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The topological structure of ‘mean dichotomy spectrum’ is shown in this article, as
an extension of Sacker—Sell spectrum and non-uniform dichotomy spectrum. With
regard to mean hyperbolic systems, the coexistence of expansion and contraction
behaviours can lead to non-hyperbolic phenomena during evolution process. To be
precise, distinct from uniform and non-uniform hyperbolic cases, error hyperbolic
degree £(t, T) is vital to depict the spectral manifolds. As application, the reducibility
theorem for mean hyperbolic systems is provided to deduce block diagonalization.
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1. Introduction

The notion of dichotomy spectrum can be traced to Sacker and Sell [14] for
analysing uniform exponential dichotomies about skew-product flows. For quali-
tative theory of dynamical systems, the dichotomy or Sacker—Sell spectrum plays
a significant role in reducibility and bifurcation theory.

It is well-known that the autonomous system & = Ax can be transformed into
block diagonal form 3y = T~'ATy with Jordan normal form T~'AT, where the
blocks correspond to different eigenvalues. In order to extend the Jordan normal
form to non-autonomous system, Siegmund [16] established a spectral theory for
which the notions of eigenvalues and eigenspaces are generalized to spectral intervals
and spectral manifolds. Furthermore, with the aid of dichotomy spectrum, the
reducibility for non-autonomous system & = A(t)z with locally integrable function
A(t) has been shown in Siegmund [17].

Except for uniform dichotomy spectrum, with a suitably small error constant
€, the non-uniform dichotomy spectrum also has attracted considerable atten-
tion of researchers and experts. For example, Chu et al. offered the non-uniform
dichotomy spectrum and proved reducibility for non-autonomous differential equa-
tions [2] and non-autonomous difference equations [3], respectively; Zhang depicted
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the normal form theory for non-autonomous differential systems by using non-
uniform dichotomy spectrum in [19]. Noticing that the topological structure of
non-uniform dichotomy spectrum can be applied to deduce block diagonalization
and the reducibility result for non-autonomous differential equations. The aim of
reduction is transforming a system of ordinary differential equation into another
system, which is simpler to analyse and has the same qualitative behaviours. For
more details about dichotomy spectrum and reducibility, see [1, 4, 10, 15] and
references therein.

Inspired by quasi-hyperbolic orbit segments in Liao [9] and mean hyperbolic
sets for autonomous systems in Sun et al. [18], mean hyperbolicity only requires
fixed average contraction and expansion rates measured at sufficiently long evo-
lution time length. Here, we refine the definition of mean hyperbolicity, such that
non-hyperbolic behaviours are allowed along the trajectories. Owing to mean hyper-
bolicity, the coexistence of expansion and contraction behaviours in generalized
stable or unstable spaces can cause very complicated dynamic phenomena, such
as coexistence of multiple complicated attractors and chaos, even in low dimen-
sions. Noticing that uniform and non-uniform hyperbolic systems can be viewed
as special cases of mean hyperbolic systems. With regard to non-autonomous
systems, we have constructed mean hyperbolic Smale horseshoe with infinite
branches in [7]. Recently, the equivalence between mean hyperbolicity and admis-
sibility is obtained for evolution equations in [8]. Therefore, the admissibility is
a practical skill to verify mean hyperbolicity for non-autonomous systems. In
addition, the Hartman—Grobman linearized theorem, the Holder regularity, and
continuous dependence on perturbation have been established for mean hyperbolic
systems [6].

In this article, we investigate the mean dichotomy spectral theory, which contains
the topological structure of spectrum and decomposition of spectral manifolds. To
be precise, the mean hyperbolic system is kinematically similar to a block diagonal
system with suitable change of variables. Based on mean dichotomy spectrum, the
reducibility for mean hyperbolic system emphasizes that every block in diagonal
system has corresponding spectral interval and spectral manifold.

The content of this article is as follows. In §2, we present some basic concepts
and lemmas about mean hyperbolic systems. In §3, we describe the dynamical
skeleton of mean hyperbolic systems by spectral intervals and spectral manifolds
in Theorem 1. An explicit example of quasi-periodic system is provided, for which
the non-trivial mean dichotomy spectrum can be computed. In §4, the reducibility
theorem for mean hyperbolic systems is shown as application. More sophisticated
models and predictive frameworks can be developed for analysing complex systems
by mean hyperbolicity.

2. Preliminaries

In this section, the necessary notations, definitions, and lemmas are presented
for mean hyperbolic systems. In detail, the difference and connection among uni-
form, non-uniform, and mean hyperbolic systems are the preparations for mean
dichotomy spectral theory.
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Let us consider the non-autonomous differential equation on R
t=A(t)z, t € R, (2.1)
with locally integrable matrix function 4 € L}, (R, RN*N),N € N.

DEFINITION 1. Denote T(t,s) as the evolution operator of (Equation 2.1), which
satisfies T(t, s)x(s) = z(t) and the following:

(a) T'(s,s) =1, whereI denotes the identity operator on X;
(b) T(t.7)T(7,8) = T(t,s), ¥ t.7,s € R;
(c) for every fized x € X, (t,s8) — T(t,s)x is continuous mapping.

DEFINITION 2. The linear system (Equation 2.1) is called mean hyperbolic or mean
exponential dichotomic of type (K,L,(,€), if there exist dichotomic projections
P(t) : R — RN*N_ constants K > 0,L > 0, ¢ > 0, and bounded function
0 < |e(t,s)] < &* such that:

(a) T(t,s) o P(s) = P(t)oT(t,s), Vt,s€R.
(b) The restriction T(t,s) | N(P(s)), t > s, is an isomorphism from N (P(s))
to N(P(t)), where N (P(s)) denotes the null space of P(s). We define T (s, t)

as the inverse

T(s,t) = [T(t,s) | N(P(s))] 7' : N(P(t) = N(P(s)), s <t.

