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ABSTRACT

For oriented —1-shifted symplectic derived Artin stacks, Ben-Bassat, Brav, Bussi and
Joyce introduced certain perverse sheaves on them which can be regarded as sheaf-
theoretic categorifications of the Donaldson—Thomas invariants. In this paper, we prove
that the hypercohomology of the above perverse sheaf on the —1-shifted cotangent stack
over a quasi-smooth derived Artin stack is isomorphic to the Borel-Moore homology of
the base stack up to a certain shift of degree. This is a global version of the dimensional
reduction theorem due to Davison. We give two applications of our main theorem.
Firstly, we apply it to the study of the cohomological Donaldson—Thomas invariants
for local surfaces. Secondly, regarding our main theorem as a version of the Thom iso-
morphism theorem for dual obstruction cones, we propose a sheaf-theoretic construction
of the virtual fundamental classes for quasi-smooth derived Artin stacks.
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1. Introduction

1.1 Motivations

For a Calabi—Yau 3-fold X, Thomas introduced enumerative invariants in [Tho00], now called the
Donaldson-Thomas (DT) invariants, which virtually count stable sheaves on X. Later several
variations and generalizations of DT invariants were introduced. One such example are the DT
invariants for quivers with potentials first introduced in [Sze08], which are now understood as the
local version of the original DT invariants. Another example is cohomological Donaldson-Thomas
(CoDT) theory, which studies the sheaf-theoretic categorification of DT invariants.

CoDT theory was initiated by the work of Kontsevich and Soibelman [KS11] in the
case of quivers with potentials. It studies the vanishing cycle cohomologies of the moduli
stacks of representations over Jacobi algebras associated with quivers with potentials. Later
[BBBJ15, BBDJS15, JU21] opened the door to CoDT theory for Calabi—Yau 3-folds by defining a
natural perverse sheaf Popi-ss (respectively, ¢ Mg-st) on the moduli stack i)ﬁg‘ss of compactly sup-

ported H-semistable sheaves (respectively, the moduli scheme M%‘St of H-stable sheaves) on a
Calabi—Yau 3-fold X with a fixed ample divisor H, which can be regarded as a categorification
of the original DT invariant in the following sense: for a compact component N C ./\/l)}g'St, we
have

/W] 1= (1) dim G g ),

7

where [N]'" denotes the virtual fundamental class of N

CoDT theory for quivers with potentials is well developed and shown to have a rich theory.
For example, Kontsevich and Soibelman in [KS11] constructed algebra structures called critical
cohomological Hall algebras (critical CoHAs) on the CoDT invariants for quivers with potentials.
Later, Davison and Meinhardt in [DM20] proved the wall crossing formulas for CoDT invariants
of quivers with potentials, and realized them as natural maps induced by the CoHA multipli-
cations. In contrast to these developments, almost nothing is known concerning CoDT theory
for Calabi—Yau 3-folds though it is expected that the local theory as above can be extended to
the global settings. The aim of this paper is to take the first step towards the development of
CoDT theory for local surfaces (i.e. Calabi-Yau 3-folds of the form Totg(wg) where S is a smooth
surface) by proving a global version of the dimensional reduction theorem [Dav17, Theorem A.1].

1.2 Dimensional reduction

In this paper we always use the term ‘dimensional reduction’ as a statement that relates three-
dimensional things to two-dimensional things. A dimensional reduction in DT theory was first
observed by the work of [BBS13] in the motivic context. They computed the motivic refinement
of the DT invariant of zero-dimensional closed subschemes of C? by relating it to the motive
of the moduli stack of zero-dimensional sheaves on C?. Later Davison proved a categorified
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version of the dimensional reduction theorem in [Dav17], which we briefly recall now. Let U be
a scheme, E be a vector bundle on U, s € T'(U, E) be a section, and 5 be the regular function on
Toty (EY) corresponding to s. Denote the projection by 7: Toty(EY) — U. Write Z = s71(0).
Then [Dav17, Theorem A.1] states that we have an isomorphism

05 (Qroty, (5v))|z = Qz[—2rank E] (1.1)

where ¢f denotes the vanishing cycle functor. This statement has many applications in CoDT
theory for quiver with potentials. For example, Davison in [Dav16] computed the vanishing cycle
cohomology for the Hilbert scheme of points in C? by using the quiver description and applying
(1.1). Another interesting application of the isomorphism (1.1) also discussed in [Dav16] is the
study of compactly supported cohomologies of the moduli stacks of representations of preprojec-
tive algebras, for example the purity of their Hodge structures. Therefore the isomorphism (1.1)
not only allows us to compute the vanishing cycle cohomology but also can be used to import
three-dimensional techniques to the study of two-dimensional objects.

The main theme of this paper is to globalize the isomorphism (1.1) so that it can be applied
to the study of CoDT theory for local surfaces. Before stating the main theorem of this paper,
we briefly recall the construction of the perverse sheaves introduced in [BBBJ15, BBDJS15]. Let
(X,w) be a —1-shifted symplectic derived Artin stack. By the work of [PTVV13, BD21], the
derived moduli stacks of coherent sheaves with proper supports on smooth Calabi—Yau 3-folds
give such examples. It is shown in [BBBJ15] that X is locally (in the smooth topology) written
as a critical locus. Given a square root of the line bundle det(ILx|yrea)

0: M® = det(LLx| grea),
which is called an orientation for X, we can construct a natural perverse sheaf
po_ P
Yx = SDx,w,o
on to(X) locally isomorphic to the vanishing cycle complex twisted by a certain local system.
Our main theorem in this paper is as follows.

THEOREM (Theorem 4.14). Let ) be a quasi-smooth derived Artin stack, and T*[—1]Q) =
Specy (Sym(Ty(1])) be the —1-shifted cotangent stack. Equip T*[-1]%) with the canon-
ical —1-shifted symplectic structure wrs[_1jyp and the canonical orientation or«[_1g (see
Examples 2.6 and 2.15). If we write m: to(T*[—1]2)) — to(Q)) for the projection, we have a
natural isomorphism

map’,}*[_lm = Qyy () [vdim Y. (1.2)

We now return to the story of the dimensional reduction in CoDT theory. Consider a smooth
surface S and write X = Totg(wg). Denote by IMtg (respectively, My ) the derived moduli stack
of compactly supported coherent sheaves on S (respectively, X), and we write Mg = to(Mis)
and My = to(Mtx). By applying the work of [BCS20, 1Q18|, we can show that there is a nat-
ural equivalence between Mix and T*[—1]Mtg over Mg preserving the —1-shifted symplectic
structure. Therefore we obtain the following corollary.

COROLLARY (Corollary 5.2). Let Mty and Mg be as above, and equip M x with the orientation
induced by the canonical orientation' on T*[—1]9s. If we write m: Mx — Mg for the canonical

! In [JU21], natural orientation data for a wide class of Calabi-Yau 3-folds including all projective ones and local
surfaces are constructed using gauge-theoretic techniques. In [JU21, Remark 4.12] it is conjectured that our choice
coincides with theirs for local surfaces.
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projection, we have an isomorphism
mgognx = Qong [vdim Mig]. (1.3)
By the Verdier self-duality of Lpgnx, the isomorphism (1.3) implies

H (x5 b, ) = Hodim g« (Ms) (1.4)

where HBM denotes the Borel-Moore homology. Since it is shown in [KV19] that HEM(91g)
carries a convolution product, the isomorphism (1.4) induces an algebra structure on
H* (M x; gognx). We expect that this is isomorphic to the conjectural critical CoHA for X and
it is useful in the study of wall-crossing formulas for CoDT invariants of X as in the local case.
Further, as the local dimensional reduction isomorphism (1.1) plays an important role in the
cohomological study of moduli stacks of representations of preprojective algebras in [Dav16], we
expect that its global variant (1.3) will be useful in the cohomological study of moduli stacks of
coherent sheaves on K3 surfaces or Higgs sheaves on curves. These directions will be pursued in
future work.

1.3 Thom isomorphism

For a quasi-smooth derived scheme Y, the dimensional reduction isomorphism (1.2) has another
interpretation: a version of the Thom isomorphism for the dual obstruction cone. By imitating
the construction of the Euler class, we construct a class e(T*[-1]Y) € HBM. (Y where we
write Y = to(Y") as follows. Consider the natural morphism

MPT*[—1Y 7 T«PT*[-1]Y" (1.5)
By taking the Verdier dual of the isomorphism (1.2), we have
Teppe[—1]y = wy[— vdim Y.

Therefore the map (1.5) defines an element in HPM. + (Y), which we name e(T*[—1]Y). Since
the virtual fundamental class is a generalization of the Fuler class, it is natural to compare
e(T*[-1]Y) with the virtual fundamental class [Y]'"". Concerning this, we have obtained the
following claim, which will be proved in a subsequent paper.

THEOREM [Kin21]. Assume Y is quasi-projective. Then we have
6(T*[—1]Y) _ (_1)vdimY-(vdimY—1)/2 [Y]vir‘

In other words, this theorem gives a new construction of the virtual fundamental class
(at least for quasi-projective cases). It is an interesting problem to construct other enumera-
tive invariants (e.g. Donaldson-Thomas type invariants for Calabi-Yau 4-folds constructed in
[CL14, BJ17, OT20]) based on the isomorphism (1.2) or its variant. This direction will be
investigated in future work.

1.4 Plan of the paper

This paper is organized as follows. In § 2 we recall some basic facts used in CoDT theory. In § 3 we
prove the dimensional reduction theorem for quasi-smooth derived schemes, by gluing the local
dimensional reduction isomorphisms in [Dav17, Theorem A.1]. In §4 we extend the dimensional
reduction theorem to quasi-smooth derived Artin stacks. The key point of the proof is the
observation that the canonical —1-shifted symplectic structure and the canonical orientation
for —1-shifted cotangent stacks are preserved by smooth base changes. In §5 we discuss some
applications of the dimensional reduction theorem. In Appendix A we collect some basic facts
on the determinant of perfect complexes.
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Notation and convention.

e All commutative differential graded algebras (cdgas) sit in non-positive degree with respect
to the cohomological grading.

e All derived or underived Artin stacks are assumed to be 1-Artin, and to have quasi-compact
and quasi-separated diagonals.

e All cdgas and derived Artin stacks are assumed to be locally of finite presentation over the
complex number field C.

e Denote by S, dSch, and dSt the co-categories of spaces, derived schemes, and derived stacks,
respectively.

e For a derived scheme or a derived Artin stack X, ¢o(X) denotes the classical truncation.
Denote by X4 = ¢o(X)™d the reduction of X.

e For a morphism of derived Artin stacks f: X — Y, Ly denotes the relative cotangent com-
plex. We write Lx for the absolute cotangent complex of X, and Tx = LY for the tangent
complex.

e For a derived Artin stack X, vdim X denotes the locally constant function on to(X) whose
value at p € to(X) is > (—1)'H!(Lx|,). We define vdim f for a morphism locally of finite
presentation between derived Artin stacks f in a similar manner. .

e For a derived Artin stack X and a perfect complex E on X, we define det(E) := det(E|zred).

e For a complex analytic space or a scheme X, we will only consider (analytically) constructible
sheaves or perverse sheaves which are of Q-coefficients. Denote by D%(X, Q) the full subcate-
gory of the bounded derived category of sheaves of Q-vector spaces D?(X, Q) spanned by the
complexes with (analytically) constructible cohomology sheaves.

e Concerning sign conventions for derived categories, we always follow [Sta20, Tag 0OFNG].

e If there is no confusion, we use expressions such as fi, fi, and Hom for the derived functors
Rf., Rfi, and RHom.

2. Shifted symplectic structures and vanishing cycles
In this section we briefly recall the notion of shifted symplectic structures introduced by

[PTVV13], and some facts about vanishing cycle functors which will be needed later.

2.1 Shifted symplectic geometry
Here we briefly recall some notions in derived algebraic geometry and shifted symplectic
geometry.

DEFINITION 2.1. A derived Artin stack X is called quasi-smooth if the cotangent complex Ly
is perfect of amplitude [—1,1].

Let U be a smooth scheme, and s € T'(U, E) be a section of a vector bundle E on U. Write
Z(s) for the derived zero locus of s. We have the following Cartesian diagram in dSch.

!
—

Z(sJ) U
gl 0 Js
U—F

Since Ly[—1] and g*Ly are locally free sheaves concentrated in degree zero, we conclude that
Z(s) is quasi-smooth.

https://doi.org/10.1112/S0010437X21007740 Published online by Cambridge University Press


https://doi.org/10.1112/S0010437X21007740

T. KINJO

DEFINITION 2.2. For a quasi-smooth derived scheme X, a Kuranishi chart is a tuple
(Z,U,E,s,t) where Z is an open subscheme of to(X), U is a smooth scheme, E is a vector
bundle on U, s is a section of F, and ¢: Z(s) — X is an open immersion whose image is Z. A
Kuranishi chart is said to be minimal at p = ¢(q) € Z if the differential (ds),: T,U — E, is zero.
A Kuranishi chart (Z,U, E, s,¢) is called good if U is affine and has global étale coordinate, that
is, regular functions x1, xs, ..., x, such that dqrz1, darxe, ..., dqrx, form a basis of 7, and F
is a trivial vector bundle of a constant rank.

ProprosITION 2.3. Let X be a quasi-smooth derived scheme, and p € X be a point.

