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1. Introduction

Phase-field approximations provide a convenient way of treating curvature energies
numerically. Typically, the semi-linear phase-field problem is of a simpler form than
the highly non-linear original problem and it is easier to develop a stable numer-
ical implementation. A classical example of a curvature energy is the Willmore
functional

W(E) = / H?dH™ !
=

where ¥ C R" is a hypersurface, H denotes its mean curvature and H* the
k-dimensional Hausdorff measure. The same functional on plane curves is also
sometimes referred to as Euler’s elastica.

There are several distinct phase-field approximations of Willmore’s energy [3].
The model we will use in the following is due to Bellettini and Paolini [2], based
on a functional proposed by De Giorgi [5, conjecture 4].
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Let Q € R™ and W be the double-well potential W (u) = 1/4 (u? — 1)2. Then we
consider the Modica-Mortola energy [9, 10]

i f 2 } 1,2
S€: Ll(Q) _ R, SE(U) — o fQ 9 |VU| + - W(u) dr u eWw (Q)

+00 else

as an approximation of the perimeter functional and

! 1 ! ’ 2,2
Wi LHQ) - R, Walw) = qe )2 <EA“‘5W<“>) dr ueW*(Q)

400 else

as an approximation of Willmore’s energy, where ¢y = f_ll V2W(s)ds = 2v2/3 is
a normalizing constant. As proved in [12], the sum of the functionals satisfies

T(L}(Q) — lim (W2 + AS.)| (xz — xaye) = WOE) + A" (0B)

for any A > 0 if E € Q and OF € C? in low dimension n = 2,3. Consider a general
sequence u,. such that

lim sup(Se + W:)(u.) < oo.

e—0

Then the diffuse area measures

L gupsl o
e 1= o (2|Vu5 +€W(Us)> L

which localize the diffuse perimeter functional S and the diffuse Willmore measures

/
o :1<€AUEW(“€>> .

Co € g

which localize the functionals W, have weak limits 1 and « in the sense of Radon
measures, at least for a suitable subsequence. Due to [12], u is the mass measure
of an integral (n — 1)-varifold V' in Q with square integrable mean curvature and

H? <o (L1)

In this paper, we will show among other things that the relationship (1.1) is only
valid inside € and that p may be very irregular on 02 if the boundary values
of the phase-fields u. are not controlled. In particular, u may cease to be n — 1-
dimensional and the mean curvature I, may not even be defined the boundary, even
if 1(0€2) > 0. The choice of boundary values corresponds to a modelling assumption.
In [7], we have investigated thin elastic structures in a bounded container, where
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the natural boundary condition is
ue=—-1, du.=0 ondQ or in simpler terms u. € =1+ W2?(Q) (1.2)

to express that the structures are confined to 2 and only touch the boundary
tangentially. Another interesting boundary condition is

Oyu: =0 on 02 (1.3)

which expresses that the level sets of u. can only meet 00 at a right angle. This
approximates the minimization problem explored in [1], where the Willmore func-
tional is considered in the class of surfaces of a given (small) area which meet 0
orthogonally. Another possible boundary condition is

ue=1 onTy, u.=-1 on I'_, wu. freeon 9Q\T,UT_ (1.4)

which prescribes a phase transition inside 2 but leaves the particular nature of
the transition free. It is clear that any regularity result for p or the functions wu.
inside 2 can be extended to Q under the boundary conditions (1.2), since u. can
be extended to the whole space R™ as a constant function without changing the
energy

E(ue) == W: + S:)(ue).

On the contrary, the regularity of u. and g under the boundary values (1.3)
or (1.4) is less obvious. Furthermore, not specifying boundary values can simplify
proofs significantly when local results are considered, see for example [6, corollary
2.15]. In this paper, we extend regularity results for the phase-fields u. from [6,7].
Our main results are the following.

THEOREM 1.1. Let Q @ R" for n = 2,3 and u. € W*%(Q) such that

sup & (u:) < 0.
e>0

Then the following hold true.

(1) Assume that u. € C°(Q) is uniformly bounded in L>(0Q). Then wu. is
uniformly bounded in L () if n =2 and in LP(QQ) for all p < co if n = 3.

(2) Assume that 0Q € C? and O,u. =0 on 9Q for alle > 0. Then u,. is uniformly
bounded in L*>(2) and
c N _ _
uel@) ~wel)| < S le—yl' Yoel yeBua)nD
with y < 1ifn=2 and v < 1/2 if n = 3. The constant C' depends on n,~, <)
and limsup,_, 5 E(ue).

(3) If either condition is given and ue — u in L' (), then u. — u in LP(Q) for
all 1 < p < oo.
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Further results can be found in the main text. The proof is split over lemmas
2.1, 2.3 and 2.5. On the contrary, we have the following results in situations where
phase-fields fail to be regular at the boundary.

THEOREM 1.2. Let 002 € C?. Then the following hold true.

(1) There exists a sequence u. € W22(Q) such that (W. + Se)(us) — 0, but u. is
not bounded in L>(€).