(c) There are error hyperbolic degree €(t, s) and average hyperbolic degree { >0
such that:

IT(t,s)o P(s)| < Ke—C(t=9) gt)lt=sIx|_p 1 (t*S)’ t>s, (2.2)

IT(t, s) o [I — P(s)]|| < KeSt)efENsIX-L.0j0=9) ©y o (23)

Here, we provide several remarks to describe the characteristics of mean hyper-
bolicity, for the convenience of discussing the differences and relations between
mean hyperbolic, uniform, and non-uniform hyperbolic systems.

REMARK 1. Ast— s> L, for the generalized stable space R(P(s)), there exists a
sequence of {7} with ¢t =7, > 7,,_1 > --- > 79 = s such that |7; —7,_1| < L, j =
1,2,...,k, and

IT(t,s) o P(s)]
= |T(rx, Tk—1) 0 -+ - 0 T'(71,70) © P(70)|

<7 (e, To—1) © P(re—1) | - T (Th—15 Th—2) © P(7r2)[| - -+ - 1T (71, 7m0) 0 P(s)]]
< Ke$(t=8) =Tk ITp =g 1 |+--Fe(r1.70)Im =70

Due to mean hyperbolicity, the error hyperbolic degree e(7;, 7;_1) may be positive
or negative such that norm inequality (Equation 2.2) is well defined. In a similar
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manner, as t —s < —L, the norm inequality (Equation 2.3) for generalized unstable
space N (P(s)) is also reasonable.

REMARK 2. Mean hyperbolic system emphasizes that the average contraction and
expansion rates measured at sufficiently long time will be controlled. More specifi-
cally, for any given L > 0, mean hyperbolic systems exhibit the average contraction
and expansion rates as follows:

log[|T(t,s) o P(s)l| < =C, ¢ =,

11m
|[t—s]—o0 ‘t— I

logm(T(s,t)o[I — P(t)]) 2 (, t<s,

m
|[t—s]—o0 ‘t — 8|

where m(-) denotes the minimum of operator norm. The second inequality describes
the average expansion behaviour on generalized unstable space A (P(t)) along the
positive direction of time.

Let us recall the concepts of uniform and non-uniform hyperbolicities [5, 11-13].
The system (Equation 2.1) is called non-uniform hyperbolic, if there exist constants
K > 0,( > 0,e > 0 satisfying the norm inequalities

IT(t,s) 0 P(s)|| < Ke St=)t<lsl ¢ >
IT(t, ) o [T — P(s)]|| < KeStatelsl ¢ < g

where constant € indicates the non-uniform degree. Naturally, the uniform hyper-
bolicity is available as € =0. Apparently, the non-uniform term e¢/*l depends on
fixed non-uniform hyperbolic degree € >0 and initial time s € R, laying stress
on inconsistency for different initial moments. It is noteworthy that non-uniform
hyperbolic degree ¢ is less than dichotomic exponent ¢ to guarantee the contraction
trend as time ¢ — Fo0.

Drawing inspiration from averaging principle, one introduce mean hyperbolic sys-
tems with coexisting compression and expansion behaviours for generalized stable
and unstable spaces. More precisely, compared to uniform and non-uniform hyper-
bolic systems, mean hyperbolic systems manifest distinct features: (a) Error term
e=(t:9)1t=s] relies on both initial time and end time of evolution operator T'(t, s); (b)
The value of error hyperbolic degree £(t, s) may be larger than average hyperbolic
degree ( at some moments, which leads to non-hyperbolic behaviours within certain
evolution intervals; (c) It admits fixed average contraction and expansion rates.

For the sake of clarity, with distinct initial moments s € R, we provide the
images of contraction tendency as ¢t — 400 for uniform, non-uniform, and mean
hyperbolicity in Figure 2.1. Evidently, if ¢ € [s,s + L], the upper bound of
norm inequality (Equation 2.2) for mean hyperbolic system is not necessarily
strictly decreasing as time t increases. The coexistence of expansion and contrac-
tion behaviours is allowable in generalized stable space R(P(s)) and generalized
unstable space N (P(s)).
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Figure 2.1. Uniform, non-uniform, and mean exponential dichotomy.
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LEMMA 1. Assume that system (Equation 2.1) is mean hyperbolic of type
(K,L,(,¢), one can choose approzimate fundamental matriz X(t) of (Equation 2.1)

and invariant projector
p— InyxnNy  ONyxNg
ON2 ><N1 ON2 ><N2
with Ny = dim ImP and N, = dim Kerp, such that

||X(t)PX_1(8)|| < Ke—C(t—S)65(t75)|t*3|X[7L,L](t*S)’ t>s, (24)

XA = PIX 1 (s)| < Ket-et IRy s (25

Proof. For the sake of completeness, we will provide a brief proof. For any given
T € R, there exists a non-singular matrix 7 € RV > such that

ONQXNl 0N2><N2

porrr (e o)

Let us define X (¢) := T(¢,7)T ! and

IX () PX(s)]

=17, )T PTT (s, 7)]

=T, 7)T(r,5)P(s)|

=T (¢, s) o P(s)]|

Owing to (Equation 2.2)—(Equation 2.3), the mean exponential dichotomy or mean

hyperbolicity of linear system (Equation 2.1) can be established with invariant
projector P. O

3. Dichotomy spectrum for mean hyperbolic systems

With respect to mean hyperbolic systems, the generalized stable manifold S, . 1
and unstable manifold U, . relying on error function (t,7) and L>0, are the
main content that constitutes spectral manifolds. For non-trivial mean dichotomy
spectrum, we provide an explicit example with quasi-periodic coefficient matrix.
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The spectrum of linear system (Equation 2.1) is closely related to the shifted
system

& =[A(t) — Iz, v € R. (3.1)

DEFINITION 3. The mean dichotomy spectrum of (Equation 2.1) is the set

Yuep(A) :={y € R | (3.1) admits no mean exponential dichotomy }
and the resolvent set pyrpp(A) = R\ Xyppp(4).

