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Abstract

Spatial random graphs capture several important properties of real-world networks. We
prove quenched results for the continuous-space version of scale-free percolation intro-
duced in [14]. This is an undirected inhomogeneous random graph whose vertices are
given by a Poisson point process in R?. Each vertex is equipped with a random weight,
and the probability that two vertices are connected by an edge depends on their weights
and on their distance. Under suitable conditions on the parameters of the model, we
show that, for almost all realizations of the point process, the degree distributions of all
the nodes of the graph follow a power law with the same tail at infinity. We also show
that the averaged clustering coefficient of the graph is self-averaging. In particular, it is
almost surely equal to the annealed clustering coefficient of one point, which is a strictly
positive quantity.
keywords: Random graph; scale-free percolation; degree distribution; clustering coeffi-
cient; small world; Poisson point process; self-averaging
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1. Introduction

Random graphs are a powerful tool for modeling real-world large networks such as the
internet [1], telecommunication networks [21], social networks [33], neural networks [28],
transportation networks [25], financial systems [10], and many more (see e.g. [32] and [39] for
overviews). The idea is to overcome the intractability of a given network, for example because
of its size, by mimicking its most interesting features with a probabilistic model. In particular,
three main characteristics have been highlighted in the recent literature that are often observed
in real life (see e.g. [8], [22], and [23]).

e Scale-free property. A graph is said to exhibit the scale-free property if the degree (i.e.
the number of neighbors) of its vertices follows a power law. This results in the presence
of hubs, i.e. nodes with a very high degree.
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o Small-world property. When sampling two vertices at random, their graph distance (the
minimum number of edges to cross to go from one vertex to the other) is typically of
logarithmic order on the total number of nodes. If the nodes of the graph are embedded in
ametric space, for example in R?, this translates into saying that two nodes at Euclidean
distance D are with high probability at graph distance O(log D).

e High clustering coefficient. When two vertices share a common neighbor, there is a
‘high’ probability that they are linked, too.

These properties are of great importance when studying, for example, the spread of informa-
tion or infections (see e.g. [35], [31], [11], and [36]) or other related random processes on the
network (such as first passage percolation [27], the Ising model [3], or random walks [22]).
Unfortunately, classical models of random graphs do not exhibit these three properties at once.
Just to give a few examples, the Erd6s—Rényi model has only the small-world property, the
Chung—Lu [9], Norros—Reittu [34], and preferential attachment [2] models are scale-free and
small-world, but all have vanishing clustering coefficient as the number of nodes tends to infin-
ity. As arule of thumb, one can think that regular, nearest-neighbor lattices have high clustering
but long distances, while classic random graphs have low clustering and small distances. The
Watts—Strogatz network [40] was one of the first attempts to ‘artificially’ build a random graph
that boasts high clustering and the small-world property, but it lacks the scale-free property.

Spatial random graphs, i.e. graphs whose vertices are embedded in some metric space, offer
a possible solution to the shortcomings of classical models. While in the physics literature they
have been quite extensively studied (see [4] for a broad review of the topic), very few models
have been analyzed in a fully rigorous mathematical fashion. Among those which exhibit or
are conjectured to exhibit the three properties mentioned above, we mention the hyperbolic
random graph [20], the spatial preferential attachment model [23], the geometric inhomoge-
neous random graph [7], the age-dependent random connection model [19], and scale-free
percolation.

Scale-free percolation was introduced by Deijfen, van der Hofstad, and Hooghiemstra [13],
and can be considered a combination of long-range percolation (see e.g. [5] and [6]) and inho-
mogeneous random graphs such as the Norros—Reittu model. The vertices of the graph lie on
the Z lattice and random weights {W,} ez are assigned independently to each of them. The
distribution of the weights follows a power law: we have P(W > w) =w~"~DL(w) for some
7 > 1 and an L function slowly varying at infinity. Finally, any two vertices x, y € Z¢ are linked
by an unoriented edge with probability

Pry=1- e M WaeWy/l=yl*
where A, o > 0 are two parameters of the model and || - || is the Euclidean distance. Deprez,
Hazra, and Wiithrich [15] argued that scale-free percolation is a suitable model, for exam-
ple, for the interbank network presented in [37]. Deprez and Wiithrich [14] introduced the
continuous-space counterpart of scale-free percolation, where the vertices of the graph are
sampled according to a homogeneous Poisson point process of intensity v > 0 in R¢. On the
one hand, this additional source of randomness makes the model more flexible and possibly
more suitable for applications to real-world networks. On the other hand, technical difficulties
emerge, especially when dealing with fixed configurations of the point process. The probabil-
ity of linking two vertices is the same as in [13], but Deprez and Wiithrich prefer to restrict
to a Pareto distribution for the weight distribution: P(W > w) =w~ "D for w> 1 (note that
in the present paper we have chosen to stick to the notation of [13]). We point out that the
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results appearing in [14] are annealed, that is, obtained after integration against the underlying
Poisson point process.