(2) There exists a sequence ue such that such that « =0, u = 0 but the Hausdorff
limit

K = 1ir%u;1(1) 0#1e(-1,1)

of level sets or their unions contains an open subset of OS2. Similar con-
structions give K = {xo} or K =~ for a point xg € 02 and a closed curve
v C Of.

(3) Let S>0 and 0 # I € (—1,1). Then there exists a point xo € 0 and a

sequence u. € W22(Q) such that Ju.| <1 in Q, W-(u:) =0, p(Q) =9,
K=0and u==5"0d,,.

If Q is convex, any point xg or closed curve vy in OS2 can be chosen and ue. may be
such that it is not uniformly bounded in Q NU for all open sets U with U N OQ # (.
All sequences have uniformly bounded energies E-(uc).

The second point contrasts the theorem with the situation inside Q2 where K N
Q=spt(p) NQU{xy,...,zn} holds, that is, K and spt(u) agree up to finitely
many points z1,...,zy. These points are atoms of the measure « [6]. This shows
that for example the minimization problem for

Fo=W.+e9(S. — 95)*

does not approximate the formal sharp interface analogue without boundary condi-
tions or with partly free boundary conditions (1.4) if Opeef2 := 0Q\ (I'x UT_) # 0.
A minimizing sequence is given by the superposition of a phase-field making an
optimal transition along a minimal surface spanning a suitable boundary curve
inside Opeef2 and a second phase-field creating an atom of p of the correct
size at a single point = € Opeef2. This can be realized with energy We(us) — 0
as e — 0.

The question under which boundary conditions other than (1.2) the measure p
can be expected to be regular at the boundary for either finite energy sequences or
minimizing sequences remains open.

2. Positive results on boundary regularity

In this chapter, we describe partial regularity results for weakly controlled boundary
values. We always assume that the dimension is n € {2,3}. Denote

a = lim sup Wk (ue).
e—0
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LEMMA 2.1. Assume that u. is continuous on 2 and there is 0 > 1 such that |u.| < 0
on 0N for all € > 0. Then the following holds true.

(1) We have pe({|uc| > 0}) < ((a=(©2))/(4)) €.

(2) For the set Q. = {x € Q| Bao.(x) C Q}, we can show that there exists C
depending only on &,y and 6 such that

C’,
=0y |y

el < €. luely) = ua(2)] < =2

if there is x € Q. such thaty, z € B.(z) andy<1/2ifn=3,y<1ifn=2.

Proof. This proof is an adaptation of the proof of Lemma [7, lemma 3.1] using a
modified argument in the first step of the proof. We observe that for the proof of
Lemma [7, lemma 3.1] to work, we needed that Bs.(x) C Q to employ the elliptic
inequality

|[e]|2,2,8, (0) < C (||tell2,B,(0) + [ATell2,B,(0))

and an estimate of fB%(m)((1)/(5"))VV’(uE)2 dz. The fact that Bs.(z) C Q for the z

we consider is automatic by the choice of Q., the integral estimate can be obtained
through integration by parts as follows. Choose 6’ > 6 such that {|u.| > 60} is a
Caccioppoli set (which is true for almost all 8" > ). As |u.| < 6 < 6" on 99, the set
{ue > 6’} does not touch the boundary 9, so {u. > 0’} C {u. =0’} C Q. Thus

co e ({ue| > 0'}) =/ ! ( Aue — iW’(ua)>2 dzx

{luc|>0} €

2

== / W (us) Opyue dH™ 1
€ Jofluc|>0"}

2 1
—l—/ e (Aue)® + = W (ue) [Vue|* + = W' (u:)? da
{luc|>0"} € €
4 1
> / e (Aue)? + 2 [Vuel? + = W' (ue)? da
{luc|>0"} € €

because W’ (0') > 0 (since ¢ > 6 > 1) and Vu, is inward pointing on 9{u. > 0},
the boundary integral is non-positive. This implies a uniform bound on

1
/ E—nI/V’(uE)2 dz < 2" max{W(0), W (0")} + co ac({us > 6'})
BQE(I)

for n=2,3 and some fixed ¢ >¢. Using that [W'(u)]?= (u?—1)%u®>
4(((u? —=1)%)/(4)) = 4W (u) for u > 1, we also find that

coa=() = code™? p.({ue > 0'})

for all ' > 6, which is preserved in the limit § — 6 by the continuity of measures.
The rest of the argument goes through as before. O
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REMARK 2.2. The same bound holds for example on Q.12 := {z € Q| B.i2(z) C
Q} without boundary values. In that situation, we employ the estimate from [12,
proposition 3.6] to bound

1 / 2
- W' (u.)*de < C.

€% J{Jue|>1}

Another situation with a similar improvement is that of prescribed Neumann

boundary data.

LEMMA 2.3. Assume that @ has a Lipschitz boundary and O,u. =0 almost
everywhere on 0S). Then the following hold true.