Similar to Sacker—Sell and non-uniform dichotomy spectrums, spectral intervals
and spectral manifolds are key components of spectral theory. It is widely known
that there are compression and expansion behaviours for classical stable and unsta-
ble manifolds respectively. For mean hyperbolic systems, the error hyperbolic degree
e(t,7) is essential to depict generalized stable and unstable manifolds.

LEMMA 2. For v € pyep(A), the shifted system (Equation 3.1) has mean
hyperbolicity of type (K, L,(,e). We conclude that

Syen = {(1€) € Rx RN | sup{|[T(t, 7)¢le e XL, 0=y o oy
t>T

and

Uyer i={(r,6) € R x RN | sup{||T(¢, 7)¢lle e <N TIX-L,0 077y ooy
t<T

are linear integral manifolds of system (Equation 2.1). As y1 < 72, the integral
manifolds satisfy S, e, C Syye. and Uyy e, C Uy e L-

Proof. To keep this article as self-contained as possible, a simple proof is exhibited.
If we take (7,&) € S, ¢ 1, then there is a constant C., . 1, > 0 such that

T(t,r)ele Ve NN L D <o Lt
I V.6,

Therefore, for any s € R, due to 0 < |e(t, s)| < €*, one has

supsup ||T(¢, s)T (s, T)£||e_’7teie(t’s)‘tis‘x[—LL] (t=9)
SER t>T

= supsup ||T(¢, 7')€||€_'7t67€(t’5)|t78‘x[7L,L] (t—s)
sERt>T

<supsupCy e re
sERt>T

S Cyere
< 400

6(t,T)‘t—T|X[7L7L} (t—T)e—e(t,s)|t—s|x[7L’L] (t—s)

2e*L

and (s,T(s,7)€) € S .. Notice that the fibre S, . (1) := {{£ € RN | (1,€) €
S’A,’gﬁL} is a linear subspace. The same method can be applied to U, . 1. Above all,
it can be asserted that invariant sets S, . r and U, . . are linear integral manifolds.
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As y1 < 72, the claims Sy, o1 C Sy, er and Uy, e, C U, ¢ 1 follow easily from
e 2t L et (£ > 0) and e "1t < e 72! (¢t < 0). The proof is completed. O

From discussion above, the invariant integral manifolds are well defined. Go a step
further, the following result shows the direct sum decomposition about generalized
stable and unstable manifolds.

LEMMA 3. If shifted system (Equation 3.1) admits mean exponential dichotomy of
type (K, L,(,¢e) for v € ppep(A), then there exist invariant projectors P : R —
RN*N satisfying

Syer=ImP, U,.p=KerP, S, . ®U,.r=RxR".

Proof. For any fixed (7,&) € Sy 1, one has

IT(t, 7)E|| < Cyepe?tesETImTINEL L =) g s

If € =& + & with & € ImP(7) and & € KerP(7), then we claim that & = 0.

Denote T, (t,s) := e Y=)T(t,s) as the evolution operator of shifted system
(Equation 3.1). Owing to mean exponential dichotomy of system (Equation 3.1),
there are positive constants K, L,{ > 0 and bounded function 0 < |e(t,s)| < €*
such that

€21l = 175 (m, )T, (&, T[T = P(7)[¢]
= 1O = POIT, (7|
< Ketr=0eS oL n = (1 g
< 07767LK6<(T7t)€7762€*L.

Therefore, £&, = 0 by letting ¢ — 400, which means that S, . C ImP.
On the other hand, for any fixed 7 € R, if £ € ImP(7), linking with mean
exponential dichotomy of shifted system (Equation 3.1), then we gain

I, (t, ) P(r)E]| < Kem¢U O, 0=D ey g > o
and

IT(t, 7)E|| < KOOI, (= )

Naturally,

sup{|[T(t, 7)¢f|e e " IITTNLLITTY < o,

t>T
Hence £ € S, (7). It is apparent that S, . = ImP. Using a similar method,
Uyer =KerPand S, . ®U, .1 =R x RY can be easily verified. O

LEMMA 4. The resolvent set pyprpp(A) is open and mean dichotomy spectrum
YSumep(A) is a closed set. More precisely, for every v € pypp(A), there exists

https://doi.org/10.1017/prm.2024.139 Published online by Cambridge University Press


https://doi.org/10.1017/prm.2024.139

8 J. Feng
constant >0 such that (v — B,y + B) C pmep(A) and

Spe,t =Syeny User =Usern, VK€ (y—B,v+0).

Proof. Let us consider the fundamental matrix X, () := e 7"X(¢) with v €
pymED(A) for shifted system (Equation 3.1). According to the definition of resolvent
set, there exist projection P7 positive constants K, L, > 0, and bounded function
e(t, s) satisfying Lemma 1.

