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The n-dimensional cyclic system of second-order nonlinear differential equations
(pi(®)|2* 2 = qi(O)wis1 | wigr, i=1,.. 0, Tapr = a1,

is analysed in the framework of regular variation. Under the assumption that a; and
B; are positive constants such that aj ---apn > 1 - Bn and p; and g; are regularly
varying functions, it is shown that the situation in which the system possesses
decreasing regularly varying solutions of negative indices can be completely
characterized, and moreover that the asymptotic behaviour of such solutions is
governed by a unique formula describing their order of decay precisely. Examples are
presented to demonstrate that the main results for the system can be applied
effectively to some classes of partial differential equations with radial symmetry to
provide new accurate information about the existence and the asymptotic behaviour
of their radial positive strongly decreasing solutions.
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1. Introduction

In this paper we use the framework of regularly varying functions (in the sense of
Karamata) in combination with fixed-point techniques to establish the existence
and precise asymptotic behaviour of positive solutions, all components of which
decay to zero as t — oo, for the cyclic system of second-order nonlinear differential

equations
(pi ()] 2t = qi(t)|wiga|P rwigr, i=1,2,...,n, To =21,  (A)
where o; and 3;, ¢ = 1,2,...,n, are positive constants such that
araz - > B1fB2 - P, (1.1)
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Di, i [a,00) — (0,00), i = 1,2,...,n, are continuous functions and all the p;
simultaneously satisfy either
(oo}
/ pi(t) Ve dt =00, i=1,2,...,n, (1.2)
a
or
(o]
/ pit) "V dt <0, i=1,2,...,n. (1.3)
a
Here, by a positive solution of (A) we mean a vector function (x1,za,...,2,) con-
sisting of positive continuous functions z;, i = 1,2,...,n, that are continuously

differentiable together with p;|x}|* ~'z} on an interval of the form [T, 00) and sat-

isfy the system of differential equations (A) over that interval.
Systems of the form of (A) with p;(t) = V! and ¢;(t) = t"~1f:(t), N > 2,

i =1,...,n, arise in the study of positive radial solutions in exterior domains in
RY for the system of p-Laplacian equations
Apu; = div(| VP2 Vaug) = fillz) wist | iy, i=1,...,n, Upi1 =u1, (B)

where p > 1 and 7; > 0 are constants, |z| denotes the Euclidean norm of x € RY
and f;, i =1,...,n, are positive continuous functions on [a, c0). Nonlinear elliptic
system (B) is the stationary version of a reaction—diffusion system with power-type
reaction terms and cyclic interconnection structure.

Existence and non-existence of entire positive radial solutions of quasi-linear ellip-
tic systems of the form

Apu = f(lzl)o, A= g(|lz))u”

in RY, where N > 2,p > 1,¢ > 1, a and (3 are positive constants, and f, g: [0, 00) —
[0,00) are continuous functions (and the special case where p = ¢ = 2) has been
studied by many authors (see, for example, [1,3,4,7,15-17,20-24] and references
therein).

In contrast to [22], where the existence of non-negative non-trivial radial entire
solutions was characterized in the case when the coefficients f; in (B) behave like
pure powers at infinity (that is, lims o f;(t)/t°F = const. > 0 for some oy, i =
1,...,n), our results apply to a larger class of coefficients f; that are regularly
varying at infinity in the sense that they satisfy lim; o fi(At)/fi(t) = A7 for
every A > 0 and some o;, ¢ = 1,...,n. (For more details concerning the concept
of regularly varying functions and their basic properties, see §2.) Also, the results
in [22] were proved under the superhomogeneity condition aj -, < B1-+ Bn,
while our study is focused on the subhomogeneous case where the exponents in (A)
satisfy (1.1).

It should be noted that a positive solution (x1,...,2,) of (A) may exhibit a
variety of asymptotic behaviours at infinity because for the case in which (1.2)
holds, each component z; is either increasing and satisfies

nift) _ )

or

theo Pi(t)  C iS00 Py(t)

= const. > 0,
where P;(t) = f;/ pi(s)~1/@i ds, or decreasing and satisfies

tgrglo x;(t) = const. >0 or tlggc x;(t) =0,
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while for the case in which (1.3) holds, each component x; is either increasing and
satisfies

tlg(r)lo zi(t) =00 or tlgrolo x;(t) = const. > 0,

or is decreasing and satisfies

10 10
lim x;(t) = const. >0 or lim zilt) _ const. >0 or lim zilt) _ 0,
t—o00 t—oo () t—o0 m;(t)

where m;(t) = [ pi(s)~1/ ds.
In this paper we are concerned exclusively with positive solutions (z1,...,z,)
of (A), all components of which are decreasing and satisfy

tlim xz;(t)=0, i=1,2,...,n, for the case in which (1.2) holds, (1.4)
— 00

lim =0, i=1,2,...,n, for the case in which (1.3) holds. (1.5)
t—o0 Wi(t)

Such solutions of (A) are often referred to as strongly decreasing solutions (or ground
states) of system (A).

It is natural to ask: does system (A) really possess strongly decreasing posi-
tive solutions? If such such solutions exist, is it possible to determine their precise
asymptotic behaviour as t — co? Needless to say, these questions are very difficult
to answer for the case where p; and ¢; are general continuous functions. However,
if we limit ourselves to the system (A) with reqularly varying p; and ¢; and focus
our attention on its reqularly varying solutions, then with the help of the theory
of regular variation we are able to acquire almost complete information about the
existence and asymptotic behaviour of strongly decreasing solutions of (A) that are
regularly varying of negative indices.

A prototype of the results we are going to prove says that if f and g are reg-
ularly varying functions of indices A and u, respectively, and p > N, then the
two-dimensional system

Apu= f(lz)o®,  Ayv = g(al)u?, (B2)

where a3 < (p — 1)2, possesses positive radial solutions (u,v), the components of
which are regularly varying functions of indices p < 0 and o < 0, respectively, if
and only if

(p—Dp+AN)+alp+p)<0 and Bp+A)+(p—1)(p+u) <O0.

