Proceedings of the Royal Society of Edinburgh, 149, 831-847, 2019
DOI:10.1017/prm.2018.26

Positivity and continued fractions from the
binomial transformation

Bao-Xuan Zhu
School of Mathematics and Statistics, Jiangsu Normal University,
Xuzhou 221116, PR China (bxzhu@jsnu.edu.cn)

(MS received 27 October 2016; accepted 2 January 2017)

Given a sequence of polynomials {x(q)}r>0, define the transformation
" om )
yn(q) =a™ ) (i)b”’lri(q)
=0

for n > 0. In this paper, we obtain the relation between the Jacobi continued
fraction of the ordinary generating function of y,(q) and that of x,(q). We also
prove that the transformation preserves ¢-TP,y1 (¢-TP) property of the Hankel
matrix [z;4;(q)]s,j>0, in particular for r = 2,3, implying the r-g-log-convexity of the
sequence {yn(q)}n>0. As applications, we can give the continued fraction
expressions of Eulerian polynomials of types A and B, derangement polynomials
types A and B, general Eulerian polynomials, Dowling polynomials and
Tanny-geometric polynomials. In addition, we also prove the strong g-log-convexity
of derangement polynomials type B, Dowling polynomials and Tanny-geometric
polynomials and 3-g-log-convexity of general Eulerian polynomials, Dowling
polynomials and Tanny-geometric polynomials. We also present a new proof of the
result of Pdlya and Szegd about the binomial convolution preserving the Stieltjes
moment property and a new proof of the result of Zhu and Sun on the binomial
transformation preserving strong g-log-convexity.

Keywords: log-convexity; strong g-log-convexity; k-g-log-convexity; total positivity;
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1. Introduction

Given a sequence {z, }n>0, define the binomial transformation

Yn = .| Ty
(.
for n > 0, which often arises in combinatorics. In fact, it has the general combina-
torial interpretation from the famous sieve method or inclusion-exclusion-principle
[19, Chaper IV]. It is very useful in studying the log-concavity and log-convexity.
For instance, it is well known that the binomial transformation preserves the
log-concavity property and log-convexity property (see Karlin [23] for instance).
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Zhu and Sun [42] also proved that the binomial transformation preserves the
strong g-log-concavity property. More generally, the log-convexity property and
log-concavity property are preserved under the binomial convolution and the ordi-
nary multinomials convolution, see Davenport and Pélya [20], Wang and Yeh [36]
and Ahmia and Belbachir [1], respectively. However, there is still a gap for linear
transformations preserving higher order g-log-convexity. This is one motivation for
this paper.

For the convenience of the readers and for the sake of clarity of exposition,
recall some definitions. Let {aj}x>0 be a sequence of nonnegative numbers. The
sequence is called log-convex (log-concave, resp.) if agario = aiﬂ (apagio < aiﬂ,
resp.) for all k£ > 0. The log-convex and log-concave sequences arise often in com-
binatorics and have been extensively investigated. We refer the reader to [10, 32]
for the log-concavity and [25,39] for the log-convexity. For two polynomials with
real coefficients f(¢) and g(q), denote f(q) =4 g(q) if the difference f(¢) — g(¢) has
only nonnegative coefficients. For a polynomial sequence {f,(q)}n>0, it is called
q-log-concave suggested by Stanley if

fn(Q)z 2q fn+1(Q)fn—1(Q)v

for n > 1 and is called g-log-convez introduced by Liu and Wang if

fn(Q)2 <q Jnr1(@) fn-1(q),

for any n > 1. It is also called strongly q-log-convex defined by Chen et al. if

Jn41(@) frn-1(q) — fn(q) frn(q) 24 0

for any n > m > 1. Obviously, the ¢g-log-concavity (¢-log-convexity) reduces to the
log-concavity (log-convexity) for ¢ = 0. The g-log-concavity and g-log-convexity of
polynomials have been extensively studied, see Butler [12], Leroux [24], Sagan [31],
and Su, Wang and Yeh [33] for g-log-concavity, and refer to Chen et al. [15-17],
Liu and Wang [25], Zhu [39,40], and Zhu and Sun [42] for ¢-log-convexity.
Motivated by the notion of infinite log-concavity [26], Chen [13] defined the r-g-
log-convexity as follows. Define the operator £ which maps a polynomial sequence

{fi(@)}i>0 to a polynomial sequence {g;(¢q)}i>0 given by
9:(q) == fi—1(q) fir1(q) — fi(a)*.

Then the g-log-convexity of the polynomial sequence {f;(¢)}i>0 is equivalent to
the g-positivity of L£{f;(q)}, that is, the coefficients of g;(¢) are nonnegative for
all ¢ > 1. If the polynomial sequence {g;(¢)}:>1 is g-log-convex, then {f;(¢)}ixo is
called 2-q-log-convez. In general, { f;(q) }i>o is called r-q-log-convex if the coefficients
of £L7{fi(¢)} are nonnegative for ¢ > r. In general, it is much more difficult to show
the r-g-log-convexity for r > 2.

