MP (T3, f) > Ti41.
Now by our choice of p;, we have that MP~1(r, f) is continuous in r and

MPTNT,, f) < Tor < MPU(T,, f) = MPYM(T, ), ).

Hence by the intermediate value theorem, for each r € N there exists some Y; €
[Ty, M(T;., f)] such that MP—1(X;, f) = Tpy.

‘We now choose the sets X,(qi) foreachm e Nandi =1, 2, .. ., 2qo to satisfy Lemma 2.8
with p = 2¢gg. Set m| = 1 and inductively define m; | = m; + p;, fort > 1. Now for each
m € Nand foreachi =1, 2, ..., 2qo, set

I;W; if m =m; forsome t € N, i < qo,
X5 =1T,W, if m = m; for some r € N, i > qo,
QiM™ "=y, f))  ifm € (my, myg).

Firstly note that as the W; and T; were chosen to be those from Lemma 4.8, then 7; > 4R

for each t € N and W; C {x e R? : |x| > 1/2} for each i € {1, 2, ..., 2go}. This means
that
240 T,
inf{|x|: x € X} :inf{|x| ‘x € U TtWi} =2

i=1
Also by the definition of Q; (), then for m € (m;, m;y1) we have

Mm_m’_l(Tt, f) - E - E
4 — 4 4
Since T; — oo as t — oo, then equation (2.6) is satisfied. Further, observe that (X2)
and (X3) are satisfied due to (C3) and (C5) from Lemma 4.8, respectively. Finally, (X1)
follows from (C1) and (C2) from Lemma 4.7, and (C4) from Lemma 4.8; see [17] for
details.
As all the hypotheses are satisfied, then an application of Lemma 2.8 completes the

inf{|x|: x € Xy} =

proof of Theorem 1.1 for mappings with finitely many poles that do not have the pits
effect.

4.3. A covering result for functions without the pits effect. Let f:R? — RY be a
quasimeromorphic function without the pits effect as in §4.2. By continuing to adopt
the notation as in §4.2, we shall give a useful covering result regarding the sets 7; W; for
use in §6.
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LEMMA 4.9. For t e N and 1 < j < qq, let T, and W; be those from Lemma 4.8. By

moving to a subsequence of (1), there exist constants iy, jo € {1, 2, ..., qo} such that for
eacht € N, there is some ¢, € N, some subset Y, C To W, and some subset Z; C T; 12 W,
where

1Y) D TraWiy and f2(Z) D ToWj,.

Further, Y; and Z; can be chosen such that f' is continuous on Y, and f 2 js continuous
on Z, for eacht € N.

Proof. Let j e{l,2,...,qo}. By the construction after Lemma 4.8, it follows that for all
t € N there exists some i, € {1, 2, ..., qo}, some ¢, € N and some subset Y;, C T, W;
such that

FY) D T2 Wi,

Since i, can only take values from a finite set, then by taking a suitable subsequence
of 7; and relabelling we can assume that i; =i;, is independent of ¢ € N, so

FY)0) D Tera Wi, (4.5)

Next, observe that as 7o > M (T, f), then there exists some o« > 77 > 4R such that
M(a, f) =T,. Then by (C4) from Lemma 4.8, for all t € N there exists some N;; €
{1,2,...,2qo0} such that

F(Ti42Wi;) D On;, ().
As Nj; can only take values from a finite set, then by taking another suitable

subsequence of 7; and relabelling, we can assume that N; = N, is independent of 7.
This means that for all 7 € N,

F(Tis2Wi)) D O, (@). (4.6)

Applying (C2) from Lemma 4.7, we get that there exists some £ € {1, 2, ..., go} such
that

F(Qn, (@) D M(a, )W, = T2 We. @.7)

By repeatedly applying the whole argument above, we can build a sequence of
subscripts (¢,) as follows. Set £; = 1. Then for each n > 1, let £,,+1 be the value of £
from equation (4.7) after applying the argument once to To Wy, .

