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Abstract

We propose a class of random scale-free spatial networks with nested community
structures called SHEM and analyze Reed—Frost epidemics with community related
independent transmissions. We show that in a specific example of the SHEM the epidemic
threshold may be trivial or not as a function of the relation among community sizes,
distribution of the number of communities, and transmission rates.
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1. Introduction

There are a number of both deterministic [12], [26] and random [9], [19], and [37] mathe-
matical models of disease spreading, each formulated to overcome some shortcomings of the
previous models. One of the current issues is to combine several of the improved features into
a unified model.

Among the random models, in particular, the basic Bernoulli, or Erdés Rényi, random
graph [30] has been modified to take care of spatial features [9] analyzed via percolation [32].
Other modifications, such as preferential attachment [5] and [16], are instead scale free, i.e. with
a polynomial tail, mostly of exponent between 1 and 3, of the degree distribution [2] and [16];
one interesting finding is that some scale-free random models have a zero critical threshold for
large-scale disease spreading [25], [31], and [41]. However, combining spatiality with scale-
free properties requires some effort [15], [40]; see also [1], [17], and [24] for works connecting
preferential attachment with a metric space; and [23] and [39], studied only on a numerical base
due to their intrinsic complications. Other models, such as random intersection [10], exhibit
network modularity, i.e. the gathering of individuals in communities with higher transmission
rates [3], [4], [6], [7]. Yet another characteristic of some real-world networks is the nested
structure of communities (see, for example, [11], [18], [35], and [38]), a feature missing in the
networks generated by random intersection and similar mechanisms. Finally, transmission rates
depend realistically from the type of community, and two individuals might have a complex
intertransmission rate depending on the communities to which both belong.
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In this paper we introduce a new class of epidemic models, which we call spatial hierarchical
epidemic model (SHEM), which exhibit many of the features mentioned above as they, at
the same time, have spatial features, are scale-free, and possess a community structure with
transmission rates between two individuals depending on the communities to which they both
belong.

We now describe a quite general version of SHEM, and later specialize to a specific example.
The basic construction of a SHEM is as follows. Consider an infinite set V whose elements
v € V represent either individuals or their fixed locations, and which will be the vertex set of
several graphs. To start, consider the set of all edges B = {{u, v} | u, v € V} and a set of basic
edges By € B determining the basic graph 1 = (V, B;); basic edges represent some primitive
relation between individuals, identify a basic metric structure, and, typically, refer to a spatial
structure. Next, we take a hierarchical structure of partitions of V into larger and larger blocks
representing communities. Then consider random sets S,, u € V, of nonnegative integers; S,
indicates the set of communities to which u belongs. Two individuals are in contact if they are
linked by a basic edge in B or there is at least one community to which they both belong. The
first random network we study is the random graph G, ., = (V, B, ;), where an edge {u, v} is
in By ; if the two individuals # and v are in contact; here @ and z are two parameters which are
later specified. In areal population G ; would be the network of the perceived contacts among
individuals and we call it a connectivity graph or connectivity network. Note that the above
construction introduces two distances on V: one is the distance d in the basic graph 41, the other
is the distance dy generated by the hierarchical structure (see Section 2 and [27] for details);
we use both of them. The description of the model is then completed by the assumption that
disease transmission takes place independently for each link between two individuals, either
via the basic edges or via a community, with a rate which is decreasing as the community gets
larger. Two additional parameters are natural to describe infections: a transmission rate Ag to
neighbors, and a decrease rate p of the transmission rate for large communities.

By the above scheme, different versions of SHEM can be produced, possibly worthy of
further investigation. We start here by studying in detail one specific example, in which,
to focus on the role of network randomness, the disease transmission mechanism is kept as
simple as possible. We call the specific example an SIR (susceptible — infected — removed)
epidemic on a hypercubic lattice nested SHEM, as its basic graph is V = Z¢ endowed with
nearest-neighbor edges, communities are nested, and epidemic spreading is described by an
SIR mechanism. To keep things simple, we consider constant infectious times 7 = 1, with
the infection starting from a single infected individual, typically at the origin. Each infected
individual # randomly transmits the disease to each susceptible individual with which u is in
contact, independently in each community they share, or along the basic nearest-neighbor edges
of Z¢. The nearest-neighbor transmission rate is some Ao > 0, so that there is a probability
p =1 —exp(—Ap) € [0, 1] of transmission along nearest-neighbor edges. Transmission rates
M for a shared community at level k are taken to be exponentially decreasing, so that there exists
p € [0, 1] such that A; &~ pp* in such a way that the transmission probability in a community
at level k is 1 — exp(—xx) = pp*.

The main focus of interest in epidemics is on large outbreaks from the initially infected
individuals, which we study as a function of the parameters of the SIR epidemics on the
hypercubic lattice nested SHEM. It is well known [19], [28], and [32] however that for SIR
epidemics with constant transmission times, the set of infected individuals during an outbreak
equals the percolation cluster of the initially infected individual in a bond percolation model
with bond percolation probabilities equal to transmission probabilities. This allows us to use
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either percolation or epidemics terminology and techniques. In this paper the former is used
mainly to develop the detailed mathematical arguments, and the latter to discuss the meaning
of the obtained results. In particular, percolation models have the advantage of having no
time variables. In our case the bond percolation probability, i.e. the transmission probability
between two individuals, is then the probability that there is a transmission in one of the shared
communities or via the basic edges.

The SIR epidemic on the hypercubic lattice nested SHEM will depend on five parame-
ters:

(i) d, indicating space dimension;
(ii) z, determining the growth factor z¢ of community sizes;

(ili)) « > 1, determining the distribution of the number of communities to which an individual
belongs;

(iv) p, indicating the transmission probabilities to neighbors;
(v) p, modulating the decrease in transmission probabilities for large communities.

Our main results concern, on the one hand, the connectivity of the basic graph and, on the
other hand, the occurrence of a large outbreak transition. For the connectivity of the basic graph,
we show that the degree distribution D, of any vertex v € V satisfies P(D, > h) ~ hvtL
where y — 1 = log, a/(d —log_ ), so that the network is scale-free for all & € (1, zd); in
particular, for 729/ < o < 724/3 the network exhibits the typical value of y — 1 € (1, 3). For
the epidemics outbreak, we study the onset of a large outbreak as a function of p, and find
that there is a well defined critical point p. (which is independent of the random realization of
the connectivity network) such that for p > p. there is a large outbreak, while there is not for
p < pc. We then find that p. is trivial (p. = 0) or not depending on the decrease rate p of
the transmission probabilities: if o € [1, zd] and p < oe/zd, ora > z%, then pe > 0; however,
ifa €[1,z%) and p > «a/z% then p. = 0. This fully determines the («, p) phase diagram in
terms of the remaining parameters.

The large p phase means that with a slow decrease rate in the transmission probabilities
a large epidemic outbreak occurs no matter how small these transmission probabilities are.
Thus, our results reveal that the triviality of the critical value can indeed occur in scale-free
networks [31] even in the presence of a very structured population with realistic features,
outlining the possibility of such a highly undesirable situation. On the other hand, the fact that
we identify a transition to the more common nontrivial threshold suggests lines of intervention
in terms of reduction of transmission rates in selected highly pivotal communities: we leave
this matter for future investigation. The phase diagram is plotted in Figure 1.

In Section 2 we give precise definitions and state the main results, and in Section 3 we discuss
the relation with other models. In Section 4 we study the connectivity graph proving the results
about the asymptotic degree distribution. In Section 5 we study the community dependent
SIR epidemic and identify the parameter range where the critical point is trivial. Finally, in
Section 6 we bound our model with a toy model in which each variable X, is replaced by a
collection of independent variables { X, ,)},c7¢ on directed edges with the same distribution
but with « replaced by /. In spite of the seemingly inaccurate bound, this enables us to
identify the exact region in which p. > 0. A potential relation with one-dependent processes
and Shearer’s distribution and a hint as to why the bounds end up being so sharp is briefly
discussed in Section 3.
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FIGURE 1: The o — p phase diagram of the nested hierarchical modular spatial hypercubic lattice nested
SHEM in dimension d.

2. Definitions and main results

In this section we introduce the hypercubic lattice nested SHEM in detail and present the
main results of this paper. Detailed proofs are carried out in the remaining sections, starting
from the connectivity network first, and then moving to the SHEM.

As a preliminary step, though, we must point out that several proofs are obtained by
comparing the SHEM and the connectivity network to other, either simpler or well-known,
models. In so doing, we end up discussing a total of five different models plus a series of
interpolating ones. To unify the presentation we introduce a common notation.