Without loss of generality, denote X, (t) := e(*+M*X_ () and 8 := (/2 > 0. For
any k € (y — 8,7+ B), it is apparent that as t > s,

X OPX (5)]

= el X (1) Pel= XA o)

< Ke('yfnfg)(tfs)65(t13)|t_3‘X[_L,L](t_s)
< Ke-Bli=9)=talt=shx_p, pj(=s)

(3.2)

As t < s, with projector I — P, we conclude that

< KOt (t=e) 2o g, g (029) (3.3)
< FeB(t—s) g t)t=slx|_p 1) (t=s)

Thus, there are invariant projector ]5, bounded function £(t,s), and K,L,5 >
0 such that « € pyep(4). Owing to Lemma 3, S, .1 = ImP = Sy and
Use,r = KerP = Uy .e,r. To summary, the conclusions that pasgp(A) is open set
and X pp(A) is closed set are presented. O

LEMMA 5. For v1,7v2 € pmep(A) with v1 < 72, denote integral manifold
W= v2,6,L 1 U71,5,L'

We have the following equivalent statements:
W # R x {0}

(a)

(b) [v1,72] N Emep(A) # 0;
(c) dim S, o1 <dimS,, . 1;
(d) dimU,, .z > dimU,, . L.

Proof. The proof of the equivalent conclusions above for mean hyperbolic systems
is similar to the case of non-uniform exponential dichotomy in [2, 19].

(a) = (b) By contradiction and Lemmas 34, if [y1,72] C pmep(4) then

W= S’Yz,&L N U’Y1767L = S’Y1,6,L N U’Y17€7L =R x {0}

(b) = (c) It follows from Lemma 2 that Syie L C Syge.r a8 71 < 2. Assume
that dim S, ¢ > dimS,, .1, we conclude S, .1 = S,y 1, which equals to

https://doi.org/10.1017/prm.2024.139 Published online by Cambridge University Press


https://doi.org/10.1017/prm.2024.139

Dichotomy spectrum and reducibility for mean hyperbolic systems 9

[v1,72] N Zarep(A) = 0. The equivalence between (¢) and (d) follows easily from
Lemma 3.

(d) = (a) Considering the set (S, . UUy;e.2) \ (Syp.e,e NUsype,0) € R x RY
and

dim(SVQ,E,L + U71,€,L) = dim 57275711 + dim UW1,6,L - dim(sw,&lz N UW1,6,L) <N,

therefore
dimW = dim(S»yz@L N U’Y1,€7L)
> dim 572,57[, + dim U’YL&L — N
> dim 572,E7L + dim U"/2751L - N
=0.
Hence W # R x {0}. The proof is completed. O

The spectral intervals and decomposition of spectral manifolds are constructed
for mean dichotomy spectrum, which are the foundation of reducibility and normal
form theory for mean hyperbolic systems.

THEOREM 1. The mean dichotomy spectrum X pp(A) is a disjoint union of n
closed intervals with 0 < n < N. To be precise, Xppp(A) =0, or Xyep(A) = R,
or Xpep(A) is in one of the four cases

ZMED(A) =LuLuUu---Ul,_1U In,
with
Il = [alybl] or (—OO,bl], Ik: = [akabk} (k = 27 s an_l)’ In = [anybn] or [an,+oo),

where a1 < by < ag < by < -+ < ay, < by,.

e Set by = —o0 and apy1 = +00, if I; and I, are closed intervals, we can
choose 7v; € (bi,a;41), i =0,...,n.
o IfI; = (—00,b1], we take yo < by and set S, o1 = R x {0}, Uy er =
R x RN.
e If1,, = [an, +00), we take v, > a, and set S, .1 = R x RN, UypeL i=
R x {0}.
Then for every i =1,...,n, the intersection

Wi = Swys,L n U’yi_l,syL

is a linear integral manifold with dim W; > 1. Denote Wy := Sy -1, and Wy 41 :=
Uy e, The spectral manifolds W; should satisfy the following decomposition

Wo@W, @ ® Wy = Rx R,

Proof. According to Lemma 4, ¥ pypp(A) C R is a closed set. Except for empty set
or whole axis R, here we discuss the non-trivial situation. Without loss of generality,
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we assume that it consists of n closed disjoint intervals with n > N. Suppose that
EMED(A) =LuLu.---Ul, ;Ul,,
taking ; € (b;,a;41) for i = 1,..., N, linking with Lemma 5, we conclude
0< dimSWl,g’L < dimSWz,g,L <0< diIIlS,YN’E’L < N.

The result above is available with either dim.S,, .z = 0 or dim Sy . = N. If
dim S, .. =0then Sy, .1 = Rx{0}, Uy, . = Rx RY, and invariant projection
P(t) =0 for any t € R.

Obviously, for all v < vy, as t < 7,

| T, (¢, 7)[I — P(7))E]
— 6(*ﬂﬂr’n)(t”)HTﬁﬂ (t, 7)) = P(m)&||
< Kel=r+m) =) 2 EDIE=rIX 1) (=) )

hence v € pyep(A) and (—oo,v1] C pumep(A4). Actually, due to v1 € (by,a2),
(=00, 71| N Enmep(A) # 0, which contradicts (—oo,v1] C pamrep(A).

Likewise, if dim S, . = N, we can prove [vn,+00) C pmep(A). On the
contrary, [yn, +00) N X pp(A) # (. In short, the number n of closed intervals is
no more than N.

Next we claim that dimW; > 1fori=1,...,n. Asi=1, Wy =8, . 1NV, L.
If spectral interval I; = [a1, b1], then both v € (=00, a1) and v1 € (b1, az) belong
to parep(A). From Lemma 5, we conclude that

Wi = Swl,e,L N Uwoye,L 2 Svoys,L N Uvo,E,L

and dim Wy > 1. If I} = (—o00,b1] then Wy = S, . . By contradiction, we assume
that dimW; = 0, i.e.,, W1 = S, . = R x {0} and P(t) = 0. It is apparent that
(—=00,71] C pmep(A), which contradicts 1 € (b1, az). Therefore, dim Wy > 1.

