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Abstract

A large amplitude Trivelpiece–Gould~TG! mode, in a strongly magnetized beam–plasma system, parametrically
couples to a beam space charge mode and a TG mode sideband. The density perturbation associated with the beam mode
couples with the electron oscillatory velocity, due to the pump wave, to produce a nonlinear current, driving the
sideband. The pump and the sideband waves exert a ponderomotive force on the electrons with a component parallel to
the ambient magnetic field, driving the beam mode. For a pump wave havingk0{v0b

0 0v0 , 0, wherev0, k0 are the
frequency and the wave number of the pump, andv0b

0 is the beam velocity, the sideband is frequency upshifted. At low
beam density~Compton regime! the growth rate of the parametric instability scales as two-thirds power of the pump
amplitude, and one-third power of beam density. In the Raman regime, the growth rate scales as half power of beam
density and linearly with pump amplitude. The background plasma has a destabilizing role on the instability.
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1. INTRODUCTION

A magnetized beam–plasma system supports a variety of
electrostatic and electromagnetic modes. These modes can
either be launched externally or excited in situ via linear and
nonlinear mechanisms. At higher amplitudes they are cou-
pled and can exchange energy and momentum with each
other. Such nonlinear interactions are important in many
laboratory experiments and space plasmas. The parametric
instability in magnetized plasma is a particular type of non-
linear coherent wave phenomena~Changet al., 1971!.

Large amplitude Trivelpiece–Gould~TG! modes or lower
hybrid waves have been observed in several experiments by
using axial and spiraling electron and ion beams~Sharma
et al., 1998; Krafft & Volokitin, 2000; Maslennikov &
Stepanov, 2000; Volokitin & Krafft, 2001!. Prabhuram and
Sharma~1992! have observed the excitation of higher har-
monics of a TG mode in a low-energy beam–plasma system.
Large amplitude TG modes, also known as lower hybrid
waves, have been employed for heating and for current drive
in tokamak~Taylor et al., 1989! and suppression of micro-

instabilities in Q-machine~Bergeret al., 1976; Amatucci
et al., 1996; Koepkr, 2002, and reference therein!. These
waves have also been observed as a dominant instability in
magnetized beam–plasma systems where they are called the
TG mode~Sakawaet al., 1993!. They give rise to a variety
of nonlinear phenomena, for example, harmonic generation,
modulational instability, and parametric instabilities. Liu
and Tripathi~1984! and Porkolab~1974! have given a de-
tailed survey of parametric instabilities of lower hybrid waves
in tokamaks. Seileret al. ~1976! have reported experimental
results on the excitation of a lower hybrid instability by a
spiraling ion beam in the linear Princeton Q-1 device.

Plasma heating by high-energy particle-beam injection
is considered to be one of the most promising methods of
obtaining the ion temperatures necessary for a thermo-
nuclear plasma. The mechanism by which the beam trans-
fers its energy to the target plasma has been a subject of
intense research~Yatsui & Imai, 1975; Porkolabet al.,
1976!. An electron beam injected parallel to the confining
magnetic field of a low-b, isothermal~Te ' Ti ! plasma is
density modulated at or above the lower hybrid frequency
~vLH ! of the target plasma. Allenet al. ~1978! have ob-
served that such a modulation can parametrically excite
a lower hybrid wave and either an ion quasimode or an
ion-cyclotron mode.
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In this article, we study the nonlinear coupling of a large
amplitude TG mode with the beam mode in a magnetized
beam–plasma system. The TG mode~v0, k0!, imparts os-
cillatory velocity to electrons that couples with the density
perturbation associated with the beam mode~v ' kzv0b

0 ,b!
to produce a nonlinear current, deriving a TG mode side-
band~v1 5 v0 1 v, k1 5 k0 1 k!. The sideband beats with
the pump to exert a parallel ponderomotive force on elec-
trons, driving the beam mode.

In Section 2 we carry out the instability analysis fol-
lowing the fluid approach and obtain an expression for
the growth rate of the parametric instability under beam-
dominated decay~Wanget al., 1996! in Compton and Ra-
man regimes. A brief discussion of results is presented in
Section 3.

2. INSTABILITY ANALYSIS

Consider a magnetized beam–plasma system with electron
densityn0

0 and static magnetic fieldBs [z.An electron beam of
densityn0b

0 propagates through it with velocityv0b
0 [z. A large

amplitude TG mode exists in the plasma. If we ignore finite
boundary effects, the potential of the TG mode can be writ-
ten as

f0 5 f0 exp@2i ~v0 t 2 k0{x!# , ~1!

where v0 5 v1h@1 1 k0z
2 0k0

2~mi 0m!#102, v1h 5 vpi 0~1 1
vp

20vc
2!102, k0 5 k0x [x 1 k0z [z, vp and vc are the electron

plasma and cyclotron frequencies,vpi is the ion plasma
frequency, andmi andm are the ion and electron masses,
respectively.