We consider the graph (4, BY) with B the set of all bonds of Z? (thus not limited to its
nearest neighbor), or its directed version (Z4, Bd) where B is the set of all directed bonds of
74, All models, 1nclud1ng the SHEM, consist of distributions [P on (the Borel o -algebra of) H =
{0, I}E or H = {0, I}B They are defined by taking an initial configuration space X (different
for different models), a probablhty w on the Borel o-algebraof X,amap¢: X — H,or H SO
that P := ¢ () = u¢~'. Asand ¢ depend on some parameters, so will P. To avoid confusion,
all of these elements are decorated in each model by a reference to the model name and, when
it is relevant or there is risk of misunderstandings, the indication of the parameters (with the

exception of d). For instance, in the SHEM P = PSHEM — PSHEM & — SHEM (), SHEM) 'y here

w = pSHEM — ;LEIILEII\,/I is a distribution on X = XSHEM — NZ‘ y (0, 1}BXN (0, 1}B1
with By = {{u, v} |u,v € 74, d(u,v) = 1} € B being the set of nearest-neighbor bonds.
Elements of X are denoted by x and random variables taking values in X by X; the restriction
of x to a subset is denoted by using the subset itself as index. For instance, if x € XSHEM
then xyq € NZ* is its restriction to 74 and X{u,v} and Xga (1 2 3) are other possible restrictions.
Finally, if n € H or H is distributed according to the probability P’ of some model, the subset of
B9 or B in which n = 11is denoted by B or B decorated by the model name, and occasionally
the parameters; this generates the random graph § = (Z%,B), accordingly decorated. In the
SHEM model, for instance, it becomes BSHEM — IBSgHZE;VIp and 9,SHEM (Z4, BSHEM) " Ag
final remark, note that throughout this paper we are going to denote expectations of suitable
random variables X with respect to a probability P simply by P(X).
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We now give a detailed definition of the hypercubic lattice nested SHEM. As mentioned, we
introduce, in order, X SHEM_ ,uSHEM, ¢SHEM, PSHEM oy H ., and, finally, QSHEM = (Zd , BSHEM).
It all depends on the five parameters: the dimension d (the first parameter) and z, «, p, p, the
remaining parameters introduced below.

We start from a system of partitions of Z¢ into blocks. Letz > 2 be a fixed integer (the second
parameter). Foreachk =0, 1, 2, ..., partition 74 into blocks Az r(w) = Az p(wr, ..., wq) =
fv="(u,...,us) € Z% *w; < uj < (w; + Dz¥ — 1forallj = 1,...,d} forw €
Z®. Blocks represent a system of nested potential communities; here potential indicates that
individual u has a chance to belong to all communities A, x(w) for whichu € A, x(w); whether
it actually does belong to them is randomly decided as described further below. Note that blocks
are hypercubes of linear size z¥, and that each partition is such that some of the hypercubes have
a vertex at the origin; k is called the level of the community. Note, also, that vertices separated
by coordinate hyperplanes always lie in different communities; the community structure is
thus confined to orthants, and vertices in different orthants are connected only through nearest-
neighbor connections: this constraint is not an unrealistic feature, however, as it might represent
very rigid borders or seas.

Let dg (4, v) = min{k | there exists w € Z% such that u, v € A r(w)} e{0,1,2,...,00}
indicate the distance determined by the hierarchical structure of the A, xs; d g («, v) indicates the
level of the smallest potential community to which both individuals «# and v could simultaneously
belong and takes the value oo if there is no such community. Note that k > dg (u, v) if and
only if there exists w € 74 such that u, v € A k(w). Note also that there are, in fact, two
metrics, the Euclidean distance d and the graph distance dj,, which play a role in defining the
SHEM and that both are stationary (see [27] for a discussion on dg).

The configuration space XSHEM is built in steps. First, x, € N, u € Z9, describes actual
participation to a community: u belongs to all communities A; (w) such that u € A, x(w)
and x,, > k; such a set of k’s is the set S, mentioned in the introduction. Next, x{ ) x € {0, 1}
indicates whether disease transmission takes place between two individuals u, v if they belong
to the same community at level k. Finally, x, ) € {0, 1}, u, v € 74, d(u,v) = 1, indicates if
transmission takes place between two nearest neighbors. Therefore, we take

)_(SHEM — NZd x {0’ I}BdXN x {0, 1}1531'

A random variable X = Xyi piynp, € X with distribution ;SHEM describes the random

elements x € X. We define uSHEM a5 follows.

For o > 1 (the third parameter), let uy = ]_[uezdua,u with (g, (Xy > k) = ak k=
0, 1,...; for @ = 1 the definition is extended by assuming that X,, = oo for all . Note that
with this distribution the overlap, i.e. the average number of communities to which an individual
belongs, is Z,fil a k= (a — 1)’1, and that for human communities this is a realistic number
for values of o approximately in the interval [%, ?]; see [21]. Note also that for I < o < z¢
all communities are populated, with an average number (z¢ /o)X of individuals.

Next, given p € [0, 1] (the fourth parameter) and p € [0, 1] (the fifth parameter), the
distribution of X, v}k, {#, v} € B?, k € N, is described by a Bernoulli probability pL:O’ p =
H{u’q}eBd’kE‘N W oty Where i (X k = 1) =.p,o_k. Finally, for.p as abf)Ye,
the distribution of Xy, ), {1, v} € By, d(u, v) = 1, is described by a Bernoulli probability
1y = T vyem a, =1 Hp .oy Where i ) Ky = 1) = p.

SHEM SHEM

Finally, we take u = Uy pp = Ha X u’p, p X ,u/l;. The map ¢SHEM completes the

construction by indicating that  and v are connected in the percolation transcription of epidemic
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diffusion if they share a community or are nearest-neighbors and transmit disease to each other
at that level. Hence, ¢SHEM — ¢ZSHEM : XSHEM _, H is such that

SHEM
(¢z (x)){u,v} = l(there exists keN: dge (u,v) <k<min(x,,xy) and x( v} k=1, or d(u,v)=1 and x(y y}=1) -

Note that (qbZSHEM (x)){u,v) depends not only on x, ) but also on x,,, x,, and x{y v} k.
The graph of the actual connections is then gSHEM — (74 BSHEM) ' yhere BSHEM —

IB%SHEM(X) = {{u,v} € BY: (¢SHEM(X)){,,,U} = 1}. Consequently, BSHEM hag distribution
PSHEM _ pSHEM _ ,SHEM (| SHEM)
=Tzap,p =Pz Kea,p,p)-

With this definition, there is a probability pp* of infectious contact (or connection in

percolation terminology) between each pair of individuals when they simultaneously belong to
acommunity at level k, and a probability p of the same occurrence if they are nearest-neighbors.
Note that two individuals may have several occasions of disease transmission if they share more
communities and/or are also neighbors.

The main result of this paper is about the occurrence of a large outbreak. By the equivalence
with percolation mentioned in the introduction, a large outbreak is equivalent to the occurrence
of percolation. For u € 74 and n € H,let V, = V,(n) be the set of vertices connected to u,
let Ay 0o = {n | [Vu(n)| = oo} and let Aso = |, cz¢ Au,0o- We say that a large outbreak or
percolation occurs if IF’SHEM(A,,,OO) > 0 or, equivalently, PSHEM (A ) = 1 (see the proof of
Theorem 2.1 below), and does not if such probabilities are 0. We are interested in the set of
parameters d, «, z, p, and p for which a large outbreak or percolation occurs.

In Section 5, by fairly standard arguments, we prove the following theorem.

Theorem 2.1. Foreveryd > 2,z > 2,a > 1, and p € [0, 1], there exists a value p.(a, p) =

pe(d, z, a, p) such that, for all u € 72, Pg’lgt%\flp(Au,oo) > 0 forall p > pc(a, p) and
[PSHEM

za.p,p(Au,c0) = 0 forall p < pe(a, p).

In terms of epidemics, when p¢(c, p) > 0 no large outbreak occurs for small p, i.e. for
small values of the transmission parameter )¢, while a large outbreak occurs for large p, i.e. for
large transmission rates Ag. On the other hand, if p.(«, p) = O then there is a large outbreak
no matter how small the transmission rates are.

In Section 5 we obtain the main result of this paper by determining the entire phase diagram
of a SIR epidemic on the hypercubic lattice nested SHEM. We show that both regimes can
occur, depending on the relation among the remaining four parameters, as stated in the next
theorem.

Theorem 2.2. Fora < [1, 79],

@ 0) =0 ifp>al,
«a,
bl p >0 ifp <a/zi.

Fora > 7%, we have pela, p) > 0 forall p € [0, 1].

As a final remark, let us mention that a third possible regime, namely p.(«, p) = 1 never
occurs: since nearest-neighbor edges are included, pc(«, p) < pc.(d) < 1, where p.(d) is the
critical point for independent edge percolation in Z<.