(1) There exists C > 0 such that p({|Juc| > 1}) < C£2.
(2) For the set Q. = {x € Q| Bo.(x) C Q}, we can show that there exists C
depending only on & and ~y such that

c
lucllocg, <O fue(y) —ue(2)l < 1y — 2

if there is © € Q. such that y,z € B.(x). Here y<1/2 if n=3, y<1 if
n = 2.

If 002 € C? and O,u. = 0 almost everywhere on 99, then the second statement
can be sharpened as follows:

(2) For all x € Q there exists a constant C' depending only on &,y and 9§ such
that

C _
us(@) <O, fue(y) —ue(2)l < o=yl ¥y 2 € Be(x) N
The dependence of C on OS2 vanishes in the limit € — 0.

In particular, for regular boundaries, the Neumann condition implies the
boundedness of solutions (in particular also on the boundary).

Proof. Since Q is a Lipschitz domain, W?22(Q) embeds into C%*/2(Q) in dimensions
n=2,3 and W'(u.) is a bounded function on 9 for fixed € > 0. As before, we
obtain

ac({lue| > 0'}) = /{ : (6 Aug — iW’(us))2 dz

lue|>0"} €

2

=-= / W (ue) dyue dH™ 1
€ Jono{|u.|>0"}

2

- = / W (ue) Opue dH™
€ Jo{|uc|>0'INQ

2 1
+ / e (Auo)? + S W (ue) |Vue|* + = W (ue)? dx
{lue|>0"} € €
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4 1
> / e (Au)? 4 = |Vue|® + - W (u.)? dz
{lue|>0"} € €

for any 6’ > 1 such that {|u.| > 0’} is a Caccioppoli set. Here the boundary integral
can be split into two parts, one of which has a sign, while the other one vanishes
due to the Neumann condition. This implies the boundedness on €2, and the bound
on the mass measures ue({|uz| > 0'}) as before. We can take ' — 1 to prove the
first part of the lemma.

Now assume that 92 € C? and pick o € 9. The rest of the argument is a fairly
standard ‘straightening the boundary’ argument with the feature that the boundary
becomes flatter as ¢ — 0. Without loss of generality, we assume that z = 0. We may
now blow up to

e = Bo(0) N (Q/e) = R, e(y) = ue(ey).
We pick a C?-diffeomorphism ¢, : Bo(0) — Ba(0) such that
(1) ¢=(2/en B2(0)) = By (0),
(2) ¢ — idp,(0) in C*(Bz(0), B2(0)) as the domain becomes increasingly flat,

(3) under ¢., the normal to 92/e gets mapped to e, on the boundary, that is,
the orthogonality condition is preserved.

With this, we obtain a function
We : B;_(O) — R, ws(y) = ﬁ5(¢;1(y))

in flattened coordinates. Since ¢, is C?-smooth and . is W22-smooth, also . is
W?22-smooth on its domain and it is easy to calculate

Oitie = 0; (. o @)
= 0i(02); ((9jwe) © ¢2)
0ij e = 0ij(¢e )k ((Orwe) 0 @) + 0i(Pe )i 05(Pe)1 ((Opte) © de) -
In shorter notation, this means that
Vii. = D¢ - Vi, At = a¥ 9;;i0. + (A, Vi)
with
aZ = (0;¢c,0;0:).

The coefficients are C'-differentiable — so the associated operator A. can be
equivalently written in divergence form — and C'-close to &;;. We observe that

(Atie = W (i1e)) (6 (y)) = (9 (a 9j1be) — (9: a2 )0je
+<A¢E7 V?ZJ5> - W/(QIJE)) (y)

We extend 0. by even reflection to the whole ball By(0), which preserves the W?22-
smoothness since we preserved the property that 0,4, = 0 on the boundary when
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straightening the boundary. We observe that
9; (a¥ 9;1.) — (div A. — A¢., Vi) =: f. € L*(B(0))

since

/ W (i5.)? dy = 2 / W (i5.)2 () dy
B3 (0)

B3 (0)

—o / W (i.((2))) det(Dé:")(2) dz
Q/eNB2(0)

1

< 2(1+c5)/ —W'(a.)dz

Bac(x) e
<C

as already in lemma 2.1. The constants ¢, vanish as ¢ — 0 and ¢ — id. The coef-
ficients a;; are uniformly elliptic and approach d;; uniformly as ¢ — 0, so we can
obtain an elliptic estimate on |[Vi@.|[12(5,,,). Since the gradient term appears in

an unusual way, we present the details. Let 1 be a radial, smooth cut-off function
such that

0<n<1, n=1lonBsgy n=0o0nR"\DB,.
Then we find that

3 [ NmaoP < [ avon. o 0. da
B2 BQ

= /B nal 9. 0;(nie) + we al 8;m 0; (mibz) da
= [ w0 oy, — i .04a 95i5) + . 0y Ou(y.) da
= /B e a¥0;m 0j(n.) + w2 a 9imdm
— n?e [fe + (div Ae — Ag., Vi )] + 10, aéjajn 9;(nw.) dx
= /B W2 al 0;m O — NP fo + nie(div Ae — Ade, V(nie))
+ nw?(div A. — A, V) dz

using that a¥ is uniformly elliptic with constant close to 1 and a fortunate
cancellation. Young’s inequality tells us that

