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Abstract. Let M= (My, ..., My) be a tuple of real d x d matrices. Under certain
irreducibility assumptions, we give checkable criteria for deciding whether M possesses
the following property: there exist two constants A € R and C > 0 such that for any n € N
and any iy, ...,i, €{1,...,k}, either M;, ---M; =0 or C~'e™ < ||M;, --- M; || <
Ce™, where | - || is a matrix norm. The proof is based on symbolic dynamics and the
thermodynamic formalism for matrix products. As applications, we are able to check
the absolute continuity of a class of overlapping self-similar measures on R, the absolute
continuity of certain self-affine measures in R? and the dimensional regularity of a class
of sofic affine-invariant sets in the plane.

Key words: Lyapunov exponents, matrix products, uniformity
2010 Mathematics Subject Classification: 37H15 (Primary); 28 A80 (Secondary)

1. Introduction
In this paper, we consider Lyapunov exponents of matrix products. Let M=
(My, ..., M) be a given tuple of real d x d matrices.

Definition 1.1. We say that M has a uniform Lyapunov exponent modulo 0 if there exist

C > 0and A € R such that forany n € Nand any iy, ..., i, € {1, ..., k},
either M;, ---M;, =0 or Cle™ <|M; --- M| <Ce", (1.1
where || - || is a given matrix norm. Clearly the above property is independent of the choice

of matrix norm.
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Definition 1.2.

(i) M is said to be irreducible if there is no non-zero proper linear subspace V of RY
such that M;V C V forall 1 <i <k.

(i) M is said to be positively irreducible if M; are all non-negative matrices and there
exists £ € N so that Zf-:] (Zle M;)/ is a strictly positive matrix.

We remark that the positive irreducibility does not imply the irreducibility. The main
problem we address in this paper is the following.

QUESTION 1.3. Suppose that M is irreducible or positively irreducible. Can we determine
whether M has a uniform Lyapunov exponent modulo 0?

We remark that without any irreducibility assumption, there is no general algorithm
to check whether M has a uniform Lyapunov exponent modulo 0. This follows from the
result of Blondel and Tsitsiklis [4] that the boundedness of a matrix semigroup is generally
undecidable. For details, see § 9.

Whilst Question 1.3 is of independent interest, our study is directly motivated by several
questions arising in fractal geometry and dynamical systems, although their answers have
been known or partially known. One is on the absolute continuity of a class of overlapping
self-similar measures on R, another one is on the absolute continuity of certain self-affine
measures on R?, and the last one is on the dimensional regularity of certain sofic affine-
invariant sets on the 2-torus T2. Below we describe them in more details.

First we state the question on self-similar measures. Let {S j}T:1 be a family of
contractive similitudes on R given by

Six)=px+bj, j=1,...,m, (1.2)
where m > 2,0 < p < 1and by < - - - < by,. Given a probability vector (p1, ..., pm), let
w be the self-similar measure generated by {S; }’/’.1:l and (p1, ..., pm). Thatis, pu is the

unique Borel probability measure on R satisfying

m
M:ij,uon_l.
j=1

(see [22]). It is well known that w is either absolutely continuous or purely singular with
respect to the Lebesgue measure on R. However, it remains a fundamental and open
problem to judge the type of p in the above general setting (see, e.g., [43, 51-53] and
the references therein). Below is a special restricted version of this problem.

QUESTION 1.4. Let p be the self-similar measure generated by {S;(x) = px + bj}?’zl
and a probability vector {p; ;f’:l. Suppose that {S j}’;’:1 satisfies the finite-type condition

(see § 6 for the definition). Can we determine whether w is absolutely continuous?

There are many examples of iterated function systems which allow overlaps but satisfy
the finite-type condition (see [38]). In [32, Theorem 1.3], Lau, Ngai and Rao provided
a confirmative answer to Question 1.4. They proved that u is absolutely continuous
if and only if certain constructed matrix has spectral radius p. Alternatively, Protasov
[45] provided an algorithm to check the absolute continuity of by the Fourier analysis
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approach, in the special case when {S j}?=1 is an integral iterated function system on R,
ie., Sj(x) =(1/N)(x +d;) with N > 2 being an integer and d; € Z (see Remark 7.2).

As an analog of Question 1.4, the following problem is on certain self-affine measures
(see § 7 for the definition).

QUESTION 1.5. Letd > 2. Let i be the self-affine measure generated by a family of affine
maps {S;(x) = A7l (x + dj)}’;‘:1 on R and a probability vector {p; ’}1:1, where A is a
d x d expanding integer matrix and d; € 74, Can we determine whether  is absolutely

continuous?

In [8], Deng, He and Lau investigated this question. They established a vector
representation for p via matrix products, and showed that p is absolutely continuous if
and only if the corresponding matrix products have certain limiting behaviors. However
there is no efficient algorithm to check these limiting behaviors directly (see Remark 7.4).
Alternatively, one can use the Fourier analysis approach to give an equivalent condition
for p to be absolutely continuous (see Proposition 7.1(iii)). Nevertheless, it is unlikely that
Protasov’s algorithm in [45] can be extended to check this condition (see Remark 7.2).

Next we address the question on sofic affine-invariant sets on the 2-torus T? = R?/Z?.
Let m, n be positive integers with n > m. Let T be the affine endomorphism on T2
represented by the 2 x 2 diagonal matrix diag(n, m). Write

D={0,....n—1}x{0,...,m—1}.

Define a map Ry : DN — T2 by

0
R7((xk, Yi)jey) == Z (no mo_k) (;C];) '
k=1

Let A = (a;j)i,jep be a positively irreducible 0-1 matrix. Then A defines an irreducible
subshift of finite-type £4 DN by

Ya = {(Zk)]?i] gz = 1 for k > 1}

Now let K7(A) := Rr(Z4). Then K7 (A) is a T-invariant subset of T2. This is the
model of sofic affine-invariant sets studied in [26, 27], which is a generalization of the
class of Bedford—McMullen carpets (cf. [2, 36]). A natural and important question which
arises here is whether the Hausdorff dimension and the box-counting dimension of K7 (A)
coincide. The reader is referred to [9, 35] for the definitions of these dimensions.

In [26, 27], Kenyon and Peres gave implicit formulas of the Hausdorff and box-counting
dimensions of Kr(A) in terms of some dynamical notions (e.g. topological entropy,
pressure, and measure-theoretic entropy). They showed that these two dimensions coincide
if and only if the unique invariant measure of maximal entropy on X 4 projects via i to the
invariant measure of maximal entropy on the sofic shift 7 (X 4), where 7 is the projection
map given by (xg, yr)go; = (Vi)pe,- It leads to the following.

QUESTION 1.6. In the above setting, can one determine whether the unique invariant
measure of maximal entropy on X 4 projects via 7 to the invariant measure of maximal
entropy on the sofic shift m(X)?
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In [26, p. 161], Kenyon and Peres mentioned that the answer of Question 1.6 is positive.
However, they did not give a detailed justification.

In this paper, we show that Questions 1.4—1.6 can be reduced to Question 1.3 (see
Theorems 6.2, 7.5 and 8.1, respectively). Indeed, for each of Questions 1.4—1.6, we
can construct a tuple M = (M, ..., M) of non-negative square matrices, so that M is
positively irreducible and the question is reduced to determining whether M has a uniform
Lyapunov exponent modulo 0.

Furthermore, we show that the answer to Question 1.3 is positive. This is done
by providing checkable criteria under the assumptions of irreducibility and positive
irreducibility, respectively. As a consequence, we are able to give affirmative answers to
Questions 1.4-1.6 using this new approach. Moreover, we can derive some new properties
of the self-similar/self-affine measures considered in Questions 1.4-1.5 (see Corollary 6.5,
Theorem 7.6). For instance, we show that if these measures are singular, then their
Hausdorff dimensions are strictly less than the dimensions of ambient spaces. Moreover,
for the self-similar measure u considered in Question 1.4, we give a checkable criterion for
deciding the absolute continuity of u with respect to the s-dimensional Hausdorff measure
‘H?®| g restricted on K, where s = dimyg K, and show that if p is absolutely continuous
with respect to the Lebesgue measure on R then, restricted on certain open interval, the
density function d i /dx only takes values in (c1, ¢) for some positive constants ¢; and c;.

To state our criteria for Question 1.3, we first consider the non-negative case. Suppose
that M = (M, ..., My) is a tuple of non-negative d X d matrices and M is positively
irreducible. Set A = {1, ..., k} and write

Yo = (Ui € AV : M.
where we adopt the convention that M,...;, = M, --- M;, . Then Yy is an irreducible

sofic shift over A (see Proposition 3.2). It is well known that the topological entropy of a
sofic shift is computable (see § 2.2). Write

r(M) = exp(log p(M1 + - - - + M) — hiop(Ym)), (1.4)

where p(A) stands for the spectral radius of A (i.e. the maximal modulus of eigenvalues
of A), and hp(¥Ynm) denotes the topological entropy of Yy. Then (M) is computable.

# 0 for all m > 1}, (1.3)

".j)n

Set
J={j1jn€ A" 1<n<d? (Mj.j)11#0} (1.5)
Then J # ) (see Lemma 3.1). Define a d x d matrix B by
1
B=—+ My, (1.6)
#(J) ier

where the symbol # stands for the cardinality. The matrix B might not be positively
irreducible. Here we consider its irreducible decomposition. Indeed, there exists a
permutation matrix 7 such that 7~ BT has the following block upper triangular form:

B(M * c.. *
@ :
r-gr=| 0 BT * (1.7)
. N *
0 0 BW
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with square diagonal blocks of sizes d;, i =1, ..., ¢, Z§=1 d; =d, so that for each i =
1, ..., 1t,either B® is positively irreducible or B®) = 0.
Set
A={i:1<i<rt, BY £0}. (1.8)

Fori € A, let v;, u; € R% be the left and right positive eigenvectors of B®) corresponding
to the eigenvalue p(BY)), satisfying vl.T u; =1, where the superscript T stands for
transpose. The existence of such eigenvectors is ensured by the Perron—Frobenius theory
(see, e.g., [20, Theorem 8.4.4]).