Both the original scale-free percolation model of [13] and the continuum scale-free percola-
tion of [14] share the following features. If « <d or y := (7t — 1)/d < 1, then the nodes of the
graph have almost surely infinite degree. If instead min{c, (v — 1)a} > d, then the degree of the
vertices follows a power law of index y (hence the graph has the scale-free property). Now let
Ac be the percolation threshold of the graph, that is, the value such that for A < A, all the con-
nected components of the graph are finite and for A > X, there exists almost surely a (unique)
infinite connected component. Assume min{e, (7 — 1)} > d. Then, again for both models, the
following holds: ford > 2, if y € (1, 2) then A, =0, while if y > 2 then A, € (0, 00); ford =1,
if ye(l,2)then A, =0, if y >2 and o € (1, 2] then A, € (0, 00), and if min{c, (t — )} > 2
then 1. = 0o. Once the percolation properties have been established, one can talk about graph
distances (for the discrete-space model the results on percolation and distances of [13] have
been complemented in [15]). The graph distance between two nodes x and y belonging to the
same connected component of the graph is the minimum number of edges that one has to cross
to go from x to y. Assume again min{c, (t — 1)a} > d. Again for both models, when the ver-
tex degrees have infinite variance (corresponding to y € (1, 2)), the graph distance between
two points belonging to the infinite component of the graph grows like the log log of their
Euclidean distance (in this case the graph is said to exhibit the ultra-small-world property).
When the vertex degrees have finite variance (y > 2) and A > A., two cases are possible: if
o € (d, 2d), then the graph distance of two points at Euclidean distance D grows roughly as
(log D)® for some constant A > 0 still not precisely known (small-world property); if a > 2d
the graph distance is bounded from below by a constant times the Euclidean distance. We point
out that the regime where the degrees have infinite variance (y € (1, 2) in our case) is usually
the relevant one for applications (see e.g. [1] and [24]).

1.1. Our contribution

In the present paper we aim to prove quenched results for scale-free percolation in con-
tinuous space, that is, statements that hold for almost every realization 1 of the underlying
Poisson point process. This is one of the main differences from [14]: taking the annealed mea-
sure therein allows the authors to calculate relevant quantities explicitly. Unfortunately, in most
cases, annealed properties give little information about a given configuration 7. Say, for exam-
ple, that the degree distribution has an exponentially decaying tail for half of the realizations
of the Poisson point process, and a heavy tail for the other half. The annealed result would
still state that the degree distribution is heavy-tailed, yet half of the simulations would behave
otherwise! Besides their mathematical interest, quenched results are therefore also important
because they guarantee that a simulation of the graph will always exhibit a given feature.
Another difference from [14] is that we assume more general distributions for the weights, not
restricting to Pareto.

We start by analyzing the tail of the degree distribution. The regime of parameters that
ensures infinite degree for all the vertices slightly improves those of [13] and [14]; see Theorem
2.1 and Remark 2.2. More interesting is the case of finite degrees. In [14], under the condition
of weights that follow a Pareto distribution, it was possible to calculate the whole distribution
of the annealed degree of a vertex just by integrating over the Poisson measure. While there
is clearly no chance that this works for all the vertices of the graph for a fixed configuration
n, we show that the behavior of the tail of the degree of all vertices is the same (hence the
graph is scale-free). More precisely, we show (see Theorem 2.2) that for almost every 7 the
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following holds: for all x € n there exists a slowly varying function £(-) = £(-, 1, x) such that
the probability that D,, the degree of x, is bigger than some s > 0 is equal to £(s)s~ 7, where
y :=a(t — 1)/d. Our proof follows the strategy of [13] rather than that of [14], but a major
difference emerges already when calculating the expectation of the degree of a vertex given the
value w > 0 of its weight. While in [13] it is shown by direct computation that the expectation
is equal up to a constant to Ew?/® for an explicit £ > 0, in our case there is a correction of the
order w¥/(®) that accounts for the fluctuations of the Poisson point process (see Proposition
3.3). We apply concentration inequalities in combination with the so-called Campbell theorem
to achieve this result. With some further effort we prove that the result holds for all the points
of n at once.