3 5 - 1, .
1 V@ e < Ao IVl il + il s
2

1 : i
+ 5 fellZe + [l div Ac — Age|[Fo ([0 |72

1 . . -
+ 1 ||V(77w5)||%2 + || div Ae — Age||ze= [|Vn]|L= ||w6||i2
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thus in total that

1 N 1 5 .
3 [ Vel < [ V@R < o Bam, + IR,
33/2 Bs

with a constant C' uniform in € since |[div Ac — A¢c||f~(p,) — 0 as € — 0. This
gives us a uniform W'2-bound for all sufficiently small e, where the necessary
smallness depends only on W, (u.) and 992. In a second step, this gives us a uniform
bound on [[we|[w2.2(B, (0)), which gives us a uniform bound on ||t |[w22(B,,,0)n0/e)
after transforming back. The rest follows by Sobolev embeddings as in [7, lemma
3.1]. O

REMARK 2.4. The case that {2 has finite perimeter and 0, u. = 0 almost everywhere
on the reduced boundary is a generalization of the situation in which 092 € C? and
the level sets of u. meet 0 at a 90° angle. Such conditions arise naturally when
we search for surfaces of minimal perimeter bounding a prescribed volume and may
be useful also for models containing Willmore’s energy [1].

We give an improvement of the L°°-bound up to the boundary which implies
LP-convergence for all finite p.

LEMMA 2.5. Assume that there is 6 = 1 such that |u:| <0 on OQ for all € > 0.
Then the following hold true.

(1) If n=2, 00 € C*! and 0 > 1, then for every 3 < 1 there exists a constant
C depending only on &,0,% and (3 such that sup,cq, [uc(x)| < 0+ CeP for all
e > 0.
If 6 = 1, then for every 8 < 1/2 there exists a constant C depending only on
@, Q and B such that sup,cq |uc(z)| < 1+ Ce? for all e > 0.

(2) If n =3 and 9Q € OV, then for every p < oo there exists C' depending only
on [i, &, 0,p and Q such that ||uc||p o < C. Furthermore, for every o > 0 there
exists C' depending only on &, 0,8 and o such that ||ue]|co0 < Ce™7.

We conjecture that also in three dimensions, uniformly bounded boundary values
lead to uniform interior bounds.

Proof. The proof is a modified version of that of [12, proposition 3.6]. We follow
that proof closely, but use a different maximum principle.

Let 0" > 0 > 1 such that {|u.| > 0’} has finite perimeter and define w, = (u. —
0');. Then w. € W *(Q) and from the same integration by parts as before, we
obtain that

e 5.0, < / N W (1) + [V 2 < an(Q) .
u: >0’
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The function satisfies

/ we (—A@) da = / (u. — 0" (—A¢) dx
Q {u.>0"}
=— / (ue — 0')0,pdH" 1 + / (Vé, Vu.) dx
OH{u>0"} {ues>0"}
_ / ¢ Opue — (ue — 0') D, $dH" 1 + / & (—Auy) dz
H{uc>0"} {u.>0"}

< / ¢ (—Au.) dz
{ues>0"}

for ¢ > 0. Again, this holds true because 9{u. > 0’} C {u. = ¢’}. Denoting h. =
—eAu + ((1)/(2)) W' (ue), we get

/ ¢ (—Au.)dz = / (—Aue + %W/(Ue) - i? W/(ue)) ¢dx
{ue>0'} {ue>0'} € €

</ 1<h—W(9>> pds,
{u->0} € n

so —Aw, < ((1)/(€)) Xqu.>o1 (he — ((1)/(€)) W'(0"))+ in the distributional sense.
When we consider the solution 1. € W,"*(€) of the problem

1 1
A=t (h ! W’<9'>> N
E £ +

the weak maximum principle [8, theorem 8.1] applied to w. — 1. implies that
U <0+ w. <0+ .. (2.1)

We proceed to estimate

1 q
1avdtio = [ (n-twie) as
{uc>0"} € +
1-q/2 a/2
/ 1dx (/ h? da:)
{uc>0"} Q
1—q/2
3 1 1 q/2
/E - / — W (u.)? dz (5/ - h? dx)
0 {u>0"} 9 O €

w(e')?
(01~ 2 .—q+3(1—q/2)+q/2
W(al))q 2 3 2q

<e? <
<e ! <
< caq (W
= Caq
for 1< q<2. Thus [|[Av||g.0 < Caq (W/(0)72/13/972 and by the elliptic
estimate [8, lemma 9.17], we have

[¥e]l2,0.0 < cQaq(W’(gf))1—2/q€3/q—2.

https://doi.org/10.1017/prm.2018.100 Published online by Cambridge University Press


https://doi.org/10.1017/prm.2018.100

On the boundary regularity of phase-fields 1027

Let us insert this estimate into (2.1). If n =3, we take ¢ =3/2 and use that
W23/2(Q) embeds into LP(f2) for all finite p. Thus (taking some ' > 1 if 6 = 1),
we see that ue < 6 + 1. where 1. is uniformly bounded in L”(2). We may use the
same argument on the negative part of u., so in total u. is uniformly bounded in
Lr(Q) for all 1 < p < oo by domination through .. Taking ¢ =3/(2 —0) > 3/2
proves the L*°-estimate by the same comparison.