Ast, e{l,2,...,qo} forall n € N, then there will exist some smallest values n1, ny €
N, with ny < ny, such that £,, =¢,,. Using this, we set jo={,, and ip = ignrl. Then
foreacht €N, set ¥; =Y, and ¢;, =2(np —ny — 1) + Z;’f:_n]l cg,,.t- It follows from

equations (4.6) and (4.7) that there is some subset Z; C T;4, W;, such that
f(Yy) D Ti12Wi, and f2(Z,) D ToW.
Finally, the lemma follows as T; > 4R implies f is continuous on each compact set 7, W j

as required. O

5. Proof of Theorem 1.1: infinitely many poles
In the case where f has an infinite number of poles, it makes sense to utilize the
neighbourhoods of the poles as a means of naturally approaching infinity. To this end,

https://doi.org/10.1017/etds.2019.110 Published online by Cambridge University Press


https://doi.org/10.1017/etds.2019.110

On slow escaping and non-escaping points of quasimeromorphic mappings 1209

we seek a point that is able to ‘pole-hop’ between each neighbourhood and is able to
return to the same neighbourhood after a finite number of steps via bounded sets. This
idea is similar to that used by Rippon and Stallard in [31, §4], however the execution is
quite different as it does not rely on the Ahlfors five-island theorem.

The ‘pole-hop’ method creates a different situation to that found in the case of finitely
many poles, where instead we relied on finding a point that could move forward at any
time from any set. To achieve this modified ‘hold-up’ condition, we need to establish a
different version of Lemma 2.8.

For i e N and some fixed p €N, we shall denote the residue i (mod p) e
{0,1,2,..., p—1} as [i],. Note that [1], +1=1 if p=1, while [1], +1=2
otherwise.

LEMMA 5.1. Let f:R? — RY be a quasimeromorphic function of transcendental type
with at least one pole. Let p € N and form e Nandi €{1,2, ..., p}, let X,(,ll) C RY be
non-empty bounded sets, with X,, = le X,(,l,), such that

inf{|x|:x € X} > o0 asm — oo. 5.1)

Suppose further that
(X4) forallm €N, f(X3) > XD,
and there exists a strictly increasing sequence of integers (m;) such that

(X5) forallt eNandi € (1.2, ... p), f(X3) D X, """, and

(X6) forallt e Nandi e (1,2, ..., p}, XD N J(f) # .
Then given any positive sequence a,, — 00, there exists ¢ € J(f) and N1 € N such that
| f"(¢)| = o0 as n — oo, while also | f" (¢)| < a, whenever n > Nj.

Proof. Define an increasing real sequence (y;,) by

Vm=sup{|x|:erXj}. (5.2)

j=l
Since a, — oo, then we can define a strictly increasing sequence of integers N; such
that y,, < a, foralln > N;.
We shall now inductively define sets F,, with n > Nj. Set Fy, =X ,(,,1 1) and for each
integer n > Ny, define

([i1p+1D)

X5 ifF,=XDi£1,
xD ifFo =X, m#m
F m+1 n=am ts
+1 = 1 . 1
" XD iRy =X n = N,
1 1 .
xS By = XD < Ny

Firstly, observe that if F,, = X ,(,';) withi # 1, then m = m, for some ¢ € N. For supposing
otherwise, then by construction there exists some natural number 1 <k < p such that
F,_= X(l). If m # m; for any t € N, it follows that F,,_z4; = Xr(nlil. However, this

is a contradiction sincen —k + 1 <n and F,, = X(') butm + 1 > m.
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Now it follows from the construction, (X4) and (X5) that for each n > Ny, then f(Fy,) D
Fy 1. From this, together with (X6), then by Lemma 2.7 there exists a point ¢, € J(f) \
{oo} such that f*~Ni(¢y,) € F, foralln > Nj.

Without loss of generality, we may assume that ¢y, & E(f). By applying Theorem 2.1
finitely many times and noting Theorem 2.5(iii), it follows that there exists ¢ € J(f)
such that f Ni (¢) = ¢n,. Therefore, we have that f"(¢) F, for all n > N;. Further,
by equation (5.1) we have that | f"(¢)| — oo as n — oo.