Let A = [an k]nk>0 be a matrix of real numbers. It is called totally positive
(TP for short) if all its minors are nonnegative and is called TP, if all minors
of order < r are nonnegative. When each entry of A is a polynomial in ¢ with
nonnegative coefficients, then we have the similar concepts for ¢-TP (resp. ¢-TP,.)
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if all its minors (resp. if all minors of order < r) are polynomials with nonneg-
ative coefficients. Total positivity of matrices plays an important role in various
branches of mathematics, statistics, probability, mechanics, economics, and com-
puter science, see Karlin [23] and Pinkus [28] for instance. Theory of total positivity
has successfully been applied to log-concavity and log-convexity problems in com-
binatorics, see Brenti [11] and Zhu [39,41]. The total positivity of a kind of
matrix called Hankel matrix is related to the continued fractions. In addition,
the continued fractions often arise in combinatorics and have general combinato-
rial interpretations. Zhu [39, 41] also gave criterions for strong g-log-convexity and
higher order g-log-convexity from the famous Jacobi continued fractions, respec-

tively. For brevity, we let JCF[g,(q)z, hyt1(q)z?] denote the Jacobi continued
fraction
1
hi(q)2* ’
1 —g0(q)z — 1((]) B}
1— gi1(q)z — _ ha(@)e”
1—g2(q)z— ...

where {gn(¢)}n>0 and {h,(¢)}n>1 are sequences of polynomials with nonnegative
coefficients.
The following is the main result of this paper.

THEOREM 1.1. Let {x;(q)}i>0 be a sequence of polynomials. Assume the transfor-
mation

puld) = a” 3 (7)ot

i=o
forn > 0. Let r be a nonnegative integer.

(i) If the generating function
oo
Z xk(‘])zk = JCF|gn(a)z, hnt1 (Q)ZQL
k=0
then we have
> uk(9)z" = JCF[a(gn(a) + b)z,a’hy 11 (q)7%).
k=0
(ii) Let a and b be positive. If the Hankel matric [x;4;(q)]i j>0 is ¢-TPri1, then

50 15 [Yi+;(@)]ij>0. In particular, {y;(q)}ixo is r-g-log-convex for 1 < r < 3.

(ili) Let a and b be positive. If the Hankel matriz [x;1;(q)]i j>0 is ¢-TP, then so
is the Hankel matriz [yi+;(q))i,j>0-

Barry also obtained (i) of theorem 1.1 for @ =1 using a different method [3].
Note that a sequence of polynomials {z,(q)}n>0 is strongly ¢-log-convex if and
only if the Hankel matrix [x;4;(q)]i j>0 is ¢-TPq. Thus, for a = b=1r =1, the (ii)
of theorem 1.1 gives another proof of the following result [42].
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COROLLARY 1.2. [42] If the sequence of polynomials {x;(q)}i>0 is strongly q-log-
conver, then so is the binomial transformation

yn(q) = ZL: (n> z;(q),

i=o M
forn > 0.

In particular, the following result is immediate from (ii) and (iii) of theorem 1.1
and lemma 2.2.

THEOREM 1.3. Let {x;};>0 be a sequence of nonnegative real numbers. Assume the
binomial transformation

n
n .
Un = ( .)quj,
=0 M
form > 0. Let r be a nonnegative integer.

(1) If the Hankel matriz [zi4;]; j>0 is TPry1, then {y;}iso is r-log-convex for 1 <
r<3andq=1.

(it) If [zi+5)ig>0 is TP, then [yiyjlij>o0 is ¢-TP.
(itl) If {x;}iso is a Stieltjes moment sequence, then so is {y;}i>o for ¢ = 1.
A sequence {ay}r>o is called a Stieltjes moment (SM for short) sequence if its

Hankel matrix [a;y;]i ;>0 is TP. It is well known that it is a Stieltjes moment
sequence if and only if it has the form

+oo
ai = /0 2 dp(z), (1.1)

where (1 is a non-negative measure on [0, 4+00), see [28, theorem 4.4] for instance.
Stieltjes moment problem is one of the classical moment problems and arises natu-
rally in many branches of mathematics [35]. Note that Pélya and Szego [29, Part
VII, theorem 42] proved the following result.

THEOREM 1.4. If both {xn}n>0 and {yn}tn>o0 are Stieltjes moment sequences, then
so s their binomial convolution

n
n
Zn:Z<k>xkyn—ka n:0a1527""

k=0

REMARK 1.5. Wang and Zhu [37] gave a new proof for theorem 1.4. It is known [6,
theorem 6] that if a triangular linear transformation preserves the Stieltjes moment
property, then the same goes for its convolution. Thus by (iii) of theorem 1.3, we
have another proof for theorem 1.4.
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The organization of this paper is as follows. In § 2, we present the proof of theorem
1.1. In §3, as applications of theorem 1.1, we give the continued fraction expres-
sions of Eulerian polynomials of types A and B, derangement polynomials types A
and B, general Eulerian polynomials, Dowling polynomials and Tanny-geometric
polynomials. In addition, we also prove the strong g-log-convexity of derange-
ment polynomials type B, Dowling polynomials and Tanny-geometric polynomials
and 3-¢-log-convexity of general Eulerian polynomials, Dowling polynomials and
Tanny-geometric polynomials.

