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We consider the fractional elliptic problem:

(A)u—uP =0, u>0 in RN\ By,
u=0 in Bi, limp,_u(x)=0

where By is the unit ball in RN, N >3, s € (0,1) and p > (N + 2s)/(N — 2s). We
prove that this problem has infinitely many solutions with slow decay
O(|z|=25/(®=1)) at infinity. In addition, for each s € (0,1) there exists

Py > (N +2s)/(N — 2s), for any (N 4+ 2s)/(N — 2s) < p < Ps, the above problem
has a solution with fast decay O(|z|2$~). This result is the extension of the work
by Dédvila, del Pino, Musso and Wei (2008, Calc. Var. Partial Differ. Equ. 32, no. 4,
453-480) to the fractional case.
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1. Introduction

In this paper we construct classical solutions of the following supercritical fractional
exterior problem:

—A)*u —uP =0, u>0 in RN\ By,
u=0 in By, lim| |00 u(z) = 0,

(1.1)
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Fast and slow decay solutions for supercritical fractional elliptic problems 29

where s € (0,1), p > (N +2s)/(N — 2s) and Bj is the unit ball whose centre is
the original point in RY for N > 3. As usual, the operator (—A)* is the fractional
Laplacian, defined at any point = € RY as

(=A)*u(z) :== C(N, s)P.V. . W
u(z) — u(y)

=C(N li
(N,s) E_{%L RN\ B, (2) |z — y|N+2s

Here P.V. is a commonly used abbreviation for ‘in the principal value sense’ and
C(N,s) is a constant dependent of N and s. We refer to [13,19].

Non-local equations have attracted a great deal of interest in recent twenty years
since they are of central importance in many fields, from the points of view of
both pure analysis and applied modelling. In addition, series of non-local PDE’s
theories have been founded by many authors; such as regularity theory [21,22],
maximum principle in [5-7], uniqueness in [14,16,17] and so on. In particular,
fractional elliptic problems have been extensively studied. See for example [8,9,15]
for subcritical case, and [1, 2, 18] for critical exponent, [3] for the supercritical case
and the reference therein.

Let us now go back to the problem we are going to consider. For classical case,
namely s =1, Dévila, del Pino and Musso [10] have proved (1.1) has infinitely
many solutions with slow decay O(|z|~2/(?=1) at infinity with either N > 4 and
p>(N+1)/(N—=3),or N >3, p>(N+2)/(N —2) and the interior domain  is
symmetric with respect to N coordinate axes. Later, this result has been extended
top > (N+2)/(N —2) and § is a smooth bounded domain by Dévila, del Pino,
Musso and Wei [11]. For fractional case, we will prove that this result also holds
when s € (0,1), p > (N +2s)/(N — 2s) and Q = B; is the unit ball in RY. For
problem (1.1) in general exterior domain, there are some obstacles, see remark 1.3
below.

More precisely, our main results can be stated as follows:

THEOREM 1.1. For any s € (0,1) and p > (N 4+ 2s)/(N — 2s), N > 3, there exists
a continuum of solutions uy, A > 0, to problem (1.1) such that

ur(x) = BV Ve 72/0"D (1 4 0(1))  as Ja] - oo
and uy(z) — 0 as A — 0, uniformly in RN \ By.

THEOREM 1.2. For any s € (0,1), there exists a number Ps > (N + 2s)/(N — 2s),
such that for any p € (N +2s)/(N — 2s), Ps), problem (1.1) has a fast decay
solution u,, uy(x) = O(Jx[**~N) as |2| — +oo.

We basically follow the ideas in [3] and [11] to prove theorems 1.1 and 1.2. More
precisely, to prove theorem 1.1, we will take w as approximation of (1.1) where w
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is a smooth, radially symmetric, entire solution of the following problem:
(—A)Y’w—wP’ =0, w>0 in RV, w(0) =1, ‘ llim w($)|x|28/(p_1) = gt/ =1,
(1.2)

Here (3 is a positive constant chosen such that ﬂl/(P*1)|x\*25/(1’*1) is a singular
solution to (—A)’w — w? = 0 for which the existence and linear theory have been
studied recently in [3] for the fractional case.

While the basic idea in the proof of theorem 1.2 is to consider as an initial
approximation the function AN =29)/2,__ (Az + ¢) where

1 (N—2s)/2
Wi (1) = <1+ANJ2> (1.3)

is the unique positive radial smooth solution of the problem

(—A)sw** _ w5<§<V+25)/(N,28) in RN7 w**(O) -1
These scalings will constitute good approximations for small A if p is sufficiently
close to (N +2s)/(N — 2s). We prove then adjusting both ¢ and X, produces a
solution as desired after addition of a lower order term.

REMARK 1.3. To prove theorems 1.1 and 1.2, we will construct solutions of the
equivalent problem (2.1) with the form @ =w — @) + ¢ and @ = w. — Y + ¢ in
§2 and §6 respectively where ¢, is the projection to satisfy Dirichlet data and ¢
is a small perturbation. To obtain the decay of @, we need to know the decay of
©x, ®. To get the a priori estimate, the expression or asymptotic behaviour of the
Poisson kernel P(z,y) in RY \ B; is important. Using this Poisson kernel P(z,y),
we first obtain the decay of ¢y in (2.6). Secondly, we can derive the decay of ¢
by the Green’s function G(z,y) in RY \ By in §3 and §6. But for general exterior
domain, there is a lack of the explicit formulas and the decay of the Poisson kernel
and the Green’s function of fractional Laplace operator(—A)®. That is the reason
we only consider RV \ Bj in this paper.