To complete the proof, it remains to show that foralln > Ny, then | f"(¢)| < a,. Indeed,
let n > Nj be such that F,, = X,(éi forsomei € ({1,2,..., p}. Then F,, C X,,, and so by
equation (5.2) and the definition of Ny,

sup{lx|: x € Fy} < ¥y < an. (5.3)

We next aim to prove the following claim. Suppose that n > Nj and ¢ € N are such that
my <m; <m <myy1 and F,, = X,(,l;) forsomei €{1,2,..., p}. Thenn > N;;.

Indeed, if i # 1, then by a previous observation we must have m = m;1. This means
there exists some natural number k < p such that F,,_; = X ,(,,1 Jandn —k > N 1. Hence for

anyi €{l,2,..., p}, there exists some N| < n| < n such that F,,, = X,(nl).
It follows by construction that either F,,,_1 = X ,(nl)_l or Fp_1=X ,(,f ), where the latter

case occurs only if m = m; 1. As m > m1, then by applying the above argument finitely
many times, there must exist some integer » > 0 such that Fy,, _,, = X,(,:) and Fy —p—1 =
Xr(nl)—r It should be noted here that n; — rp > Nj as m > m. Hence there exists some
N1 <np <nj suchthat F,, = X,<,,1) and F,,,_1 = Xr(nl)_l.

As Fy, = X,(,,l) and Fy, 1 = X,(nl)_l, then one of two cases may arise. If m — 1 =my,
then this can only happen if n, > N;41 by construction. Hence in this case, n > Nyy1.

If m — 1 # m;, then by construction we can find some N < n3 < n3 such that F;,; =
X,(,,lt) and Fy 41 = Xr(nl,)+]' However, this can only happen if n3 > N;41, so n > N;41 in
this case; this proves the claim.

Now let m, n and ¢ be as in the claim, so that m| <m; <m <m;y1 and F,, = X,Si) for

somei €{l,2,..., p}. Since m < m;y1, then we have
mi+1
F,c | X
k=1
Hence by equation (5.2), the definition of N;; and the fact that n > N;1, it follows
that
sup{|x|: x € F,} < Vm,p = an. (5.4)
Finally, since for all n > Nj we have F,, = X,(,l;) forsomem >mjandi € {1,2, ..., p},
it follows from equations (5.3) and (5.4) that | f"(¢)| < a, as required. O

To complete the proof of Theorem 1.1 for mappings with infinitely many poles, we shall
use a specific case of [37, Lemma 5.1].

LEMMA 5.2. Let f :RY — RY be a quasimeromorphic mapping of transcendental type.
Suppose that there exists an open bounded neighbourhood U C R of a pole of f such
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that f~'(u) is infinite for all u € U. Then given any r > 0, there exists an open bounded
region Ey C A(r, 00) such that f(U) D Ey and f(Ey) D U.

Proof. [Proof of Theorem 1.1: Infinitely many poles] Let f have a sequence of poles (x;;,)
tending to co. Now through Lemma 5.2 and choosing a subsequence of the poles and
relabelling, we can construct the sequences (R;,;), (U,,) and (E,,) by induction as follows.
Initialize R; = 0 and suppose that R, has been chosen for some m € N. By removing
finitely many terms and relabelling, we may assume without loss of generality that
Xm € A(Ry,, 00) and x,, is not an exceptional point. Now set U,, to be an open bounded
neighbourhood of x,,, such that U, C A(R,,, 00) and f ~L(w) is infinite for all u € U,,.
By applying Lemma 5.2, choose a non-empty open bounded region E,;, C A(R,,, 00) such

that
fWUn) D Ep,and f(Ep) D Up. (5.5)

Finally, choose R;,+1 > m + 1 such that A(R;, 11, 00) C f(Up).