2. Proof of theorem 1.1

In this paper, the total positivity of matrices plays an important role in our proof.
In order to present our proof, we need the following some basic results from total
positivity of matrices. The first of the following lemmas follows from the clas-
sic Cauchy-Binet formula and the second can be obtained from the properties of
determinants.

LEMMA 2.1. If two matrices are q-TP,., then so is their product.

LEMMA 2.2. If [@4;(q)]ijs0 s q-TPy, then so is [(a+bq) ™ xiy;(q)]ijs0 for
nonnegative real numbers a and b.

Using the total positivity of matrices, Zhu [41] proved the following criterion for
higher order g-log-convexity. In order to make the proof self-contained, we will state
the proof here.

PROPOSITION 2.3. Let {a,(q)}n>0 be a sequence of polynomials with nonnegative
coefficients. If the Hankel matriz [a;+;(q)]i j>0 8 ¢-TPry1, then {an(q) }n>o0 is 7-¢-
log-convex for 1 < r < 3.

Proof. For brevity, we write ay, for ax(q). Note for r = 1 that

ag—1  a

L(ag) = agy1a5-1 — af =
( k ar Qg1

Thus it is obvious that {a,(¢)},>0 is g-log-convex if the Hankel matrix [a;4 ;] j>0
is g-TP5. Furthermore, for r = 2, we get that

L£%(ar) = L(ar—1)L(ar41) — [L(ar)]”
2
= (ak+2ak - ai“) (akak—z - ai_1) - (ak+1ak—1 - ai)
= a (2ak—1aKQk+1 + ARAL42aK—2 — @} — Qjy 1 Qp—2 — Aj_ 1 A2)

ag—2 ap—1 Gy
=ar| ag—1  Gp  Ggy1 |, (2.1)
ag Qp+1  OGk42

which implies that if the Hankel matrix [a;4;(q)]i j>0 is -TP3 then {a,(q)}n>0 is
2-g-log-convex.
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In the following, we proceed to consider the case for r = 3. By (2.1), we have

£3(ar) = L (ar-1)L2(ax1) — [£2(ax)]”

ak—1 g Ag41| |Ak—-3 QAg—2 (Akg—1
= Qk+4+10k—1 | Gk k41 Q42| |Ak—2  OAk—1 Qg
k41 Qk42 Ak43| |0k—1 ag Ak41

2
ap—2 Qk—1 ag

2
— Qp, |Ak—1 Qaf Q41
Qaf Q41 Gk42

= (apr1a5—1 — ai)

ag—-3 Gg—2 Gg—1 Ak
ai ag—2 OGp—1 Ak Qg1
k-1 Ak Q41 Q42
ap  Gk4+1 Gk42 Gk43

ap—3 Q-2 Qkp—1||Ak—1 G (k41
+ |ak—2 ar—1 ag Ak Q41 Gk42
ap—1 QA Ok41| |Ak41 Ak42 Ak+3

So if the Hankel matrix [a;4;(q)]i j>0 is ¢-TP4 then {a,(¢)}n>0 is 3-g-log-convex.
This completes the proof. O

For a triangular array A = [A,, k]n k>0, define its row generating function

An(z) = Z Anykzk.
k=0
The following result will be used in the proof of theorem 1.1, which was proved in

[8] for the case of real sequences.

ProrOSITION 2.4. Let A,B,C be three infinite matrices. For a sequence
{20(@)}nz0, define a sequence {yn(q)}n>0 by

un(q) =Y Anizilq) (2.2)
=0

for m > 0. Let the infinite Hankel matrices Y = [y;+;(q)]ij>0 and X = [z,1;
(q)]i,j}(}- If Ai+j(z) = BZ(Z)C](Z), fO’f’ all Z,] 2 0, then we have Y = BXC/
Proof. By (2.2), we deduce for 7,5 > 0 that

virs(@) = Y Avrsrar(a)

k>0

k
= Z Z Bi’Tijkfrxk (q)

k>07=0

- Z ZC',k—Txk(q) Biﬂ‘

r=>0 \k>r

= Z Z B; Cj kxk1r(q),

r>0k>0
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which implies that Y = BXC". O

Proof of theorem 1.1. (i) : Since

> 2i(q)=" = ICF[gn(q)z, hut1(a)’],
k=0

the sequence {z,(q)}n>0 can be arranged as the first column of a triangular
array [An x(q)]n.k>0 satisfying the recurrence relation