We then move to the clustering coefficient of the graph, which was not studied in either [13]
or [14]. For a given graph, the local clustering coefficient CC(x) of a node x is given by A,
the number of triangles with a vertex in x (i.e. triplets of edges of the form (x, y), (3, 2), (2, x)),
divided by D,(D, — 1)/2. This second quantity represents the number of ‘possible’ triangles
with a vertex in x, also called open triangles. The averaged clustering coefficient of a finite
graph is the average of CC(x) over all its vertices (there is also a notion of global clustering
coefficient that we do not analyze here). For an infinite graph like ours, we define the averaged
clustering coefficient as the limit (if it exists) for n — oo of CC,, where CC,, is the average
of the local clustering coefficients of the vertices inside the d-dimensional box of side-length
n centered at the origin. We show that CC,, is self-averaging (a similar property has been
recently proved in [38] for the hyperbolic random graph when the number of nodes goes to
infinity; see also [18]), so that its limit exists and is almost surely equal to the expectation
of the local clustering coefficient of the origin O obtained under the Palm measure associated
with the Poisson point process with a point added at O (see Theorem 2.3). We also show that
this quantity is strictly positive (high clustering coefficient). The proof consists in dividing the
box of size n into mesoscopic boxes of side-length m < n. We then approximate the clustering
coefficient of each m-box by a truncated clustering coefficient that does not take into account
either vertices that are close to the border of the boxes or vertices touched by edges that con-
nect different m-boxes. In so doing, we obtain independent truncated clustering coefficients in
each mesoscopic box and we can use the law of large numbers as n — co. In decorrelating
the clustering coefficient of each m-box, we must control the correlation of the local clustering
coefficient of vertices lying in different m-boxes. To do so, we use a second moment approach
in combination with the Slivhyak—Mecke theorem. It is interesting to note that the positiv-
ity of the clustering coefficient does not depend on the local connectivity properties of the
graph or on v; see Remark 2.4. We believe that the mesoscopic boxes approach might also be
applied to the original scale-free percolation model of [13] to prove positivity of the clustering
coefficient.

Positivity of the clustering coefficient was proved for a related model, the geometric
inhomogeneous random graph (GIRG), in [7]; see [27] for a comparison with scale-free perco-
lation. We briefly stress the differences from our work. First of all, the GIRG is a finite-volume
model, so the clustering coefficient is always well-defined and no limiting procedure is needed.
Secondly, the methods of proof used in [7] (namely, Le Cam’s theorem and an Azuma-type
inequality with error event) do not apply in our setting, since the problem of dealing with an
infinite number of random variables cannot be overcome. Furthermore, these techniques guar-
antee only results that hold with high probability, and not almost surely. Finally, in addition to
showing that the clustering coefficient is positive, we also show a self-averaging property and
an exact formula for the clustering coefficient.
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We point out that, at least under the hypothesis of Pareto weights, the results on percolation
and graph distances presented in the Introduction have annealed probability equal to 1; see
[14, Theorems 3.2 and 3.6]. Hence they also hold in the quenched sense (see Remark 2.1 for a
comparison between our parameters and those of [14]). It follows that under the right range of
parameters, scale-free percolation in continuous space fulfills, for almost every realization of
the Poisson point process 7, all the three properties presented in the Introduction (scale-free,
small-world, and positive clustering coefficient), almost surely. This suggests that the model is
a good candidate for modeling real spatial networks. We believe, for example, that it encloses
the main features of the cattle trading network in France (see [16]), which was the original
motivation for our work. The nodes of the graph are given by farms, assembling centers and
cattle markets in the country (for a total of about 200 000 holdings), so that the hypothesis of
vertices placed according to a Poisson point process reflects the geographic irregularities in a
more realistic way than Z¢. An undirected edge is placed between two holdings if there has
been at least a transaction between the two during a given time window. It has been observed
that the degree of the nodes on yearly aggregated data follows a power law of index y ~
1.3 which is quite stable over different years (£0.1). Note that this falls into the interesting
regime of infinite variance of the degrees. Likewise, the network exhibits a high clustering
coefficient and a small diameter (about 15, which is close to the logarithm of the total number
of nodes). Comprehension of the topology of this network might be of paramount importance
when studying the possible outbreak of an infection in the cattle population.

1.2. Structure of the paper

We will introduce the model and some notation in Section 2.1. We will present the main
results on the degree distribution (Theorem 2.1 and Theorem 2.2) and on the clustering coef-
ficient (Theorem 2.3) in Sections 2.2 and 2.3. We deal with the proof of the infinite-degree
case in Section 3.1 and of the finite-degree case in Section 3.2. Section 4 is dedicated to the
proof of the positivity of the clustering coefficient. In Appendix A we recall the Campbell and
Slivnyak—Mecke theorems.