2. The set up for theorem 1.1

In what follows of this paper we will assume s € (0,1) and p > (N + 2s) /(N — 2s)
for N > 3.
By the change of variables

() = A2y (”” < ’5)

and the maximum principle (see [7]), problem (1.1) is equivalent to

(=A)u—|ulP =0, uw#0 in RV \ By,
u=0 in By, | l‘im u(z) =0 (2.1)
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where A > 0 is a small parameter, £ € RY is to be determined later, and B A,¢ is the
shrinking domain

Brxe={Xx+¢ |z € By}

We want to consider the function w(z) in (1.2) as an approximation of this
problem. We need of course a correction so that the boundary condition is satisfied.
Denote @y be the unique solution of the following problem:

(=A)’px=0 in RN \Bre, @a(z) =w(z) in Byg, lim ¢)(z) =0, (2.2)

x| =00

then naturally w(z) — ¢y (2) is regarded as the first approximation of problem (1.1).
Now ¥y (x) = @x(Ax + ) satisfies

(=A)¢a(z) =0 in RY\ By,
{wm =wQat8 i B, lim (@) =0 (2:3)
By Poisson’s representation, we obtain
a(x) = . Pz, y)w(Ay + §)dy,
where P(z,y) is the Poisson kernel of the following problem

(=Au(z) =0 inRY\ By, u(z)=g(x) in B.

Moreover, it was obtained in [19] that

F(Z\Z/Q)Sin(ﬂ's) it ) N ly| <1
Pla,y) = { =N/ L=yl ) |e—yN ’ (2.4)
0, ly| > 1.

Let ¢°(x) := fBl P(x,y)dy, then it is easy to get that there is a positive constant
« such that

lim |z|V72%%(z) = o

|z]— o0
Since w is a smooth positive function, we have
(@) = W(E€) + O\ (x), Yz eRY\ By,
from which we can derive that

0 = WO o (F). weR \ B (29)

and
loa(z)] < OAN 28|z — g2 N for all z € RN \ By ¢. (2.6)

Here O(\) means that there exists a positive constant C' such that for all A € (0, 1)
and Vo € RV \ By, |O(\)] < CA.
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Now we look for a solution to problem (2.1) of the form
U=w-—px+e,
which yields the following equation for ¢, according to (2.1),

(—A)*¢ —pwP~to = N(¢) + Ex in RN\ By ¢,
¢(x) =0 in Big, Jim p(z) =0, (2.7)
where
Eyx=—puP 'y, N(¢) = lw+ ¢ — oa]P —wP —pwP 'o+puwP lpyr.  (2.8)

Thus a solution of problem (2.7) for which ¢ is small compared with w — ¢, yields
one of (1.1) as presented by theorem 1.1.
To solve problem (2.7), we first consider the following projected problem,

(7A)S¢ 7pwp*1¢ = N(QS) —+ E)\ —+ NE C7Z7 in RN \ B)\,g, (2 9)
=1 .
¢(x)=0 in Byg, ‘ l‘im o(z) =0,

where the ¢;’s are constants, which are part of the unknown, and

Zi(x):g;(x), i=1,...,N.

Through an application of the Banach fixed point theorem in a suitable L> weight
space, we shall prove in §4 that problem (2.9) is indeed solvable, within a class of
@’s in the form ¢ = ¢(\, £), ¢; = ¢;(\, €) where the dependence on the parameter is
continuous. We then obtain a solution of problem (2.7) if

c¢i(\&) =0 forall i=1,...,N.

We will show in §5 that for each sufficiently small A there is indeed a point £ such
that the above equalities hold true.
In §3 we will consider the following linear problem corresponding to problem
(2.9)
N
(=A)* ¢ —pwP~tp=h+ Y ¢;Z; in RV \ By,
i=1

$(x) =0 in Byg, lim ¢(x) =0.

|z|—o0

(2.10)

The norms on functions ¢ and h are defined on R \ B, ¢ as the following

16l = sup |o—¢&7|o(@)| + sup |z — &P D|g(x)],

lz—€|<1 le—¢[>1

1Allesg := sup |z = &7 |h(z)| + sup |o — &GP ()],
le—gl<1 lo—¢l>1

where o € (0, N — 2s) is a constant to be determined later. In particular, when
¢ = 0 we denote the above norms by ||¢||. and ||A||.. respectively.
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We have the validity of the following results which will be proved in §3.

PROPOSITION 2.1. Assume (N +2s)/(N —2s) <p<(N+2s—1)/(N—2s—1)
and A > 0. Then there exist constants C and Ao such that for any |{| < A and
any 0 < X < X the following holds: for any h with ||h||..¢ < oo, there exists a
solution of problem (2.10)

(QS’ClaCZa e 7CN) = F)\(h)
which defines a linear operator Ty of h, such that

1611 + max [ei] < ClIfwce

PROPOSITION 2.2. Assume N > 2 and p > (N +2s—1)/(N —2s — 1). Then there
exist constants C' and Ao such that for any 0 < A < A the following holds: for any
h with ||h]]« < 00, there exists a solution of problem (2.10)

¢=Tx(h) and ¢; =0, i=1,...,N,
which defines a linear operator Iy of h, such that

11« < ClIA]]4x-

If p=(N+2s—1)/(N —2s—1), the proof of theorem 1.1 is based on a result
similar to proposition 2.1 but for slightly different norms, see remark 5.1.

A very similar scheme is followed for the proof of theorem 1.2, having as its
basic cell the function w., in (1.3). In this case, the relevant projected problem
also involves the generator of dilations, and both the point £ and the number A
must be determined as the functions of the small parameter given by the difference
p— (N +2s)/(N —2s). It is done in §6.

3. The proof of propositions 2.1 and 2.2

Keeping the notations of the previous section, we first consider the following linear
problem in entire space,

N
(—A)Y'¢—pwP o =h+> ¢Z in RY, ‘ l‘im o(x) = 0. (3.1)
First let us recall the result in [3]:

PROPOSITION 3.1 (proposition 5.1 of [3]). Let h satisfy ||h||.«.e < +00. For problem
(3.1), we have:

1.if p>(N+2s—1)/(N —2s—1), then there exists a solution ¢ with ¢; =
0,i=1,...,N satisfying

19« < C|Ih]|+ (3.2)
for some C > 0.
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2. 4f (N+2s)/(N —2s) <p<(N+2s—1)/(N —2s—1), there exists a solu-
tion (¢, c1,...,cn) and it satisfies

o1l ,5+Zlcz| Cl[h]x g (3-3)

for some C' > 0.