(i) [BBJ19, Theorem 4.1] There exists a Kuranishi chart (Z,U, E, s,¢) of X minimal at p € Z.
(ii) [BBJ19, Theorem 4.2] Fori = 1,2, let (Z;,U;, E;, s;, ;) be a Kuranishi chart on X minimal
at p = t;(¢q;). Then there exist a third Kuranishi chart (Z',U’, E’,s',1") of X minimal at
p = (¢, étale morphisms n;: U' — U, and isomorphisms 7;: E' — n} E; with the following
properties:
- Ti(s') = nisi;
— the composition Z(s') — Z(s;) =+ X is equivalent to ' where the first map is induced
by n; and T;.

Proof. (i) is a direct consequence of [BBJ19, Theorem 4.1].
(ii) follows from [BBJ19, Theorem 4.2] except for n; being étale and 7; being isomorphism.
Since (Z;,U;, E;, si, f;) is minimal at ¢;, we have

HO(LZ(si)’qz') = QUi‘qi’ H_I(LZ(si)|q¢) = Ezv|qz

Similarly, we have

HY(Lzs)lg) = Qurly, H ' (Lgely) = EVy.

Since the open immersion Z(s') — Z(s;) induces a quasi-isomorphism Lzl =~ Lz(s)le, we
see that n; is étale at ¢ and 7; is invertible at ¢’. Thus by shrinking U’ around ¢’ if necessary,
we obtain the required properties. O]

Let A be a cdga, and take a semi-free resolution A’ — A. We define the space of n-shifted
p-forms and the space of n-shifted closed p-forms by

AP(A;n) = [(ANPQa[n], d)],

)

.Ap’d(A, n) = ‘ (H /\p+iQA/[—Z' +nl,d+ ddR)

>0

respectively, where d is the internal differential induced by the differential of €24/, and dggr is the
de Rham differential. Here for a differential graded (dg) module E, |E| denotes the simplicial set
corresponding to the truncation 7<°(E) by the Dold-Kan correspondence. These constructions
can be made oo-functorial, and they satisfy the sheaf condition with respect to the étale topology
(see [PTVV13, Proposition 1.11]). Therefore we obtain oo-functors

AP(— n), APl (— n): dSt°P — S.

We write f* for AP(f,n) and also for AP!(f n). For a derived Artin stack X, it is shown in
[PTVV13, Proposition 1.14] that we have an equivalence

Ap(;{, n) ~ Map(o;{, /\p]Lx[n}). (2.1)
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We have natural morphisms
7 AP(— n) — AP(—, n),
dgr: Ap(_’ n) - Ap—&-l,cl(_’ n)?
where 7 is induced by the projection [[;-, APHIQ 0 [—i 4 n] — APQu(p], and dgr is induced by
the map
AP(A,n) 3 w® = (dgrw?,0,0,...) € APTLE(A n).

DEFINITION 2.4. Let ¥ be a derived Artin stack. A closed n-shifted 2-form w € A% (%, n) is
called an n-shifted symplectic structure if w(w) is non-degenerate (i.e. the morphism Ty — Lx[n]

induced by 7(w) using the identification (2.1) is an equivalence). An n-shifted symplectic derived
Artin stack is a derived Artin stack equipped with an n-shifted symplectic structure on it.

We say that two shifted symplectic derived Artin stacks (X1,wx,) and (X2,wx,) are
equivalent if there exist an equivalence ®: ¥; =5 X, as derived stacks and an equivalence
<I>*w352 ~Wx;-

Ezxample 2.5. Let U = Spec A be a smooth affine scheme and f: U — C be a regular function
on it. Denote by X the derived critical locus Crit(f). Since X is the derived zero locus of the
section dgr f: U — Qp, the derived scheme X is equivalent to Spec B where B is a cdga defined
by the Koszul complex

B=(-— /\QQX& dar f QX “dar f A).

Assume there exists a global étale coordinate (x1,...,z,) on U. We write the dual basis of
d4r1, . .., dqrTy as 0/0x1,...,0/0z,, and y; € B~! denotes the element of degree —1 corre-
sponding to 0/0x; for each i = 1,...,n. Although B is not semi-free in general, one can see that

Qp gives a model for L. Define an element w'y € (A?Qp)~! of degree —1 by
wfx = dqrx1 ANdqry1 + - - - + dar®n A ddarYn.-

This defines a —1-shifted 2-form, which is clearly non-degenerate. Since we also have dqrw'y = 0,
the closed form wx = (w',0,...) defines a —1-shifted symplectic structure on X.

Ezxample 2.6. Let Q) be a derived Artin stack, and n be an integer. Define the n-shifted cotangent
stack of 9) by T*[n]Q) := Specy)(Sym(Ty[—n])). Let w: T*[n]Y — P be the projection. We
have a tautological n-shifted 1-form Ap«[,,9 on T*[n]Q) defined by the image of the tautological
section of w*Lgy[n] under the canonical map w*Ly[n] — Lpsppy[n). In [Call9, Theorem 2.2] it
is shown that w9 = darAT+[n)p is non-degenerate, and we obtain the canonical n-shifted
symplectic structure on T*[n]Q).

It is proved in [BBJ19, Theorem 5.18] that any —1-shifted symplectic derived scheme is
Zariski locally modeled on a derived critical locus. For a —1-shifted symplectic derived scheme of
the form T*[—1]Y for some quasi-smooth derived scheme Y, its local model as a derived critical
locus can be described by combining Proposition 2.3 and the following lemma.

LEMMA 2.7. Let U = Spec A be a smooth affine scheme admitting a global étale coordinate,
E be a trivial vector bundle on U, and s € I'(U, E) be a section. Denote by § the regular function
on Toty (EY) corresponding to s. Then we have an equivalence of —1-shifted symplectic derived

schemes
(Crit(5), werit(s)) ~ (T7[-1]Z(s), wre—1)2(5)) (2:2)
equipped with the —1-shifted symplectic structures constructed in Examples 2.5 and 2.6,
respectively.
129
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Proof. Fix a global étale coordinate z1,...,x, on U and a basis ej,..., e, of M =T(U, E).
Write s = aje1 + - - - + amen. If we write «; := dgrx;, then aq,...,a, defines a basis of Q.
Denote by eY,...,ey, and ay,...,«, the dual bases of ey, ..., e, and aq, ..., a,, respectively.

Define a cdga C by the Koszul complex

oy ®1—37(8a;/0;)zj,e] @1—a;

C = ( - (QX@MV) ®A A[Zlv"'azm] A[Zla"'7zm])‘

Now it is clear that Spec C gives models for both Crit(s) and T*[—1]Z(s). The tautological
1-form Ap«[_1]z(s) 1s represented by

3 oY (darei) + 3 zi(dare)) € A'(SpecC, —1).

i=1 j=1

A direct computation shows that dar A+[—1)z(s) ~ Wcrit(s), Which implies the lemma. O

2.2 D-critical schemes
In this section we briefly recall the notion of d-critical structures introduced in [Joy15], which
constitute a classical model for —1-shifted symplectic structures. D-critical structures are eas-
ier to treat than —1-shifted symplectic structures and are enough to apply in cohomological
Donaldson—Thomas theory.

For any complex analytic space X, Joyce in [Joyl5, Theorem 2.1] introduced a sheaf

Sx € Mod(Cx) (2.3)

of C-vector space on X with the following property: for any open subset R C X and any closed
embedding i: R — U where U is a complex manifold, we have an exact sequence of sheaves
on R,

0— Sx|lr— i 'Ou/Iy LLR i/ (Ipy i Q).
Here Ig  is the ideal sheaf of i~'Oy corresponding to R. The composition
Sx|r— i 'Ou/Ify — i 'Ou/lry = Ok

glues to define a morphism fBx: Sx — Ox, and we define a subsheaf 59( of Sx by the kernel of
the composition

SX 6—X> OX — OXred.

It can be shown that we have a decomposition Sy = Cx & 89( where Cx is the constant sheaf
and Cx — Sx is induced by the inclusion Cy — Oy identifying Cy; with the sheaf of locally
constant functions on U. If X is the critical locus of some function f on a complex manifold U
such that f|yrea =0, then f + 1)2(7(] defines an element of I'(X, 8%) since dgr f|x = 0.

DEFINITION 2.8 [Joyl5, Definition 2.5]. Let X be a complex analytic space. A section
s €(X,8Y%) is called an (analytic) d-critical structure if for any closed point z € X there
exist an open neighborhood x € R C X, a complex manifold U, a regular function f on U with
flgrea = 0, and a closed embedding i: R — U such that i(R) = Crit(f) and f + I%%,U = s|r. The
tuple (R, U, f,i) as above is called a d-critical chart for (X,s). A d-critical scheme is a scheme
equipped with a d-critical structure on its analytification.

Remark 2.9. Joyce [Joyl5, Definition 2.5] also introduced the algebraic version of the d-critical
structure, and some authors define a d-critical scheme as a scheme equipped with an algebraic
d-critical structure. We always work with analytic d-critical structures since they are enough for
our purposes.
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For a d-critical chart (R,U, f,i) of a d-critical scheme (X, s) and an open subset U’ C U,
define R' =i~ (U"), f' = flyr, and i/ =i|p: R' < U’. Then (R',U’, f',i') defines a d-critical
chart on (X, s). We call (R',U’, f’,i') an open subchart of (R, U, f,1).

In order to compare two d-critical charts, Joyce introduced the notion of embedding: for
a d-critical scheme (X, s) and its d-critical charts (Ry, Us, f1,71) and (Rg, Uz, fo,i2) such that
Ry C Rg, an embedding (Ry, Uy, f1,i1) — (R2,Us, fa,i2) is defined by a locally closed embedding
®: Uy — Us such that f; = foo® and ® oiy; =ia|g,. The following theorem is useful when
comparing two d-critical charts.

THEOREM 2.10. Let (X, s) be a d-critical scheme.

(i) [Joyl5, Theorem 2.20] Let (Ri,Un, f1,i1) and (Ra,Us, fo,i2) be d-critical charts, and
x € Ri N Ry be a point. Then, by shrinking these d-critical charts around x if neces-
sary, we can find a third d-critical chart (Rs,Us, f3,i3) with x € R3 and embeddings
(R1,Uy, f1,41) — (R3,Us, f3,1i3) and (R, Us, fa,i2) — (R3,Us, f3,13).

(ii) [Joy15, Theorem 2.22] Let ®: (Ry,Un, f1,i1) < (Ra, Us, f2,i2) be an embedding of d-critical
charts, and x € Ry be a point. Then, by shrinking these d-critical charts around x keeping
®(Uy) C Uy if necessary and replacing ® by its restriction, we can find holomorphic maps
a: Uy — Uy and B: Uy — C" for n =dimUs — dim Uy, such that (a,3): Uy — Up x C"
is biholomorphic onto its image, and we have ao® =id, fo® =0, and fo= fioa+
(22 + -+ + 22) 0 B where z; is the ith coordinate of C".

For an embedding of d-critical charts ®: (Ry, Uy, f1,i1) — (Ra2,Us, f2,i2) of a d-critical
scheme (X, s), Joyce defined in [Joy15, Definition 2.26] a natural isomorphism

. 2 ~ - 2
Jq>2 Z’{(K{?l )|Ried — ZE(K{?Q )|Ried.

If there exist «, 5 as in Theorem 2.10(ii), Jg is defined as follows. Firstly, we have isomorphisms
Ky, = (o, B)* (Ky,xcr) = o* Ky, ® 3" Kcen = o Ky,
where the final isomorphism is defined by the trivialization
Kcn = Ogn - (dzg A -+ - Adzy).

Then, by taking the square of this composition and pulling back to R;, we obtain the desired
isomorphism.

Using this preparation, we can construct a natural line bundle Kx , on X red which is a
d-critical version of the canonical line bundle as follows.

THEOREM 2.11 [Joyl5, Theorem 2.28]. For a d-critical scheme (X,s), one can define a line
bundle Ky s on X™4 which we call the virtual canonical bundle of (X, s) characterized by the
following properties.

(i) For a d-critical chart Z = (R, U, f,1) of (X, s), we have an isomorphism
7 KX75|Rred = ('L*KU)®2 ‘Rred .
(ii) For an embedding of d-critical charts
b t@1 - (R17 Ul-; f17 Zl) — t%2 == (R27 U27 f27 i?)v
we have

L%2|Ried == J(I) o) L%l.
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DEFINITION 2.12 [Joyl5, Definition 2.31]. An orientation o of a d-critical scheme (X,s) is a
choice of a line bundle L on X4 and an isomorphism

0: 1% S K X,s-

As we have seen in the previous section, —1-shifted symplectic derived schemes are locally
modeled on derived critical loci. Therefore we can regard the notion of d-critical schemes as an
underived version of the —1-shifted symplectic derived scheme. The following theorem gives the
rigorous statement of this fact.

THEOREM 2.13 [BBJ19, Theorem 6.6]. Let (X,wx) be a —1-shifted symplectic derived scheme.
Then its underlying scheme X = to(X) carries a canonical d-critical structure sx with the fol-
lowing property: for any —1 shifted symplectic derived scheme (R,wg) of the form R = Crit(f)
where f is a regular function on a smooth scheme U, wr the —1-shifted symplectic form on R
constructed in Example 2.5, and an open inclusion ¢: R <— X such that t*wx ~ wg, the tuple
(R,U, f,i) gives a d-critical chart for (X, sx) where we write R = to(R) and i: R — U for the
natural closed embedding. Furthermore, there exists a canonical isomorphism of line bundles

Ax: det(Lx) 2 Kx sy,
where (T(;:(LX) = det(Lx|xrea) by definition.

We define the notion of orientations for —1-shifted symplectic derived schemes to be that of
the underlying d-critical schemes.