In this case, p and o are uniquely determined by

p—(p_pl)al_ag{p+A+pﬁ1(p+u)], (1.6)
U:(p—pl);l—aﬂ{pi(p*”*pﬂw] (1.6b)
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and the asymptotic behaviour of any such solution (u,v) as |z| — oo is governed
by the decay law

o)V =D [ p(|z])/ =D\ ¢/ D (1)) (p—1)—ap)
u<|x)~m|p[ D) ( e ) ] e
B A A (1) Acel R
v([al) ~ |al Kmp)) D(J)] o

where ¢ and 1) are the slowly varying parts of f and g, respectively, and D(7) =
(p—N—(p—1)7)/P=V(=7) for 7 < 0.

In the case p < N, system (By) possesses decreasing positive radial solutions
(u,v), the components of which are regularly varying of indices p < (p—N)/(p—1)
and o < (p — N)/(p — 1), respectively, if and only if

«

N+/\+% p+,u+p€(p]\7)} <0, ﬂ[p+/\+p_1

—N)|+N
P 7 o1 (p—N)|+N+p <0,

in which case p and o are uniquely determined by (1.6 a) and (1.6 b). The asymptotic
behaviour of any such solution (u,v) as |z| — oo is governed by (1.7a) and (1.7 ).
The main result of this paper will be presented in §4. Under the assumption
that p; and ¢; are regularly varying, the existence of strongly decreasing regularly
varying solutions of (A) is proved by solving the system of integral equations

:ci(t)—/too (pts) /:O Gi(r) i ()P dr>1/ai ds, i=1,2,...,n, (1.8)

with the help of fixed-point techniques combined with basic properties of regularly
varying functions. Furthermore, the asymptotic behaviour of the obtained solutions
is determined accurately. For this purpose an essential role is played by the fact that
one can obtain thorough knowledge of regularly varying solutions of the following
system of asymptotic relations associated with (A):

0o 1 9] 1/a;

x;(t) ~ / (/ @i (r)zip1 (r)P dr) ds, t—o00,i=12,...,n, (1.9)

t pl(s) s
which is regarded as an ‘approximation’ of (1.8). Here the symbol ~ is used to mean
the asymptotic equivalence
_g(t)
ft)~gt), t—=00 = tli}goﬁ =1

The exposition of the analysis of system (1.9) by means of regular variation
is given in §3, which is preceded by §2, in which the definition and some basic
properties of regularly varying functions are summarized for the reader’s benefit.
The proof of our main results on strongly decreasing regularly varying solutions of
system (A) with regularly varying coefficients p; and ¢;, i = 1,...,n, can be found
in §4. First, we construct strongly decreasing solutions of (A) by solving, by means
of fixed-point techniques, the system of integral equations (1.8) in a function class
that is slightly larger than that of regularly varying functions, and then verify that
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all the solutions obtained are actually regularly varying functions having accurate
asymptotic behaviour at infinity. The results of §3 play a crucial role throughout
the proof. Finally, in §5 it is shown that our main results on (A) can be effectively
applied to some classes of partial differential equations including metaharmonic
equations (see [5,6] for related results) and systems involving p-Laplace operators
on exterior domains in R¥.

Since the publication of the monograph [18] of Mari¢ in the year 2000 there has
been an increasing interest in the study of differential equations by means of reg-
ularly varying functions and, as a consequence, the theory of regular variation has
proved to be a powerful tool in the asymptotic analysis of differential equations,
giving rise to detailed and accurate information about the existence, the asymp-
totic behaviour and the structure of positive solutions of various types of ordinary
differential equations, which may well be called generalized Emden—Fowler and
Thomas—Fermi equations (see, for example, [9-14]).

2. Regularly varying functions

For the reader’s convenience we summarize here the definition and some basic
properties of regularly varying functions that will be needed in developing our
main results in §§3, 4 and 5.

DEFINITION 2.1. A measurable function f: [0,00) — (0, 00) is called regularly vary-
ing of index p € R if

lim w =M forall A > 0.

t—00 f(t)

The set of all regularly varying functions of index p is denoted by RV(p). We
often use the symbol SV to denote RV(0) and call members of SV slowly varying
functions. Any function f € RV(p) is expressed as f(t) = tg(t) with g € SV,
and so the class SV of slowly varying functions is of fundamental importance in
the theory of regular variation. One of the most important properties of regularly
varying functions is the following representation theorem.

PROPOSITION 2.2. f € RV(p) if and only if f is represented in the form

F(t) = e(t) exp { /tt @ ds}, t > to, (2.1)

0

for some ty > 0 and for some measurable functions ¢ and § such that

li = li =p.
Jim c(t) =co € (0,00) and Jim 0t)=p

If, in particular, ¢(t) = ¢ in (2.1), then f is referred to as a normalized regularly
varying function of index p.

Typical examples of slowly varying functions are all functions tending to some
positive constant as ¢t — oo,

N N
H(logn ), an, €R, and exp{ H(logn t)ﬁ"}, Bn € (0,1),

n=1 n=1
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where log,, ¢ denotes the nth iteration of the logarithm. It is known that the function
L(t) = exp{(log t)? cos(logt)?}, 6 € (0, %)7
is a slowly varying function that is oscillating in the sense that

limsup L(t) = co and litrginfL(t) =0.

t—o00

The following result illustrates operations that preserve slow variation.

ProprosITION 2.3. Let L, Ly, Ly be slowly varying. Then, L% for any a € R,
Ly + Lo, L1 Ly and L1(L2) (if La(t) — oo as t — 00) are slowly varying.

A slowly varying function may grow to infinity or decay to 0 as t — oco. But its
order of growth or decay is severely limited, as is shown in the following proposition.