Before proving these results, we explore in Section 3 the connectivity network. This is
just the random graph determined by spatial and community relations, and amounts to taking
p = p = 1inthe SHEM. It is described by the probability distribution PN = PCN = PSHEM

z,a,1,1
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on H. The random network is then gCN = (z¢,BN), where BN = IBSZCI(;I = IB%EI;EIMI is the

random set of Is in a configuration € H distributed according to PN, To realize such a
. . . S d
distribution we can take XN = N%°,

CN
¢Z (x){u,v} = 1{there exists keN: dge(u,v)<k<min(x,,x,) or d(u,v)=1}s

and pN = MSN = [y, the same distribution used in the SHEM as one of the marginals in the
definition of pSHEM,

The main result about the connectivity network concerns the asymptotic behavior of the
distribution of the degree D, = D,(n) = |{v € 74 | {u, v} € BNY.

Theorem 2.3. Forall o, 7 such that 1 < « < 79,

-yt CN 1
( i ) > limsup P, (Dy, > h)h"~
o h— 00

> lim inf PSY(D,, > h)h? ™!
h—o0 "

1 d_l y—1
>_(Z ) forallu € 7,

“a\z9 —«

where y — 1 =log, a/(d —log, o).

By Theorem 2.3, for large 4, PCN(D = h) =~ h™7 with y as above. Thus, the connectivity
network §N is scale-free for each o € (1, z%). The typical degree of most realistic networks
is obtained for 2 < y < 3, which is 242 <a< z24/3 The relation with overlap is also quite
satisfactory: for d = 2 and z = 2, the typical scale-free range is [2, 2%/3] which has nonempty
intersection with the region [%, 1?0] where the overlap is realistic.

From the combined analysis of epidemics and of the connectivity network, the transition
between absence to nontriviality of a critical threshold emerges, as discussed in the introduction,
even in the scale-free parameter region.

3. Relation with other models

Before commencing with formal proofs we comment on the diversity of models appearing
in this work and on the relation with other models appearing in the literature. There are three
reasons behind this diversity:

(a) while we focus here on a well-determined construction, it is a richness of the model that
the general scheme of the SHEM can be detailed in many different ways;

(b) several steps in our proofs end up comparing a SIR epidemic on the hypercubic lattice
nested SHEM to modified (sometimes unrealistic) models; note that, signalling a likely
scarce influence of specific details, some of the results and proofs shown here hold for
some other of these models as well;

(c) it turns out that hypercubic lattice nested SHEM reproduces, for limiting values of its
parameters, several other models appearing in the literature, either exactly or approxi-
mately. Thus, although the frequent change of model burdens notation and reduces the
clarity of exposition, it is actually a strength of this work.

https://doi.org/10.1017/apr.2015.10 Published online by Cambridge University Press


https://doi.org/10.1017/apr.2015.10

144 A. GANDOLFI AND L. CECCONI

We now briefly review the relation to other models, in particular, with those obtained as limits
as mentioned in (c) above. Parameters used by the cited papers are indexed by the initials of
the authors of each paper, in order to avoid confusing them with the parameters used here.

(c1) For p = 0, we simply obtain the classic nearest-neighbor edge percolation on Z¢ (see,
for example, [22]), in which only the parameter p remains.

(c2) The @ = 1 case is such that S, = N and each individual « belongs to all communities
containing the vertex u. Except for the nearest-neighbor edges, this is exactly the long-
range percolation (LRP) model on the hierarchical lattice studied in [27], with their
DKMT,k, = (1 — exp(—aKMT/,BIIngT)) =1- thkl (1—- p,oh). Since the right-hand side
is approximately (ko p/(1 — ,okz)),okl for some k; (see (7.2), (7.3), and (7.7) below) and
1 — exp(—agmr/ ﬂIk('MT) ~ agmr/ ,BIk('MT, our parameters p and p play the role of aymr
and :3121\1“’ respectively, while their Nxy is equal to our z¢. Koval et al. [27] determined
three phases in terms of the critical axmr,. (= pc(e, p)); the first has axmr,. = 0 for
BxmT < NkmT, Which corresponds to our p > 774 (= az 9 fora = 1), and the second
has agmr,c > 0for Nkmt < Brmt < NI%MT,Which corresponds to our P <p< 774,
The third phase has akmT, = 00 (which would be p. = 1), but our model does not
exhibit such a phase as we have included all nearest-neighbor edges so that p. (¢, p) < 1.
There is an analogous relation with the results in [13] which are for « = 1 and Npg =
Nxmt = 2% — o0, and with those in [14] which are for « = 1, and PDG.k =
epGk/NEATPD 2 (kyp /(1 — p)k2) p* for k = dye(u, v)), s0 that NP9 plays the
role of our p with §pg the relevant parameter. We point out, however, that the formulation
of [14, Theorem 3.1] considers large enough cpg x (which plays the role of our p) and
thus the transition at their spg = 0 (which amounts to our p = 774 ) goes unnoticed in
that paper.

(c3) For p = p = 1, in which case we are merely observing the connectivity network, the SIR
epidemic on the hypercubic lattice nested SHEM compares to the Yukich model [40],
which describes a model with two parameters sy and dy: {Uy,}, 7« are independent and
identically distributed (i.i.d.) uniform [0, 1] random variables and u, v are connected
if and only if d(u, v) < 8y min(U,°Y, U, °Y). It is actually possible to show that for
any increasing event A concerning edge connections, such as {D,, > h}, the probability
of A in the SIR epidemic on the hypercubic lattice-nested SHEM with parameters d, z, o
(and p = p = 1) is bounded by the probability of the same event in the Yukich model
with parameters sy = (log, oc)_1 and §y = J/d. Since Yukich [40] computed the exact
asymptotic degree distribution, we used those results to state a proof of Theorem 2.3.
The proof has now been improved upon, as a result of a referee’s suggestion, and the
comparison with Yukich’s network is no longer needed.

(cq) Still, the random disk model, which we introduce in order to prove Lemma 7.1 below, is
very close to a modified version of Yukich’s network in which each connection in Yukich’s
network is independently removed with a probability depending on the distance. From
our results it is not difficult to extract some information about the phase diagram of such
a weakened version of Yukich’s network, but this seems of no interest here.

(c5) The scale-free percolation model in [15] is also based on i.i.d. random variables, denoted
by W,, with distribution satisfying F(w) &~ 1 — w~(™HH=D "and the probabilities of
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connection are of the form

W, W,
PDHH,u,v = PDHH(Wy, Wy, d(u, v)) =1 —exp| —ApaH| ——— ) )-

d(u, v)*pHH

There is a correspondence with our parameterization as Apgy plays the same role as our p,
aphH — 2 plays the same role as our — log, p, W, corresponds to VdzXu so that tppy — 1
corresponds to log, «. However, the formulation in [15] and our use of d g (u, v) instead
of d(u, v) determine different behaviors of percolation in the two models. In particular,
Deijfen et al. [15] showed that the critical Apgp,. is nonzero if and only if the degree
distribution of any vertex (which is independent of Apgy) has a finite second moment.
Such phenomenon does not occur in our case: we compute the asymptotic of the degree
distribution only for the connectivity graph (which is for p = p = 1), but already in that
case percolation occurs only for & > z¢ by Theorem 2.2, when the degree distribution
has all moments.

(ce) Itisalso interesting to simultaneously compare the hypercubic lattice SHEM to [8], [15],
and [27]. In [8] a very general family of inhomogeneous random graphs was proposed,
based on i.i.d. random variables like our X, such that the connection probability, when
just the first n vertices are considered, is of the form p, , = p(X,, Xy, n); [15] general-
izes it to a graph which can be immediately infinite and p, , = p(Xu, Xy, d(u, v)).
On the other hand, Koval et al. [27] considered the hierarchical structure and sets
PoHH.uv = p(dge(u, v)). In this perspective, our work is developing the most general
case in which p, , = p(X,, Xy, du, v), dge(u, v)).

(c7) As @ — 00, the SIR epidemic on the hypercubic lattice-nested SHEM tends again to
nearest-neighbor bond percolation in Z¢, and already for @ > z? we expect that the model
has the same overall characteristics in terms of the percolation-large outbreak transition.

Finally, we comment on the stochastic properties of PSHEM,

(d) Under PSHEM he n variables, indicating effective disease transmission, are such that
if {u;, vi} N {uj,v;} = @ fori # j, then the ny,; .1 = 1,..., n, are collectively
independent. This is the edge analogy of the property of a Bernoulli random field with
a dependency graph or one-dependent process ([20] and [36]). From this point of view,
PSHEM 5 a Bernoulli random field with a dependency hypergraph HG; more precisely,
vertices of HG correspond to the edges B¢ and hyperedges of HG correspond to the
vertices of Z¢.