The TG mode imparts oscillatory velocity to plasma and
beam electrons. Solving the equations of motion and conti-
nuity, the velocity and density perturbations of the beam
electrons can be written as

v0b4 5 2
ief0

mvc
2 @~k0 3 vc! 1 i ~v0 2 kzv0b

0 !k04 # , ~2!

v0b5 5 2
ek05f0

m~v0 2 kzv0b
0 !

, ~3!

n0b 5 2n0b
0

ef0

m F k05
2

~v0 2 kzv0b
0 !2 2

k04
2

vc
2 G, ~4!

where subscripts' and 7 refer to the perpendicular and
parallel components with respect to magnetic fieldBs. Cor-
responding quantities for plasma electrons,v0 andn0, can be
deduced from Eqs.~2!–~4! by dropping the subscriptb and
takingv0b

0 5 0. Eqs.~2! and~4! are valid forv0 ,, vc.
The pump wave decays into a low frequency electrostatic

wave~beam mode! with potentialf~v,k! and a TG mode
sideband wave of potentialf1~v1,k1!, wherev1 [ v0 1 v,
k1 [ k0 1 k. The linear response at~v1,k1! is the same as
given by Eqs.~2!–~4!, with v0, k0 replaced byv1, k1. The

sideband of potentialf1~v1,k1! couples with the pump to
produce a low-frequency ponderomotive forceFp 5 mv{¹v
on the electrons.Fp has two components, one perpendicular
to the static magnetic fieldBsand the other parallel to it. The
response of electrons toFp4 is strongly suppressed by the
magnetic field and is usually weak~for vp ,, vc!. In
the parallel direction, the electrons can effectively respond
to Fp5; hence, the low-frequency nonlinearity arises mainly
throughFp552mv{¹v5. Forv , k5 vth ~vth being the electron
thermal speed!, the electron can spontaneously follow the
ponderomotive force and the nonlinearity is strong. At lon-
ger wavelengthsv . k5 vth, the electrons’ response in the
parallel direction is slow and the nonlinearity is weak. The
parallel ponderomotive force on the beam electrons can be
explicitly written as

Fpb5 5 2~m02!@v0b4
* {¹4 v1b51 v1b4{¹4 v0b5

* # , ~5!

where we have dropped thev05¹5 andv15¹5 terms as these are
kzk0zv00kk0vc 5 ~m0mi !

102 times the terms retained. Sub-
stituting for v0b4

* andv1b4
* , and considering only dominant

E 3 Bs terms, one may simplify Eq.~5! to write Fpb5 5
eikzfpb, where

fpb 5
ef0
*f1

2mvc
2

k14{k043 vc

ikzv1~v0 2 k0zv0b
0 !

3 @kz~v0 2 k0zv0b
0 ! 2 k0z~v 2 kzv0b

0 !# . ~6!

The ponderomotive potentialfp for plasma electrons can be
deduced from Eq.~6! taking v0b

0 5 0. fpb andfp at ~v,k!
produce a low-frequency beam electron density perturbation

nb 5
k2

4pe
xb~f 1 fpb!, ~7!

wherexb 5 2vpb
2 ~kz

20k2!0~v 2 kzv0b
0 !2. We neglected the

role of E4 on beam electrons assuming~v 2 kzv0b
0 !2 ,,

vc
2kz

20k42.
The low-frequency plasma electron density perturba-

tion is

n 5
k2

4pe
xe~f 1 fp!, ~8!

wherexe 5 2vp
2~kz

20k2!0v2 2 vp
2~k4

20k2!0vc
2 for vc .. v.

Using the density perturbations in Poisson’s equation, we
obtain

ef 5 2xbfpb 2 xefp, ~9!

wheree 511 xe1 xb. The nonlinear density perturbations
n1b

NL and n1
NL at ~v,k! can be obtained from equation of

continuity
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n1b
NL 5

k1{v0b

2v1

nb, ~10!

n1
NL 5

k1{v0

2v1

n. ~11!

Using Eqs.~10! and~11! in the Poisson’s equation for the
sideband wave, we obtain

e1f1 5 2
4pe

k1
2 ~n1b

NL 1 n1
NL!, ~12!

wheree1 5 1 1 vp
2~k14

2 0k1
2!0vc

2 2 vp
2~k1z

2 0k1
2!0v1

2.