PRrROPOSITION 2.4. Let f € SV. Then, for any € > 0,
lim t* = lim ¢~°¢ =0.
Jim 5 f(t) = o0, lim t7°f(t) =0
A simple criterion for determining the regularity of differentiable positive func-
tions is given by the following proposition.

PROPOSITION 2.5. A differentiable positive function f is a normalized regularly
varying function of index p if and only if

The following result, called Karamata’s integration theorem, is of the highest
importance in handling slowly and regularly varying functions analytically and will
be used throughout the paper.

PROPOSITION 2.6. Let L € SV. Then
(i) for a > —1,

— ML), t— oo
arl (1), 00;

t
/ s*L(s)ds ~

(i) for a < -1,

> 1
/ sYL(s)ds ~ —Tt"‘HL(t), t — o0;
t

(iil) for a = —1,
t
It) = / @ds e SV;
and if [° s71L(s)ds < oo, then
m(t) = / L(s) ds € SV.
t

S
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DEFINITION 2.7. A vector function (x1,...,2,) is said to be regularly varying of
index (p1,...,pn) if ; € RV(p;) for i = 1,...,n. If all p; are positive (or nega-
tive), then (z1,...,x,) is called regularly varying of positive (or negative) index
(p1,---,pn)- The set of all regularly varying vector functions of index (p1, ..., pn)
is denoted by RV (p1, ..., pn).

The most complete exposition of the theory of regular variation and its applica-
tions can be found in the book of Bingham et al. [2] (see also [19]). For a comprehen-
sive survey of results up to the year 2000 on the asymptotic analysis of second-order
ordinary differential equations by means of regular variation, the reader is referred
to the monograph of Marié¢ [18].

3. Asymptotic relations associated with (A)
Tt is assumed here that p; € RV();) and ¢; € RV(p;) and that they are expressed

as

pl(t) :t)\‘ll(t), ql(t) :t’“mi(t), li,mi S SV, 7= 1,2,...,TL, (31)

and we seek positive decreasing solutions z; € RV(p;) of system (A) represented in
the form

xi(t) = tpifi(t), & € SV, i=12,...,n. (32)

We note that condition (1.2) is satisfied if either
Ai <a;, or A\ =a; and /00 ()7 dt = oo, (3.3)
while condition (1.3) is satisfied if either
A >a;, or N\ =q; and /OO tilli(t)*l/ai dt < co. (3.4)

In analysing strongly decreasing solutions of system (A), it is convenient to dis-
tinguish the case in which the p; satisfy (1.2) from the case in which the p; satisfy
(1.3). For the case of (1.2), which is equivalent to (3.3) holding for i = 1,...,n,
the solutions (z1,...,z,) will be sought in the class RV(p1,...,pn) with p; < 0,
i = 1,...,n. For the case of (1.3), however, our attention will be focused on the
two extreme cases

(a) Mi=a;, i=1,....,n, and (b) \; >, i=1,...,n,

which imply, respectively, that
Fl(t) = / Silli(s)il/ai ds € SV
t

and

1 N\ . _ . 17)\1
ﬂ-Z(t) - )\O_éat(al /\l)/alli(t) 1/0“ € Rv<a Q; >’

and an attempt will be made to detect solutions belonging to RV (p1, ..., pn) with
pi < 0,i=1,...,n, or to RV(p1,...,pn) with p; < (a; — \;)/a, i = 1,...,n,
according to whether (a) or (b) holds, respectively.
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Let (z1,...,%,) be a strongly decreasing solution of (A) on [T, c0). It then holds
that

oo 1 00 1/
x;i(t) = /t (/ qi(r)zipq ()% dr) ds, t>T,i=1,...,n, (3.5)
S

pi(s)

which clearly applies to both cases (1.2) and (1.3). Our task is to solve this system
of integral equations by means of regularly varying functions. This can be accom-
plished on the basis of the analysis of regularly varying solutions of the system of
integral asymptotic relations

00 1 0o 1/c
x;(t) ~ / ( / ¢i(r) g1 (r)P dr) ds, t—o00,i=1,...,n, (3.6)
t pz(s) s

in the framework of regular variation. It will turn out that one can acquire thorough
knowledge of all possible regularly varying solutions of negative indices of (3.6).

We begin by considering system (3.6) with p; satisfying condition (1.2). Suppose
that (3.6) has a positive solution (z1,...,2,) € RV(p1,...,pn) on [T,00) with
pi <0,i=1,...,n. Using (3.1) and (3.2), we have

/ Gi(8)zi1(s)P ds = / shitBipiiim ()i (s)Pds, t>T,i=1,...,n.
t t

(3.7)
Here p; + Bipi+1 < —1 because of the convergence of the integrals, but the equality
is not allowed for any . In fact, if the equality holds for some %, then (3.7) implies
that

<pit) /too i(8)zis1(s)% ds>1/ai

0o 1/ .
= N/ ()T </ s~ mi(s)&iga(s)” ds) € RV<_/\Z)' (3.8)

Q;

Since (3.8) is integrable over [T, 00), it is only possible that A\; = «;, in which case
integration of (3.8) on [t,00) shows, in view of (3.5), that z; € SV = RV(0). This
contradicts the hypothesis that z; € RV(p;) with negative p;. Therefore, we must
have p;+Bipir1 < —1fori=1,...,n. By applying Karamata’s integration theorem
to the right-hand side of (3.7), we obtain

<pll(t) /too qi(8)zig1(s)” ds>1/ai

t(*/\i+ui+,3ipi+1+1)/0tili )1/ a: At 1/a; i £)Bi/ i
~ ®) m(l/)} STy L (3.9)
[— (i + Bipip1 + 1|1/

for i = 1,...,n. Note that each relation in (3.9) is integrable on [T, c0). We claim
that
=i + pi + Bipiy1 +1 <
6%

-1, =1

yeeey (3.10)