For later use, we explain the construction of Ax in the above theorem for X = Crit(f)
where f is a regular function on a smooth scheme U. In this case, Lx|x is represented by the
two-term complex

Hess(f)
(Tu|x — Qulx),
where Hess(f) denotes the Hessian of f. We define A x by the following composition:

d/\et(LX) = det(QU’Xred) ® det(TU’Xred)il

.(l)dimU
2
—_

= (" K1) | Frea (1K) Frea 2 Ko (2.4)
where det(Ty) ™! =2 Ky is locally defined by
(0/0z1 A -+~ ND)Ozp)Y +— dzg A -~ Adzy. (2.5)

The constant ()4 is just a convention, and it corresponds to the fact that Hess(z%) = 2(dz)®”.

We now we discuss the canonical orientation for —1-shifted cotangent schemes. To do this
we recall basic facts on the determinant of perfect complexes, which are proved in Appendix A.

LEMMA 2.14. Let X be a derived Artin stack.
(i) For a perfect complex E on X and an integer m, we have natural isomorphisms
ip: det(EY) = det(E)™Y, X" det (Elm]) = det(£) D"

(ii) For a distinguished triangle A: E — F — G — E]1] of perfect complexes on X, we have a
natural isomorphism

W(A): det(E) ® det(G) = det(F).

We write g = )Zg). The following example defines the canonical orientation for —1-shifted
cotangent schemes.
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Ezample 2.15 [Tod19, Lemma 4.3]. Let Y be a quasi-smooth derived scheme, 7w: T*[-1]Y — Y
be the projection, and write sp«_1jy for the d-critical structure associated with the canonical
—1-shifted symplectic form constructed in Example 2.6. We have a natural distinguished triangle

Aﬂ-: TF*LY — LT*[—l]Y — Tl'*']ry[l} — Ly[l] (26)
Define an isomorphism

Olp-_pjy+ (74" det(Ly)®" = det(Ly-_yjy)
by the composition of the isomorphisms

2 i @y,
=

(7™4)* det(Ly)® (7"°d)* det(Ly) ® (7"°%)" det(Ty) !

id®yc’:i'ﬂ‘Y dyvx T dyx T
— T, () det(Ly) @ (770)* det(Ty[1))

W(Ag) =
X, det(Lp«—1)y)

where we write m = to(7). Define

opep_yy (1Y) det(Ly)®" = K. (2.7)

1Y, spr_1y

by the composition Ap«[_jy © O’,I‘*[—l]Y’ and we call this the canonical orientation for T*[—1]Y .

2.3 Vanishing cycle complexes

Let f be a holomorphic function on a complex manifold U, and set Uy = f~!(0) and U<o =
f7t({z € C | Re(z) < 0}). The (shifted) vanishing cycle functor go’;f: DU, Q) — DUy, Q) is
defined by the composition of the functors

¢ = Uy = U<o)*(U<o = U)".
The functor cp? preserves the constructibility (see, for example, [Dim04, Definition 4.2.4,
Proposition 4.2.9]). The canonical morphism (U<q < U)' — (U<g = U)* induces a natural
transform
o gp’} — (Ug — U)*. (2.8)
Here we list basic properties of the functor (,0? we use later.

PRrROPOSITION 2.16. Let U be a complex manifold and f be a holomorphic function on it. Write
Uy = f_l(O).
(i) If F is a perverse sheaf on U, then gpfc (F) is also a perverse sheaf.

(ii) The support of ¢;(Qu) is contained in Crit(f).

(iii) Let q: V — U be a holomorphic map where V' is a complex manifold, and qo: Vo — Uy
denotes the restriction of ¢ where Vi = (f 0 ¢)~1(0). Then we have a canonical morphism
Og¢: qa‘cpz}(F) — cp?oq(q*F) for each F € Db%(U,Q), which is an isomorphism if q is a
submersion. Further, the following diagram commutes.

@q,f
@ P (F) Pog (@ F)
\ / (2.9)
a5y (F) Yfoq(a* F)
90 (Fluy)-
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(iv) (Thom and Sebastiani) Let V' be a complex manifold, g be a holomorphic function on it, and
f @B g be the function on U x V defined by (f B g)(u,v) = f(u) + g(v). For F € DU, Q)
and G € DY(V,Q), we have a canonical isomorphism

TSt,9,7G Prmy(FBG)|ugxvy = OH(F) B @h(G)
where Vo = g~1(0). Further, the following diagram commutes.

’YfEElg(FgG)lUOxVO
@?EQ(F&G)‘UOXVO (FIZG)’UOXVO

TS5,9,7,G l 2 l 2 (2.10)
vf (F) Ry (G)

o (F) B ¢(G) Flyy W Glo,

(v) (Verdier duality) For F € DY(U,Q), there exists a canonical isomorphism
Dup (P2(F)) & (D (F))

where Dy, and Dy denote the Verdier duality functors on Uy and U, respectively.

Proof. (i) is proved in [KS90, Corollary 10.3.13]. (ii) easily follows from the definition. (iii) follows
from the smooth base-change theorem. (iv) is proved in [Sch03, Corollary 1.3.4]. (v) is proved in
[Mas16]. O

By an abuse of notation, we write go? = @?(QU[dim U]) if there is no confusion. We identify
the ith cohomology of the stalk of go’;c at some point with the (i + dim U)th relative cohomology
of a ball modulo the Milnor fiber at a small positive value. We regard w? as a perverse sheaf on
U, Uy, or Crit(f) depending on each situation.

If we write z: C — C for the identity map, we have natural isomorphisms

(7)o = H'(C, {z € C | Re(2*) > 0}; Q)
~ HY(R,R\ 0;Q). (2.11)
The latter isomorphism is induced by the inclusion
(R,R\ 0) < (C,{z € C | Re(z?) > 0}).
The orientation of R given by the positive direction defines a cohomology class a; € H'(R,
R\ 0;Q), hence a trivialization
hl,z3 (‘0{:2 = Qo. (212)
Let (z1, ..., 2n) be the standard coordinate of C". Then the Thom-Sebastiani theorem and (2.12)
give an isomorphism
P, (21t Przyg2]0.0) = Qo 0): (2.13)
We now recall the construction of the globalization of the vanishing cycle complexes asso-
ciated with oriented d-critical schemes introduced in [BBDJS15]. To do this we introduce the

following notation. For a scheme X, a principal Z/2Z-bundle P on X, and F € DZ(X ,Q), one
defines

F ®gz)92 P = F Qqy (Qx ®zy /225 P)

where the Zx /2Zx-module structure on Qy is defined by multiplication by —1. For a d-critical
scheme (X, s) with a fixed orientation o: L& = Kx s and its d-critical chart Z = (R, U, f,1),
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we define a principal Z/2Z-bundle
o (2.14)
over R whose sections are local isomorphisms
a: L — (i"Ky)| grea
such that a® = ¢ R,U,f,i © 0. For an embedding of d-critical charts
O: % = (R, Uy, f1,i1) — K2 = (R, Us, fa,i2)
such that a: Uz — Uy and #: U; — C" as in Theorem 2.10(ii) exist,
Q%)™ ©Q%,
parameterizes square roots of

5 (A2 A e A dzn)

Thus the choice i3 (dz1 A -+ A dzy,)| grea gives an isomorphism
On the other hand, we have isomorphisms
e = etk © BT, . 2 i, (2.16)

where the first one is defined using (2.12) and the second one is a Thom—Sebastiani isomorphism.
With this notation, the globalized vanishing cycle complex is defined by the following
theorem.

THEOREM 2.17 [BBDJS15, Theorem 6.9]. Let (X, s, 0) be an oriented d-critical scheme, and let
H1 = (R1,Uy, f1,11) and B2 = (Ra, Ua, fo,i2) be any d-critical charts with Ry C Ry. Then there
exists a natural isomorphism

Yoo, 19, @22 Q% — 139%, ®z/22 Q% IRy
with the following properties.

(i) Given another d-critical chart %3 = (R3,Us, f3,i3) with Ry C R3, we have

Ya5,9 = L3, Ry © Loty 22, -

(i) If %, is an open subchart of %o, then Y 4, #, is defined by the canonical isomorphisms

2ol QR = Q%
(iii) For an embedding of d-critical charts
%1 = (R, Ul, fl, il) — %2 = (R, UQ, fz, ig)

such that a: Uy — Uy and (3: Uy — C" as in Theorem 2.10(ii) exist, Y4, 4, Is defined by
isomorphisms (2.15) and (2.16).

Ur-

Using (i), we can define a perverse sheaf % . ~on X such that for a given d-critical chart
Z# = (R,U, f,i) there exists a natural isomorphism

. AP ~ % P
W <Px,s,o|R = Z*SOf ®z,/22 QY-

Moreover, there exists an isomorphism ox 50 Dx(¢% , ) = % o0
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For later use, we recall the construction of ox s ,. For a d-critical chart Z = (R, U, f,1i), the
Verdier self-duality of 4,0? induces an isomorphism

o Dx (W% s 0) IR = V% 5 ol (2.17)

If we define

(_l)dimU(dim Uu-1)/2 1

O — O:gl’

we can show that it glues to define an isomorphism ox s, (the necessity of the sign intervention
is due to the fact that the first diagram in [BBDJS15, Theorem 2.13] commutes up to the sign
(—1)dimU-dimV "Tf there is no confusion, we write ox = ox 0.

For an oriented —1-shifted symplectic derived scheme (X,wx,0), define ¢ x . o, to be the
perverse sheaf (pg(, sx0 O X = to(X) where sx is the d-critical structure associated with wx. If

there is no confusion, we simply write px , or ¢ x instead of Y x .,y o-

2.4 Dimensional reduction

Let U be a smooth variety of dimension n, and s be a section of a trivial vector bundle FE of
rank 7 on U. Denote by 5: Toty(EY) — A! the regular function corresponding to s. We have a
canonical morphism

¥5(Qroty vy +71): 95 — Qs—1(0)[n + 7] (2.18)

Define Z = Z(s) to be the zero locus of s, and Z = (rpv) " (Z) where mpv: Toty(EY) — U is
the projection. By restricting (2.18) to Z, we obtain

Vs = Y5(Qroty (5v) [0 + 1))l 71 05 = Qzn +1]. (2.19)
Here we identify % and ¢Z|; since the support of ¢? is contained in Z.
THEOREM 2.18 [Dav17, Theorem A.1]. The natural map
¥s = (mpv)s: (mev )il — (tpv 1 Qzln + 1] = Qzln — 1] (2.20)
is an isomorphism.

We want to globalize this statement for the —1-shifted cotangent space using Lemma 2.7. To
do this, we first need to prove the triviality of the Z/2Z-bundle introduced in (2.14) associated
with the canonical orientations for shifted cotangent schemes and certain d-critical charts.

LEMMA 2.19. Let U, s be as above, and Z = Z(s) be the derived zero locus of s. Assume U
is affine and carries a global étale coordinate. Denote by Orp | the canonical orientation
constructed in Example 2.15 and by

% = (Crit(5), Toty (EY), 5,4)

1)z

the d-critical chart induced by the equivalence (2.2). Then Q;,T*[*”Z is a trivial 7Z/27Z-bundle.

Proof. The distinguished triangle (2.6) for Z restricted to Crit($) is represented by the following
short exact sequence of two-term complexes:

0 — Tav EY|crits) —— Troty (BV)lcrits)y —— v Tl crits) —— 0

J{(ds)v J{Hess(s) lds (2.21)

0 —— TpvQulcrits) —— Doty (BV)lorits) —— Thv Elcrits) — 0
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Thus the canonical orientation (2.7) for Crit(s) is identified with

u: (det(mhy Q) @ det(miy EY) ™" 2 det( Qo () (2:22)
where
det(mh B) @ det(min Tyy) ™! = det (i Q) @ det(mipy EY)
and

det(Ty) ™! = det(Q)
are defined in the same manner as (2.5). On the other hand, we have an isomorphism
v: det(mivQu) ® det(mhy EY) ™ 2 det(my Qu) @ det(hy E)
~ det(Qrory(5v)); (2.23)
where the first isomorphism is defined as (2.5) and the second isomorphism is induced by the

lower short exact sequence in (2.21). By the definition of Ops_1z and (2.4) we see that

2

o= (_1)(n+r)(n+rfl)/2(1/2)n+r @ , (2‘24)

where we write n = dimU and r = rank E. The appearance of the sign (—1)"+7)(n+r=1)/2 jg
caused by the difference of the maps (2.5) and (A.2), and the difference of the symmetric monoidal
structure for the category of graded line bundles (A.1) and the standard symmetric monoidal
structure for the category of ungraded line bundles. Equation (2.24) implies the triviality of

Orx[_1]z
QQ; . ]

For later use, we explicitly choose a trivialization of Q;*[_I]Z. For each (a,b) € ZQZO, take
€ap € {1,—1,v/—1,—/—1} so that
e co0 =1,
® Cab = (—1)y —leg—1,p-1,
® €qt1b = (_ V _1)a_b€a7b'
Then

nr (VI (2.25)

Or*[-1]z
7
COROLLARY 2.20. LetY be a quasi-smooth derived scheme, wy : T*[—1]Y — Y the projection,
and write my = to(mwy). Then (ﬂ‘y)[gog*[_l}y is a rank-one local system shifted by vdimY .

gives a square root of u, hence a trivialization of @

Proof. Since the statement is local, we may assume Y is a derived zero locus Z(s) as in the
previous lemma. The conclusion of the lemma implies that cp’,}*[_l]y is isomorphic to %, hence
the statement follows from Theorem 2.18. d

3. Dimensional reduction for schemes

In this section we will prove that the local system appearing in Corollary 2.20 is in fact trivial,
by showing that the local dimensional reduction isomorphism (2.20) is independent of the choice
of the Kuranishi chart.