Next we will use the above result to prove propositions 2.1 and 2.2. We shall
fix A > 0 large and work with |£] < A. All the estimates will depend on only A.
Let 0 < Ry < R; be fixed such that 3Ry < Ry and By C Bg,. Define p € C®°(RY),
0 < p <1 be such that

p(x)=0 for |z| <1, p(z)=1 for |z|>2

and set

m(z) =p (m/\]_%g) ;o Q) =p (i;f) . (3.4)

We look for a solution to problem (2.10) of the form

&=+,

where @, 1 are two unknown functions. Thus, we need to solve the following system

(—A)°p — pwp*lso = pwP 1O + Gh + ﬁvj i Z; in RN 5s)
=1 .
lim ¢(z) =

|z]|— o0

and

N -
(A% = pll = QP = f(@) + (1= Cb + 2 (1= G)Z i RY\Big
Y(z)=0 in Byg, lllim P(x) =0
(3.6)
where

fle) = ~CnoPV. [ Ww(y)dy-

Here we regard z as the only variable of function f because in the first step of the
proof, (¢, c1,...,cn) is given. Then we define Banach space

X = {(<p7cl7...,cN)|<p € L™ with ||¢[[+¢ <ocand ¢; €R, 1 <i < N}
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with the norm

[[(p,c1,--ven)llx == sup  fp(z)|+  sup |z —&|7[p(z)]
o —€|<ARy ARy <|e—g]<1
+ sup |z — PPN o))
jo—€[>1 (3.7)

+ sup AT (@ . + Z |cil.
2.€Baxn, (€)\B sy () |x - 1/|
2

Given (¢, c1,...,cn) € X, we first note that (3.6) has a solution for A small
enough because ||p(1 — ¢\)wP || ~/2:(riyp, ) — 0 as A — 0 and the operator
(—A)* — p(1 — (\)wP™t is coercive. Let 9(yp,c1,...,cn) denote this solution.
Moreover, 9(z) = O(|z|**=) as |z| — oco. So the right-hand side of (3.5) has finite
|| - [l+x,¢ norms, by proposition 3.1, (3.5) has a solution (g,¢1,...,¢n).

Proposition 2.1 and 2.2 will be shown through the fixed point theorem in X. In
particular, for the proof of proposition 2.2, we just choose £ = 0 because (3.1) is
solvable with ¢; = 0,1 < i < N, according to proposition 3.1.

For (p,c1,...,cn) € X we will first establish a point-wise estimate for the
solution (g, c1,...,cn) of (3.6), namely

[¥(@)] < OANT2 7 ([[hl[uw e + |I(0 c1s s en)llx) |z — €7

(3.8)
for all 2 € RV \ By¢.
Indeed, let ¢(z) = (£ + Az), then by (3.6),
(—a)d—px> (1-p(F))wr i+ Az){z =gl n RN\BL,
U(x)=0 in By, Jim U(z) = (39)
where
z/Ry) — R
RN |z —y|N+2s
1- A%, A
(1o () mes o
ol z
AN e (T—p =) ) Zil€+ 22).
+ ;c< '0<R1>) £+ A2)
For any z € RV \ By, first we can get that
2 ] —0 —48—0
(10 () ) #nte + 3| < X lblledel™ *xpeany (310)
and
N ; N
A2 ¢ (1—p<>>Z¢€+/\z < ON% cilxas L
; R ( ) ;| IX{1z|<2R1} (3.11)

< CON*|(¢, e, en)llx X{21<2R}-
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Moreover, for s € (0, %) we obtain

o S

|z —y[N+2s
Vol
CPV. Ji._y<a WI@(& + Ay)ldy
(€ + Ayl .
<Y T s md if [2| <3R4
(€ + Ay)l :
¢ T—gedy i |z[ > 3Ry
f\yl@Ro |z — y|N+2s (3.12)
[(p,c1,. .. en)llx
CPV. flzfy\sl ||€\‘7|z _ y|N+23|—|1
P;€C1y---,CN)||X .
< JrCflzfy|>1 A|z — y|N+2s dy if [z < 3Ry
C H(‘P;Ch'--,CN)HXd i 3R
f\yl@Ro |z — y|NF2s)o Y if |z] > 3R

SCX (s crs - en)lx xqz1<3Rr}

+ OX7 27N |(p,c1s - en) XX (21>3R:)

since
1
(€ + M) < [|(@ser,-en)llx § X{lyl<riy + WX{RK\ZJK%} + X{1 <[y}

and we used that, s € (0,1), o € (0, N —2s) in the last inequality and is a
) » Q) ’ q Yy X
characteristic function in different domains.
For s € [,1), using Vp(z/Ro) = 0 for |2| < Ro and [y W(EH"Z)[szl(yzl/,v@z);(z_y/%)
dy = 0, we can obtain

o[ SR

xr— 2 .
C fj,_ ey LDl gy f L@l a, i 15| < Ro

[z—y[VF2° z=y|>1 [z—y[V T2

— zZ)— xr— 2
Cf\z—y|<% [Vo(z/Ro)((2 y‘)z/fgl)][ﬁ(z&j)\) pEH]l | O |zy—‘y)|‘1$33+§)‘dy

N

+2 [, yom (2SEEEdy i Ro <2l < Ry

+A .
C Jiyi<ery \‘zw—(z\i”&dy if |z] > Ry
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Using the definition of || - ||x in (3.7), we get

I (e, cr, - en)llx
l2=yl<1 7 \o |z — | N+25-2

lperen)llx

O s 3 =y it 2] < Ro
cf  p M@e o avlix | @ enllx
< \z—y|<70 |z — y[NF+s—1 N[z — y|[N+25-2

pmyl> s ATl gl

op . Mgl ol
ly|<2Ro |z—y\N+2$)\<’

if |Z| > Ry

S COXN (s cas -y en)lxXq)21<R )
+ON Lz 72N (s ers o en) XX (125 Ry
S OX7(ps e1s -y en) X X 121<3R: )
+ CN 2N (s s o)X 2538}
According to the above estimates (3.10)—(3.13), we obtain
19(2)] < CAT7{lI(@,c1,- - en)llx + [1allwel 2727 Ix g2 <8R,
+Cl(prcrs o en) XA N2 TN TN 253,y
Let G(x,y) be the Green’s function satisfying

(—A)¥G(x,y) =d(x —y) if z and y € RV\ By,
G(x,y) =0 if z or y € RN\ By.