Apr(q) = An—1k-1(q) + 91 () An—1,1(q) + hrs1(q) An—1,k4+1(q),
An0(q) = 90(q)An-1,0(q) + h1(q)An—1,1(q)

for n > 1 and k > 1, where Ago(q) =1, Aox(q) =0 for k > 0, see [22] for

instance. Let 5"~ % (Z) =T, for n >k > 0. It is clear that [T}, k]n k>0 is an

array of nonnegative numbers satisfying the recurrence relation
Tn,k = an—l,k + Tn—l,k—l (23)

with T}, = 0 unless 0 < k <n and Ty = 1.
Let T = [Ty kln k>0, A = [Ank(@)]n.k>0 and B = TA = [By, k]n.k>0- We claim the
following. O

CLAIM 2.5. The triangular array [By, i]n k>0 satisfies the recurrence relation

Bk = Bn-15-1+ [96(¢) + 0| Br—1.k + Pi+1(¢) Bn—1,k+1, (2.4)
Bn,O = [QO(Q) + b}Bn—l,O + hl (Q)Bn—l,l
forn > 1 and k£ > 0, where By =1, By = 0 for k> 0.

Proof. We will complete the proof by induction on n. It is obvious for n = 0. For
n > 1, it follows from B = T'A that

Bn,k = ZTn,lAl,k(q) (25)
=0

Thus, by the recurrence relation of T, ;, we have

Bn,k = Z Tn,lA’L,k(q)

= Z[Tnfl,ifl + 011,44 1(q)

n—1
= ZTn—l,iAi+1,k(Q) + Z bTh -1, A k(q)
i i=0
= ZTn—l,i[Ai,k—l(Q) + (gr(q) + 0)Ai k(@) + hrs1(q)Ai k+1(q)]

= Byn_1k+ 9x(q) + b Bik + hit1(q)Bi gt1,

as desired. This proves the claim. O
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By (2.5), we get

Bo= ZTn,iAi,O(Q) = ZTn,ixi(Q) = Z (?) b lxi(q). (2.6)
i=0 j

n
=0 1=0

Hence by claim 2.5, we have

Z Bk,O(q)zk = JCF[(gn(q) + b)Z, hn+1(Q)ZQ]'
k=0

Thus
Z ye(q)2F = Z a* By 02" = JCF[a(gn(q) + b)z, a’hpi1(q)2z%).
k=0 k=0

In the following, we will present the proofs of (ii) and (iii). Let L = (L; ;)i j>0 be
the infinite Pascal matrix, where L; ; = (;) is binomial coefficients. Note that

LH_]'(Z) = L,(Z)L](Z) = (1 + Z)i+j.

Thus, if the infinite Hankel matrices Z = [Zi-i-j (q)]i,jgo and X* = [b_i_jxi+j (q)]m;o,
where z, = Yo (3)b "2 (q), then we get

7 =LX*I

from proposition 2.4 by taking A = B = C = L. Note that L is a TP matrix (see
[23, p. 132]), so is L'. Thus the classical Cauchy—Binet theorem implies that Z
is ¢-TP,; since the Hankel matrix X* is -TP, 41 by lemma 2.2. It follows from
lemma 2.2 that

it (@)]iz0 = [(ab)"* 2y ()i 520

is ¢-TP,41. So {y:(¢)}ix0 is r-g-log-convex by proposition 2.3 for 1 < r < 3. This
proves that (ii) holds. Similarly, the ¢-TP property of X also implies that of Y by
the classical Cauchy—Binet theorem. Thus (iii) holds. We complete the proof. [

3. Applications

In this section, we give some applications of the results obtained in § 1.

3.1. The classical Eulerian polynomials

Let m = ajag - - - a, be a permutation of [n]. An element ¢ € [n — 1] is called a
descent of 7 if a; > a;+1. The Eulerian number A(n, k) is defined as the number of
permutations of [n] having k& — 1 descents. Moreover, the Eulerian numbers satisfy
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the recurrence
A(n,k) =kAn—1,k)+ (n—k+1)An—1,k - 1),

whose generating function, that is, the classical Eulerian polynomials, is denoted by
A, (q). It is known that the exponential generating function of {4,(q)}n>0 [19] is

> Anlq) w_ -9 (3.1)

n>0 nl 1= ger(=0)
and the ordinary generating function of {A4,,(¢)}n>0 is
> Ap(@)2® = JCF[[n + (n+ 1)q)x, (n + 1)%qx’]

k>0
1

qxr

1—qx—
¢ 4qx

11— 243z — -

1—-(1+42¢)x
(see [22] for instance).

3.2. The Eulerian polynomials of type A
Given a finite Coxeter group W, define the Eulerian polynomials of W by

Pn(m q) = Z qu(ﬂ')’

TeW

where dy (7) is the number of W-descents of m. We refer the reader to Bjorner [8]
for relevant definitions.