Let Y be a quasi-smooth derived scheme and wy: T*[—-1]Y — Y be the projection. We
always equip T*[—1]Y with the —1-shifted symplectic form constructed in Example 2.6 and the
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canonical orientation
0 = Op+_1]y-
Write my = to(wy), Y = to(T*[-1]Y), and Y = to(Y). Take a good Kuranishi chart
2 =(Z,UE,s,t)

of Y. The map ¢ induces an open immersion : T*[-1]Z(s) — T*[-1]Y with the image
Z = n3y"(Z). Lemma 2.7 shows that there exists a natural embedding i: Z — Toty (EV) such
that

¥ = (Z,Toty(EY),5,1)
gives a d-critical chart on Y.
We now have an isomorphism

(my )1yl 2z 2 (T )i (P |2) (3.1)
where mgv: Toty(EY) — U is the projection and i: Z < U is the natural embedding. By the
definition of go’,}*[_l]y in Theorem 2.17 we also have an isomorphism

U‘)Qf ;*(QO,P}‘*[_HY|Z ®Z/2Z (Q})*l) = QO? (32)

By combining isomorphisms (3.1) and (3.2), the trivialization of Q7% in (2.25), and
Theorem 2.18, we obtain the following isomorphism:

N (Wy)!(pﬁ‘*[_l]y|z >~ Qz[vdimY]. (3.3)

THEOREM 3.1. Fori= 1,2, let %; = (Z;,U;, E;, si, ;) be good Kuranishi charts on Y. Then we
have Y, |z,nz, = Y#,|2,nz,- Therefore there exists a natural isomorphism

We say that two Kuranishi charts 27 = (Z1,Uy, E1, s1,t1) and 25 = (Z2,Us, Ea, s2, t2) have
compatible dimensional reductions at p € Z1 N Zy if there exists an analytic open neighborhood
p €W C Zy N Zy such that 7z |w = 72, |w-

LEMMA 3.2. Let 29 = (Z1,Uy, E1, s1,t1) and %5 = (Za,Us, Fa, s2,12) be good Kuranishi charts
on Y. Assume that these Kuranishi charts are minimal at p € Z1 N Zy. Then they have
compatible dimensional reductions at p.

Proof. Denote by i1: Z1 — U; and iy: Zy — Us the natural embeddings, and let
%= (Zy, Toty, (BY),51,i1), 2= (Za, Toty,(EY), 5, 2)

be d-critical charts associated with 27 and %%, respectively. Using Proposition 2.3(ii), we may
assume that we have the commutative diagram

S1

Toty, (EY) — Toty, (1*By) — Toty, (EY) — Al

TV 7 52

~ 0,

U1 —_— U2
such that n is étale and n(i1(p)) = i2(p). The natural isomorphism

(70 7")" Koy, (£y) = Koty (5Y)
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induces an isomorphism
0 o~ Mo |~
% Qfé’é |Zl
which identifies the trivializations (2.25). Then Theorem 2.17(ii) implies that the composition

~Y

108, 243 (0%, ®z/2z Q%) = i5(k, ®z/22 Q?@\é)‘zl = (%959052)\’2“1 (3.4)
is the natural isomorphism
s, = 'es,
given in Proposition 2.16(iii) pulled back to 7. Hence the commutativity of diagram (2.9) implies

the lemma. OJ

PROPOSITION 3.3. Let & = (Z,U, E, s,t) be a good Kuranishi chart on'Y', which is not minimal
at p € Z. Then there exists another good Kuranishi chart Z' = (Z',U', E', s',/) withp € Z' and
dim U’ < dim U such that 2 and 2’ have compatible dimensional reductions at p.
Proof. Take a trivialization
E=0y-e1®---®0y-e,

and write

s= fie1 + -+ frep.
By the non-minimality assumption, we may assume that fi; # 0 and the zero locus Z(f;) is
smooth at p. Take a smooth affine open neighborhood p € U’ C Z(f1) and define a vector bundle
E' on U’ by

E = (Ov-ea®d -0y -e)|yr.

Let s’ € T(U’, E') be the section induced by s|¢-. Then we obtain a natural open immersion of the
derived zero loci Z(s') < Z(s). Define ¢/: Z(s') — Y by the composition Z(s') < Z(s) =Y,
and denote its image by Z’. By shrinking around p if necessary, we may assume that

¥ =(Z'\ U E &)
is a good Kuranishi chart. We prove that this Kuranishi chart has the desired property.

Firstly take a local coordinate x1,...,2, of U around py = ¢~ !(p) with z; = f; and an

analytic open neighborhood pyy € V' in U which maps biholomorphically to a polydisc B C C™
under (z1,...,x,). Write V/ =V N U’. By shrinking V' if necessary, we can write

filv = z1hi +rioa

for each i € {2,...,n}, where h; is a holomorphic function on V', r; is a holomorphic function on
V', and @: V — V' is the map identified with the projection B? — B"~L.
Let

P = (Z,Toty(EY),8,1), Z'=(Z, Toty:((E")Y),5,7)
be d-critical charts on Y associated with % and 2 , respectively. Write
B =W,V sl ily), 200 = (W, V5 7y
for the restrictions of 2 and 2 , where we define
W=i"YV), W:i=n (W), Vi=Toty(Ely), V' :=Toty(E ).
To simplify the notation, we write

ei=¢ely, 5=35, §=35
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Define a closed immersion linear over V' — V,

oV — V,
by
e/ [y — —hie) + e,
where ey, ... e is the dual basis of ej,...,e,. A direct computation shows that ® defines an

embedding of d-critical charts
F— 2

in other words, we have the commutative diagram

such that
Crit(5') = Im(i'), Crit(5) = Im(%).

Now define a map linear over the projection a: V — V|

V-V,
by

e — e lv,
and a map linear over the projection z1: V — B,

B=(x1,y9): V- B xC,

by

ef —1, e+ h; (i>1).

It is clear by the construction that
aod=idy, Bod =0,

the map (o, 3): V — V' x (B, x C) is invertible, and the following diagram commutes.

W 1% V% (Bex C) ——— Al
i (e.3) 5'Hz1y
Wylwl ﬂvJ WV/X.TlJ/
W C 1% = V' x B,
¢ (a,z1)
Here my and myr are natural projections.
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Consider the following composition of morphisms of perverse sheaves on W:

ol = i ®7/07, Q%,; > ope_1yy = (1)L ®z07 Q% = (i) b, (3.5)
V/

where the first and final isomorphisms are induced by (2.25), and the second and third iso-
morphisms are w’ fg, and w, , defined in Theorem 2.17, respectively. We now show that this is
equal to the composition

Viks]
IR

5*90 i*(aa 5)*(902)/ & @gly) = (%/)*902/7 (36)

where the first map is the Thom—Sebastiani isomorphism, and the second map is constructed
by substituting 21 = (z1 —y)/2v/—1 and 22 = (21 +y)/2 for hy(;, .,) in (2.13). To do this, it
suffices to prove the commutativity of the following diagram, thanks to Theorem 2.17(iii).

1»—>e,L77'(1/\/§)"+T-V
(Z/2Z) Q%

1'—>6n—1,r—1(1/\/§)n+ri2‘1/ (J;
(Z)2Z) Q%

Here the right vertical map is (2.15) and
vi 'Ky = (rgd)* det(Ly) |y, v () Kpr 2 (rd)* det(Ly)| 5,

are constructed in the same manner as (2.23). The commutativity of the diagram above is
equivalent to the commutativity of the following diagram.

d * en’r(l/\/i)”ﬂ"q/ T\ %
(i) det(Ly )|y (1) Ky
€n—1,r—1(1/\/§)n+7‘2'7//l J 2
Tk a—a/ADz1ADzo -~ .
(") K (0)*(a, B)* Ky w2

The commutativity of this diagram follows by the definitions of v and ¢/, and the equations
nr/en—1,r—1 = (—1)"/=1 and dz; A dzy = (—v/—1/2)dz; A dy. Therefore we have obtained the
equality of isomorphisms (3.5) and (3.6).

Now consider the commutative diagram

Y5
o5 Qpln+7]

y I
(.B)* (v Bz y) "
( ﬁ) (SOS/ X Soacly) (Oé, ﬁ) (QV’ [7’L +r— 2] X Q(0,0) [2])

where the left vertical map is induced by the Thom—Sebastiani isomorphism. The commutativity
follows from the commutativity of diagram (2.10). By applying the functor (my );, we obtain the
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following commutative diagram.

(v )1P% Qun —7]

(WV)!(O‘7ﬂ)*(90§/ X Sogly) 2
|
(@ 21)* (my )it B (z1)168,y) —— (@ 21)*(Qp[n — ] R Qqo,0))

By combining the commutativity of the diagram above and the equality of isomorphisms (3.5)
and (3.6), the proposition follows from the next lemma. O

LEmMA 3.4. The following diagram commutes:

(Il)!h2,(zl,22)

(z1)160y (951)!@(0,0)
Qo Qo

where we use z1 = (1 — y)/2v/—1 and 22 = (z1 +y)/2.

Proof. Since z1y is homogeneous and Crit(z;y) has compact support, we have natural
isomorphisms

HO(C, (21)12,,) = H*(C?, {(21,y) € C* | Re(a1y) > 0}; Q)
~ H?(C%,C*\ C x {0}; Q). (3.8)

The left vertical map in (3.7) is given by the Thom class of H2(C?,C?\ C x {0};Q) and (3.8).
Now consider the following composition of isomorphisms:

HY(C, (z1)1%,,) = H*(C?, {(21,y) € C* | Re(21y) > 01: Q)

= H?(C?, {(21, 22) € C? | Re(2} + 23) > 0}; Q)

>~ H2(C?,{(21, 22) € C? | Re(2}) > 0, or Re(23) > 0}; Q)

>~ H'(C,{z € C|Re(z}) > 0};Q) @ H'(C, {22 € C | Re(23) > 0)}; Q)
~QeQ=Q. (3.9)

The third isomorphism is the relative Kiinneth isomorphism and the fourth isomorphism is
given by (2.12). Since the Thom—Sebastiani isomorphism is induced by the relative Kiinneth
isomorphism (see [Sch03, p. 62]), this composition corresponds to hy (., .,). Therefore we only
need to show that

Q — H*(C?,C*\ C x {0};Q),
constructed by combining (3.8) and (3.9), gives the Thom class. Consider the composition

R? 202, 2 ¥, ¢ (3.10)

If we equip R? with the product orientation of the positive directions, this composition preserves

the orientation. This proves the claim. O
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By repeatedly using Proposition 3.3, we obtain the following corollary.

COROLLARY 3.5. Under the assumption of Proposition 3.3, there exists a good Kuranishi chart
' =(Z',U,E' s ) containing and minimal at p, such that % and %' have compatible
dimensional reductions at p.

Proof of Theorem 3.1. By the sheaf property, it suffices to show that 27 and 25 have compatible
dimensional reductions at each p € Z; N Zs. By Corollary 3.5, we may assume these Kuranishi
charts are minimal at p, and then the claim follows from Lemma 3.2. g

Remark 3.6. For a d-critical scheme (X,s), it is shown in [BBDJS15, §6.4] that ¢x s has a
natural extension to a mixed Hodge module. We can extend Theorem 3.1 to an isomorphism in
the derived category of mixed Hodge modules.

4. Dimensional reduction for stacks
The aim of this section is to extend Theorem 3.1 to quasi-smooth derived Artin stacks.
4.1 Lisse-analytic topology
We briefly recall the theory of lisse-analytic topos introduced in [Sunl7], which is a complex
analytic analogue of the lisse-étale topos. All statements in this section can be deduced in the
same manner as in [Ols07] or [LOO08], so we do not give detailed proofs.
Let AnSp denote the site of complex analytic spaces equipped with the analytic topology.

A stack in groupoid X over AnSp is called a complex analytic stack if the following conditions
hold.

(i) The diagonal morphism X — X x X is representable by complex analytic spaces.
(ii) There exists a smooth surjection U — X from a complex analytic space U.

DEFINITION 4.1. Let X be a complex analytic stack. The lisse-analytic site Lis-An(X') is the
site defined as follows.

e The underlying category of Lis-An(&X) is the full subcategory of complex analytic spaces over
X spanned by ones smooth over X'.

e A family of morphisms {(U; — X) — (U — X)}ier is a covering if {U; — U}er is an open
covering.

The topos Xjis.an associated with Lis-An(X) is called the lisse-analytic topos of X.
It can easily be seen that a sheaf F' € Xjisan is given by the following data:

e asheaf Fiy,) on U for each (u: U — X&) € Lis-An(X) and
e a morphism cp: f1Ey,) — Fyy, for each f: (u: U — X) — (v: V — X) in Lis-An(X)

such that the following conditions hold.

— ¢y is an isomorphism if f is an open immersion.
— Given a composition

(u: U—>X)i>(v: VX)L (w: W — X),
we have cgor = cf of‘lcg.

Denote by Mod(Xjis.an, Q) the category of sheaves of Q-vector spaces over X and by
D(Xjis.an, Q) the derived category of Mod(&Xjis an, Q).

143

https://doi.org/10.1112/S0010437X21007740 Published online by Cambridge University Press


https://doi.org/10.1112/S0010437X21007740

T. KINJO

DEFINITION 4.2. A sheaf F € Mod(Xjsan, Q) is called Cartesian if, for any morphism
f: (U—X)—=(V—-2X) in Lis-An(X), ¢; is an isomorphism. A Cartesian sheaf F €
Mod(Xiis-an, Q) is called (analytically) constructible if for any U — X in Lis-An(X’) the restriction
F|y,, to the analytic topos of U is (analytically) constructible.