Moreover, using the Poisson kernel in (2.4), we can derive that

o) [ Pl
|

Gla,y) = — o)
@) = Ty s

+Cf R ||(S07cl7"'7cN)||Xdy if R0<|Z|<R1

(3.13)

(3.14)

(3.15)

where C(s,N) is a constant depending on s and N, which satisfies that
(C(s,N))/(Jx —y|N=2%) is the Green’s function of (—A)* in RN. By similar

arguments as theorem 1.3 in [4], we can derive that

G(x,y)

SRV r EoyvE
where z* satisfies |z — y||z* —y| = 1 — |y|>. Thus we derive that

1

< JE
G| < Als, N) g

z,y € RN\ B,

for some constant A(s, N) depending on s and N.
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According to the Green’s function G(x,y) in (3.15), the equations (3.9), (3.14)
and (3.16), we have

()] < OX{l(@ 1, yen)llx + [|Rllagbl2| 7V F2 for all 2 € RY \?- :
3.17

Thus, we obtain from (3.8)
[$(@)] < CAXVT27 (|[Alawe + (s ex, - en)llx) o = €27,
for all z € RN \ By .

Let (¢,c1,...,¢en) € X, ¥ =9Y(p,c1,...,cn) be the solution to (3.6) and
F(p,c1,...,¢en) = (p,¢C1,...,cn). By proposition 3.1, we have

e ifp>(N+2s—1)/(N—2s—1),
1211 < CllpwP ™ Ol + G311 ); (3.18)
o if (N+2s—1)/(N—-25—1)>p>(N+2s)/(N —2s),

N
1@l + > 1Eil < C (lpw? " Gathllas e + 1Rl [ung) - (3.19)
i=1

Using (3.8) we can estimate ||pw?~1{\t)||sx ¢ as follows:

sup |z — €W TG Y]
le—¢l<1

KONV (||l + (@, ety sen)llx) x - sup o — ¢tV
ARy <|z—€[<1

S ONV([llsng + [[(@5ca, -5 en)llx)
where
v =min{2s, N —2s — o} > 0.
On the other hand

sup |z — €|2s+(28/(p—1))wp—1<>\|w|
[z—¢€|>1

< ON\N—2s5—0 (HhH**,§ + ||(<p761, o 7CN)||X) « l Sl;p> lm . £|28—N+(2$/(P—1))
r—¢£|>1

S ONTEZ0([[hfas e + l(ps 01, en)llx) -
Hence we obtain
" Eatl e < ONY(IIR]use +11(05c1, - en)llx). (3.20)
Since |[Cxh]wx,e < [|R]]sx,e, from (3.18)—(3.20) we deduce
o ifp>(N+25s—1)/(N—2s—1),

H@H* < C)\’YH(()O,Cl,...,CN)HX +0Hh”**a
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o if (N+2s—1)/(N—-2s—1)>p>(N+2s)/(N —2s),

1211 §+Z|Cz CAMI(ps ey - en)llx + Cllbl|a e

Hence

||F(<p761,...,CN)| *,& < C(A"/H((,O,CM...,CN)HX + ||h||**,§)

Since the right-hand side of (3.5) is bounded for |z| < AR;, by regularity estimates
of solutions in ball regions (refer to lemma 12.3.2 in [7]), we derive

1F(p 15 sen)llx < CAT[(@ers s en)lx 4 [[R]]e)-

This estimate shows that F has a unique fixed point (¢, c1,...,cn) in X for
A > 0 suitably small, and

H(§07cla"'v )”X C||h||**§

Finally we make a remark on how to recognize ¢; =0 in equation (2.10) for
(N+2s)/(N—-28) <p<(N+2s—1)/(N—2s—1).

LEMMA 3.2. Assume (N +2s)/(N —2s) <p < (N +2s—1)/(N —2s—1). There
is Ao > 0 small such that for A < Ao, ||h||sxe < 00, and ¢ is a solution to (2.10)
with ||@|]«¢ < 400, then ¢; =0 for alli=1,...,N if only if

/ (=AY oZ; — (—A) Zip = hZ;.
RN\Bj ¢ RN\ B} ¢

Proof. Since Ow/0z; satisfies the linecar homogeneous equation: (—A)%¢ —
pwP~1¢ =0 in RN, multiplying (3.1) by Z; = dw/0z;, yields

RN\Bj ¢ RN\Bj ¢ RN\Bjx ¢

For A > 0 sufficiently small the matrix with entries f]RN\ Bac Z;7Z; is closed to
f]RN Z;7Z; which is invertible. Thus it implies the desired conclusion. [
4. The nonlinear projection problem

To solve problem (2.9), we need to establish some estimates of Ey and N(¢). Recall
that

By =—pwP" oy, N(9) =|w+ ¢ —@alf =P — pwP o+ pwP " o).
LEMMA 4.1. Let p > (N +2s)/(N — 2s), then we have
e for any fired 0 < o < N — 2s,
1B llve < CAmIn{N—25,0+25}, (4.1)
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o for any fized 0 < o < min{2s/(p —1),2s} and |||+ < 1,

IN(@)leng < C (116112 ¢ + B ¢ + Amn{rs2eN=2:1) - ()

Proof. According to the definition of the norms, we do estimates term by term.
Recall that [px(z)] < CAN 725z — €257V for all z € RY \ By ¢, then

sup |z — 2w (@) pa ()
le—£|<1, 2B e
< C}\N—Qusp—lHOO sup |:17 _ §|4S—N+a (43)
Az —€[<1

< CAmin{a—i—Qs, N—2s} )

Also
sup |z — [P HES PP (2)p) ()
lz—¢1>1
(4.4)
< C)\N72s sup |33 _ £|257N+25/(p71) < C/\N72s'
|[z—&[>1
Next we will prove (4.2).
For p > 2. Assuming 0 < o0 < 2s/(p — 1) and using
IN(@)] < CwP2(|¢]* + [@al?) + C(I9IP + [@al?), (4.5)
we have for all z € RN \ By ¢
sup |z — o) <CllgllZe  sup  Jo—€*T7 < OllgllZ e, (4.6)
lz—g| <1 A<lo—¢|<1
sup |z — &g < Cllgll7e  sup o —grmoeh
lz—¢|<1 T ALlz—¢I<1
<Ol ¢ < CligllZ ¢ (4.7)
with ||¢||«¢ < 1 in the last inequality. Similar calculation gives out that
sup ‘IE - 5‘28+0|§0)\|2 < C}\min{a+2s,N72s} (48)
lz—£I<1
and
‘ Slé‘p ‘.’E _ §‘2s+a|¢)\‘p < C)\min{a+2s7N—2s}. (49)
r—¢|<1