For a Bernoulli random field P one finds, under some conditions, a Bernoulli indepen-
dent distribution, called Shearer’s measure, which stochastically bounds P and has the same
marginals; see [34] and [36]. In our proof we also end up bounding PSHEM with a Bernoulli
independent distribution, see PPRD 5 Section 7 below, which is optimal in some sense (at least
in the sense that it captures the precise phase transition diagram). This somehow suggests that
PPRD ¢ould be some sort of generalized Shearer’s measure. There are too many differences,
however, to draw direct conclusions from the theory of Bernoulli random fields; for instance,
the use of a hypergraph instead of a graph, and the fact that PPRP is on variables attached to
directed edges (a concept which is absent for the vertex variables of a one-dependent process).
But at least this relation hints as to why the seemingly inaccurate bounds of Section 7 end up
capturing the phase diagram completely.
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4. Degree distribution of the connectivity network

The probability PN is not stationary and the distribution of D, depends on u, but the
dependency is very weak. The hierarchical part is, in fact, stationary as vertices u lie in
identical sequences of A, i (wy,,) for suitable wy ,; only the nearest-neighbor relations in the
SHEM do not match the hierarchical structure exactly, due to the nonequivalence of d (i, v) and
dge(u, v). Since in the connectivity network each vertex has 2d nearest neighbors, the number
of nearest neighbors which are added to the set of neighbors observed via the communities can
vary from O to 2d at most. Hence, for all u, v € 79 and h > 0,

PN(D, > h+2d) < PN(D, > h) < PN(D, > h —2d). (4.1)

In order to prove Theorem 2.3, we first compute the expected degree D = Dy, with O being the
origin of Z4, for each fixed value k of Xj.

Lemma 4.1. Forall « € (1, z%), it holds that

dnk
By == ugN(D | Xo =k) = c1(d, LM(%) +c2(d, z, @),

where c1(d, z, @) = (z = 1)/(z% — @) and c2(d, z, ) is such that

d _ d_1
L oWz 42,
- ¢ —a
Proof. Consider the boxes A; ¢(0), £ € N. Then
k
=Y. > pNXy = 0+ Y (UK, <dy0)<k) F Lk<dpe©.0))
£=1 veA, ((O\A;¢1(0) v: d(0,v)=1
k £t _ Lde=1)
=Y ———+aka
=1
2 gdk _ gk
=— 5% takoao
z
d d
Z 1 74 —1
= — + 3k, o
Zd—a(a) 74—« 3k, @)
Z\*
=c1(d,z, 06)(;) +c2(d, z, ),
where 0 < c3(k, o) < 2d, so that ¢ and ¢, are as claimed. U

Proof of Theorem 2.3. For o = 1 the resultis trivial, as all terms equal 1. For o > 1, in view
of (4.1), it is enough to consider u = 0. For h > 0, let k(h) = max{k: c¢1(z?/a)* + ¢2 < h},
and, for ¢ > 0, consider ki (h) = k(h — h'/*¢ — 4d) and ko(h) = k(h + h'/**¢ + 6d). Note
that ko (h) — k1 (h) < 1 for large h, but can actually be 1.

Denote Ex, = MaN(Zz 1 ZveAz,e(O)\Az,g,l(O) 1{x,>¢)); the random variables appearing in
the sum are binary and independent, hence, their maximum value is 1 and Ey, is also the sum
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of their second moments. Note also that |[Ex — E;| < 2d. By the Bernstein inequality, for all
k < ky(h), we have

k
ugN(D > h | Xo=k) < MSN<(Z > Lix,>0)

=1 veA; 1 (0\Az¢—1(0)

+ Z (X(x, <dge (0.v) <k} +1{k<d,;((0,v)}> > h)
v: d(0,v)=1

k
< “SN<Z > lix,>¢0 —Es > h —4d — Ek>

=1 veA; (0)\A;¢—1(0)
(h —4d — Ey)?)2
X —
P\ Es + (h—4d—Ep)/3

(hl/2+8)2/2
exp(‘ 4h/3 )

_3h28
< exp( ’ )

sincefork < ky(h),h—Ex—4d > h'/?*% and By, < Ex+2d < h. Thus, ask;(h) < ¢4 log (h),

IA

IA

—3h%
> :U«CN(D>h|Xo=k)MCN(Xo=k)h”_lSkl(h)exp< 2 )hy‘l
k<ki(h)

— 0 ash — oo.

From the definition of k1 (%), we have

h—h'/2+e 444 — 1
k1<h)+1zlog< i Cz)
1

log (z4/a)’
therefore, as P = (¢~ 1),

PEN(D > hyh? ™!

=n 13 uSN@EH D > by | Xo = kSN (Xo = k) + o(h)
k=ki(h)

< By —lg—ki+1) + o(h)

h—h'/2e 4 44 — 1
< pv! exp(—loga log < + 62) v > +o(h)
c1 log (z¢/a)
_ 1
< hy_lcilog’ o/(d=log; @) exp __ %% log (h — h'*¢ 4 4d — ¢3) | 4 o(h)
d —log, a
y—1 y—1 1
<h"" ¢ = W% 1 4d — y)7 =] + o(h)
— c’l’_1 as h — oo.
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Proceeding in the same way, if k > ky(h) + 1, we have

k
uSN(D < h | Xo =k) < uSN <E2 -y > Lix,>0) > By — 4d — h)
=1 veA; (0)\A;¢—1(0)

- (Ex — 6d — h)?/2 )
SO\ TR, T B —6d —h)/3

3
con(-20)

since Ex, < By + 2d and By > h + h'/?*¢ imply that

— _n? _ AV
(Ex —6d —h)~/2 > (Ex —6d — h)/2 > §(Ek)€
Es + (Ex —6d — h)/3 Ey + Ei/3 8
for large i (depending on ). Hence,
PEN(D > h)h? ™!
o
=n Yy uND > h | Xo=kpa(Xo = k)
k=ka ()+1
o0 (0.¢] 3
> hV—l( Y neXo=k— > exp(—gE,i>a—k(a - 1))
k=ko () k=k(h)+1
> 3 4\ ¢
I S (5 B )

k=ka(h)+1

since ¢1 (z4 /) 2™ 4 ¢y > h + h'/?*¢ 4 64 > h. The second term is bounded by

3 74 (k2(h)+1) 3 3 d
pr-1 eXp<—§(Cl (_) + C2> >Ol_k2(h) < pr—1 exp<_ghs>alog((h—cz)/cl)1/log(z Ja)
o

_ y—1
ool ) 5
8 Cl

— 0 ash — oo.

From the definition of k;(h), we have ko (h) < log((h + pl/2+e ¢2)/c1)1/log @ /a); so,
finally, the first term above satisfies

1/2+ _
pr—lg-tem+ 5 py—11 exp(—logalog (h +h!/2te 4 4d cz) 1 >
o

Cq log (Zd/a)
1

(h+h'/2 +4d — cp)r—1

1 ,_
zh’/—l—c}l/ !

1 ,_
— —c ' ash — oo.
o
This concludes the proof as ¢; = @ -1/ - a). O
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5. Epidemics: existence of a threshold

Lemma 5.1. Fixd, z, o, and p. Foruiﬂ%‘,’l-almostallxzd € )_(Zd, ugﬁ)}?l;,/[(qﬁgl(Aoo) | x74) €
{0, 1} and is nondecreasing in p; therefore, there exists p. = pc(d,z,xza, p) such that
PSHEM (4 ) = 0 for p < pc and PSHEM (4 )y = 1 for p > pc. Furthermore, the random

variable p.(d, z, xza, p) is constant for jiy-almost all xza € NZd.
Proof. We have

g M (@ (Aco) | Xza0) = )y, X Wy (Apd s B, (X70)).

where, for xz4 € NZ*, Agdyn B, (vzd) = {xpixnp, € {0, I}BdXN x {0, 1}B1: ¢, (xza x
XpixN,B,) € Aoo); note that u), , x uf is Bernoulli. The event Aga,y g, (xz¢) does not
depend on any finite set of ({u, v}, k) in B¢ x N and {u, v} in By, so it is a tail event and its
probability is in {0, 1}. Moreover, for each xz4 the event A, p, (xz¢) is monotone in the
semiorder of {0, l}BdXN x {0, 1}B1, and for p’ > p y,;) ;X p,/[; , dominates in the Fortuin—
Kasteleyn—Ginibre (FKG) sense ,u’p’ p X y/!’, This shows iﬁe existence of p. as claimed.