For Coxeter groups of type A, it is known that P, (A, q) = A, (q)/q, the shifted
Eulerian polynomials. Note that the exponential generating function is

(=gt
w1 —ger(-0 (3.2)

> Pu(Aq)

n=0

So combining (3.1) and (3.2), we have
Rl = (1)1 -0 Ao (33)
k=0

Thus, by (3.3) and theorem 1.1(i) for a =1 and b =1 — ¢, we have

> Pu(A,q)a* = JCF[(nq + 0+ 1)x, (n + 1)%qx?] (3.4)
k>0

n > 0, that is, the next corollary.
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COROLLARY 3.1. [4/

Zpk(AaQ)xk = 2

T
k>0 1—x— q

4qgx?
1—(g+2)z — a _

9qx
1—(2 3)x —
SR A S | P

3.3. The derangement polynomials

A bijection 7 : T +— T, with T C Z is a derangement if 7(i) # i for all i € T
The set of all derangements on [1,n] is denoted by D,,. Brenti [11] defined the
derangement polynomials (to type A) by dy(q) =1 and

dula)i= 3 >

oceD,

for n > 1. The following formula is given in [14, theorem 1.1] and it is derived from
[11]. For n > 0,

) =31+ () Pt (35)

Thus, combining (3.4) and (3.5), we have the next result for derangement polyno-
mials by theorem 1.1(i) for a =1 and b = —1.

PrOPOSITION 3.2. Forn > 0,

> di(g)a* = JCF[(nq + n) x, (n + 1)%qx’]
k>0

1
qz?

4qz?

1—(q+ 1)z —
(¢+ 1z 9922

1— (2 +2)x —
Ra+2)r = T e

3.4. The Eulerian polynomials of type B

Denote by B, the group of all bijections o in S([—n,n]\ 0) such that o(—i) =
—o(i) for all i€ [—n,n|\0, with composition as the group operation. This
group is usually known as the group of signed permutations on [1,n], or as the
hyperoctahedral group of rank n.

Bagno and Garber [2] introduced a definition of excedance on the set of signed
permutations, called colored excedance, excC"(?) := 2exc (o) + neg(c). Mongelli
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[27] defined the generating function of the colored descent statistic on B,, by
P,(B,q) = Z qexco“(a)
oceB,

and proved
Po(B,q) = (14 q)"Pu(A, q). (3.6)

Let D, (B) denote the set of all derangements on B, and d,(B,q) be the
generating function of the colored excedances on the set D, (B), that is

Clr
do(B,q) = Y ™.
oceD,, (B)

The derangement polynomial d,,(B,q) shares most of the main properties of
d,(q), for instance,

n

du(B,q) = > (~1)"* <Z) Pu(B.q). (3.7)

k=0

Thus applying theorem 1.1 to (3.6) and (3.7), by corollary 3.1 we have the next
result.

PropPOSITION 3.3. Forn > 0,

> Pu(B,q)2* = JCF[(nq +n+ 1)(q + 1)x, (n + 1)%q(q + 1)°x]

k>0
B 1
2,.2
1— (g+1)a— algtb)e -
1= g+ D+ o — — D
1—(2¢+3)(g+ )z —---
and
> di(B,q)z" = JCF[[n(q+1)* + qlx, (n + 1)%q(q + 1)*x”]
k>0
B 1
B q(q +1)%z*

1—qx —
K 4q(q +1)%a?

=+ 1P e~ T T

PROPOSITION 3.4. The sequences {Py(B,q)}r>0 and {di(B,q)}r=0 are both
strongly g-log-convezx. In addition, {Py(B, q)}k>0 is 3-g-log-convex.

Proof. Tt follows from Py (B,q) = (1 + q)¥P.(4, ) that

Pyu(B,q) = (1+q)*Ar(q)/q.

Thus the g-total positivity of [A;1;(¢)]i ;>0 [37] implies that of [Py ;(B,q)): j>0.
So {P(B, q)}r>0 is strongly g-log-convex and 3-g-log-convex by proposition 2.3.
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Note that Zhu [39, proposition 3.13] proved that for the continued fraction
expansion

> zr(9)2" = ICF[gn(q)2, hut1(a)2’]
k>0

with ¢,(q) 24 0 and h,41(g) >
g-log-convex if gn(q)gn+1(q) 2
fraction expansion

> di(B,q)a* = JCF[[n(q + 1)* + qfx, (n + 1)%q(q + 1)*%7],
k>0

we have g, = n(q +1)? + ¢ and h,, = n?q(q + 1)2. Thus

Indn+1 — thrl
=n+n?+ (@4n+3nH)g+ (1 +6n +4n?)¢* + (4n + 3n%)¢® + (n +n?)q*
24 0,

which implies that {d (B, ¢)}x>0 is strongly ¢-log-convex. O

3.5. The general Eulerian polynomials

Recently, Xiong, Tsao and Hall [38] defined the general Eulerian numbers
A, k(a,d) associated with an arithmetic progression {a,a+ d,a + 2d,a + 3d, ...}
as

Apk(a,d) = (—a+ (k+2)d)An—1x(a,d) + (a+ (n —k —1)d) A1 k-1(a,d),

where Ag 1 =1and A, ;, =0 for k > n or k£ < —2. In particular, when a =d =1,
A, k(1,1) = A, k, the classical Eulerian numbers which enumerate the number of
A,, with & — 1 descents. Similarly, the general Eulerian polynomials associated with
an arithmetic progression {a,a + d,a + 2d,a + 3d, ...} can be defined as

n—1

Pn(qa a, d) = Z An,k(aa d)qurl'
k=-1

It was proved that the exponential generating function of {P, (¢, a,d)},>0 has the
following expression