For J € J, partition T-'M T into the form

()
MJ * *
@ :
M :
—'myr=| * A (1.9)
.
)
* * MJ

with block sizes the same as in (1.7). By the definition of B, T~!M,T is also block
upper triangular for J € J. Moreover, this is true for all J € A* with (M;);.1 > 0 (see
Lemma 3.8). For J € J, we let |J| denote the length of J, i.e. |J|=nif J =ji--- j,.
Now we are ready to state one of our criteria for the non-negative case.

THEOREM 1.7. Suppose that M is positively irreducible. Then M has a uniform Lyapunov
exponent modulo O if and only if there exists i € A such that

v MW u; =romV! forall J € 7. (1.10)

Since r (M) is computable and 7 is a finite set, the above theorem provides an algorithm
for deciding whether M has a uniform Lyapunov exponent modulo 0.

Next we consider the general case that M consists of real d x d matrices. For ¢ > 0,
define

.1
P(M, ¢) = lim — log Z M, - M;, |17, q>0. (1.11)
n—oo n
il-“i,lE.A"
The existence of the above limit follows by subadditivity. We call P(M, -) the pressure

Sfunction associated with M. In [56], Zhou proved that P(M, g) is computable for every
even positive integer ¢; more precisely,

k
P(M, g) = log p( > M,®q>
i=1

for even ¢, where A% = A ® - - - ® A is the g-fold Kronecker product of A.
The following is another checkable criterion for Question 1.3.

THEOREM 1.8. Suppose that M is irreducible or positively irreducible. Then M has a
uniform Lyapunov exponent modulo 0 if and only if

P(M, 2) + P(M, 6) = 2P (M, 4). (1.12)
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The above result is somehow unexpected since, for certain given tuple of general
matrices, it is even undecidable whether the zero matrix is in the semigroup generated by
these matrices (see [42] and also [3, 7]). This result might also have potential applications
in detecting the existence of L!-solutions for general refinement equations in wavelet
theory.

We remark that in the non-negative case, although the condition (1.12) looks easier to
check than (1.10), it provides less information in classifying those tuples having a uniform
Lyapunov exponent modulo 0.

Next we address some related works in the literature. Most related to the above results
(Theorems 1.7-1.8) are the recent works by Protasov and Voynov [47] and Morris [37].
In [47], Protasov and Voynov studied when a matrix semigroup has constant spectral
radius, in the sense that the spectral radius of all its elements is the same and non-zero.
Among other things, Protasov and Voynov pointed out that for an irreducible or positively

irreducible tuple M = (M, . . ., M), the multiplicative semigroup S (M) generated by M
has constant spectral radius if and only if
C ' <|IM| <C forsome constant C > 0 and all M € S(M). (1.13)

This fact follows from [40, Theorem 4.7] which says, for any irreducible matrix semigroup
S with constant spectral radius, there is a norm in R such that the induced operator
norm of all matrices from S is 1. Moreover, in the case when M is positively irreducible,
Protasov and Voynov proved that if A is an irreducible matrix in the convex hull of S(M)
with p(A) =1 and v is the right Perron—-Frobenius eigenvector of A, then (1.13) holds if
and only if all matrices in S(M) have a common invariant linear subspace that contains
all vectors v — Mv, M € S(M), and does not contain v. Based on this criterion, they
provided an efficient algorithm for deciding whether (1.13) holds (see [47, §7.1]). In
the general case when M is irreducible, Protasov and Voynov proved (1.13) holds if and
only if P(M, 2) = P(M, 4) =logk (see [47, §7.3]). For some other studies on matrix
semigroups with constant spectral radius or multiplicative spectral radius, one is referred
to (40, 44].

In [37, Theorem 10], among other things, Morris proved that for an irreducible tuple M
of real matrices, P(M, g) is an affine function of g on (0, co) if and only if there exists
A € R such that

p(Mj, - M;,) € {0, "} (1.14)

foranyn e Nand iy, ..., i, €{l, ..., k}. Itis easy to see that the property (1.1) implies
(1.14). Hence by Morris’ result, a necessary condition for the property (1.1) is the affinity
of P(M, g) on (0, c0).

In the remaining part of this section, we outline the main steps in our proofs of
Theorems 1.7-1.8. First suppose that M = (M1, ..., My) is positively irreducible. It is
clear that M has a uniform Lyapunov exponent modulo O if and only if that for any
¢c>0, cM:=(cMy, ..., cMy) has this property. Multiplying M by the scalar 1/7(M)
if necessary, we may assume that M is normalized in the sense that »(M) =1 (see
Lemma 3.6(i)). Now it is easy to show that M has a uniform Lyapunov exponent modulo
zero if and only if

C ' <|M| <C forsome constant C > 0 and all M € S(M)\{0}. (1.15)
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Comparing this with (1.13), the main difference lying here is that the zero matrix is
allowed to be included in S(M). Although the difference looks slight, it brings significant
difficulties to the study. To investigate when (1.15) holds, set

U:={j - jneA": neN, (Mj,...j)11 > 0}.

Then the collection {M; : J € U} becomes a semigroup. Using the positive irreducibility
assumption of M, we are able to show that (1.15) holds if and only

c < IMy|| < C for some constant C > Q and all J € . (1.16)

However, the semigroup {M; : J € U} might not be positively irreducible. For instance,
this is the case when

w0966

As a key part of our proof, using symbolic dynamics and the thermodynamic formalism
for matrix products, we show that (1.16) holds if and only if there exists i € A such that

c < ||My)|| < C for some constant C > 0 and all J € U, (1.17)

where My) is the ith diagonal block in the partitioned matrix T'M;T as in (1.9). For
i € A, since B is positively irreducible and B lies in the convex hull of {M y) :J el
applying the Perron—Frobenius theory of non-negative matrices, we are able to show that
(1.17) holds if and only if vl.T M y)ui =1 for all J €Y. Finally, an additional argument
shows that the latter condition is equivalent to vl.TMy)ui =1 for all J € J, from which
Theorem 1.7 follows.

Next we outline the proof of Theorem 1.8. Suppose that M is irreducible or positively
irreducible. Applying the thermodynamic formalism of matrix products, we are able to
show that the following three properties are equivalent: (i) P(M, g) is affine on (0, 00);
(i) P(M, ¢q) is affine on (a, b) for some 0 <a < b; (iii) M has a uniform Lyapunov
exponent modulo 0. The proof of this part is somehow similar to the argument in
[37, Theorem 10]. Since the pressure function P(M, q) is always convex, the condition
(1.12) implies the affinity of P(M, ¢g) on the interval [2, 6], and hence implies that M has
a uniform Lyapunov exponent modulo 0.

The paper is organized as follows: In § 2, we give some notation and preliminaries about
symbolic dynamics and the thermodynamic formalism for matrix products. In § 3, we give
further properties of matrix products. The proofs of Theorems 1.7-1.8 are given in §§ 4-5.
In §§ 6-8, we consider Questions 1.4-1.6, respectively. In § 9, we give some final remarks
and questions.

2. Notation and preliminaries
In this section, we provide some necessary notation and preliminaries. For two families of
real numbers {a;};c7 and {b;};c7, we write

a; ~ b; if there is ¢ > 0 such that c_lb,- <a; <cb; foralli € Z;
a; = b; if thereis ¢ > 0 such that a; > c¢b; for all i € 7,

a; < b; ifthereis c > 0suchthata; <cb; foralli € Z.
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2.1. Subshifts. In this subsection, we introduce some basic notation and definitions
about subshifts. The reader is referred to [33] for the background and more details.
Let A be a finite set of symbols which will be called the alphabet. Let

A* = U Ak
k=0

denote the set of all finite words with letters from .4, including the empty word &. Denote
the length of a word I by |I|, that s, |I| =k if I € AX. Let

AN = {(x)2) : xj € Afori > 1}

denote the set of all infinite sequences of elements from .A. Then A" is a compact metric
space under the product topology, which can be induced by the metric

d(x, y) =275 for x = ()2, ¥y = ().
Forn e Nand I € A", set
M={x)2, e AN xp - x, =1} (2.1)

and call it an nth cylinder set in AY.

Define the shift transformation o : AN — AN by (0x); = xj41 for all i € N. Then o is
a continuous self-map. The pair (A", o) is a topological dynamical system and is called
the one-sided full shift over A.

If X is a compact o-invariant subset of A", then the topological dynamical system
(X, o) is called a one-sided subshift over A, or simply, a subshift. Sometimes we write
(X, ox) instead of (X, o).

A word I € A* is said to be admissible in a subshift X if it occurs as a consecutive string
in a sequence in X, that is, [/] N X # @. Note that the empty word ¢ is also admissible.
The language L£(X) of X is the set of all admissible words in X, that is,

LX)={leA*: I =x;---x,forsomex=(x;)72, € Xandn > 1} U {e}.

For n > 0, denote
L,(X)={Ie€L(X): |I|=n]}.

A subshift X over A is said to be a subshift of finite-type if there is a matrix A =
(Ag,p)a,pea With entries 0 or 1 such that

X={()®, e AV: Ay, =1foralli >1).

sXi+1

If the matrix A is positively irreducible (that is, for any «, 8 € A, there is N > 0 such
that (AN)g, g > 0), X is called an irreducible subshift of finite-type. Very often we use X4
instead of X to denote the above subshift of finite type.

Let (X, ox) and (Y, oy) be two subshifts over finite alphabets A and A’, respectively.
A continuous surjective map 7 : X — Y such that ¥ o oy = oy o 7 is called a factor map.
In this case Y is said to be a factor of X.