If n = 2, we have a Sobolev embedding W?24(Q)) — L>(Q) for all ¢ > 1. Assuming
that # > 1 and 3 < 1, we take #/ — 6 to obtain

ue <O+ w. <O+ 1h. <O+ Coaq (W(0) 7213172,

For ¢ = 3/(2 + f3), this gives u. < 1+ CeP. Here g € (1,2) is admissible since 3 €
(0,1). If = 1, we may take 0 < 3 < 1/2,¢ = (3 —28)/2 € (1,2) and 1 + &’ < ¢’ <
1 + 2¢P to obtain

lus) < 14 Cﬂ’a7q5ﬂ(1—2/(1)+(3/’1—2) =1+ Ca.a4c”
with the approximation W’(0') = O(¢?). O
COROLLARY 2.6. If uc — u in L*(Q) and either
(1) ue. € C°(Q) and there exists 6 > 1 such that |u.| < 60 on 9Q for all e > 0 or
(2) 90 € C? and D u. =0 a.e. on IR,
then us — u in LP() for all 1 < p < oo.

Proof. The sequence u. converges to u in L'(Q) and is bounded in L7(£2) for all
q < oo (or even L>()). Holder’s inequality implies LP-convergence. O

REMARK 2.7. If n =2, 3 < 1/2 and |u.| < 1+ &” on 99, then the proof still shows
that

sup [ue| <1+ CeP
Q
for this particular 5. The case 8 = 1/2 is still open at the boundary.

For a counterexample to uniform boundedness on 2 without boundary conditions,
see example 3.1. Even with boundary values satisfying |u.| < 1 on 9 € C?, we shall
construct a sequence u. for which uniform Hélder continuity fails at the boundary
in example 3.3.

Proof of theorem 1.1. A slightly stronger version of the first statement of theorem
1.1 is proved in lemma 2.5, the second point can be found in lemma 2.3. The third
statement is an immediate consequence and noted in corollary 2.6. O

3. Counterexamples to boundary regularity

The idea here is simple: namely, the energy W. can be seen to control the W?22-
norm of blow ups of phase-fields onto e-scale since those are asymptotic to bounded

https://doi.org/10.1017/prm.2018.100 Published online by Cambridge University Press


https://doi.org/10.1017/prm.2018.100

1028 P. W. Dondl and S. Wojtowytsch

entire solutions of the stationary Allen-Cahn equation —Aa + W' (@) = 0 at (almost
all) points away from the boundary. At the boundary on the contrary, the asymp-
totic behaviour corresponds to solutions of the same equation on half-space, whose
behaviour is essentially governed by their boundary values. To make this precise,
take h € C>°(R") and H := {z,, > 0}. The energy

F W2 (H) > RU {oo), f(u):/ %|Vu|2+W(u)dx
H

loc

has a minimizer @ in the affine space (1+ k) + W, (H) by the direct method of
the calculus of variations. Namely, take a sequence uy € (14 h) + Wy >(H) such
that limg_,o0 F(ug) = inf F(u) < F(h+ 1) < co. By density, we may assume that
ur € (1+h)+ C?(H). Then

|Vur||r2(ay < C,  and since (ug — D2(x) < (up — 1) (up + 1)2(x) = 4 W (ug(x))
at all points « € H such that ug(x) > 0, we see that the positive part of wuyg

is uniformly bounded in (1 + h) + Wy'?(H). Furthermore, when we consider the
function

F:R—R, F() =0, F'(u) = +/2W(u) >0

and use that F(ux) = 0 outside a compact set, we deduce that

/ | (ug,) |/ (=D) dg < c/ |D(Fouk)|dm:C/ V2 W (ug)| |[Vuy| do
H H H
€ 5 1
<C — |Vuk| + - W(uk) dx.
2 €

The constant is the same as in the Sobolev inequality on R"™ since the extension of
uy, € C?(H) to R™ by even reflection is W12-smooth. This shows that the sets where
the functions uy are negative have uniformly bounded measures. In combination
with the fact that fH W (uy) dz < oo, this implies a uniform bound on the L?-norm

of the negative part of uy and finally on uy —1 — h in WOI’Q(H). Thus the sequence

ug — 1 is bounded in W2(H) and there exists @ such that uy —1 =@ — 1 (up to
a subsequence). Since the affine space is convex and strongly closed, it is weakly =
weakly* closed and @ € 1+ h + W, >(H). For any R > 0, we can use the compact
embedding W12(B}) — L*(B},) to deduce that