)
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In fact, if the equality would hold for some 7 in (3.10), then p; + Gipiv1 + 1 =
Ai —a; < 0, and from (3.9) and (3.5) it would follow that

i(t) ~ (i — N) 7 / s i(s) "M () &g (s)% /% ds € SV, t — o0,

t

an impossibility. Using (3.10) and applying Karamata’s integration theorem, we

find that
t(*Ai+Mi+ﬁiPi+1+1)/04i+1li t —1/ay i(t 1/a; f t Bi/ o
o)~ O e YOV FOLE
[—(ui + Bipit1 + DIV [—((=Xi + pi + Bipis1 + 1)/ + 1)
(3.11)
This means that
'y ) . 1
= Nt Bpi kL (3.12)
Q;
or \ )
Pi—&mﬂ:wa i=1,...,n. (3.13)
Q; (67
To solve the algebraic linear system (3.13) in p;, ¢ = 1,...,n, it suffices to note
that the coefficient matrix
1 —& 0 0 0
aq
0 1 —& 0 0
Q2
A:A(ﬁl,...,ﬁn): T o (3.14)
a1 On : : I :
0 0 0 | P
Qp—1
—ﬁ—" 0 0 0 1
Qp
is invertible because
An - Bn
|A] = 1 >0, where A, = ajas- -y, B, = 01020, (3.15)
n
and its inverse is given explicitly by
, B BB BB P
a1 Qo a1 - Qpq
. B BB BB fBan
&%) [e1e%] Qi3 -+ Qp—1
A, B3 B3 Bn-1
Al=—_— 1" 1 - — |, (3.16)
An - Bn as Q3 - Qp_1
1 Bn—l
Qp—1
1
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where the lower triangular elements are omitted for economy of notation. Let (M;;)
denote the matrix on the right-hand side of (3.16). We then see that the ith row of
(M;;) is obtained by shifting the vector

( Bi BiBita BiBiv1 - Biy(n—2)

ey
az azaz—i-l Q0G4 * " Qg (n—2)

>, Qny1 = g, ﬁn+1 = ﬁh

1 — 1 times to the right cyclically, so that the lower triangular elements M;;, i > j,
satisfy the relations

MijMﬂfﬂlﬂQ ﬂ", i>j,i=1,2,...,n. (3.17)
a1Qg - - - Qp

Then the unique solution p;, i = 1,...,n, of (3.13) is given explicitly by

= +u3+1 .
pi = —B ZMU o i=1,...,m, (3.18)

from which it follows that all p; are negative if

Y 1
ZM” R B S R (3.19)

@

We observe that (3.11) can be rewritten in the form

t(ai"!‘l)/aipi(t)_l/aiqi (t)l/aixi-i-l (t)ﬁi/%‘

x;(t) ~ D, , t— o0, (3.20)

where
Di = (Oéi — /\1 — Oéipi)l/ai(fpi) (321)
for i =1,...,n. It is a matter of elementary computation to derive from (3.20) the

following independent explicit asymptotic formulae for each x;:

[12[ ( tlea /sy (1) =1/ g (1) >Mi.7‘rn/(f4n—3n)
L D, ’

J

t—o0, i=1,...,n. (3.22)

Notice that (3.22) is transformed into

b 1/a]m ( )1/Otj )Mij:|An/(An_Bn) P . .
, 00, i=1,...,n

~ 1P |:H (

- D,

(3.23)

Let us now assume that (3.19) holds, define the constants p; by (3.18) and define

the functions X; € RV(p;) on [a, o) by

n t(othrl)/Oéjp_(t)fl/a]‘q_(t)l/aj M An/(Anan)
=)
=1

D ) ) )
J
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It can then be shown that the X; satisfy the system of asymptotic relations (3.6),
ie.

o 1 o0 1/ay
/ (p @ ), arXen@) dr) ds ~ X(t), t—o0,i=1,...,n, (3.25)
¢ i s

where X,,11(t) = X1(t). In fact, using the following expression for X;(¢),

R _ n l t —1/(Ijm‘ t 1/(!;‘ Mij AH/(An_Bn)
X,(t) = 7 Z,(0), :iu):[H(J() D_J<) ) } |
j=1 J

we have, via Karamata’s integration theorem,

o) 1/017 i—17. 71/041. ) l/ai :’61/04@
< 1 / gi(s )XH_I(S)& d8> N tPi— L, (t) m;(t) =i
t

pi(t) (Ozi -\ = Ogipi)l/ai
and
oo 1 00 1/ai toil, (£) Y @i, (D) i =, (#)Pi/ i
/ ( / G (1) Xig1(r)? dr) ds ~ (t) m;(t) +1(t)
¢ \pi(s) Ji D;
(3.26)
as t — oo. Since a simple calculation, with the help of the relations
Bi _ B Bi .
Mi_;,_l,ia—zi = A7:’ Mz-‘rl,] o = M for ¥ 7é 7
between the ith and (i + 1)th rows of the matrix A, shows that
L (t *1/°‘imi t 1 - s
( ) o ( ) :i+1(t)ﬁl/ i
li(t)—l/aimi(t)l/ai n lj(t)—l/ajmj(t)l/aj Miy1,5(Bi/ai)q An/(An—Bn)
a D; {H < D; ) }
Jj=1

n a a; \Mij(Bi/ci)q An/(An—DBn
{H( 1/ij()1/1> i(Bi/ )] /( )
j=1 D;
i(t),
we conclude from (3.26) that the X, i = 1,...,n, satisfy the asymptotic relations
(3.25), as desired.
Summarizing the above discussions, we obtain the following noteworthy result

providing complete information about the existence and asymptotic behaviour of
regularly varying solutions with negative indices of (3.6).

[1]

THEOREM 3.1. Suppose that p; € RV()\;) and ¢; € RV(u;), i = 1,...,n, and that
the p; satisfy condition (1.2). The system of asymptotic relations (3.6) has regularly
varying solutions (x1,...,x,) € RV(p1,...,pn) with p; < 0,4 = 1,...,n, if and
only if (3.19) holds, in which case the p; are uniquely determined by (3.18) and the
asymptotic behaviour of any such solution is governed by the unique formula (3.22).
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We next turn to the case in which the p; satisfy condition (1.3), and show that
for the two particular cases (i) A\; = «; and (ii) \; > «;, for all i = 1,2,... n,
complete analysis can be made of the system of asymptotic relations (3.6) from the
viewpoint of regular variation.