As i>1, we obtain [vy;—1,7] N Xpmep(A) # 0. Undoubtedly,

W = S"/znf,L N U’Yi_pe,L 2 S’Yi—lvgaL N U’Yi_17€,L

and dim W; > 1.
Moreover, we deduce that Uy, ,p = Wit1+ Uy, e fori=0,1,...,n—1. Due

to U’h‘,E,L = U’Yiﬁ,L N (S’Yi+1,E7L + U’Yi+17€7L) = U%‘,&L N S’Yi+17€,L + U’Y¢+1,E7L =
Wiy + Ufyz.+1757L, we conclude that

Rx RN = S’Yo;&L + U’Yo;&L

Wo+ Wi+ Uy eL

= W0+Wl+"'+Wn+U'yn,€,L
= Wo+Wi+---+W, +Wpii.

For any 0 < ¢ < j <n+1, it is obvious that

W N Wj C S%.@L N U’Yj_lvs,L C S’yi,s,L N U»Yi’syl, =R x {0}
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and W; N W; = R x {0} for i # j. The statement of

Woe W, @---® W,y = Rx RN

is proved. Note that the linear integral manifolds Wy, ..., W, are independent of
the choice of v; owing to Lemma 4. O

EXAMPLE 1. Let us consider the quasi-periodic shifted system in R? with

@ = [A(t) — 1]z
_ sin2t+sin\/§t+é—7 0 T (3.4)
0 sin2t+sin\/§t—i—7 To ' '

Denote vector norm |v| := /v? + v3 for any v € R?. For given initial value x(s) = v,
we assume that there exists invariant projector P(s) satisfying P(s)v = v; and
[I — P(s)]v = va, such that the evolution operators of (Equation 3.4) are

K 1
Ti(t,s)vy :=T,(t,s) o P(s)v =exp {/ (sin 2u + sin V/3u + 6 ’y)du] vy,
and
K 1
Ty (t, s)vg :=T,(t,s) o [I — P(s)jv = exp [/ (sin 2u + sin V/3u — i~ 'y)du] vg.

First of all, we consider the forward evolution with projector P as t > s. It is
obvious that there exists properly large constant L >0 such that ast —s > L,

1
L log 1T, .5) 0 PLo)|
1
< m[fst(sin 2u + sin V3u + G —7)du]
1 1 1 1
< t—s[_§COSQU_ ﬁcosﬁu] ]24—6—7
1

As 0 <t — s < L, the norm satisfies

T (¢, 5) o P(s)]l .
< exp [fst(sin 2u + sin v3u + — — ) dul

1 1 0 t 1
Sexp{[—2cos2u—\/§cosx/§u] |S+(6—7)(t—s)}.
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The same method is applicable to the backward evolution with projection I — P
such that for t — s < —L,

1
5 log I T5(ts) o [1 = P(s)]|
1 £ . 1
< F[L (sin 2u + sin v/3u — 1 v)du]

<-—z-m
5 v

and for —L <t—s <0,
1T, 5) o [T — P(s)] |
< exp [f (sin 2u + sin v/3u — 1 7v)du]

gexp{[—;cosﬂu—\/gcosx/gu] |S—(i+7)(t—s)}.

1 1
Denote G(u) := ~5 cos2u — ﬁcos V3u and G(t) — G(s) := e(t,s)|t — s|.
Naturally, it can be obtained that
HT,Y(t,S) o P(s)| < e(var%)(tfs)65(t73)|t—3\X[S—L,s+L](t)7 t> s, (3.5)
and
1T, (t,s) o [I = P(s)]]| < -9t Nomrsent® -y <5 (3.6)

Therefore, there are invariant projection P(t), K =1, L > 0 and bounded function

s) such that shifted system (Equation 3.4) is mean hyperbolic and (—oco, —1)U

e(t,
(5,400) C puen(A).

].

From discussion above, we conclude that the mean dichotomy spectrum
Sumep(A) C [—1, 1]. We only need to prove [—1, 1] C Sppp(A). By Lemma 4, if
the shifted system (Equation 3.4) has mean hyperbolicity with v = —%, then there
exists 3> 0 such that (—% — 3, —% 4+ 8) C puep(A) with the same projector. By

(t s)+e* L,

e Here we claim that Xppp(A) = [—

3

Tt
(S

; on the other
e*L

contradiction, the bound of (Equatlon 3.5) is less than e5
hand, the norm of (Equation 3.6) with backward evolution is no more than e
which cannot guarantee overall compression and expansion behaviours as t — 4o0.
Similarly, for any v € [—2 5 5] we conclude that the shifted system (Equation 3.4)
has no mean hyperbolicity. Hence, [~%, £] C Sypp(A) and Sypp(A) = -1, £].

-9 %] and the non-uniform

e The dichotomy spectrum Xgp(A) T

dichotomy spectrum Y ygp(A) = [_%, g]

Here, we recall that uniform and non-uniform hyperbolic are special cases for
mean hyperbolic systems. The results that cannot be ignored are pgpp(A4) C
pNED(A) C pMED(A) and ZMED(A) C ZNED(A) C ZED<A>
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Let us consider the norm
13
T, (t,5) 0 P(s)]| < e8¢ > 5,
and

t,s)o[I — P(s)]|| <e'” _%)(t_s), t<s.
|7, (t, 8) o [I = P(s)]]| < e~7

It is evident that the shifted system (Equation 3.4) has exponential dichotomy iff

v € (=00, —=2)U(L2, +00). In particular, the non-uniform hyperbolicity of (Equation

3.4) can be verified with e =0. Therefore, Sygp(A) = Spp(A4) = [, 2].