The inequalities (4.6)-(4.9) yield, for p > 2,0 < o < 2s/(p — 1) and |[¢]|]+,¢ < 1,

sup |£l7 _ §|28+0|N(¢)| < C <||¢| ié =+ )\min{U-‘rQs,N—QS}) . (410)
lo—¢|<1
Now we consider |z —¢&| > 1. By the definition of ||-|[s¢ and the assumption
|6(x)| = |9()| x & — /T D]z — ] 72/7D Lo — ¢ 72/~ < Cw(a).
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For A > 0 small, x € RV \ By ¢,
|L,0)\(£E)| < C)\N72S|1’ - £|257N _ C)\N72s|m o £|287N+(2s/(p71))‘x _ §|728/(P71)

< Ow(m))\N_28|x _ é—‘QS—N-‘r(?S/(p—l)) < Cw(x))\N_Qs.

(4.11)
Thus instead of (4.5) we can estimate N(¢) by
IN(¢)] < CwP2(¢? + ¢3).
Using this inequality and the estimate w(z) < C(1 + |z|)~2%/~1) we have
sup |z — P ETDIP2Ig12 < Ofg 2 (4.12)
lz—¢l>1
and
sup |{,C _ £|2S+(28/(p_1))wp_2|80>\|2 < ON2(N—25) (4.13)
lz—¢[>1
Thus (4.12) and (4.13) yield
sup |z — 27N ()] < C (JIg]f2 ¢ + Amin{rrae No2eh)
lo—¢[>1
Thus this estimate together with (4.10) proves (4.2) in the case of p > 2.
For 1 < p<2and0 <o < 2s, asimilar calculation using
IN(@)] < C(ll” + [eal”)
implies
sup |z — € IN(8)] < C ([lgflp + AR ) (g
lz—€]<1 '
To estimate |z — &|?19 for |2 — ] > 1 we write
N() = lw + ¢ — pal” = w” = puP ™1 (p — 0a) (415)
= N1+ N+ pwP oy, .
where
Ni=|w+¢—olf —|lw+ o, Np=lw+off —wl —pP~'o. (4.16)

We note that since ||¢]|.¢ < 1 and |¢| < Cw(zx) for |z — | > 1, together with (4.11),
we can obtain

[N = [|w + ¢ — oAl — |w + ¢IP| < CwP oy,
Then

sup |z — £|25+(2s/(P*1))|N1| <C sup |w— £|25+(25/(p71))wp71g0)\
|z—&]>1 |z—&>1 (4.17)

< C«)\mln{N72s, o+2s}
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as (4.4) shows. Next we can estimate Ny as follows

sup |z — ¢ FE/ETDING| <O sup o - gPE/ Do < Ol

lz—¢|>1 |z—¢|>1
(4.18)
Thus, by (4.16)—(4.18) and (4.4) for the last term in (4.15) we deduce
sup. o — P EEIIN )] < C (Jlglf ¢ + Amn N2 )
|lz—¢]>1 ’
This inequality and (4.14) prove (4.2) in the case of 1 < p < 2. O

According to lemma 4.1 and the fixed point argument, we can derive the following
lemmas:

LEmMMA 4.2, Let o€ (0,2s/(p—1)), (N+2s)/(N—-2s)<p<(N+2s—1)/
(N —2s—1) and A > 0. Then there are positive numbers Ao, C' such that for |¢] < A
and 0 < XA < Ag there exists (pa(€),c1 (M), ..., en(NE)) solution to problem (2.9)
such that

. < min{25+a,Nf2s}' )
1603(©)lee + max [ei(1,)] < CA (1.19)
LEMMA 4.3. Leto € (0,2s/(p—1)) andp > (N +2s —1)/(N — 2s — 1), taking & =

0, then there are positive numbers Ao and C, such that for any 0 < XA < Ao, there
exists ¢ solution to problem (2.9) with ¢; =0, 1 < i < N such that

H¢>\H* < C}\min{2s+o,N—23}. (420)
Proof of lemma 4.2. Fix 0 < 0 < min{2s, (2s/(p — 1))}, we define for small p > 0

F={6: R\ Brg = R | [|0]lre < 0}

and the operator ¢ = A(¢) where (¢,c1,...,cy) is the solution in proposition 2.1
to

(—A)S¢—pwp71¢:N(¢)+E,\+ %Cizi in RN\B)\,g
i=1
¢(x) =0 in Byg, | l‘im o(x) =0,

where N(¢) and E) are given by (2.8).
We prove that A has a fixed point in F. From proposition 2.1 we have the estimate

JA(D)[+.e < CUIN(D)|sxe + [|Ex][4x.¢)

and by lemma 4.1,

[|A(2)]

vt SC(I)IE ¢ + 19|17 ¢ + Amin2ateN=2:))
< C (,02 + pp 4 )\min{23+a,N72s}) <p

if p > 0 is fixed suitably small and then one consider A\ — 0. This proves A(F) C F.
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Now we show that A is a contraction mapping in F. Take ¢1, ¢o in F, then
1A(¢1) — A(p2)ll+.c < ClIN(91) = N(¢2)|lsn- (4.21)

Write

N(¢1) — N(¢p2) = DgN(¢)(¢1 — ¢2)
where ¢ lies in the segment joining ¢; and ¢5. Then, for |z — ¢| < 1,
|z = E*T7IN(¢1) — N(d2)| = |z — E[*[DgN ()] |1 — oll«.e,
while, for [z — &| > 1,
| — EPHCSPTDIN(G1) — N(¢)| = [ — € |DgN ()] [|61 — Gol e
Then we have