THEOREM 3.2. Let p; € RV()\;) and q; € RV (p;) fori=1,...,n. Suppose that the
p; satisfy condition (1.3).

(i) Suppose that \; = y, © = 1,...,n. System (8.6) has regularly varying solu-
tions (z1,...,x,) € RV(p1,...,pn) with p; < 0, ¢ = 1,...,n, if and only
if

n
1
3 My “Jojf <0, i=1,....n, (3.27)

j=1 J

in which case the p; are uniquely determined by

A, < 1
pi:mZMij“Ja‘ . i=1,...,n, (3.28)
n nj:1 J

and the asymptotic behaviour of any such solution is governed by the unique
set of formulae (3.22) with D; = (a;)Y/ % (—p;) T/ j=1... n.

(ii) Suppose that A; > a;, i = 1,...,n. System (3.6) has regularly varying solu-
tions (z1,...,%n) € RV(p1,...,pn) with p; < (a; — N)/ oy, © = 1,...,m, if

and only if
4 (it — s
ZMij (:U’J + n Bjlajt1 J+1)) <0, i=1,...,n, (3.29)
= Qj QjQj+1

where a1 = a1, App1 = A1, 0 which case the p; are uniquely determined
by (5.18) and the asymptotic behaviour of any such solution is governed by
the unique set of formulae (3.22).

Proof. (i) Let a solution (x1,...,z,) of (3.6) be a member of RV(p1,...,p,) with
negative indices. It is easy to confirm that starting from (3.7) one can proceed
exactly as in the proof of theorem 3.1 to reach the conclusion that (3.19) holds, the
p; are given by (3.18) and the x; obey the unique decay law (3.22). Since \; = «,
(3.19) and (3.18) are simplified to (3.27) and (3.28), respectively. This proves the
‘only if” part. To prove the ‘if’ part we need only repeat the argument showing that
in the present case the functions (3.24) satisfy the asymptotic relations (3.25).

(ii) Suppose that (3.6) has a solution (z1,...,z,) € RV(p1,...,pn) with p; <
(s = Ni)/aiy i =1,...,n. If u; + Bipit1 = —1 in (3.7), then, integrating (3.8) on
[t,00) and using Karamata’s integration theorem, we have

) o 1/
z;i(t) ~ i t(ai_’\i)/“ili(t)_l/“i (/ s7m(s)E41(s)" ds)
t

/\l——ai
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contrary to the hypothesis that p; < (a; — A\;)/c;. Therefore, p; + Bipit1 < —1,
and we obtain (3.9), which is integrable on [t,00). Hence, (—X\; + p; + Bipiv1 +
1)/a; < —1. But here the equality is excluded because if the equality holds, then
0 <X —a; =p; + Bipiv1 +1 < —1, which is impossible. Thus, (3.10) must hold.
Then, integrating (3.9) from ¢ to co, we obtain (3.11), which implies that the p;
must satisfy (3.13) so that they are determined explicitly by the formulae (3.18).
Putting o; = p; — (s — i)/ < 0, we transform (3.13) into
Bi pi + 1 Bi(aitr — Aiga)

O — —0i41 = + , t=1,...,n. (3.30)
Q; Q; Q41

It is clear that the solution o; of (3.30) is given by

Ay - i +1  Bilaitr — Aigr) )
= ]\4’Z 3 = ]-7 ey il
7T A, - B, ]z::l ’ ( o N Qg1 ! "

from which (3.29) follows immediately. Finally, after expressing (3.11) in the form
(3.20), we are able to establish the asymptotic formulae (3.22) for the x;. On the
other hand, it can be verified that if (3.29) holds and the p; are defined by (3.18),
then the functions X; given by (3.24) satisfy the asymptotic relations (3.25). This
completes the proof. O

REMARK 3.3. As is easily seen, theorem 3.1 and theorem 3.2(i) can be unified into
the following theorem.

THEOREM 3.4. Suppose that p; € RV(\;) and q¢; € RV(u;), i = 1,...,n. Suppose
in addition that \; < «;, i = 1,...,n. System (3.6) has regularly varying solutions
(T1,...,%n) €E RV(p1,...,pn) with p; <0, i=1,...,n, if and only if (3.19) holds,
in which case the p; are uniquely determined by (3.18) and the asymptotic behaviour
of any such solution is governed by the unique formula (3.22).

Note that this result applies to those systems of the form of (A) in which some
or all of the p; such that \; = «; satisfy faoo pi(t)~H e dt < oo.

4. Strongly decreasing solutions of (A)

We now turn to the problem of existence of strongly decreasing solutions for sys-
tem (A) in the framework of regularly varying functions. Our main results are the
following two theorems. Use is made of the notation and properties of the matrix
(3.14) and its inverse (3.16).

THEOREM 4.1. Let p; € RV(\;) and let ¢; € RV(w;), i = 1,...,n. Suppose that
ANi € o, 1 =1,...,n. Then system (A) possesses strongly decreasing solutions
in RV(p1,...,pn) with p; < 0,4 =1,...,n, if and only if (3.19) holds, in which
case the p; are given by (3.18) and the asymptotic behaviour of any such solution
(z1,...,2n) is governed by the unique formula (3.22).

THEOREM 4.2. Let p; € RV()\;) and let ¢; € RV(u;), i = 1,...,n. Suppose that
Ai > i =1,...,n. Then system (A) possesses strongly decreasing solutions in
RV(p1,...,pn) with p; < (a; — X))/, i = 1,...,n, if and only if (3.29) holds,
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in which case the p; are given by (3.18) and the asymptotic behaviour of any such
solution (x1,...,xy,) is governed by the unique formula (3.22).