4. Reducibility for mean hyperbolic systems

In this section, the reducibility theory is illustrated for linear system (Equation
2.1) through mean dichotomy spectrum. The reducibility for mean hyperbolic sys-
tem emphasizes that system (Equation 2.1) is averagely kinematically similar to
a block diagonal system, of which every block has corresponding spectral interval
and spectral manifold.

DEFINITION 4. Suppose that the linear system (Equation 2.1) is mean hyperbolic.
The system (Equation 2.1) is called reducible, denote A(t) ~ B(t) or (Equation
2.1)~(Equation 4.1), if it is averagely kinematically similar to system

y = B(t)y, (4.1)
with the coefficient matriz

Ne: 10 0
B(t)_< ] Bz(t)> (4.2)

and B € L} (R,RN*N),N € N. Average kinematic similarity demands that there

loc
exists an absolutely continuous function G : R — GLy(R) with

sup [G(t)]| < oo, sup[|GTH(B)]| < o0
teR teER

satisfying the differential equation
G(t) = AH)G(t) — G(t)B(t). (4.3)
The transformation x = G(t)y is referred to as Lyapunov transformation.

LEMMA 6 ([17]). Let P € RN*N be a symmetric projection and X : R — GLn(R)
be an absolutely continuous matriz. We have the following conclusions:
(a) The mapping

A

Ht)=PXt)"Xt)P+QXt)"X(1)Q

is absolutely continuous and fl(t) is a positive definite, symmetric matrix for every
t € R. There exists unique absolutely continuous function H : R — RN*N of
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positive definite symmetric matrices H(t) with
H*(t) = H(t), PH(t)= H(t)P.

(b) For any t € R, the function G(t) := X (t)H1(t) is absolutely continuous and
satisfying

Gt)PG™1(t) = X(t)PX (1),
G)QG(t) = X()QX (1),
G < v2,

(t)

[N

|
O+ IXORQX D)

REMARK 3. Differs from non-uniform dichotomy spectrum, due to non-uniform
term e°l*l relying on initial moment s € R, the operator norm |[G~'(t)|| is
unbounded. Although the mean hyperbolic system emphasizes more complex
dynamic behaviours, such as non-hyperbolic phenomena during evolution process,
the norm of G~1(t) is bounded by the aid of characteristic function, which can
simplify the following calculation.

G710 < [IIX(H)PX

THEOREM 2. Suppose that the system (Equation 2.1) is mean hyperbolic of type
(K, L, ¢, &) with invariant projector P(t) # 0,1. We conclude that the linear system
(Equation 2.1) is averagely kinematically similar to the decoupled system

. [ Bi(t) 0
&= B(t)r = ( 0 Bg(t)> x (4.4)

for locally integrable matriz functions By : R — RN1*N1 and By : R — RN2*N2
with Ny := dim ImP and Ny := dim KerP. In addition, ¥pypp(A) = yep(B)
as A(t) ~ B(t).

Proof. With regard to mean hyperbolic system (Equation 2.1), combining with
Lemma 1, there exist fundamental matrix X (¢) and invariant projector

j Inyxny Ongxng  0< N, <N,
ONQXNl ONQXNQ

such that inequalities (Equation 2.4)—(Equation 2.5) hold.

Denote B(t) := H(t)H~(t) with H(t) = G~'(t)X(t) and B(t) = 0 for which
H(t) does not exist. Naturally, H(t) is the fundamental matrix of § = B(t)y. As
t > s, we gain

1H () PoH = (s)|

= ||G_1(t)X(t)Pole(S)G(S)|‘
NGO IX (0 PoX 2 (s)]| - [G(s)
< 2K2€7C(t75)66(t75)‘t_5|X[_L7L] (t—s).
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Similar argument can be applied to the case of ¢ < s and projector [ — ]50.
Apparently, system y = B(t)y admits mean exponential dichotomy with the same
projector ]30.

Next we prove that A(t) ~ B(t) and B(t) has the block diagonal form. More
importantly, Xy gp (A) = ZMED(B)

Let us consider

G(t) = [XOH @) '
= AW)G@E)—-GH)H Y (t)H(t)
= AMG@E) - G(1)B(1),

which means that there is Lyapunov transformation x = G(t)y such that & =
A(t)z is averagely kinematically similar to § = B(t)y. Based on the fact that

H(t), H=(t), H(t) commute with invariant projector Py, we obtain that
PHM)H Y (t) = HO)H ' (t) By

for almost all ¢ € R. Therefore, due to PyB(t) = B(t)P,, one can decompose
B : R — RN*¥ into four functions with

_ (Bi(t)  Bs(t)
Bl = <B4(t) Bi(t))’ Le

such that

Bi(t) Bs(t)) _ (DBa(?) 0 . teR
0 0 Bi(t) 0
and Bs(t) = Bs(t) =0, t € R. Hence, mean hyperbolic system (Equation 2.1) is
averagely kinematically similar to a decoupled system with diagonal matrix B(t).

If we take v € pprpp(A), there are positive constants K, L1, {; > 0 and bounded
function €4 (¢, s) such that for ¢ > s

X, (OAX ()]
= e 1IX () B X ! (s)|
< Kle_él (t_s)e€1 (t”s)‘tislx[_Ll:Ll] (tis),

and

H, (O P 9)]

= eI H () PoH (s)|

e TG - |G )] - [ X (E) PoX(s)|
< 2K126—C1(t—s)egl(t7s)|t_s‘x[—l,1,Ll](t_s).