IN(¢1) = N(¢2)l[ene <C  sup  (Jz = &**|DgN () )¢1 — dolle.  (4.22)
zERN\Bj ¢

Directly from the definition of N(¢), we compute

DANG) =l + - gy~ 1]
If p>2, 0<o<2s/(p—1), using |D¢;N(¢_))| < Cl2(3 + o2) + [BIP +
N lz — €[**|DzN(9)| < C s o — g2 (wp_2(|$| FURO T so’;*l)
<C (H¢1H*,5 + || @2 |« + )\min{Qs,N_gs})
In the region |z — & > 1 we can use |[DzN(¢)| < CwP~2(|¢| + ¢x) and obtain

sup [z — €[ [DsN(9)] < € (p+ aminfzsN=2:1) (4.24)

|lz—€[>1
Similarly, if 1 <p <2 and 0 < o < 2s/(p — 1) then for all z € RV \ By ¢
[z = €DsN(@)] < Cle — & (o + 5 7")
<oA= (Jlonllzg! + lloal2g +2%) (4.25)
< C(pP~t 4+ 22).
Estimates (4.23)—(4.25) show that

sup [z — DN (@) < C (pt pr=t 4 AminizeN=21 ), (4.26)
z€RN\Bjy ¢

Gathering (4.21), (4.22) and (4.26) we conclude that A is a contraction mapping in
F provided p > 0 suitably small, and hence it has a unique fixed point in this set.
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Claim: Let ¢y € F denote the fixed point of A found in previous step. For any
fixed 0 < 0 < 2s/(p — 1) we have

||¢)\||*,§,o— < C)\min{2s+o, N—-2s} (427)

where for convenience, we emphasize the dependence on ¢ in the notation of the
norm || ...

Note that from the previous step we see that ||¢y ||« ¢, < CARIN{Zsto N=2s} £,
o > 0 suitable small. Now we fix 0 < ¢ < 2s/(p — 1). In order to improve the esti-
mate of the fixed point ¢ we need to estimate better N (¢, ). First we observe that
o» is uniformly bounded. Indeed, the function uy = w — @y + ¢ solves

N
(—A)*uy —uf = ; ci(\€)Z;  in RV \ Byg, (1.28)
ux=0 in Byg, llim uy(z) =0. '

|| —o00

For z with |z — &| = 1, ux(x) remains bounded since |y (x)] < C for | — & = 1.
Then a uniform upper bound for uy follows from (4.28) and |[uf||Lq(B, )\ By )
remaining bounded as A — 0 for some ¢ > N/2s. In fact,

/ <O [ WP <Ot O e[ ~*P0dz < C
B1(§)\Bx e By B1(§)\Bx¢

if we choose o < 2s/p, as we have done. Hence
lux(z)] < C for all |z —¢| < 1. (4.29)
It follows from (4.29) that
|px(z)] < C for all x € RN\ By .

We shall estimate [[¢x|[+¢,9 for some 6 > o. Since ¢y is a fixed point of A, for
0 <0 < N — 2s we have, by (4.1)

l19allx.c0 = [[A(@M)]]s.e.0 < CUIN (Gl 4x.6.0 + || Exll4x.0)

min S —2s (4.30)
< O ([IN(G)|ong + Amin(2es0: 221

Since ¢y is uniformly bounded, when p > 2
IN(o2)| < C (|oa” + [eal?) - (4.31)
Taking 0 < § < N — 2s such that 2s + 6 > 20, by (4.27) we have

sup |z — &P on(@)? < Cligal[e,  sup |z — [P0
A<z —¢[<1 WNEEHN (4.32)

< C/\2 min{2s+o, N72s}.
On the other hand

| Stélp>1 |$ _ €|2S+(28/(p*1))|¢>\(1.)| < C||¢>\||i7§,g < O \2min{2s+0, N—2s} (4.33)
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Thus, from (4.31)—(4.33) and (4.13) we see that

N (62)||sn .0 < CAZMIN{2540, N=25}
This and (4.30) imply
< O \min{ds+20, 25+0, N—2s}

[dAl]xe,0 <

Repeating this argument with finite times we deduce the validity of (4.19) in the
case of p > 2.
If 1 < p < 2 instead of (4.31), using

IN(@2)] < Cloal,
the same argument as before yields
|\N(¢>\)||**7§79 < O \min{2s+0, N—2s, p(2s+0)}
Then we finish the proof of the claim. O

REMARK 4.4. Let ¢ =0and ¢; = 0,1 < ¢ < N in the above argument, we can derive
that lemma 4.3 holds similarly.

5. The proof of theoreml.1

According to lemma 4.3, if p > (N +2s — 1) /(N — 2s — 1), there exists ¢, solution
to problem (2.9) with ¢; =0, 1 <4 < N such that

[pall« < CARInEZHaN=25}  for all 0 < A < A, for some C,\g > 0. (5.1)
Thus, problem (2.1) has a solution
U=w—px+ P
Furthermore, using (2.6) and the change of variables
uly) = /D)

we derive that theorem 1.1 holds for p > (N +2s —1)/(N —2s —1).

Next we will present the detailed proof of theorem 1.1 for (N + 2s)/(N —2s) <
p<(N+2s—1)/(N—2s—1). The case of p=(N+2s—1)/(N—-2s—1) is
referred to remark 5.1.
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We have found a solution (¢ (&), c1 (X, €), ..., en (A, €)) to problem (2.9) satisfying

N
Loy A0z Z0r= [ BN+ Y07 ) 2

RN\B ¢ j=1

for 1 < ¢ < N. Thus, for all A small, we need to find £ = &, such that ¢; =0, 1 <
i < N, which is

/ (“A)Y'Zids — (~A)VérZi + / (Ex+ N(62) Zi=0.  (5.2)
RN\Bj ¢

RN\Bj ¢

Let us define

Gl(g) = / (—A)SZi(ﬁ)\ — (—A)S(ﬁ)\zidx +/ (E)\ + N((b,\))Zde
RN\Bjy ¢ R

N\Bx ¢
(5.3)
The function G; is continuous for any 1 < i < n, as it follows from local uniqueness,
the fixed point characterization of ¢, and elliptic estimates. We claim that

Gi(€) =wl©aA¥ > [ o R ) S e o) (64)

Lj

uniformly for & on compact sets of RYV. First we have

uniformly for ¢ on compact sets of R™V. Indeed

J 5 Jnenons
RN\B ¢ B1(§\Bx¢ RN\ By (€)

81’]‘
In the case of p > 2, by (4.19) and |N(#y)| < CwP~2|¢x|?, we have for o < N/2

/131(5)\3,\,5

and

N(@)% =o(\7%) asA—0 (5.5)

J

N(¢x)

ow —20 min{2s+o —2s
g <loalie [ femglr < oxmnete vo2
J By B¢

Ow e
/ ‘N(%)a‘ <CII¢AI|E_§/ |z — €]~ Us/(=1)=25-1
RN\Bl(g) .’L'] RN\Bl(E)

< C}\Q min{2s+o, N72s}.