Denote by Deart (Xis-an, Q) (respectively, D.(Xjis.an, Q)) the full subcategory of D(Xjis.an, Q)
spanned by complexes whose cohomologies are Cartesian sheaves (respectively, constructible
sheaves).

For an Artin stack X, one can define its associated complex analytic stack X*" as in
[Sunl7, 3.2.2]. By an abuse of notation, we write Lis-An(X) (respectively, Xijisan) instead of
Lis-An(X®") (respectively, X ). For € {b,+, —}, D™ (Xjis_an, Q) denotes the full subcategory

S-an
of D(Xjis.an, Q) consisting of complexes K such that K|y € D*(s.an, Q) for any quasi-compact

*

Zariski open subset i C X. Define Dgalt (Xlis-an, Q) and Dg*)(%hs_an, Q) in a similar manner.

Arguing as in [LOO08], if we are given a morphism f: X — Q) of finite type between Artin
stacks, we can construct six functors:

Rf* : D((;+) (xlis—ana Q) - D((;+) (inlis—ana Q)a f* : Dc(g.)lis—ana Q) - Dc(:{lis—ana Q)a
Rf! : D(i) (%lis—ana Q) — Dgi) (Q.jlis—ana Q)a f! : Dc(gjlis—anv Q) - Dc(%lis—ana @)7
(_) ® (_) : D((;_) (}:Hs—ana @) X Dg_)(xlis—anv Q) - D((;_)(xlis—ana Q)v
RHom: Dgi) (%lis—aru Q)Op X Dng) (%lis—any Q) - Dng) (:{lis—anv Q)
We briefly recall the construction of Rf,, f*, Rfi and f'. Firstly define

f* : MOd(:{lis—anv @) - MOd(@lis—anv @)

by the rule that f,F(U) = F(U xg X). By taking the derived functor of f. we obtain Rf,. When
f is a smooth morphism, f* is nothing but the restriction functor. In general, f* is constructed
by taking simplicial covers, but we use pullback functors only for smooth morphisms in this
paper, so we do not need this general construction. To define Rf; and f' we use the Verdier
duality functor. Arguing as in [LOO0S8, § 3|, we can construct the dualizing complex

wx € Déb) (xlis-ana Q)
and define the Verdier duality functor
Dy = RHom(—,wx): DI (Xiisan, Q) — DI (Rijscan, Q).

Now define Rfi = Dyo f, oDy and f ''=Dyo f*o Dg. If f is a smooth morphism of relative
dimension d, we have natural isomorphisms

[Dx(F) = f* RHom(F,wy) — RHom(f*F, f*wy)
= RHom(f*F,wx[—2d]) = Dy(f*F)[—2d] (4.1)

for F' € D.(,Q). Therefore we have f'= f*[2d].

If we are given a 2-morphism &: f = g between morphisms of finite type of Artin stacks,
we have a natural isomorphism &,: Rf, = Rg, compatible with the vertical and horizontal
compositions. The same statement also holds for Rf, f* and f'.
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We now discuss the base-change isomorphisms. Consider the following 2-Cartesian diagram
of Artin stacks.

!

%'—I4>g X
oo ‘f
U
9

Yy —— 2.
By adjunction, we have the base-change map
bcy: 9" Rf. — RfLg" (4.2)
which is an isomorphism if g is smooth. Now assume that f is of finite type and g is smooth with

relative dimension d, and take F' € Dg_)(%, Q). Then we can construct the proper base-change
map

pbe,: g*RAIF = Rflg*F
by the composition
g RAF = g" Dy Rf.DxF
= Dyyg*Rf.DxF[2d]
>~ Dygy RfLg"DxF[2d]
= Dy Rf,Dwg™F = Rflg"F,

where the first and third isomorphisms are defined by using (4.1) and the second isomorphism
is the base-change map (4.2). Now consider the following composition of 2-Cartesian diagrams:

N
x

x" X
_ _
T ]
n2 n3
2" 2’ )]
h g
~lm
k

where f is of finite type, and g and h are smooth. We define n: fok’ = ko f” by composing
2-morphisms in the diagram. Arguing as [LO08, Lemma 5.1.2], we can show the commutativity
of the following diagram.

pbcn

k* f, (k)"
n 1« (4'3)
! l h*pbc be y* J«n

2 pbey;(9")
For an Artin stack X, we define a full subcategory Perv(X) — D.(X, Q) consisting of objects
K such that, for any smooth morphism f: U — X from a scheme, f*K[dim f] is a perverse sheaf
on U. An object in Perv(X) is called a perverse sheaf on X. Arguing as [LO09, Proposition 7.1],
we see that U +— Perv(U) defines a stack on Lis-An(X) whose global section category is Perv(X).
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4.2 D-critical stacks
In this section we first recall the notion of d-critical stacks introduced in [Joy15, §2.8], which
is a stacky generalization of d-critical schemes. And then we prove that the canonical d-critical
structures and the canonical orientations for —1-shifted cotangent stacks are preserved under
smooth base changes. This is the key ingredient in the proof of the dimensional reduction theorem
for quasi-smooth derived Artin stacks.

We first explain the functorial behavior of the d-critical structure.

PROPOSITION 4.3 [Joyl5, Propositions 2.3, 2.8]. Let f: X — Y be a morphism of complex ana-
Iytic spaces, and Sx (respectively, Sy ) be the sheaf on X (respectively, Y ) defined in (2.3). Then
there exists a natural map 0y: f~1Sy — Sx with the following property. If RC X and SCY
are open subsets with f(R) C S, i: R~ U and j: S — V are closed embeddings into complex
manifolds, and f: U — V is a holomorphic map with jo f|lp = fo 1, then the following diagram
commutes.

F Syl —— (Flr) " (GOv) /15 y)

| |

Sx|p ———— ((7'0v) /I3y

Here horizontal maps are induced by the natural inclusions, and the right vertical map is induced
by ft: f~10y — Oy. The map 0 induces natural map f~18) — S% (also written as ). If f is
smooth and s € I'(Y,8Y) is a d-critical structure, f*s = 0(f~'s) is also a d-critical structure.

We now explain that the definition of the sheaf 8% can be extended to complex analytic
stacks.

PROPOSITION 4.4 [Joyl5, Corollary 2.52]. Let X be a complex analytic stack. Then there exists
a sheaf of complex vector spaces SR, in Lis-an(X') with the following properties.

e For (u: U — X) € Lis-an(X'), we have an isomorphism
eu: S‘E)C"Uan = 88

e For a morphism f: (u: U — X)— (v: V— X) in Lis-an(X), the following diagram
commutes.

-1(c0 1716 -1¢0

7 (Sxlaw) ——— Sy

a [ o

O
0 0
N
SX ’U an SU .

DEFINITION 4.5. Let X be a complex analytic stack. A section s € F(Xlis-an,S,Q() is called a
d-critical structure if, for any (u: U — X) € Lis-An(X), u*s = 6,(s|v,,) is a d-critical structure
on U. A d-critical Artin stack is an Artin stack X with a d-critical structure on its analytification.

We have a stacky version of Theorem 2.13.

THEOREM 4.6 [BBBJ15, Theorem 3.18(a)]. Let (¥,wx) be a —1-shifted symplectic derived
Artin stack. Then there exists a natural d-critical structure sy on X :=to(X) uniquely
characterized by the following property.
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Assume we are given derived schemes X and X, and morphismsg: X — X and1: X — X
such that g is smooth. Further assume that there exist a —1-shifted symplectic structure w4
and an equivalence g*wx ~ T*w . If we write g = to(g), 7 = to(T), and sy for the d-critical
structure on X = to(j() associated with w ¢, we have g*sx = 7*s ;..

Proof. The uniqueness part is proved in [BBBJ15, Theorem 3.18(a)]. We now verify that
the d-critical structure constructed there satisfies the property as above. Using [BBBJ15,
Theorem 2.10], we have derived schemes U and U , a smooth surjection w: U — X, a morphism
7u: U — U, and a —1-shifted symplectic form Wy on U such that w*wx ~ Tywg- Further, if we
write s, for the d-critical structure associated with wg;, we may assume to(u)*sx = to(Tv)*sp-
We have the following diagram of derived stacks.

!/

U T R
UxxX — X —X

/| Bt

U U Xx.

Now take any point x € to(X) and an étale morphism from a derived scheme n: W — U xx X
such that the image of to(u' o 1) contains x. Since to(u' o 1) is a smooth morphism, it suffices
to show that

to(tuog o 1) s = to(T o u' o n)*s¢.
This follows by arguing as in [BBJ19, Example 5.22] since we have (Ty og’omn)*wg ~
(Tou on)wg. O

We now discuss the behavior of the d-critical structure associated with the canonical
—1-shifted symplectic structures on —1-shifted cotangent stacks constructed in Example 2.6
under smooth pullbacks. Let f: Y — %) be a smooth morphism from a derived scheme Y to a
quasi-smooth derived Artin stack ). Consider the following diagram.

FT-1Y — s Ty — %y w
}\ . Jf

Here f*T*[-1]2) is the total space Toty (Lgy[—1]), Ty, 7y, and my ¢ are the projections,
7 is induced by the canonical map f*Lgy[—1] — Ly[~1], and f: f*T*[~1]Y — T*[—1]D is the
base change of f. The smoothness of f implies that T induces an isomorphism on underlying
schemes, so we use the identification

to(f T [-1]Y) = to(T*[-1]Y) (4.5)
throughout the paper.

PROPOSITION 4.7. Consider the situation as above. Denote by sp«[_1)y (respectively, sp-_1)g)
the d-critical structure associated with the canonical —1-shifted symplectic form wp«_1)y

(respectiv?ly, wT*j—l}@) constructed in Example 2.6. Then we have sp«|_1jy = f*s+|_1)y, where
we write f = to(f) and use the identification (4.5).
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Proof. By Theorem 4.6, we only need to show that 7*wrp:_1jy ~ }*wT*[_lm. If we write
Ar+[—1)y and Ap«[_jg for the tautological 1-forms on T*[-1]Y and T*[-1]2) respectively, we
have dqr A+ 1)y = wr+[—1]y and darA1+[—1)9 = wr+[_1)p by definition. Therefore we only need
to prove

T*)‘T*[—I}Y ~ }*AT*[—I]@'

By the functoriality of the cotangent complex, we have the following homotopy commutative
diagram.

(m,£)" FLy[-1] ——— FryLy[-1] ——— F'Ly_yyl-1]

(7y,5)" 05 L pspe—1]p[—1]
-
* b * K T Omy *
(ny,f) Ly[—l] ﬁ T 7TY]Ly[—1] — T LT*[—l}Y[_l]-

Here a and b are defined by using f o mwg) y ~ wgy o } and g y ~ my o T respectively, and other
morphisms are induced by the functoriality of the cotangent complex. Now write vp+p+[_1)p),
Yr+[-1]y, and yp-_ygp for the tautological sections of (wg £)*f*Ley[—1], 71'*@]142)[—1], and
3y Ly [—1], respectively. By definition, we have

~% ~ % ~ % ~ %

F vy ~ 03 (F Areiongg) ~ 03 0 f Oy (F y1-1-11),

T*)\T*[—I}Y ~ HT(T*)\T*[—I]Y) ~ 07— (e} T*Gﬂ.Y (T*’YT*[_”Y)

Since we have the tautological relations

}*VT*[—ug) ~ a(Vf*T*[—um)a T*'YT*[—I]Y ~bo (Wm,f)*ef(Wf*T*[—u@)a
the proposition follows. O

We now discuss the notion of the virtual canonical bundles and the orientations for d-critical
stacks. Before doing this, we recall a property of the virtual canonical bundle of d-critical schemes.
For a d-critical chart (R,U, f,i) of a d-critical scheme (X, s) and a point = € R, consider the
following complex concentrated in degree —1 and 0:

Hess(f)|z
= (Tul, ==k, gp),).

L,:
Since H(L;) = Qx|, and H1(L,) = (Q2x],)", we can define an isomorphism
Ko Kx e = det(Ly) = det(Qx],) ® det((Qx].)") ! = det(Qx|2)®". (4.6)

Here the final isomorphism is defined in the same manner as (2.5). It is proved in [Joyl5,
Theorem 2.28] that x, does not depend on the choice of a d-critical chart. Now the virtual
canonical bundle for a d-critical stack is defined by the following proposition.

PROPOSITION 4.8 [Joyl5, Theorem 2.56]. Let (X,s) be a d-critical stack. Then there exists a
line bundle Kx s on xred which we call the virtual canonical bundle of (X,s), characterized
uniquely up to unique isomorphism by the following properties.
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(i) For x € X, there exists an isomorphism

2

Kot Kx sl = det(TZO(Lx”x)@ . (4.7)

(ii) For a smooth morphism u: U — X from a scheme U, there exists an isomorphism

2

Do (U Ky & Kyyes @ det(Qpy2)® . (4.8)
(iii) In the situation of (ii), take any p € U. The distinguished triangle
A wt20(Ly) — Qu — Qe — w20 (Ly)[1]

induces an isomorphism i(A),: det(720(Lx)|y()) ® det(Q xlp) = det(Qul,) where i is
defined in Lemma 2.14. Then the following diagram commutes.

1—‘U,ulp ®72
Kx,s’u(p) — KU,u*s‘p 02y det<QU/%|P)

Kau(p) J J Kp@id

det(T20 (L) |u(p)) & —— det(Qw]p)®” ® det(Qxlp)®

Here the bottom horizontal map is defined by using i(A)p,.