As discussed above, the mean hyperbolicity with fundamental matrix H.,(t)
can be verified with projector I — Py and t < s. Hence v € pyrp(B) and
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pmeDp(A) C pyep(B). The same principle also works in reverse such that
Ymep(A) =XMmED(B). O

THEOREM 3. Assume that linear system (Equation 2.1) admits mean exponen-
tial dichotomy of type (K,L,(,€). The mean dichotomy spectrum ¥pep(A) of
(Equation 2.1) is ) or R or the disjoint union of closed spectral intervals Iy,. .., 1,
with 1 < n < N. Then there exists an average kinematic similar action G : R —
RNXN between (Equation 2.1) and block diagonal system

Bo(t)

&= Bi®) ) z (4.5)

Bn+1 (t)

with locally integrable functions B; : R — RNi*Ni N; = dim W;, and Srep(Bo) =
0, Xvmep(B1) =Ii,...,Yvep(By) =1, Eymep(Bugr) = 0.

Proof. Due to Lemma 4 and Theorem 1, the resolvent set pypp(A) is open and
Y mep(A) is the disjoint union of several closed intervals. Instead of talking about
trivial case Xppp(A) =0 or Xy pp(A) = R, we suppose that

I :=[a1,b1] or (—o0,b1], Ix := [ag,bk] (K =2,...,n—1), I, := [an, by] or [ay, +00)
with a1 < by <as <by <---<a, < by,
Step 1. If I} = [ay, b1], there is v < ay such that (—oo,v] C pymep(A) and
Wo := Sy.e,L- It is obvious that
i = [A(t) - 1)z

admits mean exponential dichotomy. In other words, there exist invariant projector
Py, constants Ky > 0,Lo > 0, ¢ > 0, and bounded function 0 < |go(¢, s)| < &
such that

||X(t)P0X_1(S) H < Koe(’YO*CO)(t*S)+EO(t’5)|t*S|X[7L’L] (t*S)’ ¢

WV

s, (4.6)

IX ([ — Bl X (s)] < Koe(voJrCo)(t*S)Jrfo(t,S)\t*S\X[_L,L](t*S)’ t<s  (47)
Claim: The system (Equation 2.1) is averagely kinematically similar to

y=B(t)y= (B%(t) Bl?( t)> Y, (4.8)

with By : R — RNo*No and By, : R — RM1*Mi where Ny := dim ImP, and
M, := dim KerPy. Moreover, SueEp(Bo) =0 and Xy pp(Bi1) = Zvep(A).

By Theorem 2, there exists Lyapunov transformation x = G(¢)y such that mean
hyperbolic system (Equation 2.1) is averagely kinematically similar to decoupled
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system (Equation 4.8). Notice that systems (Equation 2.1) and (Equation 4.8)
have the same invariant projection Py and mean dichotomy spectrum ¥y, pp(B) =

For any v > 79, it is apparent that

||X7(t)150X;1(s)|| < Koe(—“/-WO—Co)(t—S)-irﬁo(Yf,S)It—S\X[_L,L](t—S)7 t>s (4.9)

Therefore, for any v > a; > 79, & = [Bo(t) — vI]z admits mean hyperbolicity with
Y+ v — (o < 0 and ZMED(BO) C (—oo,al). However, EMED(BO) C EMED(A)
and ZMED(BO) = @

If Iy = (—o0,b1], we set Wy := S, .. = R x {0}. An obvious fact is dim By =
dim Wo = 0, which leads to ZMED(BO) = (Z) The result ZMED(Bll) = EMED(A)
is pI"OVGd due to EMED(B) = ZMED(A)

Step 2. If we take 71 € (b1,a2), then § = (B(t) — v1/)y is mean exponential
dichotomic with an invariant projection Py. There are positive constants K1, L1, (q
and bounded function €1 (¢, s) such that

||Y(t)ply—l(s)|| g Kle(PYl_Cl)(t_s)—"_gl(tvs)lt_s‘x[—Ll,Ll](t_s)’ t 2 s, (410)

||Y(t)[[*p1]yil(8)|| < K16(71+<1)(t75)+51(t15)|t73|X[7L1,L1](tfs)7 t < s, (411)

with the fundamental matrix Y (¢) of linear system y = B(t)y.
Linking X pp(B11) = Zappp(A) with Theorem 2, there is diagonal matrix such
that

Y1 = Bii(t)n

is averagely kinematically similar to

with Lyapunov transformation y1 = S11(t)z1 and Eymep(B*) = Eymep(Bi).
Denote

_ [ Ingxny 0
Sl(t)< ; Su(t)> So(t).

Therefore, the linear system (Equation 2.1) is averagely kinematically similar to

By(t) 0 0
z= 0 Bi(t) 0 z(t) (4.12)
0 0 Bas(t)

with transformation x(t) = S1(¢)z(t).
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For any 7 € [ag, +00), the inequality

HZ,y(ﬂplz’y—l(s)” < Kle(—'H"Yl—Cl)(t—s)"‘"fl(t73)|t—s‘X[_L17L1](t—3)7 t>s

)

holds; in a similar way, the norm inequality

||Zw(t)[I—]51]Z,Y_1(s)|| < Kle(*’YJr’YlﬁLCl)(t*S)*El(ta3)|t*S|X[—L17L1](t*S), t<s,

is true for any v € (—o0, b1]. To summarize, we obtain Xygp(Bo, B1) C (—00,a2)
and EMED(BQQ) C (bl, +OO) Hence EMED(BI) =1.