Choosing ((N —2s5)/2) — 2s < 0 < min{N/2, N — 2s}, we obtain (5.5). Similarly,
if p < 2 we have for 0 < o < N/p

and taking (N —2s)/p) — 2s < 0 < min{N/p, N — 2s} we can still obtain (5.5).

0
N(%)T;

J

-0 ()\pmin{Qs—i-a, N—Qs}) as A — 0,
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Next we need to estimate the last term IRN\BM(*A)SZW)\ — (=A)*¢prZ;dx.
Taking cut-off function 7 given by (3.4), we define Z; = 1y Z;. By the formula

(1.5) in [20], we obtain
[N O
RN\Bx ¢

_ / [(~A)Z; — (~A) Zi)érda
RN\ By ¢

+ / (Zi — Z;)(=A) prda := I + I,
RN\Bj ¢

where I, Iy are defined by the last equality.
To estimate I, we first calculate

(—A)°Z;i - (-A)°*Z;

“Jamayzpy [ OB )

<t-mlarzie| [ BEZB .,
|z—y|<A ‘.’Ii—y| ®

() = m(y)
Zi(y)dy
/|r—y>A |.’E _y|N+2S ( )
(by similar calculations as (3.12) and (3.13))

< (L=m)(=A)° Zi| + CA™* Xz <3Rox
N
+ CWX|x|>3ROA

+C

Hence, by (4.19),
‘Il| < Cv)\mi]ﬂ{2s—|-a7 N—2s}+N—25. (56)

We already have that ¢, is uniformly bounded. Moreover, using (2.9), it implies
that [(—=A)*¢x| < C in RY \ By ¢. Thus, we can derive that

L] < / 1Z:1(1 — )| (—A)* paldz < CAV. (5.7)
RN\Bj ¢

Combining (5.6), (5.7) and (5.3), (5.4) holds.
Let us consider the vector field

G(&) = (G1(E), -, GN(8))-
G is then continuous and, thanks to (5.4)
G()-£<0 forall [¢|=R

for any fixed small R > 0 which means that G(§) has never points in the same direc-
tion on {{ : |§] = R}. Then the deformation G;(§) = tG(§) + (t — 1)§ and degree
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theory lead to the existence of & such that ¢; =0, 1 <i < N. This concludes the
proof.

REMARK 5.1. The proof of theorem 1.1 for p = (N 4+ 2s — 1)/(N — 2s — 1) follows
exactly the same lines with the following modified norms:

I¢llse = sup |z —¢&%|¢(z)|+ sup |z — &>/ P DT g(2))|

ja—l<1 o] >1
[Pllece = sup |z = €77 |g(@)| + sup |o — &2/ PTITEEE g ()|
ja—g] <1 gl >1

where p > 0 is a small fixed number. With this slightly stronger norms, proposition
2.1 remains valid. Indeed, the stronger decay of h assures that the orthogonality
condition fRN\BA . hZ; =0 for all i =1,..., N makes sense. According to remark
7.2 of [3], lemma 4.1 (2) also holds when p = (N +2s —1)/(N — 25 — 1). Then
the proof in §5 carries on. With some minor modifications, we can finally obtain
theorem 1.1.

6. The proof of theorem 1.2

In this section we construct fast decay solutions to problem (1.1) when the exponent
p is close to the Sobolev critical exponent (N + 2s)/(N — 2s). For convenience, we
denote pg = (N + 2s)/(N — 2s), p = po + € where € > 0 is small.

The basic cell to construct a fast decay solution is the function w,, =
(1)/(1 + Ay 4r?))N=29)/2_ For simplicity, but with slight abuse of notation, we
will denote this function simply by w.

The main difference with the case treated in the previous section is that for the
linearized problem, it has N + 1 dimensional kernels which consists of

N —2
sw, and Z; = —&d .
3%—

Zo =1’ (1) +

For given £ € R and A small, we first study existence and estimates for solutions
(¢, co,c1,...,¢n) to the problem

N [
(—A)Sﬁb —pwp_1¢ = N(¢) + E\ 4+ coZo + Z: ¢ciZ; in RN \ B)\7§

=1 (61)
o(x) =0 in By, lim ¢(z) =0,
|| —o0

with

N(¢) = |w+ ¢ — a0+ — wPore — (pg + €)™ 1§ — i) (6.2)
+ [(po + )= — g — [(po + )Pt —pow T ion

and

E\ = wbote _ ypo _ po('dpo—l(p)\7 (6.3)

where ¢, was given by (2.2).
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Approximate norms in the domain RY \ By ¢ of this case are

|11, =5 [z = ¢£[7|o(2)| +| sup o — 1N ()],
r—€&[<1 rx—E&|2>
2540 N+s (64)
Plles g := sup [o =& |h(z)[+ sup |z &7 (A(z)].
le—g|<1 e—g[>1
In particular, when £ =0 we denote the above norms by |[|-||« and || ||«

respectively. We will need to estimate the || - ||« ¢-norm of N(¢) and E.
By a similar argument as in [11], we have the following result:

PROPOSITION 6.1. If 0 < 0 < min{2s,2s/(p — 1)} there exists a positive constant
C' such that, with v = min{N — 2s, o+ 2s},

IN(@)[sxe < C(1117 ¢ + [[0][2% + A +eA”) (6.5)
and
[|E]|ise < C(\ +¢). (6.6)

To solve problem (6.1), we first recall the following nondegeneracy result for the
linear problem with critical exponent on whole space in [12]:

LEMMA 6.2. If ¢ is a solution of
(=A)*¢p —powlp=0 in RN

satisfying ||¢||lco < o0, then

for some ¢; € R.