A subshift Y is called to be a sofic shift if Y is a factor of a subshift of finite-type, say
X. If further X is irreducible, then Y is called an irreducible sofic shift.
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2.2. Entropies and Parry measures. Let (X, ox) be a subshift over a finite alphabet
A. Denote by M (X) the set of all Borel probability measures on X. Endow M (X) with
the weak-star topology. Denote by M (X, ox) the set of all ox-invariant Borel probability
measures on X. The sets M(X) and M (X, ox) are both non-empty, compact and convex
(see, e.g., [54]). An element u € M(X, ox) is called ergodic if w(A) =1 or 0 for any
Borel set A C X withoxA C A.

Let £(X) and £,(X) be defined as in the preceding subsection. For convenience, for
neM(X)and I € L(X), we write

w() = p(I1N X),

where [1] denotes a cylinder set in AY defined as in (2.1).
Given u € M(X, ox), the measure-theoretic entropy of u with respect to oy is defined
by
o1
hu(ox) = — lim — Z w(I) log u(I). (2.2)
n—-oo n
IeL,(X)

The existence of the above limit follows by a standard sub-additivity argument.
The topological entropy of X with respect to oy is defined as

hop(X) = lim % log #(Ln (X)), (2.3)

where # stands for cardinality. Again, the above limit exists by sub-additivity.
It is well known (cf. [54, Ch. 8.3]) that for any subshift X,

htop(X) = sup hu(UX)9
neM(X,ox)
and the supremum is attainable. Each u € M(X, ox) so that h, (0x) = hp(X) is called
an invariant measure of maximal entropy.

The topological entropy of a subshift of finite-type or sofic shift is computable. More
precisely, if X = X4 is a subshift of finite type associated with a 0—1 matrix A, then
hiop(X) =log p(A); and if X is a sofic shift, then hp(X) =log p(Ag), where Ag
is the incidence matrix of a right-resolving graph presentation of X. For details, see
[33, Ch. 4].

The following result is due to Parry. The reader is referred to [13, Theorem 5.5] for
certain generalization and a detailed proof.

THEOREM 2.1. [41] Suppose that (X, ox) is an irreducible subshift of finite-type, or an
irreducible sofic shift over a finite alphabet. Then

#(Ln (X))~ e"Mor ™) forn e N, (2.4)

Moreover, ox has a unique invariant measure of maximal entropy, say v. Furthermore, v
is ergodic and it is the unique invariant measure satisfying the following property:

v(l) ~ e Mop(X) forneN, I € L,(X). (2.5)

The measure v in the above theorem is called the Parry measure on X.
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2.3.  Lyapunov exponents and the thermodynamic formalism for matrix products. Let
M= (M, ..., My)be atuple of real d x d matrices. Write A = {1, ..., k}. Fix a matrix
norm || - [l on R by | Al = 3, j4 lai j| for A = (a; ;). The following result follows
from Kingman’s sub-additive ergodic theorem.

THEOREM 2.2. [54, Theorem 10.1] For any ergodic measure u on AN one has

o0
n=1’

1
lim —log [My, - My, || =AM, ) for u-almost every x = (x,)

n—oo n

where

1 . .
AM, ) = lim — " pu(liy -+ - ip)) log | M, - - M.
n—-oo n
ijoip€ AN
We call A(M, w) the Lyapunov exponent of M with respect to (.
Recall that the pressure function P (M, q) is defined as in (1.11). The following result
is a corollary of the sub-additive variational principle established in [6] (for earlier results

in the non-negative or invertible case, see [12, 25]).
THEOREM 2.3. For any q > 0, we have
P(M, q) = sup{h, (o) + gr(M, ) : ne M(AY, o)}

We say that p is an equilibrium state for (M, g) if it attains the above supremum.
The following result describes the Gibbs property of matrix equilibrium states.

THEOREM 2.4. [15,16] Suppose that M is irreducible or positively irreducible. Let g > 0.
There exists a unique v = v, € MAYN, o) such that

v([iy -+ - in]) ® exp(—n PM, @) | Mi, - M;, |9 forneN, iy - i, € A"

Moreover, v is ergodic and it is the unique equilibrium state for (M, q).

2.4. Irreducible decompositions. Let M = (My, ..., M) be a tuple of non-negative
d x d matrices. Suppose that M is non-trivial in the sense that for each n € N there
exists iy ---i, €{1,..., k}" such that M; ---M; #0. This condition is equivalent
to the statement that M; --- M;, #0 for at least one choice of iy, ..., iz and is in
turn equivalent to the statement that there does nor exist a basis in which all of the
matrices M; are upper triangular with zero diagonal (see [24, Ch. 2.31]). It is possible
that M is not positively irreducible. In such a situation, it is an elementary fact (see, e.g.,

[15, Proposition 1.4]) that one can always find a permutation matrix 7, ¢t € {1, ..., d}
and positive integers d, . . ., d; withd| + - - - + d; =d such thatforeach j € {1, ..., k},
T-'M ;T has the following block upper triangular form:
(Y]
M j * - *
2) :
0 M :
T-'M;T = i F 2.6)
: : %
0 o M¥
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with square diagonal blocks Qf sizesd;,i =1, ..., t;moreover, foreachi =1, ..., ¢, the
tuple M) := (Mfl), oM ,El)) is either positively irreducible, or consisting only of zero
matrices 0.

LetI':= {1 <i <t :M® is positively irreducible}. The following property plays a key
role in our proof of Theorem 1.7.

PROPOSITION 2.5. [15, Proposition 1.4] For any ergodic measure [ on AN we have

AM, ) = max A(M7, ),
iel’

where (M, ) is the Lyapunov exponent of M with respect to i (see §2.3).

We remark that the above proposition was only proved in [15] for different irreducible
decompositions. But the proof therein works well in our new setting.

3. [Irreducible tuples of non-negative matrices
Throughout this section, let M = (My, ..., M) be a tuple of non-negative d x d
matrices, and suppose that M is positively irreducible. We give several properties of M,
some of which will be needed in the proof of Theorem 1.7.

We begin with a simple fact.

LEMMA 3.1. [20, Lemma 8.4.11 Y"9_ (M} + - - - + My)" is a positive matrix.
Set A={1, ..., k} and let Yy be defined as in (1.3).
PROPOSITION 3.2. Yw is an irreducible sofic shift over A. Moreover,
LoYm)={JeA": M; #0}, neN,
where L,(Yz) stands for the collection of admissible words of length n in Yy (see §2.1).

Proof. The result is most likely known, but we have not been able to find a reference so a
proof is given for the reader’s convenience.
Set D ={1, ..., d}. Construct a subset F of D x A by

F={(, j) €D x A: there exists | € D such that (M); ; > 0}.
Define a 0-1 matrix A = (Ay )y veF by

1 if (Mj),',,'/ > O,

A o oo =
(IG5 T) 0 otherwise.

Let X 4 be the subshift of finite-type over F associated with A. We first show that ¥4 is
irreducible. Fix (i, j), (i’, j') € F. By definition, (M;);;, > 0 for some i; € D. Since M
is positively irreducible, there exist n € N and j - - - j, € A" such that (M},...;,);,.i» > 0.
Therefore, we can find i», . . ., i, € D such that

(Mj)irin » - (M, iyy,in (M )iy ir > 0.

Hence the word (i, j)(i1, j1) - - - (in, ju)(i’, j') is A-admissible. Therefore, X4 is
irreducible.
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Notice that
(i1, j1) -+ Gns Jn) € L(BA) = (M}j)iy iy -+ (Mj,_ )iy _y.i, > 0.
It follows that
Mj, j, #0<= (i1, j1) - - (in, jn) € L(Z4) forsomeiy, ..., i, €D. 3.1
Define 7 : F — Aby (i, j) > j. Extend 7 to amap 7 : F' — AN by
7 ((xn)pZy) = (T (X)) -

By (3.1), we have Yp = (2 4). Clearly, 7 is a factor map. Hence Yy is an irreducible
sofic shift. By (3.1), we also have £, (Yy) ={J € A" : M; £ 0} forn e N. O

Recall that the pressure function P (M, -) is defined as in (1.11). Write
PM):=PM, 1) (3.2)
and call it the fopological pressure of M.
LEMMA 3.3. PM) =log p(M| + - - - + My).

Proof. The result was proved in [46] under a more general setting that each of the matrices
M; has a common invariant cone. For the convenience of the reader, we include here a self-
contained proof. Since M; are non-negative, we have

DOoAMy My l=| > My M,

i1ine An ip-ipeAn

=My + -+ M)"|.

Now the lemma follows from the definition of P (M) and Gelfand’s formula. O
Let (M) be defined as in (1.4).
Definition 3.4. We say that M is normalized if » (M) = 1.

Remark 3.5. Let a > 0. Then P(aM) = P(M) + log a and Y,m = Ym. Hence r(aM) =
ar(M).

LEMMA 3.6. (i) 1/r(M)M is normalized.
(i) M has a uniform Lyapunov exponent modulo 0 if and only if

My~ )Y for T e L(Ym).

Proof. Property (i) follows from Remark 3.5. Next we prove (ii). By the definition of Y,
we see that M has a uniform Lyapunov exponent modulo 0 if and only if there exists a
constant A € R such that

Myl ~exp(r|J]) forJ e L(Ym). (3.3)
To show (i1), it suffices to show that

A=logr(M) = P(M) — hiop(Ym) (3.4)
when (3.3) holds.
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Now suppose (3.3) holds. Then

ST oAM= Y 1My, |

i1-ipe A ir-in€Ly (Yn)
~ M H#(Ly (Ym)).