By induction, there is Lyapunov transformation x(t) = S*(t)u(t) such that
system (Equation 2.1) is averagely kinematically similar to

By(t)

Bult) u(t), (4.13)

.
|

Bn+1 (t)

with EMED(BO) = @, EMED(Bi) = Ii for i = 1, ey, — 1.

If I,, = [an, by], by taking v, € (b,,+00) and using same arguments as above,
we gain that Xprgp(Bo, ..., By) C (—00,b,] and Xy pp(Bri1) C (bn, +00), which
means that ZMED(Bn) = [a", bn] and ZMED(Bn+1) = (.

If I, = [an,+00), then Xppp(Bo,...,Bn) C R and Xy pp(Bn) = [an, +00).
Moreover, Wy41 1= Us,, o, = R x {0} and Xarpp(Bpy1) = 0.

Step 3. Next we prove that the order N; of block B;(t) equals to dim W; as
1=0,....,n+ 1.

As Iy = [a1,b1], we can choose vy € (—00, aq1) such that Wy = Shg.e.L and

No = dim ImPy = dim S, ., = dim Wp.

In particular, if I) = (—o00, b1] then Wy = R x {0} and Ny = dim W,.
As v € (b1, az), from discussion above, it is apparent that Ny + N; = dim ImP,
and

dim ImP; = dim Sy, o, = dim(Syy e,r N (Syg e,z ® Ung o)) = dim Wo + dim W,

thus N7 = dim W;. Likewise, for the case of v € (ba,asz), No = dim Wy depends
on the fact that

Ny + Ny + Ny = dim ImP, = dim S, . 1, = dim S, . 1, + dim Wa.

By induction, we conclude N; = dim W; for i = 0,...,n. In addition, for ~, €
(b, +0) or v, € (an,+00), one has N, 1 = dim W,,;1 due to

N0+N1 ++Nn+1 :dlmW0+d1mW1 ++d1mWn+1

The proof is completed. O

https://doi.org/10.1017/prm.2024.139 Published online by Cambridge University Press


https://doi.org/10.1017/prm.2024.139

Dichotomy spectrum and reducibility for mean hyperbolic systems 19

Acknowledgements

The research is supported by NSFC Grant (No. 12301222), the Talent Fund of
Beijing Jiaotong University (No. 2023JBRC007), and China Postdoctoral Science
Foundation (No. 2023M740206).

References

1

10

11
12

13

14

15

16

17

18

19

S. Chow and H. Levia. Dynamical spectrum for time dependent linear systems in Banach
spaces. Jpn. J. Ind. Appl. Math. 11 (1994), 379-415.

J. Chu, F. Liao, S. Siegmund, Y. Xia and W. Zhang. Nonuniform dichotomy spectrum and
reducibility for nonautonomous equations. Bull. Sci. Math. 139 (2015), 538-557.

J. Chu, F. Liao, S. Siegmund, Y. Xia and H. Zhu. Nonuniform dichotomy spectrum
and reducibility for nonautonomous difference equations. Adv. Nonlinear Anal. 11 (2022),
369-384.

W. Coppel. Dichotomies and reducibility. J. Differ. Equ. 3 (1967), 500-521.

W. Coppel. Dichotomies in stability theory, Lecture Notes in Mathematics, Vol. 629
(Springer, 1978).

J. Feng. The Hartman-Grobman theorem for mean hyperbolic systems. Dis. Cont. Dyn.
Sys. B. 30 (2025), 402—-421.

J. Feng and Y. Li. The weak Smale horseshoe and mean hyperbolicity. J. Differ. Equ. 299
(2021), 154-199.

J. Feng and Y. Li. Admissibility and mean hyperbolicity for evolution equations. Bull. Sci.
Math. 193 (2024), 103435.

S. Liao. An existence theorem for periodic orbits. Acta Sci. Natur. Univ. Pekinensis. 1
(1979), 1-20.

K. Palmer. On the reducibility of almost periodic systems of linear differential equations.
J. Differ. Equ. 36 (1980), 374-390.

O. Perron. Die Stabilitdtsfrage bei Differentialgleichungen. Math. Z. 32 (1930), 703-728.
Y. Pesin. Lyapunov characteristic exponents and ergodic properties of smooth dynamical
systems with an invariant measure. Sov. Math. Dok. 17 (1976), 196-199.

M. Policott. Lectures on Ergodic Theory and Pesin Theory on Compact Manifolds
(Cambridge University Press, 1993).

R. Sacker and G. Sell. A spectral theory for linear differential systems. J. Differ. Equ. 27
(1978), 320-358.

R. Sacker and G. Sell. Dichotomies for linear evolutionary equations in Banach spaces. J.
Differ. Equ. 113 (1994), 17-67.

S. Siegmund. Dichotomy spectrum for nonautonomous differential equations. J. Dyn. Differ.
Equ. 14 (2002), 243-258.

S. Siegmund. Reducibility of nonautonomous linear differential equations. J. Lond. Math.
Soc. 65 (2002), 397-410.

W. Sun, X. Tian and E. Vargas. Non-uniformly hyperbolic flows and shadowing. J. Differ.
Equ. 261 (2016), 218-235.

X. Zhang. Nonuniform dichotomy spectrum and normal forms for nonautonomous differen-
tial systems. J. Funct. Anal. 267 (2014), 1889-1916.

https://doi.org/10.1017/prm.2024.139 Published online by Cambridge University Press


https://doi.org/10.1017/prm.2024.139

	Dichotomy spectrum and reducibility for mean hyperbolic systems
	1. Introduction
	2. Preliminaries
	3. Dichotomy spectrum for mean hyperbolic systems
	4. Reducibility for mean hyperbolic systems
	Acknowledgements
	References