With the R,,, U,, and E,, established, we shall now choose the sets X ,(,l;) that satisfy the
hypotheses in Lemma 5.1 with p = 2. For each m € N, define X,(,:) =U, and X,(nz) =E,.
Here, it should be noted that we are taking the subsequence m; =t for all t € N. Firstly,
note that equation (5.1) is satisfied, as inf{|x| : x € U,, U E;;,;} > Ry, and R, — coasm —
Q.

Now since every U,, is an open neighbourhood of a pole, then U,, N J(f) # @. Also
by (5.5) and Theorem 2.5(iii), then E,, N J(f) # & as well, so (X6) is satisfied. Further,

(X5) is satisfied by equation (5.5) since for all m € N,
1 2 2 1
XMy xP and  F(x@) > x(P.
To show (X4) is satisfied, observe that by construction,

FED) = F(Un) D ARpt1, 00) D Uppr = XV .

Finally, an application of Lemma 5.1 completes the proof of Theorem 1.1 for functions
with an infinite number of poles. O

6. Proof of Theorem 1.4 and counterexamples

6.1. Sufficient conditions for Theorem 1.4(i). ~Let f be a K-quasimeromorphic mapping
of transcendental type with at least one pole. To prove Theorem 1.4(i), we shall provide
sufficient conditions for the existence of infinitely many points in BO(f) N J(f) and
BU(f) N J(f). Sets that satisfy these conditions will then be identified from each case of
the proof of Theorem 1.1.

Firstly, suppose that there exists some non-empty bounded set Uy with Uy N J (f) # @
such that
(BO1) there exists some N € NU {0} and bounded sets U; where f(Uy) D Up and if

N > 1,then f(U;) DUsyg forall0 <t <N — 1.

Then by applying Lemma 2.7 with Fy, = Uy, for all n € N, we get that there exists
some x € J(f)NBO(f) N Up. By finding infinitely many such Uy with pairwise disjoint
closures, then we can conclude that J(f) N BO(f) is infinite.

Next, let V be a non-empty bounded set and let (k;) be a sequence of natural numbers
such that:
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(BUla) for each ¢ € N, there exists a non-empty bounded set V; and a subset Y; C V such
that % (Y,) > V; and f* is continuous on Y ;

(BU1Db) for each r € N, there exists some subset Z, C V; and some m; € N such that
f™(Z;) D>V and f™ is continuous on Z,; and

(BU2) inf{|x|: x € V;}} -> coas t — o0.

Then by applying Lemma 2.7 with Go,,—1 =Y, Gon = Zy, Fon—1 =V and Fp, =V,
for all n € N, this gives a sufficient condition for the existence of a point x € R? in BU(f).
Moreover, if we have that
(BU3) J(f)NY; @ forallt € N,
then Lemma 2.7 gives us a point y € J(f) NBU(f) N V. Recalling Theorem 2.5(iii), it
is clear that fX(y) € J(f) NBU(f) for all k € N, hence it follows that J(f) NBU(f) is
infinite.

6.2. Proof of Theorem 1.4(i). Let f:R? — RY be a quasimeromorphic mapping of

transcendental type with at least one pole but finitely many poles. As f has finitely

many poles then by taking R > 0 sufficiently large, we have that f : A(R, oo) — R is

a quasiregular mapping with an essential singularity at infinity. We shall first show that

BO(f) N J(f) and BU(f) N J(f) are infinite when f restricted to A(R, 0o) has the pits

effect. Indeed, by Lemma 4.3 and the arguments directly after Lemma 4.4, there exist

bounded open balls By, t € N, such that:

(i) f(B;) D Bforalls <t;

(ii) there exists some sequence of natural numbers (b;) and some sets Y; C By such that
forallt € N, fh’(Y,) D B4 and f”’ is continuous on Y;

@iii) inf{|x|:x € B} > coast — o0;

(iv) B, are all pairwise disjoint; and

(v) B,NJ(f)#@forallteN.

(BO1) is clearly satisfied from (i) and (v), by setting N = 0 and Uy = Bj. It then follows
from (iv) that this can be repeated for each set B;, r € N to get infinitely many points.
Therefore BO(f) N J(f) is infinite.