Hence by definition, P(M) = A + lim, o (1/n) log #(L,(Ym)) = A + hiop(¥Ym), and
(3.4) holds. O

PROPOSITION 3.7. Suppose furthermore that M is normalized. Then the following three
statements are equivalent.

(1) 1Myl 5= 1 for J € LY.

@ Myl <1 for J € L(Yyp).

3) Myl =1 for J € L(YM).

Proof. 1t suffices to show that (1) is equivalent to (2). By Proposition 3.2, Yy is an
irreducible sofic shift over .A. Let v denote the Parry measure on Yy and p the equilibrium
measure for (M, 1). Then both x and v are ergodic. By Theorems 2.1-2.4, we have

v([J]) & exp(—=|Jhop(Yan),

(3.5)
u(LJD ~ Myl exp(=|J|P(M))

for J € L(¥m). Since M is normalized, we have hyp(Ym) = P(M). Thus by (3.5), we
have
w(lJID =~ [IMy]l-v(J]D  for J € L(Ym)- (3.6)

Below we show that (1) is equivalent to (2).

In one direction, if (1) holds, then w([J]) = v([J]) for J € L(Ynm) by (3.6), which
implies v < u, and so v = . Here we use the fact that any two distinct ergodic measures
on Yy are mutually singular (see, e.g. [54, Theorem 6.10]). This together with (3.6) yields
My =~ 1 for J € L(Ym). Hence (2) holds.

In the other direction, if (2) holds, then w([J]) < v([J]) for J € L(Yp) by (3.6), which
implies < v, and so v = p. Again we have ||My| ~ 1 for J € L(Yp). Hence (1) holds.
This completes the proof. O

Finally, let B be defined as in (1.6) and let T be a permutation matrix so that T-BT is
a block upper triangular matrix of the form in (1.7), and for each 1 <i < t, either B® is
positively irreducible or BY) = 0. Then we have the following result.

LEMMA 3.8. For any J € A*\{e} with (M;)11 >0, T~'M;T is also a block upper
triangular matrix with thef same block sizes as that in (1.7). Moreover, for each 1 <i <t,
B® =0 if and only ifM(l) =0forall J € A* \ {e} with (Mj)1.1 > 0.

Proof. It is enough to show that if an entry B; ; of B is zero, then (M,); ; = 0 for every
J € A* with (Mj)1,1 > 0. To prove the result, suppose that B; ; =0 for some (i, j) €
{1, ..., d}*. Then by the definition of B, we have (i, j) # (1, 1) and

(My)i,j =0 forall J € A* with (M;)11 >0and |J| < d’. (3.7
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Suppose on the contrary that (My); ; > 0 for some U € A* with (My)1,1 > 0. We
may assume that U is such a word with minimal length. By (3.7), |U| > d?. Write
U=uy---u, withn =|U]|. Since (My); ; >0 and (My)1,1 > 0, there exist two words
i1 ipy1 and ji - - - jpp1 over {1, ..., d} such that

=i, pp1=J, Hh=1 Jay1=1

and
My)ig i >0, (Myy)j,,j >0 fors=1,..., n.

Since n > d*, by the pigeon-hole principle, there exist 1 <m <m’ <n such that
(ims jm) = (', Jw). Now set U* = uy - - - yy—1Upy - - - . That is, U™ is obtained from
U by dropping off the sub-word uy, - - - u,—1. It is direct to see that (My+); ; > 0 and
(My+)1,1 > 0, which contradicts the minimality of the length of U. O

In the end of this section, we present the following lemma, which was pointed out to us
by Huang [21].

LEMMA 3.9. Let A= (Ay, ..., Ax) be a tuple of d x d matrices, and let | be a fully
supported ergodic measure on AN with A = {1, ..., k}. Assume that L(A, n) =0, where
A(A, w) is the Lyapunov exponent of A with respect to u (cf. § 2.3). Assume furthermore
that there exists a constant C > 0 so that

o0
IAsIl <C  forall J € U A"

n=1
Then we have

0
lAsl=C™Y forall J e U A",

n=1

Proof. Suppose on the contrary that ||[Ay|| < C —1 for some finite word J = jj - - - j €
A™ . Then
y :=CllAs|l € (O, D).

Below we derive a contradiction.
By the Birkhoff ergodic theorem (cf. [54, Theorem 1.14]), there exists a Borel set F C
AN with u(F) = 1 such that for all x € F,

1 n
dim = xiie ") =p(ID >0, (3.8)
p=1

where x| denotes the characteristic function on [J], and the last inequality follows from
the assumption that s is fully supported on AN,

For x € F,letni(x) < ny(x) < - - - be all the positive integers n so that 0" x € [J], then
we have lim;_, o j/n;(x) = n([J]) by (3.8).

Fix x € F and let Nj = nu41)j(x) for j > 1. Then Nj; 1 — N; > m + 1 and

)

i J
m — =
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Observe that x can be expressed as
x=WiJJWod - W,J ---
with Wy =x -+ - xy, and W, = xn,_4m+1 - - - XN, for n > 2. Notice that
n n
lAw,swys-wo sl < [T AW, - 114D < [J€-ye™hH =y",
j=1 j=1

which implies

1
lim inf — log ||Ay,...x, || < liminf
n—-oo n n— oo

p” log |Aw, swyg-w, 7l

] il
< liminf /1087 _ #UDlogy
n—oo N, +m m+1

This leads to a contradiction, since by Theorem 2.2
o1
lim — log | Ay,..., | = A(A, 1) =0
n—-oo n
for u-almost every (a.e.) y € AN. O

4. Proof of Theorem 1.7
In this section, we prove Theorem 1.7. Suppose that M is positively irreducible.
Multiplying M by the scalar 1/r(M) if necessary, we may assume that M is normalized,
i.e., r(M) = 1. Recall that

U={]eA": (Mj)11 #0}.
We first give two lemmas.

LEMMA 4.1. There exists a constant C > 0 such that for any J € L(Ym), there exist
Iy, I € L(Ym) satisfying that Iy J I, € U and

CH M| < 1M1yl < ClIMy .

Proof. Since M is positively irreducible, for each pair (i, j) with i, j € {1, ..., d}, we
can choose a finite word W (i, j) € L(Ym) such that

(Mw . j)ij > 0.
Fix these words W (i, j) and set

cl = mi,nd(MW(i,j))i,j, =

max |[|[Mwa »ll.
1<i,j< <i,j=d M.l

1

Clearly c1, ¢z > 0.
Now let J € L(Yn). Then there exist i, j € {1, ..., d} such that

1
(My)ij = 1M1l

Set Iy =W(1,i)and I = W(J, 1). Then

2
1

ﬁ”MJ Il

Mpypi = Mp),i(My) j(Mp) >
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which implies I1J 1, € U and

2
Cc
1 2
2 M= IMnnll < IMn M M7= ez [ Ml

This completes the proof of the lemma. O

LEMMA 4.2. Let S be a multiplicative semigroup of non-negative d X d matrices
satisfying
Al ~1 forAeS.

Then
[All~1 for A €co(S),

where co(S) stands for the closure of the convex hull co(S) of S, recalling that

n n
co(S):{Zp,'A,': neN, pi>0, A; €S and ZPiIl}-
i=1

i=1
Proof. Tt follows from the simple fact that |>_;_; piAill = > i, pillAill. O

For A C RY, let aff(A) denote the smallest affine subset of R¢ containing A. This set is
called the affine hull of A. It is well known (cf. [48, p. 6]) that

n n
aff(A):{Zaixi:neN, a; €R, x; € Aand Za;:l}. 4.1
i=1 i=1
Let J, A be defined as in (1.5) and (1.8), respectively. Recall that, for each i € A, v;, u;
are the left and right positive eigenvectors of B®) corresponding to the eigenvalue p(B®),
respectively, satisfying viT u; = 1.

PROPOSITION 4.3. The following statements are equivalent.
@) Myl = 1for J € L(Ym).
(i) |Myl|l~1forJ eld.
(iii) There exists i € A such that ||M§i)|| ~ 1 forJ elU.
(iv) There exists i € A such that viTMy)ui =1forJ elU.
(v)  There exists i € A such that viTM;i)ui =l1forJeJ.
Proof. We divide the proof into small steps.
Step 1. (i) < (ii). Since U C L(Ym), the direction (i) = (ii) is trivial. The reverse

direction follows immediately from Lemma 4.1.
Step 2. (ii) = (iii). Suppose (ii) holds, that is, there exists a constant C > 0 such that

cl<|myl<cC

forall J € Y. Clearly we have [|M'|| < |M,|| < C forall J €U and i € A.

Next we claim that there exists i € A such that IIMy) | > C~!forall J €. Clearly the
claim implies (iii). Suppose on the contrary that the claim is not true. Then, for any i € A,
we can choose some /; € U such that

1M <.
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Construct a finite subset U] of U by
U=JU{li:ieA},

and consider the new tuple N := (Mw)wey, of non-negative matrices. Let v be the Parry
measure on the full shift space (U41)™ over the alphabet /;. Since the concatenation of any
elements of U] is in U, by (ii), we have cl< IMw,..w, || <C forany Wy, ..., W, € U;.
It follows that A(N, w) =0, where A(N, w) stands for the Lyapunov exponent of N with
respect to u. By the construction of B and Lemma 3.8, N := (M g,))Wez,{1 is positively
irreducible whenever i € A; otherwise, it consists only of the zero matrix 0.

By Proposition 2.5, there exists i € A such that

AND 1) =0. (4.2)
Since ||M‘(}f,)1 e Mé",i | <lIMw,..w,|l <C forany Wy, ..., W, €U, applying Lemma 3.9
to the tuple N yields
||M‘(/"‘,)I ces Mg,ZII >C~ ! for any Wi, ..., W, el,

which contradicts | M ;") | < C~1. This proves the claim, and hence (iii) holds.
Step 3. (iii1) = (i). Suppose (iii) holds for some i € A. Then

1Myl = MP) =1 for J eU.