Next, the random variable p¢(d, z, xz4, p) is in the tail o-algebra of NZd, as changes of a
finite number of x, do not affect the set Apa, g, (xz4) hence the value of pc, and WSHEM g
Bernoulli. |

Proof of Theorem 2.1. 1f p < pe(a, p) then PSHEM (A) = 0; hence, PHEM (A, o) = 0.
PSHEM

If p > pc(a, p) then z,a,p,p(Aoo) > 0. By o-additivity there is a vertex v € 74 such that
[PSHEM (Ay,00) > 0; for another fixed u € 74, the event B that Xu, Xy > d;g(_u, v) and

2,Q,0,p
X{u,v)k = 1 for some k > dg(u, v) is an increasing event in the semiorder in X and has
PSHEM(B) > 0, so by FKG, PSHEM (A, o) = PSHEM (4, )PSHEM(B) > 0. O

6. Parameter region with trivial threshold
Lemma 6.1. For« € [1,z%) and p > a/z¢%, we have p.(a, p) = 0.

Proof. We begin with a dynamic construction of PSHEM | Starting from the origin 0, consider
the sequence of boxes A, = A, x(0); recall that A, o = {0} and let A, » = @ for kK’ < 0; for
k =0, ..., sequentially generate the following variables:

(kqg) Xy, v € Ak \ Az k—1s
(kp) Xppupjou, v € Agk—1 \ Azp—2,j =1,....k—1,u #v;

(ke) Xpwup kst € Agp—1,V € Az g

(Last) Xy, 4,0 for all nearest-neighbor pairs {u, v}.
Note the following.

(1) In every step we generate variables which were not generated in the previous steps: this
is clear for X, and Xy, v),0, while for X, ,) x we need to verify that three pairs of sets
are disjoint.
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e First, for k # £, {({v,u}, j) |u,v € Agp—1 \ Azk—2,j = 1,....k =1} N
{{v,u}, j) lu,ve A g1\ Az e—2,j=1,...,£ — 1} = & as the sets of bonds
are disjoint.

e Second, fork # £, {({v,u}, k), u € A p—1,v € A} N{({v,u}, ), u € Ay o1,
v € A; ¢} = @ as the community levels are different.

e Finally, forall k and £, {({v, u}, j) |u,v € Agr—1 \ Azx—2,j=1,...,k—=1}N
{{v,u},€),u € Ay ¢—1,v € Ay ¢} = T since, for £ < k — 1, bonds are different
(this should be checked with care for £ = k — 1, as in that case the second set
has v € A; x—1, but then u € A;x—2); and, for all £ > k, community levels are
different.

(i) The last step can be performed at any time, possibly subdivided into several steps.
(iii) All the generated variables are measurable with respect to X = X 74 B xN. By -

(iv) As a side remark, although unnecessary for the current proof but potentially useful in
simulations, observe that all relevant variables are generated; in fact, if u’ € A,k \ Az k-1
and v’ € Agjir \Agjir—1,7 > 1, thenx(y ,n, jfor j =1, ..., k+r—1isnot generated
but it is also not relevant in the process.

Following this construction we can show that for o € (1, zd), P> /zd ,and any p > O there
is an infinite cluster. We generate a sequence iy, k € N, of either vertices in A, x \ Az x—1 or
empty sets with the following procedure, in which the definition of i; depends on three events
which may occur depending on the status of ix_1.

Step 1. If xo > 1thenipg =0, else ip = T;

o ifir_1 € Az x—1\ Az k—2 then

o if there exists v € A x \ A x—1 such that x, > k + 1 and xy;,_, ),k = 1, then iy
equals one of such vertices v (the first in some fixed order);

o ifthereexistsv € A, \ Az x—1: xy > k+1butforall such v x(;,_, v x = 0, then
ix equals one of vertices v with the first property (the first in some fixed order);

o ifforallv e Az x \ Az k—1, we have x, < k4 1 then iy = J;
e if iy_| = & then

e if there exists v € A, x \ Az k—1: Xy > k + 1 then iy equals one of such vertices v
(the first in some fixed order);

o ifforallv e A,y \ A;x—1,wehave x, < k+ 1theniy = @.
Given the vertices i;s, we can define the following events:
o Ay = {thereexistsv € Ay \ Agx—1: Xy = k+1, x4,k =1}

o Cr = {thereexists v € Az \ Az k—1: xy > k + 1 but either ix_; = @ or for all such vs
Xfip—p.vpk = 0}

o Fip={forallv e A; i\ A;x—1, itholds thatx, < k + 1},

where clearly Ay is not defined if ix—1 = &. Note that all the events Ay, Cx, and Fy are
defined in terms of the variables at steps (k;) and (k.) of the construction outlined above.
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This implies that such events are defined in terms of variables which, once ix_ is given, are
independent from those involved in defining A;, C;, and F; fori = 1, ...,k — 1. Moreover,
for each k the three events form a partition of the probability space. Therefore, the sequence
Zrx = ay(ck, fx, respectively) if Ax(Cy, Fy, respectively) occurs, is a (nonhomogeneous)
Markov chain, whose transition matrix can be estimated in terms of the x variables. In fact,

PSHEM (7 = ay | Zioy = ag—1) = PPPEM(Z = i | Z—y = k1)

dk __d(k—1)
(Pt YT
- pyas]

k. dk d(k—1)
pp" (% —z )
z1- eXp<_ okt )

vdk_zd(k—l)

1 Z
PSHM(Zy =t | Zier = fie) =1 — (1 - k_+1>
o

dk _ _d(k—1)
Z l — exp(_u>7

okt

and all other conditional probabilities are smaller than exp(— ppk(zdk — 74k=Dy joktly f
Zi_1 = ax—1 or Zy_1 = ci—1, and smaller than exp(—(zdk — 240=Dy okt Yy if 7,1 = fio.
Since p, p < 1, we have

PSHEM(Z, = fr) = Yo PPz = fi| Zi = PPM(Z L =)

z€{ag—1,ck—1, fr—1}

< p,Ok(de o Zd(k—l)))
<exp| —

k1

and, similarly,

dk _ d(k—1) k=1, dk=1) _ d(k—2)
s 2 -z po (2 z )
PSTM(Zy = ¢p) < GXP<—T) + GXP(— g ,

so that if p > a/z4, both 322 PSHEM(Z, = £} < oo and 332\ PSHEM(Z; = ¢¢) < oo.
By the first Borel-Cantelli lemma, F; and Cj occur only a finite number of times, so that with
probability 1 the sequence terminates with one Cy and then Aj, for 1 > k. In such a case, the
vertex iy is connected to an infinite cluster containing all vertices i, for 2 > k. Since there
are countably many vertices there must be one k and one vertex v € A x \ A;x—1 which is
the starting vertex of an infinite cluster with probability ¢; > 0. Note that the infinite cluster
is using edges in communities at a level of at least k. Such a vertex can be connected to the
origin using nearest-neighbor edges, which are independent from the previous construction as
they were involved only in the last step of the dynamic joint generation of graph and epidemic,
with some probability ¢c; > 0. In the end, the probability of percolation from the origin is at
least cjcp > 0. O

7. Parameter region with nontrivial threshold

To identify the region with nontrivial threshold we are going to give an upper bound to the
probability PSHEM (4, ) in terms of the corresponding probability in a sequence of models.
The three main ones are the random disks (RD) probability PRP, the directed random disks
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(DRD) probability PPRP, and a long range percolation (LRP) probability PLRP_ The first two
are probably of little relevance elsewhere; the last one is well known in the literature; see [33].
In addition, we introduce an infinite sequence of interpolating models between the RD and the
DRD:; they are called the A-directed random disks (2-DRD) models, with their distributions
denoted by P*"PRP ', ¢ N,

In the proofs of this section nearest-neighbor edge variables are just a nuisance. Therefore,
we are going to fix one realization xg, of the variables in B such that percolation does not
occur in (Z%, B1), as can be done with probability 1 for small enough p; ¥ = X, is kept fixed
Sfor the whole section except in the proof of Theorem 2.2. Let us denote by B the set of edges
{u, v} such that d(u, v) = 1 and Xy, ) = 1; we will always have ny, ,; = 1. We then consider

SHEM __ pSHEM SHEM /,, SHEM SHEM . ySHEM :
meal IP’Z o0, .58, ¢z,fml (Ka,p.p ) where ¢XB1 X — H is such that
SHEM
(¢’EB| (x)){u,v} = 1{th«:re exists keN: d e (u,v) <k<min(x,,xy) and x( v} k=1, or {u,v}eB}} -

Similarly to the general SHEM construction, now g,S“EM = (74, IB%SHEM) where IB%E;IEM
By 1

is the set of edges where qb%?EM = 1; BSHEM pyu dlstrlbutlon IP’SHEM = IP’?%E;\AP i =
1 1

SHEM (,, SHEM

(pi]Bl (Ma,p’[) )'

Note that, equivalently, Pg’fg’[ml = ¢SHEM(M2§E¥'(- | XB,)), where uSHEM (. | kp ) is just
w = uSHEM conditioned to the fixed configuration on By; uSHEM (. Xg,) is then a distribution
on N2 x {0, I}BdXN; and

[ SHEM :/ (SHEM (| )EEI)MSHEM((HBI);
{0.13B1
hence,
PSHEM _ IP)SHEM SHEM (dis,). 7.1
{0 I}Bl By

The models used to bound the percolation probability are also defined in terms of the given X,
following the general scheme discussed in Section 2; each will depend on various parameters.
We prove that for suitable choices of the parameters and & > 1,

PSHEM  (A4.00) < PRP (A4 00)

@,p,p.3B,
< PG—DDRD (4

< P"PRD(4, o)
< PPRP(4, )

< PP (4, o0),

where we have not yet explicitly indicated the parameters of the other distributions. In the end,
we easily identify the parameter region with a nontrivial threshold for the long-range model,
and translate it back into a parameter region for the SHEM. It is somewhat surprising that we
obtain the complete description of the phase space with this procedure, in particular, as the
inequality between RD and DRD requires a choice of parameters which does not seem optimal
at first sight.