An orientation o of a d-critical stack (X,s) is the choice of a line bundle L on Xred
and an isomorphism o: L¥ >~ K x,s- An isomorphism between orientations o; : L?2 = Ky and
09: L?Q = Ky is defined by an isomorphism ¢: L1 = Ly such that o1 = o2 O¢®2. If there
exists a smooth morphism u: U — X, we define an orientation u*o for (U, u*s) by the following
composition:

— —~ NI
wo: (WYL ® (ilez‘c(Q[]/35))®2 =~ (u*) Ky, ® det(QU/gg)®2 RLLN Kiurs.
If we are given a smooth morphism ¢: (u: U — X) — (v: V — X) in Lis-An(X), define an

isomorphism

u*o = g*v*o (4.9)
by using the natural isomorphism
det(Qp/x) = (f1)* det(Qyx) ® det(Qp)y).

We now discuss the relation of the cotangent complex of a —1-shifted symplectic derived
Artin stack and the virtual canonical bundle of the associated d-critical stack.

THEOREM 4.9 [BBBJ15, Theorem 3.18(b)]. Let (X,wx) be a —1-shifted symplectic derived
Artin stack, and (X, sx) the associated d-critical stack. Then there exists a natural isomorphism
Ax: det(Lyx) = Kz, (4.10)

characterized by the following property.

Assume we are given derived schemes X and X, and morphisms g: X — X and 7: X — X
such that g is smooth and L.|, is concentrated in degree —2 for each x € X. Note that it auto-
matically follows that T = to(7) is étale. Further assume that there exist a —1-shifted symplectic
structure w ¢ on X with associated d-critical locus (X, sy) and an equivalence g*wx ~ T W
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This equivalence induces a homotopy between the composition

Ty — Tx — 7°Tg —2 7*Lg[~1] — Lx|[—1]

and 0, hence an isomorphism

0: Ty = Lo|-2]. (4.11)

Then the composition
det(g*Lx) = det(Lx) ® det(Lg) ™!
=~ det(t" L) @ det(L,) @ det(Lg) "

=~ det(T" L) @ det(Lg)®

1

(Tred)*K N

—_ -2

X @ det(ILg)®
—_ -2

= Kxres, © det(Lg)®

(gred)*K%,sx

I

rank(Qg) ( red)

is equal to (—1) ") A%, where we write g = to(g). Here the first and second iso-
morphisms are defined by using i(Ag) and i(A;) respectively, where Ag and A are distinguished
triangles

Ag: gLy — Lx — Lg — g"Lx[l], Ar: 7Ly — Lx — Ly — 77Lg[1].

The third isomorphism is defined in the same manner as (2.5) using ¢ (without any sign inter-
vention used in Appendix A), the fourth isomorphism is Ay in Theorem 2.13, and the fifth
isomorphism is I'x ; defined in Proposition 4.8. The final isomorphism is I'x 4, where we use the
fact that 7s ¢ = g*sx proved in Theorem 4.6.

Proof. The proof is essentially same as one in [BBBJ15], but we include it for the reader’s

convenience and to fix the sign. Suppose we are given X, X, g, and 7 as above. Define
AX,X,Q,T: det(g*L%) - (gr6d)*K%,sx
by the composition as above multiplied by (—l)rank(ﬂg). Write pry,pry: R=X xx X =3 X for

the first and second projections. We have a natural 2-morphism £: g o pr; = g o pry. We now
prove the commutativity of the following diagram.

_ O Mgy
(pri*!)*(det(g*Lx)) — (Pri")"(9"") Kz s,

| |« (112)
(prset)*A

red\k [ Jat (% —X>Xg‘r red\* ( red * I
(pry®)*(det(g"Lx)) (Pry™®)*(g7°%) " Kx s
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By the reducedness of R™4, we only need to prove the commutativity at each point 7 € R. Write
pr;(r) = x1 and pry(r) = z2. Now consider the following diagram.

AX,X,Q,T“TI

det(g*Lx)lz, () Kx o |y

(©)1

det(H*(g"Lx|2;)) — det(H*(72°(g*Lx)la, ))®"

Exlr E*T‘J/ lﬁ*r Exlr

o (©)2
det(H*(g"Lxsy)) — det(H*(72°(g"Lax)|x,))®”

AX.j(,g,-r‘m2

det(g*ﬂ-‘x)‘wz (gmd)*KX,SxLEQ

Here (A); is defined by the quasi-isomorphism g*Lx|,, ~ H*(g*Lx|z,) and (B); is defined by
Kg(z;) in Proposition 4.8 and the quasi-isomorphism 72%(g*Lx)|., ~ H*(72°(g*Lx)|,). The map
(C); is defined in the same manner as (2.5) using the isomorphisms
. H™(729(g*Lx) |, n=20,1
H"(g" L) = fifl (>0 3‘%) v
H (1=%(g*Lx)|e;)” n=-2,—1.

The commutativity of the left trapezoid and middle square is obvious, and the commutativity
of the right trapezoid follows from the proof of [Joy15, Theorem 2.56]. It is easy to see that the

upper and lower trapezoids commute up to the sign (—l)rank(Hl(LXIQ(mi))) by using the equality
(A.3). These commutativity properties imply the commutativity of the outer square, and hence
the commutativity of diagram (4.12).

By Darboux’s theorem [BBBJ15, Theorem 2.10], we can take X, X, g, and 7 in the propo-
sition so that ¢ is surjective. By the commutativity of diagram (4.12), A X X.gr descends to

Ax: &e\t(L x) = Kx s, satisfying the property in the proposition. The uniqueness of Ax as in the
theorem is clear from the construction. O

The notion of orientation for —1-shifted symplectic derived Artin stacks is defined by that
of the associated d-critical stacks. Let Q) be a quasi-smooth derived Artin stack. The argument
in Example 2.15 works also for the stacky case and defines a natural isomorphism

—~ g~
0'11*[71]2): det(miyLy)®” = det(Lp+(_1)y)- (4.13)
V/Ve define the canonical orientation O [_1]2) for T*[—1]2) by the composition Ops_1] = Ay o
T -1
ProOPOSITION 4.10. In the notation as in Proposition 4.7, we have an isomorphism
Ef: f*OT*[*l]m = OT*[fl}Y' (414)

Proof. Throughout the proof we use the following notation: for a morphism h: 3 — 20 of derived
Artin stacks, we write

Ap: h*Log 2 L < Ly, 2 h*Log[1]

for the natural distinguished triangle of cotangent complexes.
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Define
Zp: (f°0)* det(myLy) ® det(Ly) 2 det(ny Ly)

by using i(Ay) and the identification (mwy,¢)*Lys = Lz. Write

_ vdim f-(vdim f—1)/24vdim Q-vdim f
Ep=v-1 =P (4.15)
Now it is enough to prove the commutativity of the following diagram of line bundles on
T*[*I]Yred.
:®2
- —~ —~ =r —~
((Fredydet(mgyLay) © deb(L3))® ——— dot(wy Ly)®”
O 1) ©1d O _1)y
~I‘ */\ - 2 - 4.16
(Fredy et (Lo _yjay) ® det(Ly)® det(Lp-_yy) (4.16)
(fred)* Aps _1)9 ®id Apx 1)y

(fred)*Kto(T*[—1}2)),&;*[_1]2) ® det(L})@)Q - Kto(T*[—l]Y)ysT*[fl]Y

Here Ap+_j)y and Ap«_j)g) are defined in Theorems 2.13 and 4.9 respectively, and the bottom
arrow is defined by using I'; | p.(_yjg9) 7 IR (4.8) and the identification

L
Consider the following diagram in Perf(f*T*[—1]D):

T*[*l]Yred = Qf’T*[*l]Yred’

T Ory T Cry
(o) Ly ———— T'Lps L)y ———— (7y,¢) Ty (1]

0r (7 £) 0% (1]
. Oy 1 Gy 5 Ao
() Ly ———— Lpreoajy ———— (wy, p)" fTyll]

6 ~(my.g)" 3 2] (4.17)

k
Ly ————~———= (my ) Ty[2]

or (o.#)"¢¥ 2]

Ty [1]

T*LT*[fl}Y[l] _— (ﬂm,‘f)*Ty[z}

where the top vertical arrows are identified with a part of the natural morphism between
distinguished triangles
T Apy — Aﬂ.m’f,

by the natural isomorphisms
T'ryLly & (7 )Ly, T'Lry & (wy ) Ty[l], Lary, = (my ) fTyll],

and k is taken so that the right horizontal arrows define a morphism between distinguished
triangles

AT - A},rot‘
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Here Ayc Lot denotes the right vertical distinguished triangle in the diagram above. Now we claim
that

det(k) o det(£[2]) = det(¢[2]), (4.18)

where £: Ty = L,[—2] is defined in (4.11), and ¢: (me,7)" T = Ty is the natural isomorphism.
To see this, consider the following commutative diagram.

(rrwmps uy) U0y [1] T Cny .
T e —1yp[1] T Ly )y ———— (7y,7) Ty/[1]
0Z[1] ~ 0- (o .£) 0% [1]
~ % Q}O(f*wT*[_l]g))[l] Cﬂ-sy’f . s
f Tyl L1y ——— (7w, ¢)* f Tyll]
—0312] ¢ —(my.£)*8}[2)
2] k B}
T%[2] L, (7a,£) T#[2]

By using [KM76, Proposition 6], it is enough to prove the equalities

T*CTI'Y o (T*WT*[_HY> [1] 0 9¥[1] = 9;‘{'@’]: [1]7

Cr g 003 0 (-F wr-_yyp)[1] = £ 0x, [1],

but these are consequences of [Call9, Remark 2.5].
Now consider the following diagram of line bundles on f*T*[—1]9)™¢, in which we omit the
pullback functors 77, 73, », and (f oy )" to simplify the notation.

— (A1 — —
det (Lf*T* [*1}2)) det (]LT* [*1]Y) ® det (]L-,—)
W(Argy )" W(Amy ) t@det(71[2])

— — id®i(A,\i{,rot)_1/\ — —
det(Ly) ® det(Ty[1]) ——— det(Ly) ® det(Ty[1]) ® det(T[2])

(2)

1d®Xry, id®xTy, ®>2T} (4.19)
det(Ly) ® det(Tg)® ™" det(Ly) ® det(Ty)® " ® det(T)
id®(ﬁ§’;1)*1 id@(ﬁﬁ;l)_1®(ﬁﬂ_})_l
det(Ly) ® det(Lsy) det(Ly)®" ® det(Lz)®"

id®i(Ay )®1d§<§t(L} ye—1

Here 7), x are defined in Lemma 2.14. The commutativity of diagram (4.17), equality (4.18), and
[KM76, Theorem 1] implies the commutativity of the upper square. By applying Propositions A.1
and A.4 we see that the lower square also commutes. Next consider the following commutative
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diagram in Perf(f*T*[—1]2)).

~ % ~ ok

. Forg Forg
Fayly ———— fLpyy —— F 7Tyl

O (r
i} .5 DI 4.20
(my,£) Ly ——— Lo gy ——— f 7y Tyll] (420)
(7 .£)"Cy (3
(g f) Ly ——— L3

The upper vertical arrows are identified with a part of the natural morphism of distinguished
triangles

f A‘Tl'gy - Aﬂg)yf

by the natural isomorphisms
f Ly 2 f myTyll], Lny , = f myTyll],
and the left horizontal arrows are identified with a part of the natural morphism
(mo,7) Ay — A
by the natural isomorphism
* ~J 2* k
(7o, £) Ly = f myly.

Now consider the following diagram of line bundles on f*T*[—1]9)™¢, in which we omit pullback
functors as previous.

_ i(ap)™ _ _
det(]Lf*T*[_l]@) det(Lf) & det(]LT*[_lm)
~ _ (_1)Vdim P -vdim f |
l(Aﬁ@,f) E 1d®’Z(Aﬂ-m)_l
det(Ly) & det(Tp[1]) - det(lLy) & det(Ly) & det(Tp[1])
7 £~ ®i
id ®Xry, id ® id ® Xy, (4.21)
det(Ly) @ det(Tg)®"' det(Ly) ® det(Ly) ® det(Tg)®"'
id ®(ﬁ§;)—1 id®id ®(ﬁ§;)‘1
det(Ly) @ det(L det(Ly) ® det(Lgy)®”
et(Ly) ® det(Lygy) o) to et(Ly) ® det(LLg)

The commutativity of diagram (4.20) and [KM76, Theorem 1] implies the commutativity of
the upper square, and the commutativity of the lower square is obvious. By combining the
commutativity of the diagrams (4.19) and (4.21), we obtain the commutativity of diagram (4.16)
(the sign (—1)vdim f-(vdim F=1)/2 appears due to the difference of the maps (2.5) and (A.2)). O

Remark 4.11. In the situation of the proposition above, assume further that there exists a
smooth morphism q: Y’ — Y, and write ¢: to(T*[-1]Y"') — to(T*[-1]Y) for the base change
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of ¢ = tp(q). Then it is clear that the composition

- (19) - iEr %,
(fe@) op g —— T op gy — €Oy — T [~y

is equal to Efoq.

4.3 Dimensional reduction for Artin stacks

We first recall the definition of the vanishing cycle complexes associated with d-critical stacks.
To do this, we discuss the functorial behavior of the vanishing cycle complexes associated with
d-critical schemes with respect to smooth morphisms.