Eqs.~9! and~12! are the nonlinear-coupled equations forf
andf1 from which the nonlinear dispersion relation can be
obtained:

ee1 5 m 5
k2cs

2

4v1
2 Su2

cs
2D~xe 1 xb!~xeD1 1 xb D2!sin2 d1, ~13!

whereD15 @12 v~k0z0kz!0v0# , D25 @12 v~k0z0kz!0~v02
kzv0b

0 !# , u5 ek06f0
* 60mvc is the magnitude ofE 3 Bs elec-

tron velocity,d1 is the angle betweenk14 andk04, andcs is
the sound speed.

Usingxe 1 xb 1 1 ' 0 in Eq.~13!, we get

ee1 5 m 5 2
k2cs

2

4v1
2 Su2

cs
2D~xeD1 1 xb D2!sin2 d1.

In the case whenv, k wave is the beam mode~v ' kzv0b
0 !,

xb .. xe ~beam-dominated decay!, m simplifies to

ee1 5 m 5 2
k2cs

2

4v1
2 Su2

cs
2Dxb D2 sin2 d1,

or

ee1 ' m '
kz

2cs
2

4v1
2 Su2

cs
2D vpb

2

~v 2 kzv0b
0 !2 D2 sin2 d1. ~14!

We solve Eq.~14! in two distinct cases of interest.

2.1. Compton regime

In the case when beam density~or the beam current! is
small,xb ,, 1, self-consistent potential of the beam can be
neglected as compared to ponderomotive potential~f ,,
fpb!, and Eq.~14! can be written as

~v 2 kzv0b
0 !2S12

vp
2

v1
2

k1z
2

k1
2 1

vp
2

vc
2

k14
2

k1
2 D 5 Rvpb

2
kz

2

k2

or

~v 2 kzv0b
0 !2~v1

2 2 v1r
2 ! 5 Rv1

2vpb
2

kz
2

k2 , ~15!

where R 5 ~kz
2cs

204v1
2!~u20cs

2!D2 sin2 d1, and v1r
2 5

@vp
2k1z

2 0k1
2 2 vp

2~k14
2 0k1

2!v1
20vc

2# .
The maximum growth rate of the instability occurs near

the simultaneous zeroes of the left-hand side. Choosingv5
kzv0b

0 1 d, and v1 5 v1r 1 d, whered is the frequency
mismatch, Eq.~15! gives

d 5 S Rv1r vpb
2 kz

2

2k2 D103

ei 2p103,

where 15 0, 1, 2. The growth rate turns out to be

g 5 Im~d! 5
M3

2
S Rv1r vpb

2 kz
2

2k2 D103

. ~16!

Becausek1 5 k0 1 k andv1 5 v0 1 v, we get

k2 5 k0z
2

v0
2

vp
2 1 ~k0z 1 kz!

2
~v0 1 kzv0b

0 !2

vp
2 1 kz

2. ~17!

The growth rate of the parametric instability scales as two-
thirds power of the pump amplitude and one-third power of
beam density. This treatment, however, is valid wheng2 .
vpb

2 ~weak beam limit!.
To calculate the normalized growth rateg0vpb in a Comp-

ton regime, we estimatek0k0z for different values ofkz0k0z5
0, 0.2, 0.4, 0.6, 0.8, 1.0 from Eq.~17! first. Using v1 5
vpk1z0k1 ~for TG mode sideband!, v1 5 v0 2 v, k1z5 k0z2
kz, andv5kzv0b

0 ~for beam mode!, we calculate the normal-
ized growth rate from Eq.~16!.

In Figure 1, we have plotted the normalized growth rate
g0vpbof the parametric instability in the Compton regime as
a function of the normalized parallel wave number of the
beam modekz0k0z for upper sideband generation in a beam–
plasma system. The parameters are2v0b

0 0c50.1,k0zc0v05
3, cs0c 5 1025, d1 5 p02, u20cs

2 5 1, vpb0vp 5 0.2, and
v00vp 5 0.1, 0.2. The normalized growth rate of the para-
metric instability in the Compton regime increases with the
normalized wave number of the beam mode. One may also
see that for a pump wave counterpropagating with the beam,
the sideband is frequency upshifted, whereas, for copropa-
gating with a beam, the sideband is frequency downshifted.
Figure 1 also shows the effect of background plasma on the
growth rate of instability. The rate of growth increases with
background plasma density.