Applying Lemma 4.1, we obtain ||[M;| =1 for J € L(Ypm). Then (i) follows by
Proposition 3.7.

Step 4. (iil) <= (iv). Since u;, v; are strictly positive vectors, we see that (iv) implies
(iii). Below we show that (iii) implies (iv). _

Suppose that (iii) holds for some i € A. Let S = {My) :JeU}. Clearly S is a
multiplicative semigroup, so are co(S) and co(S). By definition, we see that (B®)" ¢
co(S) for n € N. Therefore, by Lemma 4.2, ||(B%)"|| a1 for n € N. Thus p(B®) =
lim,_, o0 [|(BD)"||1/" = 1. Since (BM)" is positively irreducible, by the Perron—Frobenius
theory (see, e.g., [20, Theorem 8.6.1]), we have

N N
1 . 1 . .
Ii = BOY — i o B=lgy _ . T
N%Nz()N%NEW ) )" = ujv;
n= n=

It follows that uivi—'— € ¢o(S). Since co(S) is a multiplicative semigroup, by Lemma 4.2,
we have
vy MY ~1 forJ eS,neN. 4.3)
Since (u;v; MYy = (0] MV uj)~'ujvT MY, (4.3) implies that v M\ u; = 1. Thus
(iv) holds.
Step 5. (iv) & (v). Clearly (iv) implies (v). Below we prove the reverse direction.
Suppose that (v) holds, that is, there exists i € A such that

vl MW u; =1 forallJ € J. (4.4)

We need to show that vi—r My)ui = 1for all J € Y. To achieve this purpose, for n > 1 and
sef{l,...,d}, let W, s be the smallest affine subset of R containing the following set

(M u; 0 T e A\fe), |J] <n, (My)s1 > 0.
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By (4.4), W2 | is contained in the hyperplane {u € R% : viT u = 1}. Hence to show that

vl.T M;i)ui =1 for all J € U, it suffices to show that
Wyi=Wgp, foralln>d> (4.5)
By definition, we see that W, 1 ¢ O W, for all n, s, and moreover
dim W1 >dim W, o if Wypq s # W, 4.6)

Letr, = Zle dim W, s for n > 1. Clearly the sequence (r,) is increasing and bounded
by d 2 from above. Therefore, there exists ng < d? such that Tnp+1 = I'ny- By (4.6), we have

Wig+1,s = Wyy,s for all 1 <s < d. Below we show that W, ; = W, ; for all n > ng + 1
and 1 <s <d, which implies (4.5).

For this purpose, it is enough to show that if for some n > 1, W, s = W, ; for all
1 <s <d,then W42 3= W,41,forall 1 <s <d. To prove this, suppose Wy 11 s = W, ¢
forall 1 <s<d. Fixse{l,...,d} and J = jj - - - jui2 € A"F? so that (M), > 0.
Then there exists p € {1, ..., d} such that (M},)s,, >0 and (M},...j,,,)p,1 > 0. Hence
M) . i €Wapip =Wy, By (41), we can find g €N, ai,...,a,€R with
aj+---+ag=1,and Ji, ..., Jg e U’ Al with (My,)p1>0for 1 <m <gq, such
that

MO =Y
m=1

It follows that

(t) (@) 3 4@
]1]2 AL Z a’”Mjl M«,mul Z amM 1J Ui

Noticing that (M, 5,,)s,1 = (Mj,)s, p(My,)p,1 > 0, the above relation yields that My)ui €
Wp41,s. Letting J run over all elements in A2 with (Mj)s1 >0, we get Wyyo s C
Witi,s, and so W10 ¢ = W, . This completes the proof of the proposition. O

Remark 4.4. Here we give an alternative proof of the direction (ii) = (iii) by applying
the results of Protasov and Voynov in [47]. Suppose (ii) holds. Then the semigroup
{Mj : J € U} has constant spectral radius. By [47, Theorem 1], there exists i such that
the semigroup {M y) : J € U} is positively irreducible and has constant spectral radius. As
it is pointed out in [47], for positively irreducible semigroups, the constant spectral radius
is equivalent to boundedness from above and from below, from which (iii) follows.

Now we are ready to prove Theorem 1.7.
Proof of Theorem 1.7. 1t follows directly from Proposition 4.3.
5. The proof of Theorem 1.8

In this section we prove Theorem 1.8. Let P(M, -) be the pressure function associated with
M (see (1.11)). We first give a lemma.
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LEMMA 5.1. Suppose that M is irreducible or positively irreducible. Then the function
q — PM, q) is differentiable over (0, co) with derivative

P'M, q) = 2(M, vy), (5.1)
where v, is the equilibrium state for (M, q) and L.(M, v) is the Lyapunov exponent of M

with respect to v, (see § 2.3).

Proof. Let g > 0, and let Z,; be the collection of all equilibrium states for (M, g). By
Theorem 2.4, 7, = {v,} is a singleton. Now (5.1) follows from the Ruelle-type derivative
formula of pressure functions obtained in [12, Theorem 1.2]:

P'M, g—) =inf(A(M, n): p€Zy}, P M, g+)=sup{A(M, ) : n€Z,}.
We remark that although [12, Theorem 1.2] only deals with non-negative matrices, the

proof given there works for arbitrary matrices. O

Proof of Theorem 1.8. Let A={1, ..., k}. Forn e N, set
Q.={IcA": M;#40} and 1, =#Q,.

Clearly we have t,,4,, < t,t,, and thus the following limit exists:
1
lim —logt, =:h.
n—oo n

Next we prove the following three properties are equivalent:
(i) M has a uniform Lyapunov exponent modulo O;
(i) P, ) is affine on (0, 00);
(iii)) P((M, ) is affine on (a, b) for some 0 < a < b < o0;
Since (ii) = (iii) is trivial, it suffices to prove the directions (i) = (ii) and (iii) = (i).
We first prove (i) = (ii). Suppose that M has a uniform Lyapunov exponent modulo 0.
Then there exists a constant u € R such that

M| ~ e forneN, IeQ,.

Hence for given g > 0,

DM =D M9~ et

TeAn IeQn
which implies P(M, g) = h + uq. Hence P(M, -) is affine on (0, 00).
Next we prove (iii) = (i). Suppose that P (M, -) is affine on some finite interval (a, b) C
(0, 00). Then there exist k1, u; € R such that

PM, q)=hi +uq
for g € (a, b). By Lemma 5.1, we have
ur=P'M™, q)=1(M, vy) forq e (a,b),

where v, is the equilibrium state for (M, ¢g) (thus P(M, q) =th (0) +gA(M, vy)).
Hence we have

AM, vg) =ui, hy (o)=h; forallq € (a,b).
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Therefore, for any g1, g2 € (a, b), vy, is an equilibrium state for (M, ¢2) since
PM, q2) = h1 +u192 = hy, (0) + @24 (M, vg,).

However, (M, g2) has a unique equilibrium state vg,, so we must have v, = v,,. Now fix
two different elements g1, g2 in (a, b). Since vy, = vy,, by Theorem 2.4, we have

exp(—(h1 + uiqm)IM; |7 ~ exp(—(h1 + u1g2)n) [M;|#* forneN, I € Qy,

which implies ||M;|| =~ exp(u1n) forn € Nand I € ,,, thatis, M has a uniform Lyapunov
exponent modulo 0. This completes the proof of (iii) = (i).

Now suppose that M has a uniform Lyapunov exponent modulo 0. Then P(M, -) is
affine on (0, co0) and thus (1.12) holds.

Conversely, suppose (1.12) holds. By convexity, P(M, -) is affine on [2, 6], which
implies that M has a uniform Lyapunov exponent modulo 0. This completes the proof
of the theorem.

6. Absolute continuity of self-similar measures with finite-type condition
This section is devoted to the study of an extended version of Question 1.4.
Let {S; ’}’: | be a family of contractive similitudes on R of the form (1.2). Let K denote

the self-similar set generated by {S j}?’: | (cf. [22]), that is, K is the unique non-empty
compact set in R such that

k=] six).
j=1

Given a probability weight {p; ;’7:1, let 1 be the self-similar measure generated

by {Sj}’};] and {p; T:l' It is supported on K, and contains no atoms (see, e.g.,
[17, Proposition 2.2]). As a well-known fact, u is either singular or absolutely continuous
with respect to £l the Lebesgue measure on R (see, e.g., [43, Proposition 3.1] for a
proof). A similar argument yields that p is also either singular or absolutely continuous
with respect to H* ‘ x> Where

s =dimy K

is the Hausdorff dimension of K, H* stands for the s-dimensional Hausdorff measure,
and 7—[5| % denotes the restriction of H* on K. The reader is referred to [9, 35] for
the definitions of Hausdorff dimension and Hausdorff measures. Below we will provide
criteria to determine these dichotomies under an additional separation assumption on
Yo

Write Sy =S§j, 0---08;, for J = ji -+ ju.

Definition 6.1. We say that {S; };f':l satisfies the finite-type condition if there is a finite set
I of non-negative numbers such that for each integer n > 0 and any two words of indices
J=jie jeand J =i,

either p7"*S;(0) — S;/(0)| >c or p "|S;(0) — S;(0)] T,

where ¢ := (1 — p) "V (b, — b1).

https://doi.org/10.1017/etds.2019.4 Published online by Cambridge University Press


https://doi.org/10.1017/etds.2019.4

Uniformity of Lyapunov exponents for non-invertible matrices 2419

The above definition of finite-type condition was adopted from [11], and is slightly
stronger than the one introduced by Ngai and Wang [38]1. The finite-type condition
includes many interesting overlapping cases. For instance, if p is the reciprocal of a Pisot
number B and b; € Q[B] for j =1, ..., m, where Q[B] stands for the field of 8 over Q,
then {px + b j};.”:1 satisfies the finite type condition (see, e.g., [38]). Recall that 8 > 1 is
called a Pisot number if B is an algebraic integer so that all its algebraic conjugates are
less than 1 in modulus.