PRrROPOSITION 4.12 [BBBJ15, Proposition 4.5]. Let (Y,s,0) be an oriented d-critical scheme,
and q: X — 'Y be a smooth morphism. Then there exists a natural isomorphism
Oy =0gs0: ‘ch,q*s,q*o o q*g)z;/,s,o[dim q]

characterized by the following property: for a d-critical chart # = (R, U, f,i) of (X,s), a
d-critical chart . = (S,V,g,j) of (Y, s) such that q(R) C S, and a smooth morphism ¢: U — V
such that f = go ¢ and j o ¢ = § o, the following diagram commutes:

wep

Z'*(Pfc ®z,/22, Q% IR

®q|Rl J@qj@ﬂq

x D : q*wy[dimq] I Y 2 [ * o
it Fmaln — 7 e gl 8 () @518

p
(’DX,q*s,q*0|R

where O ¢ is defined in Proposition 2.16(iii), and pq is defined by using the natural isomorphism
KU = Q*KV & det(QU/V).

THEOREM 4.13 [BBBJ15, Theorem 4.8]. Let (X, s, 0) be an oriented d-critical stack. Then there
exists a natural perverse sheaf ¢x s, with the following property: for each (u: U — X) €
Lis-An(X) there exists an isomorphism

— . AP *, P :
6“ - @%570 . SOU,u*s,u*o =u (p.’{,s,o[dlm U]

satisfying Oy = ¢*Oy s 0[dimq] 0 Ogyrs o for any smooth morphism q: (u: U — X) —
(v: V — X) in Lis-An(X). Here we identify ¢*v*o and u*o by using (4.9).

Let (X, s) be a d-critical stack, and Z: 01 = 03 be an isomorphism between orientations on
(X,s). We write

I
1]

= P%,s,01 = Px,s,09

for the isomorphism induced by =.
We now state our main theorem.

THEOREM 4.14. Let ) be a quasi-smooth derived Artin stack, and equip T*[—1]2) with the
canonical —1-shifted symplectic structure and the canonical orientation. Then we have a natural
isomorphism

’72): (Wﬁ_))'goprr*[_l]g = Q@[lem 2)]7
where we write 2 = t9(2)) and 7y = to(7y).

Proof. Take a smooth surjective morphism v: V' — 2) and an étale morphism n: U — V x99 V
where V' and U are derived schemes. q;,q,: U — V denote the composition of n and the
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first and second projections, respectively. Write U = to(U), U =to(T*[-1U), V =to(V),
V—to(T*[ 11V), 9 = to(T*[-1]Q), v =to(v), and ¢; = to(g;) for i = 1,2. Denote by Ty

2) 9, ny: U — U, and 7y : V — V the projections, and by ¢: V — Qj (respectively, ¢;: U—
V) the base change of v (respectively, ¢;). Denote by s the d-critical structure on g) associated

with the canonical —1-shifted symplectic structure wp«_q9
Define

V9.0 V(1Y) 10y = V" Qylvdim Y]

by the following composition:

O TPy = (T gy

Il

(WV>!SOIF}*[,1}V[_ dim v]
= v Qg[vdim Y],

where the first isomorphism is the proper base-change map, the second isomorphism is
(my)i(az, © ©5')[~ dimwv], and the third isomorphism is 5y [—dimv]. By the sheaf property,
it is enough to prove the commutativity of the diagram

ql'}’i{) v
GV () L1y — ¢fv*Qy[vdim )]

‘| Jg* (4.22)

QQ'Y@
GV (TP 1y — G50 Qy[vdim )]

where £: v o g = v oo is the natural 2-morphism. We define

VY ,voq; * (vo Qi)*(W&D)!QO%*[ Uy = > (vog)® Q@[lem@]

for i =1,2 in the same manner as ¥ ,. The commutativity of diagram (4.3) implies the
commutativity of the following diagram.

7@ vogqq
(voq)* (W@)"PT*[ 19 i (voq1)* Qylvdim Y]

N Je

Y ,voq
(vog)* (WQJ)'@T*[ 119 = (v o g2)*Qylvdim Y]

Therefore the commutativity of diagram (4.22) follows once we prove the commutativity of
the diagram

7@ vogq;
(’UOqZ) (WQ))'()DT*[ 19 411} (qul) Q@[lem@]

2J J 2 (4.23)

ql'YQ_)
TV (TP Ly ——— €0 Qylvdim Y]
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for each ¢ = 1,2. We drop ¢ from the notation, and write ¢ = ¢; and ¢ = ¢;. By Remark 4.11, the
following diagram commutes.

‘PT*[ U
/ xoeqw
d*SOPT*[ v v|dim g] q v ¢T*[71]m[dimvoq]

Using this and the commutativity of diagram (4.3) again, the commutativity of diagram (4.23)
is implied by the commutativity of the diagram

(r0) ey ——— s QulvdimU]

pbcqo(ﬂv)y(agéoeq) J{ J{ 2 (424)

q*yv [dim q]
q (WV)NPT*[ 1]V[d1mq] V4> ¢*Qy [vdim U]

where pbe, denotes the base-change map. Arguing as in the proof of [BBBJ15, Theorem 2.9]
and by shrinking if necessary, we may assume that there exist a smooth morphism F: M — N
with a constant relative dimension between smooth schemes, a vector bundle E of rank r
on N, and its section e € I'(NV, E) such that V = Z(e), U = Z(F*e), and q: Z(F*e) — Z(e) is
the base change of F. Write F': Toty; (F*EY) — Totx(EV) for the base change of F, and denote
by é: Toty(EY) — A! the regular function corresponding to e. Then

U = (U, Toty (F*EY),eo0 F,i), ¥ = (V,Toty(EY),e,7)

define d-critical charts on U and V respectively, where i and j denote the natural embeddings.
Consider the composition

pq Q U ~ Qq Orx[—1)v P_Q)Q*Q;/T*[—l]v’
where the first map is induced by Z4. Recall that we have chosen trivializations of @, ST and
O,
Q, 7 in (2.25). Since we have

vdim q-(vdim g—1)/2+4vdim V-vdim ¢
EdimN,r/EdimM,r =v-1

)

these trivializations are identified by pf»i. This shows the commutativity of the diagram

way id ®triv

% *, P
T*[ W "¢, - ®z/07,Qy U

1 -5k
aqu@qJ Jz 9}5’5

~x D q*wazl el . OT*[—l]V (1d®tr1v) ki D
TPy — ¢ (§ weldimq] ®z/97 Q ) = q* 3% pe[dim q]

O+ [—1]U

where the two triv in the right horizontal arrows denote the trivialization as above. Then the
commutativity of diagram (4.24) follows from the commutativity of diagram (2.9). O

5. Applications

In this section we will discuss two applications of Theorem 3.1 and its stacky generalization,
Theorem 4.14. Firstly, we will apply it to prove the dimensional reduction theorem for the
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vanishing cycle cohomology of the moduli stacks of sheaves on local surfaces. Secondly, we will
propose a sheaf-theoretic construction of virtual fundamental classes of quasi-smooth derived
schemes by regarding Theorem 3.1 as a version of the Thom isomorphism for —1-shifted cotangent
stacks.

5.1 Cohomological Donaldson—Thomas theory for local surfaces

Let S be a smooth quasi-projective surface and denote by p: X = Totg(wg) — S the projection
from the total space of the canonical bundle. Denote by 9Mtg (respectively, Mx) the derived
moduli stack of coherent sheaves on S (respectively, X) with proper supports, and by 7,:
M — Mg the projection defined by p.. By applying the main theorem of [BD19], M x carries
a canonical —1-shifted symplectic structure woy,.

THEOREM b5.1. There exists an equivalence of —1-shifted symplectic derived Artin stacks
W (M, womy) = (T7[-1Ms, wp«—1)oms) (5.1)
such that mw, ~ mwon, o ®.

Proof. Let G be a compact generator of D(Qcoh(S)), and A= RHom(G,G) and
B = RHom(p*G, p*G) be the derived endomorphism algebras. It is clear that p*G is a com-
pact generator of D(Qcoh(X)). Then it follows from a result of Schwede and Shipley [SS03,
Theorem 3.1.1] that we have quasi-equivalences

RHom(G, —): Lgcon(S) = RModA, RHom(p*G, —): Lqeon(X) = RModB.

where Lqeon(S) (respectively, Lgcon(X)) denotes the derived dg-category of Qcoh(S) (respec-
tively, Qcoh(X)), and RModA (respectively, RModB) denotes the derived dg-category of right
A-modules (respectively, right B-modules). By taking the full dg-subcategories of compact
objects of dg-categories appearing in the above quasi-equivalences, we obtain quasi-equivalences

Leon(S) = perggA,  Leon(X) = perg, B

where Leon(S) (respectively, Leon(X)) denotes the derived dg-category of Coh(S) (respec-
tively, Coh(X)), and perg, A (respectively, pery,B) denotes the derived dg-category of perfect
A-modules (respectively, perfect B-modules). It is proved in [IQ18, §2.5] that B is equivalent
to the 3-Calabi—Yau completion of A. Note that 9tg (respectively, M x) is the derived mod-
uli space of objects in Leon(S) (respectively, Leon(X)) in the sense of [TV07, Definition 3.2].
Therefore, by applying [BCS20, Theorem 6.17], we obtain an equivalence of derived Artin stacks
Mx ~ T*[—1]Mts and all we need to prove is the coincidence of two left Calabi—Yau structures

c1,c2 € HCy (Leon(X)) = HY(X, wx)

where ¢ is induced by the Calabi—Yau completion description and ¢y corresponds to the canonical
Calabi—Yau form on X. Since the statement is local on S, we may assume S is affine. By the
discussion after [BCS20, Theorem 5.8], we see that ¢; = dc where § denotes the mixed differential
and

¢ € HHy(Leon(X)) = HO(X, A2Qx)

corresponds to the tautological 2-form on X under the Hochschild-Kostant—Rosenberg iso-
morphism. Since the Hochschild-Kostant—Rosenberg isomorphism identifies the mixed differ-
ential on the Hochschild homology and the de Rham differential (see [TV11]), the theorem is
proved. O
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We always equip Mtx with the canonical —1-shifted symplectic structure as above and the
orientation tO(lI,)*OT*[—l]EDTS' The following statement is a direct consequence of Theorem 4.14.

COROLLARY 5.2. We have an isomorphism
(Wp)!gpgnx = Qopg [vdim M|
where we write Mx = to(Mx), Mg = to(Ms), and m, = to(m)).

Now assume S is quasi-projective and wg is trivial. Take an ample divisor H on S and denote
by MME5 C Mg (respectively, ME B = 9My) the moduli stack of H-semistable sheaves on S
(respectively, p* H-semistable sheaves on X)) with proper supports. By the triviality of wg, we
have an equality , L(oml-ss) = ok, H-55 This observation and the Verdier self-duality of ‘Pgnx
together imply the following corollary.

COROLLARY 5.3. Write ? ., . = h. | *#-ss. Then we have following isomorphisms:
P H-ss Mix It

X
i} . H-ss
Hz(mﬂ;{H—ss; (pgjtp*H>SS) o~ HZ-Flem Mg (mftgl—ss),
X
I ~ 1BM H-
H*(mtg( SS; spgﬁp*H-ss) = Hvdim mg_ss—*( S SS)'
X

Here H, denotes the cohomology with compact support, and HPM denotes the Borel-Moore
homology.

5.2 Thom isomorphism }
Let Y be a quasi-smooth derived scheme, and write Y = ¢((Y') and Y = ¢o(T*[—1]Y"). Thanks
to Theorem 3.1, we have the following isomorphism:

Since 4,0%*[_1]}, is conical, by using Theorem 3.1 and [KS90, Proposition 3.7.5], we also have the
following 1somorphism:

HY (Y, Y\ Yigh. py) = HFEY(Y), (5.3)

This isomorphism can be regarded as a version of the Thom isomorphism. Indeed, if
Y=M XORE,E,OE M where M is a smooth scheme, F is a vector bundle on M, and Og is the
zero section of F, the isomorphism (5.3) is the usual Thom isomorphism. By imitating the
construction of the Euler class, we construct a class

e(T*[~1]Y) € Hy Jgim y (Y)
by the image of 1 € H°(Y") under the following composition:

(5.3) (5.2)

HO(Y) — HY™Y (Y, Y\ Y 0hyyy) — BV (Vioh yyy) — BB, (V).

Denote by [Y "' € HPM. (V) the virtual fundamental class of Y constructed in [BF97, Kre99).
We have the following conjecture.

CONJECTURE 5.4.
€(T*{*1]Y) _ (71)vdimY-(VdimY—l)/Z[Y]vir‘

In other words, we expect that this gives a new construction of the virtual fundamental class.

159

https://doi.org/10.1112/S0010437X21007740 Published online by Cambridge University Press


https://doi.org/10.1112/S0010437X21007740

T. KINJO

Example 5.5. Assume Y = M XORE,E,OE M. In this case, we have Y = Tot (EY) and W%*[_l]y =

Qy [dim f/], and the construction of the Verdier duality isomorphism oy in (2.17) implies that
the following diagram commutes.

(_1)dimY-(dim Y*l)/?o.}}

Dy (. [—1}Y) P 1Y
| |2
Dy (Qy[dim Y]) - Qy[dim V]

Therefore, we have
e(T*[—l]Y) _ (_1)dim}7-(dimf/71)/26(E\/) N [M]
_ (_1)(dim§7-(dim17—1)/2)+rankEe(E) N [M]

(_1)vdim Y (vdimY —-1)/2 [Y]vir_

The author has verified Conjecture 5.4 under a certain assumption.