2 B (1 _ q)eam(lfq)
nl - 1— gedr(1-9)

Z P,(q,a,d)

n=0

(3.8)

and

n

Prlaa.d) = Y- ()Pl oag — o 3.9)

k=0

Using the exponential Riordan Arrays, Barry [5] proved the next result. We will
give a new proof by theorem 1.1(i).
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COROLLARY 3.5. [5]

n 1
nzopn((baa d)l' - tl(q)a:Q
2 1-— so(q)x - tg(q)xz
1—si(q)z — e t3(q) 2
s219)% 1—s3(q)z —

Proof. Because

Z Py.(A, q)z* = JCF[(nq + n + 1)x, (n + 1)%qx?],
k>0

which implies

Z Py(A, q)d"z* = JCF[d(nq + n + 1)x, (n + 1)2qd*x?].
k>0

Thus, by (3.9) and theorem 1.1(i), we have

S Pulgra, dyet = 30 L@@ D) gy

= = lala— D)
= JCF[[d(ng +n + 1) + aq — a]x, (n + 1)*qd*x?]
= JCF[[(dn + a)q + dn + d — aJx, (n + 1)2d?qx?].

U
PROPOSITION 3.6. The sequence {Py(q,a,d)}r>0 is 3-g-log-convex for d > a > 0.

Proof. Note that Zhu [41] proved that for the continued fraction expansion

Z 21,(q)2" = JCF[gn(q)z, hnt1(q)z?]

k>0

with ¢,(q) 240 and hy,4+1(q) =4 0 for n > 0, the sequence {z,,(¢)}n>0 is 3-¢-log-
convex if gx(q)gr+1(q) =4 hi+1(g) and

k(D) Ik+1(D) Ir+2(D) 9r+3(7) — Gr+2(0) k+3(D) hk+1(0) — 9r(7)gr+3(0) hi12(q) —
k(@) gk+1(Q)Pr+3(q) + hit1(@)hi+3(q) =40

for k£ > 0. Thus, by corollary 3.5, using Mathematic, it is easy to check these
inequalities for the case of {Px(¢,a,d)}r>0, whose details are omitted for brevity.
So {Px(q,a,d)} k>0 is 3-g-log-convex for d > a > 0. O
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3.6. The Dowling polynomials

In [34], Tanny introduced the geometric polynomials F,(¢q) = > ,_, kS, x¢". In
addition, it was shown

- - A +1
Fu(g) =Y A, k)" " g+ 1) =¢"P, (A, C—’q) , (3.10)
k=1

where A(n, k) is the Eulerian numbers.

The Dowling lattice @, (G) is a geometric lattice of rank n over a finite group
G of order m and has many remarkable properties, see [7,21]. When m = 1, that
is, G is the trivial group, @,(G) is the lattice [],,, of partitions of an (n +1)-
element set. So the Dowling lattices can be viewed as group-theoretic analogs of
the partition lattices. Let W, (n, k) be the Whitney numbers of the second kind,
which satisfy the recurrence relation

Wi(n, k) = (mk+ D)W, (n— 1,k) + Wy(n—1,k—1).

Benoumhani [7] defined the Dowling polynomials D,,(n,q) = Y p_, Wi (n, k)q"
and the Tanny-geometric polynomials Fy,(n,q) = > }_, E'W,,(n, k)g®. Tt was
proved that

Din(n,q) = go (Z) m* By (%) , (3.11)

n

Fu(ng) =Y (Z) mk B, (%) , (3.12)

k=0

see [30] for instance. For a generalization of Whitney numbers of the second kind,
the r-Whitney numbers of the second kind, denoted by W, ,.(n,k), satisfy the
recurrence relation

Wi r(n, k) = (mk + )Wy, r(n — 1L k) + Wy, p(n— 1,k — 1),

whose generating function D,, (n,q) = Y"1 _o Wi (n, k)¢~ is called the r-Dowling
polynomial [18]. In [18], it was proved

n

D r(n,q) = > <Z> (r —1)" %D, (k,q). (3.13)

k=0

PROPOSITION 3.7. For any positive integers m and r, we have the following
results.

(i) The generating function of r-Dowling polynomials

D (K, q)2* = JCF[(q + mn + 1)x, (n + 1)mqgx?).

M8

b
Il

0
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(ii) The generating function of Tanny-geometric polynomials
Z Fo(k,q)z" = JCF[[(2n + 1)q + mn + 1]x, (n + 1)%q(q 4 m)x?].
k=0

(iii) Both sequences { Dy, r(n,q)}n>0 and {Fn(n,q)}n>o are strongly q-log-convex
and 3-q-log-conver.