Now set V = By and V; = B;41. Then (BUla) and (BU1b) are satisfied by (i) and (ii),
with m; = 1 and k; = b, for all r € N. In addition, (BU2) is satisfied by (iii) and (BU3) is
satisfied by (v) and the backward invariance of J (f). Therefore, BU(f) N J(f) is infinite.

For the other cases, we can follow a similar argument. Indeed, suppose that f is a
quasimeromorphic mapping of transcendental type with at least one pole but finitely many,
whose restriction to A(R, 0co) for some R > 0 is a quasiregular mapping that does not
have the pits effect. Then from Lemma 4.8, the arguments immediately after Lemmas 4.8
and 4.9, there are non-empty bounded sets 7; W; withr € Nand j € {1, 2, ..., qo}, such
that:

(i) for each teN and j €{l,2,...,qo}, there exists i € {1, 2, ..., go} such that
f(TW;) D T Wi

(i) there exists some constants ig, jo € {1, 2, ..., go} such that for each ¢ € N, there is
some ¢; € N, some subset Y; C T, W}, and some subset Z; C T;12W;, where

F(Yy) D Tr42 Wiy and f2(Z,) D W,

with f continuous on Y, and f2 continuous on Z,;
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(i) inf{lx|:x € J; TTW;} — oo ast — oo;
(iv) T,W; are all pairwise disjoint; and
V) TW;NJ(f)#@forallteNand je{l,2,...,q)}

Now fix some t e N. As ie{l,2,...,qo}, then applying (i) sufficiently many
times we have that there exists N € NU {0} and ig, i1, ..., iny €{1,2,...,qo} such
that f(T;W;,) D T;W;,,, and f(T;W;,) D T; W;,, This means that (BO1) is satisfied with
U, = T;W;,. It then follows from (iv) and (v) that BO(f) N J(f) is infinite.

Next, using (ii) set V =T, W}, and for each r € N set V; = T; 1o W;,. Now it follows
from (ii) that (BU1la) and (BU1b) are satisfied with sets Y;, Z;, and sequences k; = ¢; and
m; =2 for each ¢ € N. Further, (BU2) is given by (iii) whilst (BU3) follows from (v) and
the backward invariance of J(f). Hence BU(f) N J(f) is infinite in this case.

When f has infinitely many poles, for ¢, m € N we can choose neighbourhoods of poles
D; and use Lemma 5.2 to get non-empty bounded sets E; ;, such that:

(i) foreach fixed t € N, we have f(D;) D m and f(E;m) D D, forallm e N;
(i1) for each fixed ¢ € N, then inf{|x| : x € E; ,} — 00 as m — o0;

(iii) D are all pairwise disjoint and E; », are all pairwise disjoint; and

(iv) foreacht, m € Nwehave D, N J(f) # @ and E; ,, N J(f) # D.

For each t € N, setting Uy = D; and U = E; ; satisfies (BO1) by (i). It then follows by
(iii) that BO(f) N J(f) is infinite.

Further, set V = Dy and V,, = E1 ;. Then (BUla)-(BU3) are all given by (i), (ii)
and (iv), respectively, hence BU(f) N J(f) is infinite; this completes the proof of
Theorem 1.4(1).

6.3. Proof of Theorem 1.4(ii). Theorem 1.4(ii) shall be attained as a corollary to the
following result, which is similar to [31, Lemma 10].

LEMMA 6.1. Let f:R? — RY pe a quasimeromorphic mapping of transcendental type
with at least one pole. Suppose that there is an infinite set X C RY such that X is
completely invariant under f and R4 \ (X U (9]7 (00)) is infinite. Then J(f) C 9X.

Proof. Let x € J(f) and let U, be an arbitrary neighbourhood of x. Since X and
R\ (X U O (c0)) are infinite sets, then X \ E(f) and R\ (X U 07 (o) UE(f))

are non-empty. Now X and R?\ (X U (9]7 (c0)) are both completely invariant, so by
Theorem 2.5(vi) it follows that X N U, # @ and (R? \ (X U (’)}(oo))) NU, # 2.