We remark that the ‘only if’ parts of these theorems follow immediately from
the corresponding parts of theorem 3.4 and theorem 3.2(ii). The ‘if” parts will be
proved via the following results (which are of interest in their own right) for systems
of the form of (A) with nearly regularly varying coefficients p; and ¢; in the sense
defined below.

DEFINITION 4.3. Let f be regularly varying of index o and suppose that g satisfies
kf(t) < g(t) < K f(t) for some positive constants k, K and for all large ¢. Then g is
said to be a nearly regularly varying function of index o. Such a relation between
f and g is denoted by g(t) < f(t) as t — oc.

THEOREM 4.4. Let p; and q; be nearly regularly varying of indices A\; and u;, respec-
tively, that is, there exist p; € RV(\;) and ¢; € RV (u;) such that

pi(t) Xﬁi(t), qi(t) Xq}(t), t—o0, t=1,...,n. (41)
Suppose in addition that \; < «;, i = 1,...,n, and that (3.19) holds. Then system
(A) possesses strongly decreasing solutions (x1,...,x,) that are nearly regularly
varying of negative index (p1,...,pn) in the sense that

)

n t(aj+1)/a]-p’j(t)fl/ajqf*j(t)l/aj M;jq An/(An—Bn)
o= [ (25— |
j=1
t—soo, i=1,....n, (4.2)
where p; and D; are defined by (3.18) and (3.21), respectively.

THEOREM 4.5. Let p; and q; be nearly reqularly varying of indices A\; and u;, respec-
tively, i = 1,...,n. Suppose that \; > a;, i = 1,...,n, and that (3.29) holds. Then
system (A) possesses strongly decreasing solutions (z1,...,x,) that are nearly reg-
ularly varying of negative index (p1,...,pn) with p; < (a; — A;)/a, i =1,...,n,
and satisfy (4.2), where p; and D; are defined by (3.18) and (3.21), respectively.

Proof of theorem 4.4. Assume that the regularly varying functions p; and ¢; in (4.1)
are expressed as

pi(t) = tNli(t) and  Gi(t) = t"imy(t), 1, m; € SV. (4.3)
By hypothesis, there exist positive constants h;, H;, k; and K; such that
Bapi(t) < pil) < Hips()), ki) < ailt) < Kogilt), i=1,...,n,  (44)
for all large t. Define the functions X; by

n (P =1/ (\1/a; \Mij7An/(An—DBn)
Xi(t)zt’”[HCJ(t) z)mﬂ(t) J) } , i=1,...,n.  (4.5)
J

j=1

It is known that

o 1 00 1/
/ (/ Gi(r) Xisa ()% dr) ds ~ Xi(t), t—o00,i=1,..n (46)
t pl(S) s
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so there exists T' > a such that

00 0o 1/
t s

pi(s)
for i = 1,...,n. Consider the set X consisting of continuous vector functions
(x1,...,2p) on [T,00) satisfying

where [;, L; are positive constants chosen so that
B N 5 e K\ o0
l; < ;<HZ> e, Q(hl) LI <Ly i=1,...,n,  (4.9)
where l,,11 =11, L,11 = L1. An example of such choices is
n 1 k. M;j/oi7 An/(An—Bn) n k: M;j/oi7 An/(An—Bnr)
l; = - = , L= 2( — .
NI () |

It is clear that X is a closed convex subset of the locally convex space C[T’, 00)™.
Define the mapping @ by

@(.2?17 s 7xn)(t) = (fle(t)7f2x3(t)7 s 7fnxn+1 (t))7 t = T7 Tn41 = L1, (410)
where F; stands for the ith integral operator
(o) 1 o0
Fix(t) = / (/ qi(r)z(r)P dr) ds, t>T,i=1,...,n, (4.11)
t pz(s) s

and let it act on X. Using (4.3), (4.4), (4.7)—(4.10), one can show that @ is a con-
tinuous self-map on X, and sends X into a relatively compact subset of C[T, 00)™.

(i) ¢(X) C X: let (x1,...,2,) € X. Then, fori=1,...,n,

KLrgt 1/a;  poo 1 o 1/a;
i (t) < [ —H — 7i (1) X Fid d
Fizip1(t) ( h, ) /t (ﬁi(S) /S Gi(r) Xiya(r) 7’> S

KiLﬁi 1/
o

N

141
Xi(t
= (t

< LiX;(t), t=>T,

kil,@il 1/a;  poo 1 00 1/
Fixiy1(t) > (£> /t <~Z_(s)/s Gi(r) X1 (r)" dr) ds

Bi \1/i
1 kzll
= 2( H+1> Xz(t)

> LX), t>T.

~X

and

WV

This shows that @(x1,...,x,) € X, that is, ® maps X into itself.
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(if) P(X) is relatively compact: the inclusion ¢(X) C X ensures that ¢(X) is uni-
formly bounded on [T, 00). From the inequalities

gaif 1 4
0> (Fiziy1) (t) > —Lf;/l 1<p_(t) / qi(5)Xi41(s)" ds) , t>T,
7 t

holding for all (z1,...,2,) € X, we see that &(X) is equicontinuous on [T, o). The
relative compactness of ¢(X) then follows from the Arzela—Ascoli theorem.

(iii) @ is a continuous map: let {(z¥,...,z¥)} be a sequence in X converging as
v — oo to (x1,...,%,) € X uniformly on any compact subinterval of [T, 00). Using
(4.11) we have

Fiatoy () — Fuzin(t)] < / pi(s) VB (s)ds, t>T,  (4.12)
t

where

rr = ([ aataw? ds)l/% ([ wmate ds)l/m .

It is clear that if o; > 1, then

O < ([ et - s ds)l/ai (1.13)

and if o; < 1, then

1 00 (1/ei)=1  poo
rO < [Taexaeas) [T aktaf - o
% t t
(4.14)
Combining (4.12) with (4.13) or (4.14), we conclude via the Lebesgue dominated
convergence theorem that

lim Fixy,,(t) = Fiziya(t) uniformly on [T,00), i =1,...,n.
V—r00

This proves the continuity of &.