It is known (cf. [39]) that the finite-type condition implies the weak separation condition
introduced by Lau and Ngai in [31]. Hence due to [55, p. 3535], if {Sj};f’:1 satisfies the
finite-type condition, then

0<H(K) <oo; 6.1)
moreover,
HEKNx—r,x+r)~r" forxekK, 0<r<]l. (6.2)

It is known that under the assumption of finite-type condition, the distribution of u can
be characterized through symbolic dynamics and matrix products (cf. [11, 30]). Below we
describe the characterization given in [11].

In [11], Feng constructed an irreducible subshift of finite type X 4 over a finite alphabet
{1, ..., k}, a positively irreducible tuple M = (M, ..., My) of non-negative d x d
matrices for certain d, and a family of closed intervals {A;};cz(s,), Where £(X4) denotes
the collection of all finite admissible words associated with X4 including the empty word
€ (see § 2.1), such that the following properties (C1)—(C5) hold:

(CD) {A/}rec(s,) has a nested structure, in the sense that, for each n € N, int(A) (I €
L,(X4)) are disjoint subintervals of A,, where int(A) stands for the interior of A;
and moreover A;,...;, € A;,..;,_, foranyiy - --i, € £,(¥4), where £,,(X4) denotes
the collection of admissible words of length .

(C2) The lengths of A;’s satisfy

|Af|~p" forneN, I€L,(Z4).

(C3) KNA¢=KnN (UIELH(ZA) Ap) for any n € N. Moreover, the endpoints of A; are
contained in K forany I € L(X4).

CH wAD = Mi, - Mi, | forn €N, I =iy---in € Ly(Zn).

(C5) Foriy---ipef{l,..., k)", M;, --- M;, #0if and only if iy - - - i,, € L, (X 4).

It can be proved that the properties (C2)—(C3) imply that

s dimy K = Tim 22FEn D) hop(Ea)

n—oo  logp™  log(l/p)’
Now we are ready to state the main result of this section.

(6.3)

THEOREM 6.2. Assume that {Sj}T:1 satisfies the finite-type condition. Let M =

(My, ..., My) be constructed as above. Let s = dimy K. Then the following statements

hold:

(1) wu < H|k if and only if M has a uniform Lyapunov exponent modulo 0;

(i) pu < L'ifand only if hiop(Xa) =log(1/p) and M has a uniform Lyapunov exponent
modulo 0.

+ In [32], Lau, Ngai, and Rao introduced an essentially identical separation condition called the weak separation
condition*.
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Remark 6.3.

(1) In [32, Theorem 1.3], Lau, Ngai, and Rao proved that, under a more general

assumption on {S; }’}’:1, w is absolutely continuous with respect to £! if and only
if a certain constructed matrix has spectral radius p. Theorem 6.2(ii) provided an
alternative approach in deciding the type of w, which is checkable by Theorem 1.7.

(i) In[18, Proposition 3.19], Hare, Hare, and Ng gave a sufficient condition (in terms of
certain growth rate of matrix products) for i to be absolutely continuous with respect

to H* |k, without indicating how to check that condition.

Let P(M) be the topological pressure of M (cf. (3.2)), and v the equilibrium state for
(M, 1) (see § 2.3). Before proving Theorem 6.2, we first give the following.

LEMMA 6.4. The following properties hold:
i PM)=0;
(1) v satisfies

v([ID ~ IM;, - Ml forneN, I =ij---i,eL,(Xa); (6.4)

(iii) v has no atoms;
(iv) M has a uniform Lyapunov exponent modulo O if and only if v is the Parry measure
on Xa.

Proof. To prove (i), recall that u is supported on K and has no atoms. By (C5), (C4), (C1),
and (C3), we have

oMy My ll= Y My M|

ipin€{l,..., k" il'”inecn(EA)
~ Z n(Aiy-.iy)
i "'in€£n(EA)
= M(AS)s

which implies that P(M) = 0. This proves (i). Property (ii) just follows from (i) and
Theorem 2.4. To see (iii), recall that x has no atoms. This implies u(A;,..;,) — 0 as
n — o0o. By (C4) and (6.4), we have v([i1 ---i,]) > 0 as n — oo, from which (iii)
follows.

Next we prove (iv). In one direction, suppose that v is the Parry measure on X 4. By
Theorem 2.1, v([I]) ~ ¢~ 1mp(Z4) for [ € £(X4), which together with (6.4) and (C5)
yields that M has a uniform Lyapunov exponent modulo 0. In the other direction, suppose
that M has a uniform Lyapunov exponent modulo 0. By (C5) and (6.4), there exists A € R
so that v([I]) ~e™ for I =iy ---i, € L,(X4). This implies that e" - #(L£,(X4)) ~
1, and so A= —hp(Ta) by (2.4). Hence v([I]) ~ e EA) for € £(Z4). By
Theorem 2.1, v is the Parry measure on X 4. This completes the proof. O

Proof of Theorem 6.2. Let v be the equilibrium state for (M, 1). By Lemma 6.4(iv), M
has a uniform Lyapunov exponent modulo 0 if and only if v is the Parry measure on X 4.
Hence to prove part (i) of the theorem, it is equivalent to show that 4 < ‘H*®|g if and only
if v is the Parry measure on X 4.
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First assume that v is the Parry measure on X 4. By (C4), (6.4), and (6.3),
W(Aiyiy) ~ My - M, | 2 vl - - ig]) & e on ) = oo
foriy ---i, € L,(X4). Thus by (6.2) we have
p(Ae Nlx = p" x + p" D)~ p" ~ H g ([x — p", x + p"]) (6.5)

for n e N and x € K N A, which implies that u|a, < H’|x. Since u is either purely
singular or absolutely continuous with respect to H*| g, we have u < H*| .

Next assume that u < H'|g. Then dimy u =s, where dimy u stands for the
Hausdorff dimension of p (cf. [10]). Define 7 : ¥4 — K N A¢ by

(r()} = ﬁ Aiyod,  fori=(i,)52,.

n=1
Let I = v o 7!, Since v has no atoms by Lemma 6.4(iii), we have by (6.4),
(A i) = V(lEy - - i) 2 MGy - - - My, ||~ w(Ay i)

forneNand i ---i, € £,(X4), which implies that there exists a constant C > 0 such
that C~'ula, < i < Cula,. Hence dimy i =dimy p=s. It follows that (cf. [10,
Theorem 1.2]) that

log fi([x — p", x + p"1)

lim inf >s forp-ae x €R,
n—00 nlog p
equivalently,
log p([rri — p", i n
Jiminf PEAUTI = PT T PTD o aeie s, (6.6)

n—00 n 10g 1Y

By (C2), there exists kg € N such that for any i = (in)f;l € Xy,
Ajy ., Clmi— ,o"_ko, i+ p"_ko], neN.
This together with (6.6) yields that for v-a.e. i= (i), | € Za,

/ DRI / ~ . _ niko . n7k0
lim infw > lim inf log w(lmri—p , i+ p ] .

n—00 nlog p n—>00 nlog p

s?

from which we obtain

1 TR
tim inf S D o 00 (1) = hop(2)

n— 00 n

forv-a.e.i= (iy);2 | € Xa. By the Shannon-McMillan—Breiman theorem (cf. [54, p. 93]),
we have h,(0) > hp(X4), which implies that v is the Parry measure on X4 by
Theorem 2.1. This proves (i).

Property (ii) just follows from (i), using the facts that s = h¢p(X4)/ log(1/0) =1 and
H'|g is equal to the Lebesgue measure £' on R.

We remark that the following corollary just follows from the proof of Theorem 6.2,
together with an additional property that A, C K whenever dimy K =1 (to be concise,
we skip the proof of this property).
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COROLLARY 6.5. Under the condition of Theorem 6.2, letting s = dimy K, then we have:

(1) wu<KH|g < dimyg u=s5 <= (6.5) holds forn e Nand x € K N A¢;

() p< &' dimypu=1<=du/dx € (c1, c2) on A for some positive constants
1, €2

Remark 6.6. It is worth pointing out that Ruiz [49] proved the equivalence between
n < £ and dimy p = 1, in the special case when {S b }’/’.1:l is an integral iterated function
system, i.e., §; is of the form §;(x) = 1/N(x +d;) with N € Nand d; € Z.

7. Absolute continuity of a class of self-affine measures
In this section we consider Question 1.5. Let A be a d x d integral expanding matrix and
let {S; ’]’.1:1 be a family of affine maps on R given by

Six)=A"'x+dj), j=1,...,m,

with d; € 74, Let K be the self-affine set generated by {S j}’/.”:1 (cf. [9]). Given a
probability weight {p; ;'.1:1, let 11 be the self-affine measure generated by {S j}’}‘:l and
{p; ’}’:1. That is, u is the unique Borel probability measure on R? such that

m
M:ij,uosj_l. (7.1)
j=1
It is known that p is supported on K. Similar to the self-similar case, w is either purely
singular, or absolutely continuous with respect to the Lebesgue measure £¢ on R,
Moreover if u < £¢, then p and £7|x are equivalent (see [1, Proposition 4.1(2)] and
[50, Proposition 22(3)]).
In this section we consider the problem of deciding whether u is absolutely continuous.
First let us recall a known criterion for this decision problem by using the approach of
Fourier analysis. For & € RY, let

ﬁ@)=/e4m@“duu)

be the Fourier transform of j, where (-, -) represents the standard inner product in R¢. By
the self-affine property (7.1), one has [i(£) = W(A~'&)P(A~'&), where A= AT and

m
PE):= Z pje A, (7.2)
j=1

It follows that -~
aE =[] P@A ).
n=1
The following result is known to the experts in the areas of self-affine tilings and wavelet
theory.