1 1
/ —|Val* + W(a)dr < liminf/ — |Vug|? + W (u) da
BT 2 k—oo Jpt 2
R R
k—o0

1
< lim inf 3 |Vaug|? + W (ug) da.
H

Letting R — oo shows that « is, in fact, a minimizer of F. If h > 0, then
L+ (@—1)4 € L+h+WyP(H),  F(l+(a-1);)<F(a)

with strict inequality unless @ =14 (4 — 1);. Since we assume @ to be a min-
imizer, we find that @ > 1 almost everywhere. The same argument shows that
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@ < 1+ ||h]|oo almost everywhere. Calculating the Euler-Lagrange equation of F,
we see that u is a weak solution of

—Adi+W'(i) =0
On the convex set
Cp={uecW"3(H)|u=1+honoH,u>1}

the operator
A: Cp — W E(H),  A(u) = —Au+ W (u)

is well-defined (since n < 3 and W’ has cubical growth) and strongly monotone, so
the equation Au = 0 has a unique solution @ € C}, which coincides with the mini-
mizer @ of Fin 1+ h + WO1 ’2(H )). A bootstrapping argument via elliptic regularity
theory shows that @ € C7,(H). Since the trace operator tr: Wh2(H) — L?(0H) is
continuous [4, lemma 9.9], we have that

1PlEon = lla—130n < |la=1][5n/2 < F(@) < F(L+h).

In this way, we can fully control the mass density ji = 1/2 |Va|? + W (@) created by
4 in terms of its boundary values. For later purposes, we have to obtain suitable
decay estimates for the functions @ depending on h. In the first step, we show that
the limit lim,| . %(z) = 1 exists. Assume the contrary. Then there exist § > 1 and
a sequence xj € H such that

|xg] — oo, u(zxy) = 0.

Taking a suitable subsequence, we may assume that the balls B;(xy) are disjoint
and |zg| > R+ 2 is so large that h is supported in Br(0). If Ba(zx) C H, we may
proceed as in lemma 2.5 to deduce uniform Hélder continuity on the balls By (zy)
from the L>°-bound to @ and the fact that @ solves A = W’ (u). This means that
there exists r > 0 such that @ > (1 + 0)/2 on B,.(xy). Otherwise, the same argument
still goes through after extending @ by a standard reflection principle and the fact
that the boundary values are constant on OH N Ba(xy). The geometry of H gives
us L"(Br(zr) N H) > w, r™/2. So we deduce that

Z/ ((146)/2)d iw (1+8)/2)w, /2 = o0
zk) k=0

in contradiction to the definition of 4. Now we can estimate the decay of « in a
more precise fashion. Since h € C.(0H), there is Cj > 0 such that h < Cj e~ 1%l
on OH. To simplify the following calculations, we assume that Cj = 1. Then we
claim that 1 < u < 1+ e~ 1%l for all 2 € R™. Assume the contrary and observe that
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Y(z) = 1+ e 17l satisfies

Ay(z) = < ”) —lal W' (Y(z)) = (2+3e*'$'+e*2lﬁl) eI,

Ed
so, in particular, Ay(z) < W/ (¢(x)) for all x € R™. Since & =h < on OH by
assumption and lim;| o @(z) = 1, there must be a point zp € H such that
(¥ —u)(xp) = ml}n(w —u) <0,
but then
A — u)(zo) < W (¥(20)) — W' (u(20)) <0

S0 ¥ — u cannot be minimal at zy. This proves the claim. It follows that

oo
/ W(a)de < 2 / e 2" ldr = P,(R)e 28
H\B} R
where P, is a polynomial of degree n depending on the dimension. To estimate the
second part of the energy functional, we use the gradient bound

1
[Vu(z)] < ny/nsup|ul + = sup |Au|
Q 2 q

from [8, section 3.4] where @ is a cube of side length d =1 with a corner at z.

Applied to our problem, for x € 83; we can find a cube Q satisfying Q N B_E = {z}
such that

1
|Via(z)| = |V(a—1)|(x) <ny/nsupla— 1]+ 5 sup W' (@) < (nv/n+5/2)e” 17,
oQ Q
Thus, we also have

/ 1|va|2dx < (n\/ﬁ+5/2)2 P,(R)e ?F
H\B+ 2
R

Finally, we remark that the same type of estimate obviously holds for Aa = W'(a) €
L?(H). Having given the general construction for suitable functions of zero W
curvature energy, we are finally ready to apply these results to obtain counterex-
amples. For simplicity, we construct the counterexamples first on the half-space H
and transfer them to bounded €2 later on.

EXAMPLE 3.1 (Counterexample to Boundedness). Fix h € C°(R™) such that 0 <
h<el*l. h#0 and set hy = 6h. Every function of this type induces a min-
imizer @p. We may take a sequence . — oo such that e"71/02 — 0 and set
ue(z) = g, (/). Clearly, ue becomes unbounded as € — 0, but

(1) We(u.) =0 and
(2) Sc(ue) =e" "1 F(ug,) < Ce™ L F(hg,) — 0.
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So the sequence u. induces limiting measures © = a = 0, but fails to be uniformly
bounded.