Proof. Since the continued fraction expression of the generating function of Bell
polynomials

> Bi(g)a* = JCF[(q + n)x, (n + 1)qx7],

k=0

we deduce that

5 (1) ot (3 15) e, 03 D

m
= JCF|[(q + mn)x, (n + 1)mqx?].
It follows that

i Dy (k,q)z" = JCF[(q + mn + 1)x, (n + 1)mqx?] (3.14)
k=0

by (3.11) and theorem 1.1(i). Thus we get
Z Dy r(n, @)™ = JCF[(q 4+ mn + 1 +1 — 1)x, (n + 1)mqx?]
n=0

= JCF|[(q + mn + 1)x, (n + 1)mqx?]

by (3.13) and theorem 1.1(i). Therefore, we prove that (i) holds.
(ii) Because the continued fraction expression of the generating function of the
Eulerian polynomials of Type A

S7 Pu(A, q)e* = JCF [(nq + 1+ L)x, (n + 1)%ax?] |
k>0

it follows from (3.10) that
G 1 1
3" Filg)e* = ICF anz o+ 1) g, n2 3t (qx)2]
k=0

= JCF [[(2n 4 1)q + n]x,nq(q + 1)x°] .

So

imka (%) zF = JCF H(Qn + 1)% + n} mx, nzi(% N l)mQXQ}

= JCF[[(2n + 1)q + mn]x, n?q(q + m)x?].
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Thus we get

Z Fpu(k,q)z* = JCF[[(2n + 1)q + mn + 1]x, n%q(q + m)x?]
k=0

by (3.10) and theorem 1.1(i).

(iii) We first show that 3-¢-log-convexity of the sequence {Dy, (1, q)}n>0 as fol-
lows. Since the Hankel matrix [B;;(¢)]i,j>0 is ¢-TP [37], so is [m* ™ By ;(¢/m)]; j>0
by lemma 2.2. Thus by (3.11) and theorem 1.1(iii), we get that [D,,(i + j, ¢)li,j>0
is ¢-TP. It follows from (3.13) that [D,, (i + 7, ¢)]i,j>0 is ¢-TP by lemma 2.2 and
theorem 1.1 (iii). Thus the sequence {D,, (1, ¢)}n>0 is strongly g-log-convex and
3-g-log-convex by proposition 2.3.

Since the Hankel matrix [A;4;(q)]i j>0 is ¢-TP [37], so is [Pi4;(A4, q)]i,j>0 since
Po(A,q) = A,(q)/q. Hence we deduce that the Hankel matrix [Fi;(q)]i j>0 is ¢-TP
from (3.10). Thus, applying theorem 1.1(iii) to (3.12), we get that [F,, (i + 7, ¢)]i,j>0
is ¢-TP by lemma 2.2, which implies strong g-log-convexity and 3-¢-log-convexity

of {F,,(n,q)}n>0 by proposition 2.3. The proof is complete. O

Acknowledgements

Supported partially by the National Natural Science Foundation of China (No.

11571150).

References

1 M. Ahmia and H. Belbachir. Preserving log-convexity for generalized Pascal triangles.
Electron. J. Combin. 19 (2012), Research Paper 16, 6 pp.

2 E. Bagno and D. Garber. On the excedance number of colored permutation groups. Sém.
Lothar. Combin. 53 (2004/2006), Article B53f, 17 pp.

3 P. Barry. Continued fractions and transformations of integer sequences. J. Integer Seq. 12
(2009), Article 09.7.6.

4 P. Barry. Eulerian polynomials as moments, via exponential Riordan arrays 14 (2011),
Article 11.9.5, 14 pp.

5 P. Barry. General Eulerian polynomials as moments using exponential Riordan array. J.

Integer Seq. 16 (2013), Article 13.9.6, 15 pp.

6 G. Bennett. Hausdorff means and moment sequences. Positivity 15 (2011), 17-48.

7 M. Benoumhani. On some numbers related to Whitney numbers of Dowling lattices. Adv.
Appl. Math. 19 (1997), 106-116.

8 A. Bjorner and F. Brenti. Combinatorics of Coxeter Groups. Grad. Texts in Math., vol.
231(New York: Springer-Verlag, 2005).

9 F. Brenti. Unimodal, log-concave, and Pélya frequency sequences in combinatorics. Thesis
(Ph.D.)-Massachusetts Institute of Technology, 1988.
10 F. Brenti. Log-concave and unimodal sequences in algebra, combinatorics, and geometry:

an update. Contemp. Math. 178 (1994), 71-89.

11 F. Brenti. Combinatorics and total positivity. J. Combin. Theory Ser. A 71 (1995), 175-218.

12 L. M. Butler. The g¢-log concavity of g-binomial coeffcients. J. Combin. Theory Ser. A 54
(1990), 54-63.

13 W. Y. C. Chen. Log-concavity and g-Log-convexity Conjectures on the Longest Increasing
Subsequences of Permutations, arXiv: 0806.3392v2, 2008.

14 W. Y. C. Chen, R. L. Tang and A. F. Y. Zhao. Derangement polynomials and excedances
of type B. Electron. J. Combin. 16 (2009), R15.