2.2. Raman regime

At high beam density, one may havee ' 0. In this case,
self-consistent potential far exceeds the ponderomotive one
~f .. fpb!. Then one looks for a solution of Eq.~14! around
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the simultaneous zeroes of the left-hand side. Eq.~14! takes
the form

F12
vpb

2

~v 2 kzv0b
0 !2

kz
2

k2 2
vp

2

v2

kz
2

k2G
3 S12

vp
2

v1
2

k1z
2

k1
2 1

vp
2

vc
2 1

vp
2

vc
2

k14
2

k1
2 D 5 R

or

~v2 2 vr
2!~v1

2 2 v1r
2 ! 5 R

v1
2~v 2 kzv0b

0 !2

~12 vp
2kz

20v2k2!
, ~18!

where

vr 5 kzv0b
0 2

vpbkz0k

~12 vp
2kz

20v2k2!102 .

We choosev 5 vr 1 d and v1 5 v1r 1 d for maximum
growth and solve Eq.~18! for d. The growth rate turns out
to be

g 5 Im~d! 5
1

4

vpbkz0k

~12 vp
2kz

20v2k2! S Rv1r

vr
D102

, ~19!

where

k2 5 k0z
2

v0
2

vp
2 1 ~k0z 1 kz!

2

3 F kzv0b
0

vp

2
vpbkz0vpk

~12 vp
2kz

20v2k2!102G102

1 kz
2, ~20!

from phase matching conditions.
The growth rate of the parametric instability scales as half

power of beam density and linearly with pump amplitude.
This theory is also applicable for lower sideband generation
when the beam travels along the direction of the pump wave.

We calculate the normalized growth rateg0vpb in the
Raman regime from Eqs.~19! and~20! by using the math-
ematical method used in the Compton regime.

In Figure 2 we have plotted the growth rate in the Raman
regime as a function ofkz0k0z for the corresponding value of
vpb0vp 5 0.5. The normalized growth rate increases with
the normalized parallel wave number of the beam mode
kz0k0z. The background plasma plays a significant role and
enhances the growth rate of the instability.

3. DISCUSSION

A nonlinear dispersion relation describing three-wave inter-
action and instability growth rates are found. The theoretical
results obtained above are applicable to the explanation of
phenomena observed in laboratory plasmas as well as in
space plasmas. We present the theory on parametric insta-
bilities in space-charge-dominated beams, which are impor-
tant to the design and development of induction accelerators
as heavy ion fusion drivers~Wanget al., 1996!.

A large amplitude TG mode propagating through a mag-
netized plasma, in the presence of an electron beam, under-
goes parametric coupling with a negative energy beam space
charge mode and a TG mode sideband. Forv ' kzv0b

0 , the
coupling is caused by a ponderomotive-force-driven beam
mode and one obtains upper sideband generation. However,
in the Raman regime, one obtains an upper sideband for
v , kzv0b

0 . The sideband frequency is upshifted for the

Fig. 1. Variation of the normalized growth rate of the parametric instability in the Compton regime as a function of the normalized
parallel wave number of the beam mode. The parameters are2v0b

0 0c 5 0.1,k0zc0v0 5 3, cs0c 5 1025, d1 5 p02, u20cs
2 5 1, vpb0vp 5

0.2, andv00vp 5 0.1, 0.2.
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negative energy beam space charge mode. The presence
of plasma enhances the growth rate of the up-conversion
process.

For a low-density beam the growth rate of the parametric
instability scales as two-thirds power of the pump amplitude
and one-third power of the beam density, whereas, in the
case of a high-density beam the rate of growth of the para-
metric instability scales as half power of beam density and
linearly with pump amplitude. Hence, the beam density en-
hances the rate of growth of the parametric instability in a
beam–plasma system.

The two-stream instability competes with this instability.
The former has a growth rategT '!302~vpb

2 vp02!103 that
may be higher than the growth rate of the parametric insta-
bility. The parametric instability would then arise after the
two-stream instability has been saturated. However, the beam
would acquire a finite velocity spread due to the two-stream
instability, and one must employ a kinetic theory for the
parametric coupling. Stimulated Compton scattering may
be suppressed totally by kinetic effects but the stimulated
Raman scattering would exist with roughly the same growth
rate as above. Obikiet al. ~1967! have reported an experi-
mental study of suppression of a two-stream instability in a
beam–plasma system by external ac electric fields. Davy-
dovaet al. ~1986! have shown theoretically that a nonuni-
form external rf field can suppress a resonant instability of
TG waves excited by a monoenergetic electron beam. In
these situations, the parametric instability discussed above
could be prominent.
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