The next example is a technically more demanding version of this one where the
energy scaling is chosen so that we create an atom of size S > 0 at the origin.

ExAMPLE 3.2 (Counterexample to Boundary Regularity of p1). Take hg, tig as above.
Then the map

f:]0,00) = R, f(0) = Flig) = inf{F(u) |u €1+ hg + W, ?(H)}
is continuous. To see this, take pairs 61, 65 and the corresponding minimizers 1,
1y and observe that

G19=— |1 —1]4+1 € 1+ hg, + Wy *(H).

Since
W14 au) = (1 + au)? —1)?/4 = 20u + o*u?)?/4 < max{a?, o*}W (1 + u)

we have

£(62) = Fliis) < Fliinz) < max { (Z) 7 (2)} Fan)

) ()}

Reversing the roles of 6, and 6> shows that f is continuous. Now let S > 0. Due to
the continuity of f in € and the trace inequality

OR300 = [holl3 o < F (o)

we can pick a sequence 6. — oo at most polynomially in 1/e such that F(ug,) =
Sel=m. As before, set u.(x) = 1g, (z/c) and observe that W (u.) =0, S.(u.) = S.
It remains to show that p = S dg, i.e. that the limiting measure is concentrated in
one point. The functions 4y actually, tend to shift more of their mass towards the
origin as 6 — oo since the steepness (and overall height) is best concentrated on a
ball of small radius for a low energy.

The same application of the maximum principle as before shows that
g < Wp =1+ 0(a; — 1) since

Ay — tig) = 0 Aty — Atig = O W' (iy) — W' (tig) < W' (1ig) — W' (i)
is monotone in wy, Uy and the boundary values satisfy iy = wy on OH and

lim ;|00 Ug = lim|;|_ o we = 1. Like above, we now obtain that

1
/ — |V | + W (i) dz < max{#?, 6%} P,(R) e 2%,
H\B}, 2

Thus we can choose a sequence R. — oo such that 62 P,(R.)e 2% — 0 and
€ R. — 0 since 6. grows only polynomially in 1/¢ and the exponential term
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dominates (take e.g. R. = e~ '/2). Thus for all R > 0

e(Br(0) = 1" / Viig. P + W (ap,)da > €17 / Vg, |
B+ B+

R/e Re

+ W(’l]ga) de — S

and hence p(Br(0)) > S. Taking R — 0 shows that u({0}) = u(H) =S, i.e. p =
S do.

Functions as described above can appear as minimizers of functionals like W. +
71 (S. — 9)% which are used to search for minimizers of Willmore’s energy with
prescribed surface area — even as functions with energy zero. The same is true for
functionals including the topological penalization term discussed below.

By construction, the previous example shows that the inclusion spt(u) C
lim. o uZ ' (I) need not be true for any I € (—1,1) since u. > 1 and thus K = 0.
We use a similar construction to demonstrate that the reverse inclusion need not
hold, either.

EXAMPLE 3.3 (Counterexample to Hausdorff Convergence). Using the same argu-
ments as above, if 0 <h <2, we can find a solution @€ (1 —h)+ Wy (H)N
C.(H) of

loc
—Au+W'(a)=0 in H, u=1—h ondH

satisfying —1 < @ < 1, lim|y oo @(x) = 1 and F(a) < F(1 + h) < co. Decay esti-
mates are harder to obtain here since W’ is not monotone inside [—1, 1], but we
will not need them, either. If we take h such that h(0) =2, h € C°(By), we can use
continuity up to the boundary to deduce that @~1(p) N B # 0 for all p € (—1,1).
So when we set u.(z) = @(x/e), we see that

(1) pe(H) =e"~t i(H) = "1 F(i) — 0
(2) We.(u.) =0 and
(3) 0 € lime_ouz*(I) in the Hausdorff sense for all § # I € (—1,1).

ExaMPLE 3.4 (Counterexample to Uniform Holder Continuity). If we take h like
in the previous example and replace it by h“(z) = h(wz) we observe that the
associated minimizers satisfy

F(a?) < F(h*) < F(h)

for all w > 1 since the gradient term stays invariant in two dimensions and decreases
in three, while the integral of the double-well potential decreases in both cases for
any fixed h. Thus, if we take any sequence w. — oo and define u.(x) = u¥=(z/e),
we get the same results as before. As the function becomes steeper and steeper on
the boundary faster than e, uniform Hélder continuity up to the boundary cannot
hold, even for uniformly bounded boundary values.
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EXAMPLE 3.5 (Counterexample to Boundary Regularity of p with —1 < u. < 1).
We can refine the examples to show that growth of u. on 0€2 is not the only reason
that p might develop atoms on 99, but that this is, in fact, possible with |us| < 1.
This happens when we prescribe highly oscillating boundary values on 0H. Let
h € C°(0H), then for any u € H'(H) with u|py = h we have

h(z) — h(y)”
Vul?dz > [h]%4 . Cn—/ |
/ [Vl (7] (0H) 1 OH X0 |z — y[n+!