As X and RY \ (XU (’);(oo)) are disjoint, then we must have d X N U, # &. Finally,
since U, was arbitrary, then x € X as required. O

Since 1 (f), BO(f) and BU(f) are all completely invariant and disjoint, then the result
follows from Theorem 1.4(i).

6.4. Counterexamples. To show that the reverse inclusion in Theorem 1.4 does not
necessarily hold, we shall first construct a mapping similar to those found in [7,
Example 7.3] and [10, Example 1]; see also [S, §6]. This will give a mapping f such
that (9 (f) N IBO(f)) \ J (f) # 2.
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Example 6.2. Let h:C — C be the transcendental meromorphic function defined by
h(z) =2 +exp(—z) + (z+ 1)~!, and define g : C — ¢ by g(z) = z + h(z). Firstly, note
that if z is in the half plane H; := {z : Re(z) > 1}, then h(z) € {v: 1 < Re(v) < 3}. Now,
we have g(H;) C H; and g"(z) — o0 as n — oo whenever z € Hj.

Next, for a large constant M € R define f : C — ¢ by

g(2) if Re(z) <M or Re(z) > 2M,

TO=1 00 +h) sin(Z552) if M < Re(2) < 2M.

It is easy to see that f is a quasimeromorphic mapping of transcendental type with one
pole if M is large.

Similar to g, we have that f(H;) C Hy,so H1 N J(f) = 9. Also, the point w =3M /2
is such that f(w) = w, while f(x) > x for all real x > w. This means that f(x) — oco as
n — oo forall real x > w, thus (w, oo) C I(f) and w € BO(f). Therefore, w € (dI(f) N
IBO(N N\ J(f).

This example can be extended to a quasimeromorphic mapping of transcendental type
f:C— C with infinitely many poles, by replacing  with / : C — C defined by

h(z)=2+exp(-2)+ Y (z+2" =D,
k=1

and replacing g with g : C — C defined by g(z) =z + h(z). Here, since |z + 2% — 1| > 2*
for all z € Hy, then (z) € {v:1/2 <Re(v) < 7/2} on H;. This means that the behaviour
of H; and w = 3M /2 under g, hence also for f, remains the same as above.

The final example is a direct modification of the example constructed in [19], as we will
only require specific dynamics in the upper half plane to find a point in dBU(f) \ J(f).

Example 6.3. Let h: C — C be the quasiconformal mapping constructed in [19, Proof
of Theorem 4]. This map is such that BU(%) and BO(h) intersect the upper half plane
H := {z : Im(z) > 0} non-trivially, and i (H) C H.

Next for a small constant o > 0, let g : C — C be defined by

z if Im(z) >0,
8@ =14z —a(Im(2))(exp(—z2) + (z + 4)~ ) if Im(z) € [-1, 0),
24 alexp(—z2) + (z + 47 otherwise.

It is easy to show that if « is sufficiently small, then g is a quasimeromorphic mapping
of transcendental type with one pole. Note that g is the identity mapping on the upper half
plane, so g(H) C H.

Now the mapping f := g o & is also a quasimeromorphic mapping of transcendental
type with one pole. It follows that f(H) C H and so J(f) NH = &. Further, since g
is the identity mapping on H, then f has the same dynamics on H as 4. This means
that HNBU(f) # @ and HN BO(f) # &. As BO(f) and BU(f) are disjoint, then H N
dBU(f) # &, hence 0BU(f) \ J(f) # O as required.

https://doi.org/10.1017/etds.2019.110 Published online by Cambridge University Press


https://doi.org/10.1017/etds.2019.110

On slow escaping and non-escaping points of quasimeromorphic mappings 1215

By making a simple modification, we can also create a quasimeromorphic mapping of
transcendental type with infinitely many poles, by replacing (z 4+ 4i)~! in the definition of
g(z) with 322 (z + 2% + 4i)~!; the dynamics of the new function remain unchanged in
H and hence the result follows.
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