Thus, all the hypotheses of the Schauder—Tychonoff fixed-point theorem are ful-
filled, and @ has a fixed point (z1,...,z,) € X, which satisfies

2i(t) = Foaesa (1) = /m< = mqi<r>xi+l<r>ﬂfdr>l/aids,

pi(s)

t>T, i=1,...,n. (4.15)

This clearly implies that (x1,...,x,) is a solution of system (A) on [T, c0). Since
the solution obtained is a member of X, it is strongly decreasing as well as nearly
regularly varying, and enjoys the asymptotic behaviour (4.2). This completes the
proof. O
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The proof of theorem 4.5 is essentially the same as above, and so it may be
omitted.

The ‘if” parts of theorems 4.1 and 4.2 can be proved on the basis of theorems 4.4
and 4.5 and with the help of the following generalized L’Hopital’s rule. For the
proof see, for example, [§].

LEMMA 4.6. Let f,g € CY[T,00) and suppose that

lim f(t) = lim g(t) =00 and ¢'(t) >0 for all large t,

t—o0 t—o0
or
— !/
tliglo ft) = t1_1>1& g(t)=0 and ¢'(t) <O for all large t.
Then,
"t t t "t
1iminff() Sliminf&, lim sup f() hmsupf().
oo g'(t) T t=oe g(t) e g(t) SR (D)

Proof of the ‘if’ part of theorem 4.1. Assume that p; € RV(\;), \; < a; and ¢; €
RV (u;). Define p; to be the negative constants given by (3.18) and let X; € RV (p;)
denote the functions on the right-hand side of (4.2) with p; and §; replaced by p; and
qi, respectively. Then, by theorem 4.4, system (A) has a decreasing nearly regularly
varying solution (x1,...,x,) such that x;(t) < X;(t) as t — oo, i = 1,...,n. Note
that the x; satisfy the integral equations (4.15).

It remains to verify that the x; are regularly varying functions, i.e. z; € RV(p;),
t=1,...,n. Define

wilt) = /t h (;913) / " ) X () dr)l/ai ds, i=1,...n  (416)

and put

t it .
l; = hmlnfL L; = limsup zi(t) i=1,...,n. (4.17)

t=vo0" u;(t)’ too Ui(t)’
Since z;(t) =< X,(t) and
ui(t)NXi(f,), t—o0,1=1,...,n, (418)

we see that 0 < [; < L; < 00,7 =1,...,n. Using lemma 4.6, we compute

/
l; > liminf zi(t) G

- (7 ai(s)ira(s) ds) /o
t—o0 ug(t) t—o0 (ftoo (5)X1+1(5

Bi ds)l/o‘i

~

~—
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) Bi/ i
= lim inf (mlJrl(t))

t—o00 ui—‘rl (t)

X Bi /o
= [ liminf zir1(t)
t=oo w1 (t)

_ lﬂq‘,/oéi
=iy s

where (4.18) has been used in the last step. Thus, we obtain the cyclic inequalities
for {i;}:

L1008 =1, n, by =l (4.19)

Similarly, by taking the upper limits instead of the lower limits, we are led to the
cyclic inequalities for {L;}:

Li LI, i=1,...,n, Ly = L. (4.20)

From (4.19) and (4.20) it follows that
I; > PvPnlenan o p o pieBa/eaan g,

whence, using 31 - -+ B /a1 - - o, < 1, we see that ; > 1 and L; < 1, and hence that
li =L; =1or lim¢_,ox;(t)/u;(t) =1 for i = 1,...,n. This combined with (4.18)
shows that z;(t) ~ u;(t) ~ X;(t) as t = o0, ¢ = 1,...,n, implying that every z; is
regularly varying of index p;. Thus, the ‘if’ part of theorem 4.1 has been proved.
We omit the proof of the ‘if’ part of theorem 4.2. O

5. Application to partial differential equations

The purpose of the final section is to demonstrate that our main results for the
system of ordinary differential equations (A) can be applied to some classes of
partial differential equations to give birth to new results on the existence and the
asymptotic behaviour of their radial positive solutions. Throughout this section,
x = (1,...,7xN) represents the space variable in RV, N > 2, and |z| denotes the
Euclidean length of x. All partial differential equations will be considered in an
exterior domain 2p = {x € RY: |z| > R}, R > 0.

5.1. Systems of p-Laplacian equations
Consider the system of nonlinear p-Laplacian equations
div(|Vui\p72Vu,-) = f¢(|z|)\u1;+1|%71ui+1, 1= 1,...,71, Unp+4+1 = U1, (51)

for x € (2R, where p > 1 and ~; > 0 are constants and the f; are positive continuous

functions on [R,00) that are regularly varying of indices v;, ¢ = 1,...,n. Our
attention will be focused on radial solutions (ug,...,u,) of (5.1) defined in 2g.
It is known that (uq,...,uy) is a (radial) solution of (5.1) in £2p if and only if
the vector function (u,...,u,) is a solution of the system of ordinary differential
equations
Vg P2 = N O i | i, 2R, i=1,.00,m, Upgr = ua,
(5.2)
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which is a special case of system (A) with
ap=-=a, =p-—1, ﬂZ:"y“ i1=1,...,n,
Alz"':AnzN—l, /.Li:N—l—FVi, Z'ZL...,TL
We assume that
M < (p—1)" (5:3)

Using the inverse of the matrix A(y1/(p —1),...,7/(p — 1)) associated with (5.2)
(see (3.14)), we define

(M;;) = (= 1" A( LN )1. (5.4)

(p—D" =y \p—1""""p-1

To analyse (5.2) we need to distinguish between the two cases p > N and p < N,
in which conditions (1.2) and (1.3) are satisfied, respectively, for system (5.2).