We begin by introducing the RD model. It is based on random variables X,, with the same
distribution as the corresponding ones in SHEM, but now the connectivity graph is based just
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on distances. Let XRP = NZ’ x {0, 1)B’. Fora > 1 and £: BY — [0, 1], with &,.,) = 1
for {u, v} € By, let uRP = uf? = g x pg, where g is like in the SHEM and pg is
inhomogeneous Bernoulli, i.e. e = [, v}e]Bd M fuoy With we gy Xy = 1) = Epvy =

1 — g fu,v} (¥pu.v) = 0). Then, let pR° = pRP i, : XRP . H be such that

RD
d’z,& O fu,wy = 1{8le4,8z)‘v >d(u,v) and xq,»)=1, or {u,v}eB)}s

and PRP = IP’EE e = ¢§? (/,L ) which is the distribution of gRP = g,RD = (24, BRD).

For fixed p and 0, let

ka(p, p) = mi {k/ 1: k) is odd and —ppkz ! } (7.2)
) n > 1: k5 1s 0dd an y < - .
2(0, P 2 2 a ,o)k2+l )

and for u, v € Z9 and § > 1, define
ki s(u,v) = min{kﬁ >1: (Szki >d(u,v)}. (7.3)

Lemma 7.1. If, for {u, v} ¢ B,

kz(lov p)p kl,B(u»U) A 1,

)8, p, p) = m (7.4)
. . SHEM
then for all increasing events A C H, ]P’z @0, .78, (A) < ca. fg(fp p)( )

d
Proof. Now let xz4 € N* be fixed and consider the conditional distributions

SHEM RD
H/ap p)qB ( | de)’ Moc,&'(\/g,p,p)(. | de).

Under these distributions, the events that 1y, ,) = 1 are independent by Constmction, and for
(v} € BT, g e, (@S T Oy = 11 x20) = 1= Tlkey, o G pp*), where
I d(u, v) = {k > 1 | there exists w € VAR u,v € A (w)and x,, x, > k};

and l'L ((¢R ) (n{u vy = 1| xz4)) = &, v}(\/_ e, p)1 (Wdztu dz¥ =d (u,v)} * Forall k €
IXZd (u, v) u, v e Ak z(w), and x,,, x,, > k which yields

d(u,v) < Vdz* < Vdz% Jdz*; (71.5)

the first inequality implies thatkl)ﬁ(u, v) < min [de (u, v) and, hence, IXZd (u,v) C {kl,ﬂ(”v
v), klyﬁ(u, v) +1,..., min(x,, x,)}. We then have

1- I a-p=1— T a-p

kelxzd (u,v) kzkliﬁ(u,v)
k 2 k+h
AR N ETND SR
kzklvﬁ(u,v) h>k2klvﬂ(u,v)

pi pth VA +iG=D/2

D (=it :
j=1 11:1(1 =)

=3¢, (7.6)
j=1
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If j > ka(p, p),

_ pplat pp’ L

G| _ _ - L
(I=p/th = (A —pith =2

£

thus, the £;s are decreasing geometrically with a ratio smaller than or equal to % for j >
ka(p, p), with alternating signs, starting from a negative term as k» (p, p) + 1 is even; it follows

that the remainder is nonpositive. Hence, since ME%EII\,A i, C | Xz4) is a probability,
PP XBy

ka(p. p) | pik1va 4=/

o

plp’
E L < E [eil A1 <ka(p, p) max - !
—~ ! j=lemka(p0) T (1 = pf)

j=1
max_ J ik g +iG=1/2
< ka(p, p)—L L kap.0) PP Al
minj=j,.., kz(pp)l_[z 1(1_/0)
ka(p, PPk, sz AT
~ (1 = p)keo.p)
< Ewwy(Wd, p, p), 1.7)

where the inequality before the last one holds since p, p € [0, 1] and, thus, ]_[fzzl(l —pH < (-
0)%2. The second inequality in (7.5) implies that if Iy, (u,v) # @thenl (Wazk Jausd(uw)) =
1. Together with (7.6), (7.7), and the fact that the distributions coincide on {u, v} € B*, this
implies that

Panp oz, (@2 0D ey = D) 1 xza) < il a0 (@807 Gty = 1] x0))

and ,u, ((¢5R ) 1) | x74) dominates in the FKG sense

aé(fpp)

Harp prs, (@27 | xga).

It follows that, if A € H is increasing then

P2 ppis, () = Hanpoy (627D 7(4)
= [ @) | e @)
7d

= / Ho S(fp p)((¢ ) I(A) | Xzd) e (dxzq)

z,a,«/z?,é(«/ﬁ,p,p)(A)' =

Next, we introduce the DRD model. This is the trickier part, as we now want to remove the
dependency between 7,,, and n, ,/; such dependency is due to the common variable X, so
we substitute it by independent random variables X ,,y), one for each directed edge (u, v). It
is still possible to have an inequality concerning the interesting events (like percolation) if the
probabilities for X, ) are ‘square roots’ of those for X, in the sense that the scale parameter o
is replaced by g = Ja, as described below.

LetBY = {(u,v) | u, v € Z, B > 1 and £ be as before. Then, let XPRP = N@d x {0, 1}]3[1,

uPRD = ME%D = pp X pg, where g = [, )i g, v With g, u0) X,y = k) = 1/B*.
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Moreover, for § > 1, let PRP = ¢>25RD: XRD . H be such that

DRD
brs Oy = Lsrwm 52w >aw.v) and x(y,)=1, or {u,v}eBt}>
and let PPRP — IF’?%% £ = ¢DRD (/LDRD) be the distribution of §PRP = ?%% £ = (Z4, BPRD),

We now introduce the sequence of models interpolating between RD and DRD. First, we
introduce boxes of more general form than was done to determine the partitions. In general, let

An={v=(u1,...,ud)€Zd: —{%J <u; < {%J forallj:l,...,d}.

Then we select an ordering of 74 = {uy,up,...} and, for h = 0,1, ..., we consider the
sequence of sets U(0) = &, ..., U(h) = {uy,..., uh}. For later purposes we take the order
such that U (h) € A, forall h < n and U (nd) = A,, so the boxes are filled up sequentially

For a fixed 1 € N, let X/"PRD — NZ\U() 5 NUWXZO U] o (0, 1)B, then for

h
o, B > 1, & as before, let u/"PRD /Lg g%D = “;I)S X [Lg, where ,u;ﬁ = l_[uezd\U(h) /La’ﬁ,M

(h) (h) (h) .
T )0 (0 a8y oy b 1 15 35 Hs in RD (or SHEM), and (") - is as

[48.(u,v) in DRD. Then let ¢""PRD = ¢"DRD . ¥RD . H be such that

h-DRD
brs ) = Lsgtem 52500 >d(u.v) and x(,0)=1, or {u,v}eB}}

where 7 (u, v) = uifu € Z¢ \ U(h) and t (u, v) = (u, v) if u € U(h).

Finally, PA-DRD — PL-DEDR  — ¢ -PRD (1, B DRD) is the distribution of §/PRP = g/-PKD —
(Zd, Bh-DRD).

Given abox A, C 74, let B = v, u}:v,u e Ay, N Zd} be the set of unordered edges
having both endpoints in A,. To show that P""PRD interpolates between PRP and PPRP we
consider, for & < n? so that U (h) C A, the set

My ={A \UMR)}U UH) x Ay \ {(v,v), v € Ay} UBAD, (7.8)

Note that M, o = A, UBA) and M, .0 = (Ay x Ay \ {(v,0),v € A,}) UBA). For

€ X"DRD e have that XM, , s the restriction to M, j; of a configuration of X XRD if = 0,
Whlle it is the restriction to M, of a configuration of XPRP if h > n?. By definition,
I g‘gD(an O) = ng2(xu,,) and ¢ PRD = ¢RD. 5o that PY" O oss.e = PRD 5 .. On the other
hand, if & > n? then u'"BRP(xy, ) = uBRP(xy, ) and <¢h S PO ) = @2FP () )
for all {u, v} € B, So Pt DRD(A) PPRD(A) for all A depending only on B, Since
B(A») 4 B, this implies that Ph -DR B, 8 ¢ converges weakly to IP’D% 5.6 as h diverges. In this sense,
P-DRD interpolates between IPRD and PPRD,

Givenabox A, € Z% andafixedu € A, let B = {{v, u}: v € A, NZ%} be the set of
unordered edges in A, having u as an end point. Consider a subset A € B*-1); note that A can
be identified either by its edges or by the endpoint different from « of each edge: we occasionally
use both ways. For such an A we indicate by Z4 = {n: nyy,,) = 0 forall {v,u} € A} C H the
event that none of the edges of A are open.