THEOREM 5.6 [Kin2l1]. If Ly|y is represented by a two-term complex of vector bundles, then
Conjecture 5.4 is true. In particular, Conjecture 5.4 holds when Y is quasi-projective.

Remark 5.7. We can extend the above construction for stacky cases as follows. Let ) be a quasi-
smooth derived Artin stack and write 9 = t() and 9 = to(T*[—1]9). Denote by 7: ) — 2
the projection and by i: Q) — @ the zero section. Then for a conic sheaf F' € DS(@hs_an,(@)
[KS90, Proposition 3.7.5], and the smooth base-change theorem implies isomorphisms

mF 2i'F, m.F~iF
Therefore Theorem 4.14 implies isomorphisms
i' o1 -1y = Qplvdim )],
i ey = wy[— vdim Y.
Consider the following composition of natural transforms:
PPl = Ty = 0Ty = TPy

where the first map is the *-unit, the second map is defined in the same manner as in
[LOO08, Proposition 4.6.2], and the third map is the inverse of the !-unit. This composition
defines an element

e(T*[-1]9) € Hy i (D)-

We conjecture that this is equal (up to the sign (—1)VdimD-(vdimD—1)/2) 5 the stacky virtual
fundamental class recently constructed by [AP19] under the resolution property and by [Khal9]
in general.

Remark 5.8. By [Call9, Theorem 2.2], the zero section Y < T*[—1]Y carries a canonical
Lagrangian structure. Further, arguing as Example 2.15, we see that this Lagrangian struc-
ture admits a canonical orientation with respect to Ope[1]Y" The isomorphism (5.3) can be
regarded as [AB17, Conjecture 5.18] for this oriented Lagrangian structure.
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Appendix A. Remarks on the determinant functor

In this appendix we prove some results on the determinant of perfect complexes. All results
follow easily from [KMT76], but we include this for completeness and to fix the sign conventions.

Let X be a scheme. Denote by Pisx the category of invertible sheaves on X with the
isomorphisms, and Pgisx by the category of locally Z/2Z-graded invertible sheaves with the
isomorphisms defined as follows.

e Objects of Pyrisx are pairs (L, ) where L is an invertible sheaf on X and « is a locally
constant Z/2Z-valued function.

e A morphism from (L, «) to (M, 3) is an isomorphism from L to M when « = 3, and otherwise
there is no morphism between them.

If there is no confusion, we omit the local grading. We define a monoidal structure on
,@gris X by

(L,a) @ (M, B) = (L ® M,a+ ),

with the monoidal unit (Ox,0) and the obvious associator. By the Koszul sign rule with respect
to the local grading, we define the symmetrizer

Sty ¢ (L) ® (M, )22 (M, 8) @ (L, ). (A1)

This makes Pgrisx a symmetric monoidal category. In this paper we do not equip Pgrisx
with any other symmetric monoidal structure. Note that the forgetful functor Pgisx — Pisx
is monoidal but not symmetric monoidal with respect to the standard symmetric monoidal
structure on Pisx. For (L, a) € Pyisx, define its (right) inverse by (L,a)™! = (L7}, —a), and
define morphisms (5@0), ((5€L7a))b as follows:

0yt (Loa)® (L)™' 2 (Lo L710) = (0x,0),

b
O(L,a)

sb _
(810 (L)™' ® (Lya) 225 (L a) @ (L)~ 22 (O, 0).
Define
Mipe: (La)™)™ = (L)

so that the following diagram commutes.

b .
M(Lya)(g)ld
(L,a)™ )@ (L,a)! (L,a) @ (L, )"
(OX7 0)
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Note that the map ,u? La) differs from the natural isomorphism of the ungraded line bundles
(L71)~! — L by the sign (—1)®. For L, M € Pyisx, define
O (LoM)™ - L e M

so that the following diagram commutes.

LM

(Lo M)® (Lo M) ! Ox

&b ®68%,
idp, ®S?\/] L71®idM*1 T

(LoM)@(L'eM™ ) —— (Lo L He (Mo M)

idren ©05, 5, J

Note that the map H'EL@)’(M”B) differs from the natural isomorphism (L ® M)~! — L=t @ M~}
defined by using the standard symmetric monoidal structure on the category of ungraded line
bundles by (—1)*7,

Write €% for the category of bounded complexes of finite locally free Ox-modules, and
¢'is% for the subcategory of ¢’y with the same objects and where the morphisms are quasi-

isomorphisms. For a locally free O x-module F', define a graded line bundle detb(F) € Pyrisx by
det’(F) = (A™*(F) F rank(F) mod 2).
Clearly, det’ is functorial with respect to isomorphisms. For F*®* € €’is%, define a graded line
bundle det’(F*) € Py isx by
det’(F*) = (-~ @ det’(F)"V' @ det”(F=H) D" @ ...
In [KM76, Theorem 1], it is shown that det’ extends naturally to a functor Cisk — Parisx,
which we also write as det’. Define a functor det: Cis% — Pisx by the composition

. det” . .
Ciskx — Pgisx — Pisx

where the latter functor is the forgetful one. For a short exact sequence 0 — E* RNy X BNy oL SN
in €%, define
P(u®,0%): det’(E®) @ det’(G®) = det’(F*)

by the following composition:
det’(E*) @ det’(G*) = < & detb(Ei)UV) ® ( (09 detb(G")(l)i>

Q) i R
= (X)(det’(E) V" @ det’(G7) 1))
@) b i b iy (—1)
=~ X)(det’(E") @ det’(G7)) Y

(iii

) : i
= Q) det’(F)™D" = det’(F*).
Here (i) is defined by the symmetric monoidal structure on Pgisx, (ii) is defined using

ngt( i) det(Gi)» and (iii) is defined by the natural isomorphisms det(E;) ® det(G;) = det(F;). We
define i(u®,v*): det(E®) ® det(G*®) = det(F*®) by forgetting the local grading from 4°(u®, v*).
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A.1 Compatibility with the derived dual functor

For a free Ox-module F with a fixed basis e1, ..., ey, define ng: det(EVY) = det(E)~! by the
rule

ey Ao Nel = (en Ao Nep) (A.2)
where €7, ..., e, denotes the dual basis of e1,...,e, and (e, A---Aep)Y denotes the dual of
en N - Aer. Clearly np is independent of the choice of the basis, and we can define np for any
locally free Ox-module. For E* € €%, define

(150): det’(E*Y) = det’ (E*) !
by the following composition:

(i)

det’(B*Y) = ) det’ ((E~)V)' 9 Q) (det’ (B~ V) = (det’ (B*)) 7.

Here (i) is defined by ng, and (ii) is defined by iterating 6°. Write e(E®) = > i=12modd rank(E"*)
and define

e = (=) ().
PROPOSITION A.1.

(i) For a short exact sequence 0 — E°® LRG0 in €%, the following diagram
commutes.

det’(G*Y) @ det’(E*Y) —— det’(G*) ™! @ det’(E*) ! —— det’(E*) ™' @ det’(G*) ™!

’7210 ®17bE“ sdet"(G')*l,detb(E')*l ,
i((v')v,(u')v)l T detb (E®),det (E®)
det’(F*Y) : det’(F*)~1 ————— (det’(E*) @ det’(G*)) .
Npe (ib(u.vv.))@r

(ii) For a quasi-isomorphism u®: E®* — F* in €isx, the following diagram commutes.
b
Npe
det’(F*Y) —— det’(F*)!
det’((u®)) l Jdetb(u')W1
b
nEQ
det’(E*Y) —— det’(E*)~?
Proof. (i) Clearly we may assume that these three complexes are concentrated in a single
degree 7. Then the claim follows from a direct computation.
(ii) Arguing as the proof of [KM76, Lemma 2] and using (i), we may assume that E*® is an
acyclic complex and F'* = 0. Further, by localizing X if necessary and using (i), we may assume

that E* has length two, but then the claim follows from a direct computation (note the sign
convention of the dual complex). O

In [KM76, Theorem 2|, the determinant functor is defined for the category of per-
fect complexes with quasi-isomorphisms. By using the proposition above, we can define

)y det’(EY) = det’(E)~! for any perfect complex E. We define
ng: det(EY) =N det(FE)™1
by forgetting the local grading from 17?5.
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A.2 Compatibility with the shift functor
For E® € €isx, define

Xpge: det’(E*[1]) = det’(E*)~}

by the following composition:
, ;@ , ; (ii)
detb(E.[l}) _ ®detb(Ez+1)(—1) ~ ®(detb(Ez+1)(_1) +1)_1 ~ detb(E.)_l.

7 3

=

Here (i) is defined by using ,uzetb and (ii) is defined by iterating 6°. The following proposition

(E4)
can be shown similarly to Proposition A.1.
PRrROPOSITION A.2.

(i) For a short exact sequence 0 — E°® Pl Ge -0 in €y, the following diagram

comimutes.
ng. ®xbc.
det’(E*[1]) ® det’(G*[1]) det’(E*)™' @ det”(G*) ™!
i’ (u®[1],0°1]) J( T 9gctb<E.)7dotb<E.)
Xl}o id (u.,v°)®_1
det’(F*[1]) —————— det’(F*)™} ————— (det’(E*) ® det’(G*))~*

(ii) For a quasi-isomorphism u®: E* — F® in €’isx, the following diagram commutes.

det? (B*[1]) —2 det? (F)~!

det” (u®[1)]) l J (det? (u®)®1)~1
Xz:o
det’(F*[1]) — det’(F*)~ 1.

This proposition implies that we can define x%: det’(E[1]) 2 det’(E)~! for any perfect
complex E. We define

xE: det(E[1]) = det(E) !
by forgetting the local grading from X?;‘ We also define
X det(E[n]) = det(E)1"

(1 _ (ntm) _ ( (m) ()& ()
for each n € Z so that x,’ = xg and xj (XE[n}) oXxp holds for each n,m € Z,
where we identify (det(E)D")D™ and det(E)D"™ by using u'éet(E)b if both n and m are

odd.

A.3 Compatibility with distinguished triangles

Consider a distinguished triangle E — F — G — E[1] of perfect complexes on X. In [KMT76] it
is observed that there exists an isomorphism det’(E) @ det’(G) = det’(F), though there is no
natural choice in general.? However, it is also observed in [KM76] that there is a canonical choice
when X is reduced.

2 The essential reason is the non-functoriality of the mapping cone. See [BS17, §5] for an approach via the
oo-categorical enhancement.
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ProposITION A.3 [KM76, Proposition 7]. For each distinguished triangle of perfect complexes
A:ES F 5 G5 B[] on a reduced scheme X, there exists a unique isomorphism

P(A) = (u, v, w): det’(E) @ det’(G) = det’ (F)
characterized by the following properties.

e FEFELFLGYE [1] is represented by a short exact sequence of complexes of locally free
sheaves 0 — E* “5 p* % go 0, then i*(u, v, w) = i’ (u®, v*).

o If there exists a morphism of reduced schemes f:Y — X, then f*i°(u,v,w)=
i(f*u, frv, frw).
We define i(A) = i(u,v,w): det(F) ® det(G) = det(F) by forgetting the local grading from

ib(u, v,w). The following statement follows by a direct computation.

PROPOSITION A.4. Let X be a reduced scheme, A: E % F % G % E[1] a distinguished trian-

ull]

gle of perfect complexes over X, and A': F % G % E[1] — F[1] the rotated triangle. Then

the following diagram commutes.

id @i(A") i(A)
det(F) ® det(F) ® det(E[1]) ——— det(E) ® det(G) ————— > det(F)

id ®xE \L J
.(—1)rank(B) rank(F)

det(E) ® det(F) ® det(E) ™" det(E) ® det(F) ® det(E) ™"

Here the right vertical map is defined by unit map for the standard symmetric monoidal structure
on Pisx.

Let k be a field, and E be a perfect complex over Speck. Write H*(E) :== €, H'(E)[—i],
considered as a complex with zero differential. The natural isomorphism H*(E) ~ E in D(k)
induces an isomorphism

JjE: det(H*(E)) = det(E).
Let E % F 5 G % E[1] be a distinguished triangle of perfect complexes over Spec k. By decom-
posing the long exact sequence induced by the above distinguished triangle into short exact
sequences, we can construct
iy (u,v,w): det(H*(E)) @ det(H*(G)) — det(H*(F)).
Define
i (u,v,w) = jp oif(u,v,w) 0 (' ®jg'): det(E) ® det(G) = det(F).

The maps i(u,v,w) and #'(u,v,w) do not coincide in general because we used the symmet-
ric monoidal structure on Pgisx to construct i(u,v,w). However we can explicitly write

down the difference between i(u,v,w) and #'(u,v,w) as follows: write a; := rank ker H*(u),
b; := rank ker H(v), and ¢; := rank ker H(w). Then we have

i(u,v,w) = (—1)Tz"(u, v, W),

S ( S ot Yab Y aat Y e )

where

it even -~ j<i—1 1<t 71<i+1 71<i—1
Ly (Zaiaﬁ T aibﬁzmﬁquj). (A3)
i:odd N j<i j<i—1 i<t 7<i
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A.4 Extension to Artin stacks

Since the determinant functor commutes with base change, we can extend the determinant
functor to the category of perfect complexes on Artin stacks with quasi-isomorphisms. Clearly,
ng and yg commutes with base change, and we can define ng: det(EY) = det(E)~! and
xe: det(E[1]) = det(E)~! for any perfect complex E over an Artin stack X. By similar reason-
ing, we can define i(u,v,w): det(F) ® det(G) = det(F') for a distinguished triangle of perfect
complexes E = F % G % E[1] over a reduced Artin stack X.
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