dx dy.
for a constant ¢,,—1 > 0 depending on the dimension n — 1 € {1,2} [11, proposition
3.8]. For any S’ > 0 and § > 0 we can construct h € C°°(H) such that

(1) 0<h <3,
(2) supp(h) C B1(0) and
(3) (M. =5

H1/2

as the convolution of the characteristic function x = xp, /2(0) with a standard mol-
lifier n, for sufficiently small » > 0. The function h = § - x * 7, is C*°-smooth and
lies between 0 and § by standard results, but since the singular limit ¢ - y as r — 0
does not lie in H'/?(R™~') [13], the norm has to become as large as 7 — 0. As the
energy depends continuously on the parameter r, the problem can be solved for any
S’ > 0, potentially choosing § smaller if S’ is small. Now we construct a solution of
the stationary Allen-Cahn equation with the boundary values 1 — h as before, but
for a modified potential

An energy minimizer will never dip below 1 —2§ then, and consequently never
below 1 — § by the maximum principle if 0 is chosen so small that W’ is monotone
on [1 —2§,00). The rest of the proof goes through as before considering u.(z) =
up, (x/€) where h. is chosen for § = ¢ and S’ = S - e'=". The energy contribution
of the double-well potential thus becomes negligible and p approaches S - §y as it
would for the pure Dirichlet energy [13, remark 3.9]. We will not give the details.

The boundary values need to be constructed with slightly more care since we
cannot just have vertical growth and the H'/2-norm behaves badly under spa-
cial scaling. This is compensated in the boundary construction by having a larger
number of faster oscillations. When we have constructed h with a large enough
half-norm, we can always reduce it by scaling with a constant < 1.

For the sake of simplicity, we chose to construct the examples on half-space due
to its scaling invariance. Let us sketch how they can be transferred to C2?-domains.
If Q € R™ and 00 € C? there exists zg € 99 such that |zg| = max,coq |z|. At xo,
both principal curvatures of 02 are strictly positive, so in a ball around zg, up to
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a rigid motion, we may write

QN B, (w9) = {z € B,(w0) | zn > (%)}

where # = (x!,...,2"7!) and ¢ is a strictly convex C?-function satisfying ¢(0) = 0,

V¢(0) =0 and Q2 C H. If Q is convex in the first place, this is possible at every
point xg € 9.

Thus, the function u.(x) = u(x/e) is well-defined on  for any of the functions
4 constructed above. If € is chosen small enough, the difference between H and
/e becomes negligible for any given 4 and we can still construct counterexamples
to boundedness, local Holder-continuity, the relationship between spt(u) and the
Hausdorff limit of the level sets and to the regularity of p this way.

EXAMPLE 3.6 (Singularity along a curve). Let € be a convex C?-domain and v C
99 a smooth curve in 9. For ¢ > 0, choose n. ~ ¢~/ points 2 on 7y such that
|Zic — 2l =Ve Vi#j and max min |z — ;.| < Ve

zey 1<i<n,
Take a function h € C°(R"!) such that 0 < h < § such that W’ is mono-

tone increasing on [1 — d,1] and note that u constructed as before approaches 1
exponentially fast by the same argument as in example 3.2 and like before

1
/ ~|Vul|?dz < e B P(R)
H\B}; 2

where P is a polynomial. Now we define u; . (z) = u(O;(x — x;)) where O; is any
rotation mapping the tangent space T, .0 to {z,, = 0} and the inner normal to
002 at x; . to e,. Since € is convex, the functions are well-defined. Finally, we set

us(x) = i Uj.e(2)

and observe that due to the exponential decay of u away from the origin, the decay
of the gradient integral away from the origin in combination with Hélder’s inequality
and the minimal distance of /¢ between distinct points x; . and Zj.e, we have

Selue) < ne e Sy(u) .+ [P + O] e 1VE 0
On the contrary, the increasing density of points z; . on the curve shows that
;LH%{I -0 < Ue < 1-— 6/2} - ;LH%{ILE,. .. 5zn5,6} =7

in the sense of Hausdorff convergence. The same construction can be applied to
obtain any closed set K C 02 as a Hausdorff limit and with a slight modification
to obtain a limiting measure p which is supported by a smooth curve. The only
difference is the different scaling of n., which may force a larger distance of £'/4
between points in the first modification. In the second extension, the precise scaling
of n. must be taken into account.
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Finally, we collect the examples in the main result.

Proof of theorem 1.2. The first statement is demonstrated in example 3.1. The sec-
ond part is discussed in examples 3.3 and 3.6. The statement that the Hausdorff
limit of certain level sets can contain an open subset of 9 is not demonstrated,
but follows as sketched at the end of example 3.6. Two different examples for the
third claim are given in examples 3.2 and 3.5. O

We restricted our analysis to convex boundary points since then u. = @y (z/¢) is
well-defined for all small € > 0, whereas at other points, half-space does not provide
enough information to fill an entire neighbourhood of xy. We believe that the same
pathologies can arise at general boundary points.
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