PROPOSITION 7.1. The following statements are equivalent:
(i)  w is absolutely continuous with respect to £2;
() 7(m) =0 for any m € Z4 \ {0};
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(iii) for any m € Z4 \ {0}, there exists n € N such that P(A~"m) = 0;
(iv) 7 is the Haar measure on R? /74, where Tt stands for the push forward of . under

the canonical projection w : RY — R4 /7% ie, = pon .

Proof. Tt follows from the proof of [29, Theorem 2.1] with minor modifications. O

Remark 7.2. For the case d = 1, Protasov [45] provided an efficient algorithm to decide
whether (iii) of Proposition 7.1 is fulfilled, and hence to decide whether p is absolutely
continuous. This algorithm is essentially based on the fact that in the case d = 1, the mask
function P defined in (7.2) has at most finitely many (rational) zero points lying in [0, 1).
In the higher dimensional case, since P may have infinitely many (rational) zero points in
R4 /74, it is unlikely that Protasov’s algorithm is still efficient.

In this section, we will provide an algorithm to decide the absolute continuity of u in
the general high dimensional case. Our starting point is the work of Deng, He, and Lau [8]
on the structure of .

In [8], the authors constructed a Z4-tile T C R<, which is the attractor of certain affine
iterated function system {v; (x) = A7"0(x + c'i)}le, withng € N, £ = |det(A)|" and ¢; €
74 such that

w@T +e)=0 foralleeZ?, (7.3)

where 0T stands for the boundary of T'. Set
E=lel,....,en}={e€Z: KN @{nt(T) + e) # 0}

and define the vector-valued measure w on 7' by

R(E) =[n(ENT)+en), ..., p(ENT) +en)].
For J=ji--jn, €{l,...,m}", set py=pj ---pj, and dj= DI Anokg, .
Define a tuple M = (M, ..., My) of N x N non-negative matrices by
py ifcp + A"e; —e; =dj forsome J € {1, ..., m}",
(Mp)i,j = .
0 otherwise,

where 1 <k <{,and 1 <i, j < N. The following theorem is our starting point.

THEOREM 7.3. [8, Theorems 1.1-1.2]

(1)  The tuple M is positively irreducible.

(i) Zle M; is Markov, i.e., all its column sums are equal to 1.
(i) Forany I =iy...i,€{l,...,E}",

u(T)) = Mp(T),
where Yy == o oy, and My = M;, --- M,

in-

(iv) L£4(K) > 0ifand only if M| # 0 for every finite word I on {1, .. ., £}.

Remark 7.4. Some equivalent conditions for p to be absolutely continuous were given in
[8, Proposition 3.8] in terms of joint spectral radius of matrix products. However, such
conditions on the joint spectral radius are undecidable in general (see [5]). One may see
[19, 23, 28] for some related works on the L!-solutions of scaling equations and the joint
spectral radius of matrix products.
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We say that the tuple M has a uniform Lyapunov exponent if there exists A € R such
that | M;|| ~ ™ forn e Nand I € {1, ..., £}". One of the main results of this section is
the following.

THEOREM 7.5. The following statements are equivalent.
(i)  p is absolutely continuous.
(i) M has a uniform Lyapunov exponent.

Proof. Since T is a self-affine 74 tile of RY, there exists a Borel set T/ C T such that
int(T”) = int(T), and R = U,ez¢ (T" + €) with the union being disjoint; in other words,
T’ is a fundamental domain of the torus R?/Z4. Let  : R — R? /7% be the canonical
projection and & = pt o w1

By (7.3) and (7.1), one can derive that u(y;(0T) 4+ e) =0 and hence u (Y7 (T) + e)

=u((T") +e) for any e €74 and any finite word / on the alphabet {1, ..., ¢}.
Combining it with Theorem 7.3(ii) yields
T (T =m@(T) =1, 1, ..., DMu(T) = | M. (7.4)

Suppose that p is absolutely continuous, by Proposition 7.1, i is the Haar measure on
R4 /Z¢. Then (Y (T')) = £~/ and thus by (7.4), | M| ~ ¢~1|. Hence M has a uniform
Lyapunov exponent.

Next suppose that M has a uniform Lyapunov exponent. Then by (7.4), we have

B (Th) = & (T))
forneNand I, J € {1, ..., £}". It follows that (v (T")) ~ =1 = £4(y; (T")), which
implies that 1z is absolutely continuous with respect to the Haar measure on R? /Z¢. Hence
w is absolutely continuous with respect to £¢. a0

In the remaining part of this section, we prove the following additional property of 1.
THEOREM 7.6. w is absolutely continuous if dimy pu = d.

First we give an equivalent condition for dimg @ =d in terms of measure-theoretic
entropies. Recall that for a Borel probability measure 1 on R and a finite or countable

Borel partition P = {Cy, ..., Cy, ...} of RY, the entropy of n with respect to P is defined
by
o
Hy(P) ==Y n(Cy) log n(Cy).
k=1

LEMMA 7.7. Let Q denote the partition {[0, )? + o« : a € Z%). Set Q, := A" Q forn €
N. Then the limit H.(Q
hY = lim Hu(Cn)

n— 00 n

exists. Furthermore dimy u = d if and only tfh;’l = log |det(A)].

Proof. The first result follows directly from [14, Theorem 2.3(i)]. The second one can
be derived from a formula of dimgy u established in [14, Theorem 2.11(ii)]. To avoid

https://doi.org/10.1017/etds.2019.4 Published online by Cambridge University Press


https://doi.org/10.1017/etds.2019.4

Uniformity of Lyapunov exponents for non-invertible matrices 2425

introducing too many terminologies, we simply give the proof for the special case when
d =2 and A = diag(a, b) with 1 < a < b. The proof for the general case is similar in spirit.
In this special case, the formula of dimy w given in [14] can be rewritten as

_ 1 1 n,
dimy p = <loga " log b)H] + logh’ 75
where
Hy = tim @0
n— 00 n

here v is the push-forward of  under the projection 7 : R> — R given by (x, y) > x, that
is,v=por !and D, = a "D with

D={[0,1)+p: BeT). (7.6)

Again the existence of the limit in defining H; follows from [14, Theorem 2.3(i)].
Next we claim that
h; <log(ab) and H; <loga. (7.7)

We only prove the first inequality, the second one follows by a similar argument. Notice
that p is supported on K which is compact. Set

0, ={0€Qy: u(Q)>0).

Since any member of @n intersects K and has volume (ab) ™", a simple volume argument
yields that

#Q, < C(ab)"
for some constant C > 0 depending on the diameter of K. Hence
Hy(Qn) = Hu(Qn) < log(#0,) < n log(ab) + log C,

from which the inequality #* < log(ab) follows.
Now by (7.5) and (7.7), we have

1 1 b
— Og a + % — 2’
loga loghb log b
and hence the condition dimy w = 2 holds if and only if that h; =log(ab) and H| = log a.
To complete the proof, we need to show that 4, = log(ab) implies that H; = log a. To
see this implication, suppose hy, = log(ab). For n € N, define two partitions &, and 7, of
R? by

dimy p < (

En={ExR: Eca "D}, F,={RxF: Feb "D},
where D is given as in (7.6). It is direct to check that
U =EVF,={CND:Ceé&,, DeF,}.

Hence we have
Hy,(Qn) < Hy (&) + Hy(Fp). (7.8)

(cf. [54, Theorem 4.3]). Noticing that H,(£,) = H,(D,), we have

1
lim —H, (&) =Hi <loga;

n—oon
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similarly, we can prove lim,,_, o (1/n) H, (F,,) < log b. Thus by (7.8), we have

H, H, (& H, (F,
log(ab) = lim M < lim M + lim M <loga + logb,
n— 00 n n— 00 n n— 00 n
from which the equality H; = log a follows. O

Remark 7.8. We emphasize that in Lemma 7.7, the assumption that A and d;’s are integral
is not needed.

Let o be the left shift map on X := {1, ..., ¢},
LEMMA 7.9. Let hj, be defined as in Lemma 7.7. Then

_ /’lg(o‘)

h*
Iz no
where & is the equilibrium state for (M, 1).

Proof. Since Zle M; is Markov by Theorem 7.3(ii), we have ,O(Zf=1 M;)=1 and
hence P(M) =0. By Theorem 2.4, £ is the unique ergodic invariant measure on X so

that
o
ELID ~ M, IGU{l,..-,K}"- (7.9)
n=1
Set
¢ = min {non-zero entriesof M; : i =1, ..., ¢}.
Clearly ¢ > 0 and
IM;]| > ! forall I with M; # 0. (7.10)

Let 7 : R? — R?/Z? be the canonical projection and T = on~!. Let 7' C T be
defined as in the proof of Theorem 7.5. For n € N, set ¥, :={1, ..., ¢}". Then i is
supported on (02, Ulez,, Yi(T"). By (7.4), (7.9), and (7.10), there exists a constant
t > 1 such that

12 <tV e (1) < m(w (1)) < &) forallleU{l,...,z}". (7.11)

n=1
Below, we show that
.1 _ / _ /
lim — Z (= (T7)) log (Y (T7))) = he (o). (7.12)
n—-oon

lex,

To see this, by the Shannon-McMillan—-Breiman theorem we obtain that, for any € > 0,
there exists k(¢) € N such that for all n > k(¢),

> e <e, (7.13)

1€, ¢
where
e }

log &([11)

E A

Qe = {I IS
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By (7.11) and the definition of €2, , we have

log (y (T’ -1 i
og (Y ( ))_hé(a)‘<{|logc|+hg(0)+2n logt if I €%y,

(—n) e+nlogt if I € $,\Qn.e.
Hence
T
S gy oy [REEP1TD) hs(d)‘
Iex, ( )
2
< ( > ﬁ(wz(T’))) (Ilog ¢l +he(0) + —log t)
1€ ¢
1
+ ( > ﬁ(wz(T’))> (e + — log t)
1€\ 2, ¢ n
2 1
=< l( Z 5([1])> (|logc| + he(o) + — log t) + (e + — log t)
1€, ¢

2 1
< te(llog c|+he(o) + = log t) + <e + — log t)
n

2427

which is bounded from above by ce for certain positive constant ¢ when n is large enough.