CASE 1. Suppose that p > N. In this case, applying theorem 4.1 to (5.2), we
conclude that system (5.1) possesses decreasing radial solutions (uq,...,uy) such
that u; € RV(p;), pi <0,i=1,...,n, if and only if

S Mij(p+v) <0, i=1,...,n. (5.5)

j=1

In this case the p; are uniquely determined by

(p 1)n—1 n )
g M;i(p+v;) <0, t1=1,...,n, 5.6
p—l)"—ryl...ynj=1 i i) (5.6)

Piz(

and furthermore the asymptotic behaviour of any such solution as |z|] — oo is
governed by the unique decay law

- N M1 -n" 1" 1" fn
Pi l:l_L[ ( 903‘(|$|)1/(p D) ) J:| (p=1)"/((P=1)" =71 Tn)
(p—N—(p—1)p;)V/ =1 (=p;) )

j=1

ui(|x]) ~ |2

|x] = o0, (5.7)
where ¢; € SV are the slowly varying parts of f;, i.e. fi(t) =t"ip;(t),i=1,...,n.

CASE 2. Suppose that p < N. In this case, from theorem 4.2 applied to (5.2), it
follows that system (5.1) possesses decreasing radial solutions (uy, ..., u,) such that
u; € RV(pi), pi<(p—N)/(p—1),i=1,...,n,if and only if

n — N
ZMU<N+VJ,+’;_1%><0, i=1....n (5.8)
j=1

In this case, the p; are uniquely determined by (5.6) and the asymptotic behaviour
of any such solution as |z| — oo is governed by the unique formulae (5.7).
A few words about the particular case of (5.1), in which f;(t) =¢; > 0, i.e.

div(\Vui|p72Vui) = c,-|ui+1 ’yiil’UJH_l, 1= 1, ey, Up41 = UL (59)
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Note that all the v; are zero. If N < p, then, since (5.5) is not satisfied, theorem 4.1
implies that (5.9) does not admit positive decreasing radial solutions (u, ..., uy)
such that u; € RV(p;), p; <0,7=1,...,n. On the other hand, if N > p, then (5.8)
is violated under the assumption v; < p — 1, ¢ = 1,...,n, which is more stringent
than (5.3), and so, by theorem 4.2, system (5.9) cannot possess decreasing solutions
(u1,...,uyn) such that u; € RV(p;), pi < (p—N)/(p—1),i=1,...,n.

5.2. Nonlinear metaharmonic equations

We next consider the nonlinear metaharmonic equation
A"y = g(|z))|u|""tu, =€ g, (5.10)

where m > 2 and v > 0 are constants and ¢ is a positive continuous function on
[R,00) that is regularly varying of index v. We are interested in radial positive
solutions u of (5.10) such that u and A*u, k = 1,...,m — 1, are regularly varying
of negative indices. It is clear that seeking such solutions of (5.10) is equivalent to
seeking radial regularly varying solutions of negative indices of the system

Aui = Uj+1, 1= 17"'am_17 Aum :g(|x‘)|um+1|7—lum+17 HAES ‘QRa
(5.11)
where u,,+1 = u;. This system is equivalent to the following system of ordinary
differential equations

Nl =tV gy, i=1,...,m— 1,
N—1,1 \/ N-1 -1 (5'12)
(t um) =t g(t)|uvn—i-1|’Y Um 41
for t > R, which is a special case of (A) with
alz"':am:17 ﬁlz"':ﬂm—lzlv ﬂm:’%
M=-=Ap=N—-1, pm==pm1=N—-1, pm=N-—-1+w.

We assume that v < 1. The m x m matrix (3.14) associated with (5.12) reads
A(1,...,1,7). Define the matrix (M;;) by

(Mij) = (1_7)‘4(17"'7177)_1' (513)

It is easy to check that M;; =1for1 <i<j<m,and M;; =vyfor1 <j<i<<m.
Observe that conditions (1.2) and (1.3) for (5.12) reduce, respectively, to N = 2
and N > 3.

(i) Let N = 2. Let us apply theorem 4.1 to (5.12). Then (3.18) and (3.19) reduce,
respectively, to

m i — s 11 m
ZMZJ j O(J+:uj+ :22M1J+VMzm<O7 1'217_._’77],7 (514)
j=1 “j Jj=1
and
p; = 2= M . i=1,...,m, (5.15)

L=y
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whence it follows that
2m + v

= and p;=p1—(i—1) fori=2,...,m. (5.16)

p1 =

We then conclude that (5.10) has decreasing radial regularly varying solutions of
negative index p if and only if ¥ < —2m, in which case p is given by p = (2m +
v)/(1 — ~) and any such solution u enjoys the exact asymptotic behaviour

¥ (Jz) ]”“”
(=)L =p) - (m =T=p)?

where ¢ € SV denotes the slowly varying part of g, i.e. g(t) = t*9(t).
(ii) Let N > 3. We compute the constants (3.29) for (5.12):

o = isz (uj 1 + Pilejn — /\j+1)>

a; Q004

u<|x|>~|x|p[ oo, (517)

=v+2m—2-N)1—-y)+26-1)(1—-7), i=1,...,m,

from which we see that
or=v+2m—2-N)(1—-7), o,=01-20—-1)(1—-7), i=2,...,m.

Now applying theorem 4.2 to (5.2), we can assert that (5.10) possesses decreasing
radial solutions u that are regularly varying of negative index p < 2— N if and only
if v < —2m+ (2 — N)(1 — ), in which case p is given by p = (2m+v)/(1 — ) and
the asymptotic behaviour of any such solution is governed by the unique formula

1/(1—
E) e
[[2,(i—1-p)(i+1-N—p) ’
where ¢ is as in (5.17).
From the above observation, it follows in particular that if the regularity index v

of g is non-negative, then (5.10) cannot admit strongly decreasing radial solutions
u that are regularly varying of negative indices.

u(|z|) ~ |z|? |z| = oo, (5.18)
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