To state the next result we introduce some sets, each a union of vertices, directed edges, and
undirected edges, as already was the case in (7.8). Let

M= @Z\UM) U U —1) x Z)\ {(v,v),v € Z)) U B\ BLm)) (7.9)
ME, = (Aa \UM) U (UG = 1) x A\ (v, 0), v € Ay} U BAD\ BAw)) | (7.10)
My = {un} B0, My = (e M) \ {Gep, un)}) UBE10),
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Note that ME:: UM ISh = My p—1 and M, E UM IN}{ = M, j,. Note also that each configuration
*ME, is at the same time the restriction of a configuration of X (/= D-DRD ¢ xh-DRD ¢, M, E

The extension of [29, Theorem 3.1] that we are going to prove uses the following 1nequa11ty
in which we use 2 = a.

4 _
Lemma 7.2. Forall n, h < n® and for all xMEh € XME.;,’

o me (@0 P THZa U Ze) | xye ) = R (@R TN Za U Z) |y )

for all pairs of (possibly empty) sets A, B C B(An-1),
Proof. For fixed A, C Z% and u = uj, € A,, and given XpE, € XM]E ,if A € BAnw

then (¢>h DRD) (Z 4) depends only on the variables in M,I,sh, and (¢>(h b- DRD) Y(Za) depends

only on the variables in MrllM.
Note that, given x = x ME, to prove the statement it is actually enough to consider the edges
in "
d(u,v)
Vd

d(u, )
O X(y,u) = logz< (f;gv)) ifv < u}

as all other edges {u, v'} are such that 7y, ,; = 0 for both the ( — 1)- and ~-DRD models.
We adopt this assumption from now on. Next, let A, B C BAn.u.x) disjoint, with |A| = r
and | B| = m; and recall that we identify each edge in A or B by its endpoint different from u.
We then let AU B = (uy, uy, ..., un+,) indicate such vertices which are endpoints (different
from u) of edges in A U B, ordered according to the distance of the endpoint from u, so that
d(w,u;) < d(u,u;jy1). We also indicate A = {vy, v2,..., v} and B = {wy, wa, ..., Wy}
ordered in the same way. For simplicity of notation, denote by d,; = d(u, u;) the distance
from u to u;; moreover, let o, = (X, > log, (d,,l./\/a)) = o 10 (dy /‘/L , and the same
with o« replaced by 8. Note that if 8 = /a then ay, = (Bu; )2, Next, let Gu; = &fu,u;) With

BAwux) — {{u, v} € BAn) x> logz< ) if v > u in the fixed order,

§: B! — [0, 1] (regardless of 1), and let Py = (' DPRP (gD PRP) =1y | Xy, )i et P
indicate the same probability with 4 — 1 replaced by &. We want to prove that Py (Z 4 U Zp) >

Py (ZA U Zp).
We proceed by induction on the cardinality of A and B. Note that if |A| = O or |B| = 0,
then P (ZoUZp) =P (Z,UZp) = 1.

(i) Suppose that A = {v}, B = {w}. By symmetry we can assume that d,, < dy; then
Bw = PBy. Taking complements and using independence under P, we easily see that
P1(ZaUZp) =1 —ayquqy and P2(Z4 U Zp) = 1 — Buqy Buwqu- Since By, > By, then
BuBuw > ﬁg = ay. The inequality holds, with equality if d, = dy,.

(ii)) Now consider {ul, Uy, ..y mary = {v, va, ..., v} U{wy, wa, ..., wy} = AUB such
thatd,, < dy,, <---<d, As before, consider the probability of Z4 U Zg. With
respect to Py, if X, < logz(dv,/«/_) then Z 4 occurs. Instead, if logz(d,, /«/_) <X, <
log (dy;,,/ V/d) then there exist j connections in the connectivity network and Z 4 occurs
1fa11] of them are closed. Analogously for Zg and Z4sNZp. Thus, P1(Z4) = (1—ay,)+
2171(%, ;) Hz:l(l gv;) + o, [171 (1 — gv;). Analogous expressions hold
for Py (Zp) with v; replaced by w; and the index running through m, and for P1 (Z4NZp),
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with v; replaced by w; and the index running through r 4+ m. With respect to IP,, since
X (u,u;) and X(u,uj) are independent for i # j, we have P>(Z4) = ]_[le(l — Buiqv;)-
An analogous expression holds for P, (Zp) with v; replaced by w; and the index running
through m, while P2(Z4 N Zp) = P2(ZA)P2(Zp).

We proceed by induction on m + r. We show that if Pj(Z4 U Zp) > P2(Z4 U Zp)
holds for m + r — 1 then it also holds for m 4+ r. The vertex u,, can be either in A or
in B and we assume with no loss of generality that u,,,, = v, € A. Then we show that if
Pi(ZaUZp) >Pr(ZyUZp)with |A'| =r—1,|B| =mthenP{(Z,UZpg) > Pr(ZAUZp)
with A = A" U {v,} and, thus, |A| = r, |B| = m. It is sufficient to show that

Pi(ZgUZp) —P1(ZyUZB) >Pr(ZAaUZp) —Pr(Z4 U Zp). (7.11)

By elementary calculation, using the fact that for any probability P(Z4 U Zp) = P(Z4) +
P(Zg) —P(Z4 N Zp), and that P (Zp) = P;(Zp’), we have

P(ZaU Zp) —P1(Za U Zp) = —ayq0, | [(1 — qv,.>[1 -[Ta- qw,ﬂ.

Similarly,

r—1 m
Py(Za U Zp) —P2(Za U Zg) = —Bu.qu, [ [(1 = ﬁviqui>[1 -JJa- ﬂw_,qu}.

i=1 j=1
Since a,, = ﬂgr, (7.11) is equivalent to

r—I1 m

r—1 m
ﬂv,l_[a—qv,)[l—]"[(l—qw,)} <[]0 = Buaw) [ H — Bu;qw;) }
i=1 j=1

As By, < 1,itis enough to show that

ﬂu,[l -TJa —qw_,)] < [1 -Tla —ﬂw,-qu}, (7.12)
j=1

j=1

which can be easily performed by induction on m. If m = 1 then B,, g, < Bwqw because v,
is the vertex at maximal distance from u, so that 8,, < B,,. Then, taking again the differences
between the increments between the values in m — 1 and m of both sides of (7.12), it is enough
to show that

m—1 m—1
Bun@uwn [ [ (4= Bu;qw;) = Bu,quw, [[(1 = qu)).
=1

j=1

which is easily seen to hold as 8,,, < 1 and 8,, < B,

There remains to check the case when one of A or B is empty. By symmetry, we need to
check one case only, and we thus assume that B = @ and A = {vy, v2, ..., v.}. Note that
P1(Z4) and P2(Z 4) are as above.
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If r = 1 then PI(ZA) = (1 - Olv]) + Uy, (1 - qv1) =1- Uy qv, = 1 - ,3u161v1 = PZ(ZA)
For general r, using induction as before, and recalling that «, = /33 < 1, we have

r—1
P1(Za) = P1(Za) = —en,qu, [ [(1 = qu)
i=1
r—1
—Bu.av, [ [ = Buaw)
i=1
=P (Z4) — P2(Za). 0

v

We now want to follow Meester and Trapman’s work [29] and we need to recall some
definitions in order to make this presentation self-contained. An ordered set of edges of the
form € = ((vo, v1), (v1, v2), ..., (Vyu—1, Vy)) in some G C B9 is a directed path from vy to
v,; sometimes, to simplify notation, a path is indicated by & = (vovi, viv2, ..., Uy—1Vp).
A path &€ = (vovy, vV{V2, ..., Vy—1Vy, . ..) With infinitely many different edges is an infinite
path. A path goes through v if for some i, v; = v. Given a finite or infinite path £ =
((vo, v1), (v1, v2), ..., (Uy—1, vy)), we indicate the truncation after k edges as &° (k) = (vovy,
V1V, ..., Up_1V;) and the tail starting after k edges as £'(k) = (vgVk41,...); for two paths
&1 = (vov1, V1V2, ..., Uy—1Vy) and & = (VyVp+1, . . . ) We denote the conjunction by (€1, &) =
(vovy, V1V2, ..., Uy—1Up, VpUp+1, - .. ). Next, let E be a collection of paths. If G™ is the
collection of the first n directed edges of G according to some given enumeration of G, then
we indicate by &, the set of finite paths of E of which all the edges are in G together with
all the infinite paths of E truncated at the first instance they leave G. In this definition, taken
from [29], finite paths are considered but not truncated to be able to handle collections E such
as the set of all paths connecting to vertices; for the purposes of this paper we actually need
only infinite paths and their truncations. The complete statement of the result would be needed
to investigate issues like the individual to individual transmission.