Now (7.12) follows by letting € — 0.
Next for k € N, construct two partitions Qg, Pk of supp(u) by

Or:={0Q € Qx: u(Q >0},

Pr :={U(w1(T’>+e,~): Iezk}.

i=1

A simple geometric argument yields that there exists u € N (Wthh is independent of k)
such that each member in ano intersects at most ¥ members of Pk, and vice versa. This

implies that
|Hy(Qkng) — Hu(Pr)| < logu.

For a proof, see, e.g., [14, Lemma 4.6]. Clearly Hu(ék) = H, (Qx). Since

N
M(U(W(T’) + e») = (T")

i=1

for each I € X, we get

Ho (B = Y (~R@(T") log W (T'))).

IeXy

Hence by (7.12), we get
1 .1 ~ 1 ~
kgn;o EHM(ano) = klifgo EHM(ano) = kgn;o zHu(,Pk) = hg(o’),

from which we obtain h:: = he(0)/no.
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Proof of Theorem 7.6. Suppose that dimpy u=d. By Lemma 7.7, we have hj =
log | det A|. Thus by Lemma 7.9, we get

hg (o) = nohy, = ng log |det A| = log ¢.
It follows that £ is the Parry measure on X, and hence by (7.9),
M| ~&([I]))=¢" forneNandIe{l,...,¢}".

Therefore, M has a uniform Lyapunov exponent. By Theorem 7.5, p is absolutely
continuous.

8. Projections of Parry measures under factor maps
This section is devoted to the study of Question 1.6.

Let n, m € N. Let 7 be a mapping from {1, ..., n} to {1, ..., m}. Then t induces a
one-block mapping 7 : {1, ..., n}N — {1, ..., m}N by
T(OR2) = (T(x)psy)  for (x)pey e {1, ..., m}Y.
Let (X4, o) be the subshift of finite-type over {1, . . ., n}, associated with a positively

irreducible 0-1 matrix A = (a; j)1<i,j<n (see §2.1). Then ¥ = 7(X,) is an irreducible

sofic shift. Let w, v denote the Parry measures on X4 and Y, respectively (see §2.2).

Question 1.6 asks whether v =y o 771

Foreach £ € {1, ..., m}, define ann x n matrix E¢y = ((E¢); j)1<i,j<n bY

a; ift(j)="¢,
(El)i,jz{ b /

0 otherwise.

The main result of this section is the following.

THEOREM 8.1. The tuple E=(Eq, ..., Ey) is positively irreducible. Moreover
v = o\ ifand only if E has a uniform Lyapunov exponent modulo 0.

To prove the above theorem, we first give a simple lemma.

LEMMA 8.2.
i) Foryi,...,yeef{l,...,m}andi, je{l,...,n}, wehave

(Ey, - Ey)ij=#x1 - xp e Li(Za) i t(xe) =yefor1 <€ <k,

Xk =janda;, =1}.

(i) E, ---Ey #Oifandonlyify; -y € L(X).
(i) |Ey, -+ Ey |l = N1 - yi) for yi - - yi € L(Y), where

NOr-- -y i=#xr - xk € Li(Ba) : t(xe) =yefor1 <€ <k}. (8.1)

(iv) Y i, Ex = A, and hence E is positively irreducible.
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Proof. By the definition of E, ..., E,, we have
(Ey, -+~ Eyi,j = 2 : (EyDixi (Ey)xix - (Ey)xg_y,j
I<xy,....x,—1=<n
= E i, x1Axy,xp * " " Axp_y,j>
1=<xq,0Xg_1=n
T(xg)=yp, 1<€<k—1
T()=yk

from which (i) follows.
Clearly (ii) follows from (i), and (iv) follows from the definitions of Ej’s. To see (iii),
one can directly deduce from (i) that

N1~ y6) S IEy, -+ Ey Il <n*N (i -+ ). O

Proof of Theorem 8.1. By Lemma 8.2(iv), E is positively irreducible. Let
o =exp(hiop(X4)), B =explhwp(Y)).
Since p and v are the Parry measures on X4 and Y, by Theorem 2.1, we have
w(ll]) ~ a% forkeNandI e Li(Za) (8.2)

and
v([J]) ~ ,371‘ fork e Nand J € L;(Y). (8.3)

Notice that for J € L;(Y),
por 'MD= Y wuD,

I€Li(S4), m(D=J]
where w(I) :=t(i1) - - - t(ix) for I =iy - - - i;. By (8.2), we have
wor YJID~ NVl for J e L(Y), (8.4)

where N (J) is defined as in (8.1).
Suppose v = i o 7. Then by (8.3) and (8.4), we have

N(J) =~ (/B! forJ e LY). (8.5)
By Lemma 8.2(iii), we obtain
IEy, « Ey | ~ Nyt - y0) ~ (/)

for y; - - yr € L(Y). This together with Lemma 8.2(ii) shows that E has a uniform
Lyapunov exponent modulo 0.

Conversely, suppose that E has a uniform Lyapunov exponent modulo 0. Then by
Lemma 8.2(ii), there exists A € R such that

IEy, - Ey |l ~e* forkeNand y -y € L(Y).
Hence by Lemma 8.2(iii), N (J) ~ ¢*/| for J € £L(Y). By (8.4), we have
wor NI~ (ra”HY! for J € L(Y). (8.6)

https://doi.org/10.1017/etds.2019.4 Published online by Cambridge University Press


https://doi.org/10.1017/etds.2019.4

2430 D.-J. Feng et al

This yields
1= Z worm NI R H#Lr(Y))(e*aHE  fork e N.
JeLy(Y)
It implies e* = a/B since limy_, oo (1/k) log #(Li(Y)) = hiop(Y) = log B. Therefore, by
(8.6) and (8.3),

porx NI~ e oo™ ([ J])  for J € L(Y).

1

By Theorem 2.1, we have ;o 7~ = v. This completes the proof of the theorem.

Remark 8.3. Theorem 8.1 was partially proved in the second author’s master’s thesis [34].

9. Final remarks and questions
In this section we give a few more remarks.

First we remark that without any assumption of irreducibility, there is no algorithm
to check whether a given tuple M of square matrices has a uniform Lyapunov exponent
modulo 0. This fact was first pointed out in [47, Theorem 8] in a different context. Indeed,
let Ay, ..., Ag be a finite family of n x n non-negative matrices with rational entries and
p(A1+ -+ Ap) <k.SetM= (M, ..., M) by

1 0 .
M,'—(O Ai), l—l,...,k.

It is easy to see that M is normalized. Moreover, M has a uniform Lyapunov exponent
modulo 0 if and only if the semigroup generated by {A1, ..., Ak} is bounded. However,
as proved by Blondel and Tsitsiklis [4], the problem of determining whether the semigroup
generated by a finite set of non-negative matrices with rational entries is bounded, is in
general arithmetically undecidable. Hence, there is no algorithm to check whether the
constructed M has a uniform Lyapunov exponent modulo 0 within finite time.

We also remark that in Theorem 1.8, the irreducibility (respectively positively
irreducibility) assumption on M can be replaced by a more general assumption: there
exist C > 0 and m € N such that

Z IMig sl = ClIM Myl foralll, J € A*. O.1)
KeA*: |K|<m
Here we allow M to contain complex matrices. Indeed under the above condition, the
conclusion of Theorem 2.4 still holds (see [13, Theorem 5.5]) and the proof of Theorem 1.8
remains valid. It is a natural problem to decide whether a given tuple M of real or complex
matrices satisfies the condition (9.1) for some C and m.

Next we present an extended version of Question 1.3. Let (X, T) be a topological
dynamical system, that is, X is a compact metric space and 7 : X — X a continuous
transformation. Let M be a Borel function on X taking values in the set of real (or complex)
d x d matrices.

Definition 9.1. We say that M has a uniform Lyapunov exponent on (X, T') if there exists
A € R such that
IM(n, x)ll~e*", neN, xeX,

where M(n, x) := M(x)M(Tx) - - - M(T"1x).
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For a given tuple M = (M1, ..., My) of non-negative matrices, defining
M@x)=M,, forx= ()2, e(l,..., K", 9.2)

we see that M has a uniform Lyapunov exponent modulo O if and only if that M has a
uniform Lyapunov exponent on (Ynz, o), where Yy is defined as in (1.3).

As a general extension of Question 1.3, one may ask under which condition, a matrix-
valued function M on a given topological dynamical system (X, 7) has a uniform
Lyapunov exponent on (X, 7') and how to check it.

In the end of this paper, we mention a particular example of the above general question.
Let M= (My, ..., My) be a tuple of non-negative d x d matrices and let ¥4 be an
irreducible subshift of finite-type over the alphabet {1, . . ., k}. Let M be the matrix-valued
function defined as in (9.2). We remark that in this setting, the preceding assumption of
positive irreducibility on M is no longer sufficient to guarantee that one can check whether
M has a uniform Lyapunov exponent on (X4, o). Nevertheless, the following stronger
assumption on M (acting on X ,4) is enough for providing an affirmative answer to the
deciding problem: for any i,i’ € {1,...,d} and j, j' € {1, ..., k}, there exists a finite
word J such that jJj' € L(X4) and (M); ; > 0. The justification is quite similar to that
of Theorem 1.7. The details of the proof and the counter example will be included in the
Ph.D. thesis of the second author.
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