15 W. Y. C. Chen, R. L. Tang, L. X. W. Wang and A. L. B. Yang. The g-log-convexity of the
Narayana polynomials of type B. Adv. in Appl. Math. 44 (2010), 85-110.

https://doi.org/10.1017/prm.2018.26 Published online by Cambridge University Press


https://doi.org/10.1017/prm.2018.26

17

18

19
20

21

22

23
24

25

26

27

28
29

30

31

32

33

34

35
36

37

38

39

40

41

42

Positivity and continued fractions from the binomial transformation — 847

W. Y. C. Chen, L. X. W. Wang and A. L. B. Yang. Schur positivity and the g-log-convexity
of the Narayana polynomials. J. Algebraic Combin. 32 (2010), 303—-338.

W. Y. C. Chen, L. X. W. Wang and A. L. B. Yang. Recurrence relations for strongly
g-log-convex polynomials. Canad. Math. Bull. 54 (2011), 217-229.

G.-S. Cheon and J.-H. Jung. The r-Whitney numbers of Dowling lattices. Discrete Math.
312 (2012), 2337-2348.

L. Comtet. Advanced combinatorics. (Dordrecht: D. Reidel Publishing Co., 1974).

H. Davenport and G. Pélya. On the product of two power series. Canadian J. Math. 1
(1949), 1-5.

T. A. Dowling. A class of geometric lattices based on finite groups. J. Combin. Theory Ser.
B 14 (1973), 61-86; Erratum, J. Combin. Theory Ser. B 15 (1973), 211.

P. Flajolet. Combinatorial aspects of continued fractions. Discrete Math. 32 (1980),
125-161.

S. Karlin. Total Positivity, vol. I, (Stanford: Stanford University Press, 1968).

P. Leroux. Reduced matrices and g¢-log concavity properties of ¢-Stirling numbers. J.
Combin. Theory Ser. A 54 (1990), 64-84.

L. L. Liu and Y. Wang. On the log-convexity of combinatorial sequences. Adv. in. Appl.
Math. 39 (2007), 453-476.

V. H. Moll. The evaluation of integrals: A personal story. Notices Amer. Math. Soc. 49
(2002), 311-317.

P. Mongelli. Excedances in classical and affine Weyl groups. Journal of Combinatorial
Theory, Series A 120 (2013), 1216-1234.

A. Pinkus. Totally Positive Matrices. (Cambridge: Cambridge University Press, 2010).

G. Pdlya and G. Szegd. Problems and Theorems in Analysis, vol. 11, 3rd ed. (New York:
Springer-Verlag, 1964).

M. Rahmani. Some results on Whitney numbers of Dowling lattices. Arab J. Math. Sci. 20
(2014), 11-27.

B. E. Sagan. Log concave sequences of symmetric functions and analogs of the Jacobi-Trudi
determinants. Trans. Amer. Math. Soc. 329 (1992), 795-811.

R. P. Stanley. Log-concave and unimodal sequences in algebra, combinatorics, and geometry.
Ann. New York Acad. Sci. 576 (1989), 500-534.

X.-T. Su, Y. Wang and Y.-N. Yeh. Unimodality Problems of Multinomial Coefficients and
Symmetric Functions. Electron. J. Combin. 18 (2011), Research Paper 73.

S. Tanny. On some numbers related to the Bell numbers. Canad. Math. Bull. 17 (1975),
733-738.

H. S. Wall. Analytic Theory of Continued Fractions. (Princeton, NJ: Van Nostrand, 1948).
Y. Wang and Y.-N. Yeh. Log-concavity and LC-positivity. J. Combin. Theory Ser. A 114
(2007), 195-210.

Y. Wang and B.-X. Zhu. Log-convex and Stieltjes moment sequences. Adv. in Appl. Math.
81 (2016), 115-127.

T. Xiong, H.-P. T'sao and J. I. Hall. General Eulerian numbers and the Eulerian polynomials.
J. Math. (2013), Article 629132, 19 pp.

B.-X. Zhu. Log-convexity and strong g¢-log-convexity for some triangular arrays. Adv. in
Appl. Math. 50 (2013), 595-606.

B.-X. Zhu. Some positivities in certain triangular arrays. Proc. Amer. Math. Soc. 142
(2014), 2943-2952.

B.-X. Zhu. Positivity of iterated sequences of polynomials. SIAM J. Discrete Math. 32
(2018), 1993-2010.

B.-X. Zhu and H. Sun. Linear transformations preserving the strong g¢-log-convexity of
polynomials. Electron. J. Combin. 22 (2015), P3.27.

https://doi.org/10.1017/prm.2018.26 Published online by Cambridge University Press


https://doi.org/10.1017/prm.2018.26

	1 Introduction
	2 Proof of theorem 1.1
	3 Applications
	3.1 The classical Eulerian polynomials
	3.2 The Eulerian polynomials of type A
	3.3 The derangement polynomials
	3.4 The Eulerian polynomials of type B
	3.5 The general Eulerian polynomials
	3.6 The Dowling polynomials

	References