Furthermore, given a configuration n € H = {0, 1}, we say that £ is open in 7 if for all
edges (vg, vi+1) we have 1y, v, ;) = 1. Given a collection E of paths, we indicate by AE the
event that at least one path in E is open. We say that E is hoppable if

e forany v € Z¢ and any two paths £ and ¢ of E going through v, where v is the end vertex
of the ith edge of & and the starting vertex of the jth edge of ¢, then (€% (i), ¢'(j)) € E;

e the following limit exists: lim, A% = A,

If E is the collection of all infinite paths starting from the origin, which is the only case
considered here, then A% is decreasing in n and, hence, lim, AEn = ﬂn AEn exists. By a
standard percolation argument, saying that out of infinitely many longer and longer finite paths
from a vertex one can extract an infinite one, we have ﬂn A8n = AE,

Lemma 7.3. For every z, a, 8, £, every hoppable collection of paths & in BY, and h > 1,

(h—1)-DRD h-DRD DRD
ZOlS?;(A)—IP ISS(A)—Pzafgs(A)_P 5%-(14)

Proof. We mimic the proof of [29, Theorem 3.1], dividing the argument into three steps.

(1) The first step is to prove the corresponding statement for a fixed E,, and a fixed 4. To
this purpose recall the definitions of ME and M}E ;, from (7.9) and (7.10), respectively,
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h 1)-DRD
)- _ Xh -DRD. h-DRD ¢

and note that X ( : the restrictions of u(*=D-PRD and 4

n, h
(the Borel o - algebra generated by the variables in) M, E ', also coincide. Recall that we

assume that the enumeration of the vert1ces is such that boxes A, are progressively

filling up. Therefore, the difference lP’h -DR [ 5k (ABn) — lP’iha ?FD‘? ?(A =n) is the integral

(on (X h-DRD " @/ (h=1)-DRD) " ity !B the Borel o-algebra) of the difference between

n h
/’Lh DRD((¢h DRD) I(Aun) | )CMlE ) and M(h 1)- DRD((¢(h 1)- DRD) I(Aun) | XMlE )
Note that there are three poss1b111t1es either (¢ "~ D-PRD)=1 (4 En) and (¢ PRP)~ f (AEn)
both occur in x ME, regardless of x MIS, OF Xppu; or they both do not occur regardless of
Xpis, OF Xp/M 3 or, ﬁnally, these occurrences depend O X p/ls, OF X1 . In the first two
cas’é:é the segclnd difference above is 0.
In the third case there are two sets of edges A and B, possibly one of whose is empty,
such that d)‘l (AEn)) does not occur in d)‘l (ZAUZp), while it occurs in the complement.
Denoting, for any event A, pj,(A) = u/"PRP((¢"PRPY=1(4) | XM]Eh), we obtain

on(AE"Y — pu_1(A%") = py((Za U Z)°) — pn—1((Za U Zp)) > 0
from Lemma 7.2.

(ii) By iteration, as PRD and PPRD are obtained for 4 = 0 and h = n?, respectively,

RD B (h—1)-DRD 4 B, h- DRD En DRD En
Prase(A™) =P ose A7) =P s e(AT) =P 55 (A7),
(iii) In the last step recall that by definition of a hoppable collection of paths A% — AE,

Thus, lim,,_, o lP’?B, 5.6 (ABn) = IP’EB’ 5.6 (A%). On the other hand, since P*"PRD converges

weakly to PPRD and A®» is measurable with respect to a finite number of variables, we

have lim,,_ oo limj,—s o0 P D‘? 5 S(A~n) = lim,,_, oo PPR f 5 s(AEn) = Pm}? 5 E(AE).

Using steps (i) and (ii) in (iii) the proof is completed. (]
Before using Lemma 7.3, we introduce the last model we need, namely long range percolation
(LRP). Recall that xp, is still fixed. An LRP model does not require any space X or distribution
W, and we can directly define PLRP = lP’LRP on (the Borel o-algebra of) H as a Bernoulli
distribution withlP’ Py = 1) = B/d(u, v)* A 1for {u, v} ¢ BY, and as PPRP for {u, v} €
B*
1

Lemma 7.4. Let p < o. When

c—top (2, po felepp (@)l
VY A (R AV ’

and &, vy is as in (7.4), it holds that for any event A increasing with respect to the semiorder
of HPDRR 1 (4) < PYIT(A).
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Proof. If s = log.(a/p) and B = (ka(p, p)p/(1 — p) 2P (ar/ p) 108 DD+ since p <
«a, then for {u, v} ¢ BT,

PN iy = 1) = uOe5 = ky /g0, v). Xy = ky g ), Xy = 1)

= (Vo) Hivaeg,

= 2 u kl 0 k (u,v)
P ~d
(\/&) k[ﬁ( ,U)( ( ) )Pp 1,v/d N 1)

(1 = p)k(o.p)

ka(p, p)p [ p\OEED/NVDI
= (= p)Ren (E)

_ B

T (d(u, v))*

=P oy = 1.
Then IF’BT/%’ 5.0 which, by construction, ]P’ZD"D% 5. is also a Bernoulli distribution, is dominated
in the FKG sense by IP’IEEP, and the result follows. |

Lemma 7.5. When p < a, s = log (a/p) and B = (kz(p, p)p/(1 — p)2®-P)(a/ )t D)/2,

; SHEM LRP
it holds that Pz,a,p,p,ﬁg, (Ap,0) < PB,SJBI (Ao,00)-

Proof. Let E be the collection of all infinite paths starting at the origin 0. Then Ag o = A

is both increasing with respect to the semiorder in H and hoppable; see [29] after Definition 1.2

for a detailed argument. With £ as in (7.4), recalling that the inequalities in Lemmas 7.1,

7.3, and 7.4 are all for the given Xp,, we have ]P’?I;EM . (A0,00) < PRD (Ap,0) <

[PDRD (Ao.oo) < PLRP (A0 o) PPV zaVd E 0
2 ad g 0,000 = p.5.75, 10,00

Proof of Theorem 2.2. By Lemma 6.1, we need to consider only p < a/z¢. By Lemma 7.5,

we have ng%f[p,ml (Ap.00) < P]Eﬁf’ml (Ag,00) for each Xp,, when s = log (a/p) and B =

(ka(p, p)p/(1 — p)k2(P-P)) (o / p)(Uog /D=1 Consider now a LRP model PLRPB in which, in
addition to long-range variables, there are also independent nearest-neighbor variables; these
are then distributed like SHEM restricted to By. From (7.1), integrating the above inequality

p
over @HEM (dx, ), we obtain PSHEM (4, ) < PLRPB(4, ).

QL 0,

Hence, it is enough to show Ztha/t) for p < o/z% and small enough p, }P"};iPB (Ap,00) = 0.
This can be obtained by a simple comparison with a Galton—Watson tree, whose distribution is
indicated by P/%}XV, via a stepwise realization of the percolation cluster. In each step, new edges
are added with probability 8/d(u, v)* with some constraints; the cluster is then bounded by
that realized in the unconstrained growth of a Galton—Watson tree with the same probabilities,
so that PRRF(40,00) < IP?YX(AO,OO).

A Galton—Watson random tree is subcritical, i.e. IP’g\;V (Ap,00) = 0, if the expected number
of descendants, i.e. the expected degree, satisfies IPSXV(DO) < 1. Since k2(p, p) < ka(p, 1),
we have

koo, P <a>“‘°gzd>/2“ !
P

GW _ B
P,B,S (Do) = 2dp + UGZZd (1— p)kz(p,p) d(o, v)logz(a/p)

<2dp+ )24k

ka(p. p)p <a><“°gzd>/2>—l !
keN

(1 — pyeten \ p Klog. (@/p)
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1 d)/2)—1
ka(p, p)p (Ol)((ogz v Kd—1-log (@/p)
0

< 2dp + pk%zd—(l P
(S}

< X

ifd —1—1log,(a/p) < —1, which is d < log,(a/p), ie. p < a/z%. In such a case,
Pg”\y(Do) < cp, for some constant ¢, and for small enough p, we have PgXY(DO) < 1. U
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