Using this non-degeneracy result and following the same argument as in [3], one
can get the following solvability:

PROPOSITION 6.3. Let [€]| <A, po=(N+2s)/(N—2s) and 0 <o <N —2s.

There is a linear map (¢, co, c1,...,cn) = T (h) defined whenever ||h||4¢ < 00 such
that
N
(—A)*¢ — pow?° ' =h+coZo+ Y _c:Z; inRY, Jim Pz) =0 (6.7)
i=1
and
N
1]l + D leil < ClIl e (6.8)
=0

Moreover, ¢; =0 for all 0 < i < N if and only if h satisfies

/hZO:O, /haw:(), V1<i<N.
RN RN 81‘,
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Next we are going to solve problem (6.1):

LEMMA 6.4. Let A > 0 and s € (0,1), then there exists g > 0 such that for 0 < e <
g0, |€] < A and X\ < e there exists (¢, co,c1,...,cN) solution to

N
(7A)s¢ 7pwp71¢) = N(gf)) + E)\ + C()Zo + Z:l CiZi in RN \ B>\7§

I (6.9)
¢(r)=0 in Bjg, ‘ llim o(x) = 0.
In addition,
1]l + max fei| =0 as Ae—0,

and

||(Z5H*’§ < C()\y + 8) for 0 < A< Ao (610)
where

v =min{2s 4+ o, N — 2s}, 0<o< N -—2s. (6.11)

Proof. The proof follows from the following two facts. Fact 1. Assume s € (0, 1),
po=(N+2s)/(N—2s), 0<o <N —2s and let |{| < A. Suppose ||h]]wre < 00.
Then for A > 0 sufficiently small the problem

N -
(=AY —pwPrdp=h+coZo+ 3. ¢iZ; in RY\ Bie (6.12)
o i=1 '
¢(x)=0 in Bye,  lim ¢(x)=0,
|z o0

has a solution (¢, cg,c1,...,cny) = 7 (h) that depends linearly on h and satisfying
o1l + max. feil < Cllbllve

The constant C' is independent of A and €.
Proposition 6.3 and the similar proof of proposition 2.1 give out this fact.
Fact 2. Solving (6.1) reduces now to a fixed point problem. Namely, we need to
find a fixed point for the map A(¢) = 7 (N(¢) + E). Define
F={¢:RY\Brg = R: [|¢]le <M +¢)}
for some M > 0 large and v = min{N — 2s,0 + 2s}. Since
|A(D)+.e < CUIN(D)[[ex6 + [IE]lx.g)

and taking into account (6.5) and (6.6), we easily get that A(F) C Fif 0 < o <
min{2s + o, N — 2s}. To show that A is a contraction, we argue as in the proof of
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lemma 4.2, with

D(Z)N((Z_S) = (po +¢) [(w —pa+ q_g):DoJrefl . wp0+€71j|
+ [(po + g)wpo-‘rs—l - powpo_l](g
to reach that

sup  |z[**|DgN(¢)]
z€RN\Bj ¢
is infinitesimal as A + & — 0. In order to estimate (6.10) in the range of 0 < o <
N — 2s we process as in the proof of lemma 4.2. O

Proof of theorem 1.2. Let (¢, co,...,cn) be a solution to problem (6.1). Then it is
sufficient to show that the parameter A and the point £ can be adjusted so that
co, ..., cn are all equal to zero, which is

L. earezi-(-arze= [ (EN@)Z YO<i<N.
RN\ B¢ RN\Bj ¢

Define, for 0 <7 < N

)

G N = [ BNz [ (-arez - (870 619

N\Baxe
Arguing as in (5.4) and taking into account that, by symmetry,

/ WNH29)/(N=25) (100 ) Ow _ 0, Vi=1,...,N,
RN 0

Lq

we obtain

N+23 _92g — —2s s —2s 6w
GulE ) = awlO) g AV [ o= g7 ()20 2 )

+o(AVT* +e). (6.14)

Obviously, for & = 0 the above integral is zero. Since the above integral depends

smoothly on £, given 6 > 0 small, for all A and ¢ small we can find & € B;(0),
depending on \ and ¢, so that all ¢; =0, fori=1,..., N.

We are now left to show that also ¢y = 0. In order to get this fact, we need to

adjust the parameter \. Using the estimates obtained on ¢ and similar argument
as (5.4), we first observe that

Go = / ExZo+o ()\N_2S + E) .
RN\Bj ¢

Direct computation now yields that

/ ExZy = —ae + AN 725 1 oAV 725 1 ¢) (6.15)
RN\Bj ¢
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where

a = / w(N+28)/(N_23)(logw)Zo,
RN

N + 2s —(N—2s) 4s/(N—2s
AQ) = awl§) e [ o= gm0,

First we observe that the constant a is positive. Indeed, if we define

1 1
= —— wpo-i-l_i/ wp0+110 w
o) = oy [ =g [ ()

where w; = ((t)/(1 + Ay st?|2|?))N=25)/2] then changing of variables gives that
g(t) = AanN,s — bN,s IOgt

for some constants ay,s and by s > 0, depending on NV and s. Observing that a =
—¢'(1), the conclusion thus follows.

We need now to prove that A(£) > 0 for £ close to 0. To do so, it is enough
showing that

I=[ |o|~ @29 il P
RN (1 + [z2)(N/2)+st1 :

Writing wy for the volume of the N — 1 dimensional unit sphere, we have

I ° 1—172 1 d
=WN o (1+r2) 24+t pi-2s r

_ ! 1—7? 1 d > 1—r? 1 d
=wy o (14 7r2)(NV/2)+s+1 pl-2s r L (1 r2)(N/2) st p1=2s T

= WN 1 177‘2 ! *T’Nil dr >0
0 (1 +T2)(N/2)+S+1 rl=2s :

From (6.15) we can find A of order £'/(N=2%) 5o that ¢y = 0. This concludes the
proof of theorem 1.2. O
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