2. Model and main results

2.1. The model

Scale-free percolation in continuous space is a random variable on the space of all simple
spatial undirected random graphs with vertices in R¢. To construct an instance of the graph
G = (V, E) we proceed in three steps.

e We sample the nodes V of the graph according to a homogeneous Poisson point process
in R of intensity v > 0. We let P denote its law and let E denote the expectation with
respect to P. A configuration of the point process will be denoted by 1 € (R9)N.

e We assign to each vertex x € n a random weight W, > 0. The weights are independent
and identically distributed (i.i.d.) with law P. The distribution function F' associated with
P is regularly varying at infinity with exponent T — 1, that is,

1 —Fw)=P(W >w)=w T"DLw),

where L(-) is a function that is slowly varying at 4-0c0.
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e We finally draw the edges E of the random graph via a percolation process. For every
pair of points x, y € n with weights Wy, W,, the undirected edge (x,y) is present with
probability

1 — e WaWy/la=yl® 1)
where || - || denotes the Euclidean norm in R? and « > 0 is a parameter. When two
vertices x,y are connected by an edge we write x <>y (if they are not connected we
write x #> y). For the event that a vertex x is connected to some other point in a region
A CRY, we write x <> A.

Remark 2.1. In [14] an additional parameter A > 0 appears in the definition of the linking
probabilities: py y =1 — exp{—AW, W, |lx — y||~*}. In this paper we prefer to fix A = 1 without
loss of generality. Indeed, having parameters A = A and v = ¥ in the model presented in [14] is
completely equivalent to choosing v = DA%/® in our case.

For a given realization n of the Poisson point process we will often perform the last two
steps at once under the quenched law P", with E" denoting the associated expectation. This
is the law of the graph once we have fixed n. We write [P for the annealed law of the graph,
i.e. P=P x P", and E for the corresponding expectation. For x € R?, we let P, indicate the
law of the Poisson point process conditioned on having a point in x; analogously, for x, y € RY,
the measure Py, is obtained by conditioning on having one point in x and one in y. We will
not enter into the details of (n-fold) Palm measures, but we point out that in both cases the
conditioning does not influence the rest of the Poisson point process; see e.g. [12, Chapter
13]. Consequently we will let P, = P, x P7 =P x P"I¥} be the law of the graph conditioned
on having a point at x € R? and F, the associated expectation. Analogously we will write
P,y =P, x P1=P x PMUWYD} and E, , for the expectation with respect to Py .

We let 0 denote the origin of RY. We let B, be the d-dimensional box of side-length n > 0
centered at 0. We let V;,, = V(1) be the set of points of 7 that are in B, and let N,, = N, (17) be
their number. Finally, B,(x) denotes the Euclidean ball of radius r > 0 centered at x € RY.

2.2. Results on the degree

For each x € n we let D, :=#{y € n: y <> x} be the degree of a vertex x in the random graph,
i.e. the random variable counting the number of neighbors of x. We start by showing that for
certain values of the parameters the graph is almost surely degenerate, in the sense that all of
its vertices have infinite degree.

Theorem 2.1. Suppose one of the following conditions is satisfied:

(@) a<d,

(b) E[W¥¥] = 0.
Then, for P-almost every n, P"-almost surely all points in n have infinite degree.
Remark 2.2. Note that condition (b) in Theorem 2.1 is implied in particular by

(b") the weight distribution satisfies

1 —Fw)>cw D
for some ¢ > 0and t > 1 such that y :==a(r — 1)/d < 1.

This stronger condition is the one appearing in [13].
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We point out that the proof of Theorem 2.1 follows immediately from the analogous result
of [14] when the weights have a Pareto distribution. We will provide an alternative proof that,
besides covering more general distribution functions F, serves as a warm-up for the kind of
techniques we will use more intensively later on, based on Campbell’s theorem.

We move to the analysis of the regime where the degree of the nodes is almost surely finite.
In this case, we show that for almost all 5 the graph is scale-free and the degree of all points
follows a power law with the same exponent.

Theorem 2.2. Suppose that o > d and y :=a(t — 1)/d > 1. Then, for P-almost every n, we
have that s¥ P1(Dy > s) is slowly varying for each x € n. That is, there exists a slowly varying
Sfunction £(-) = L(-, n, x) such that

P1(Dy > s)=s"VL(s). 2)

Remark 2.3. The slowly varying function in (2) clearly has to depend on x and 1. However, it
is not clear whether all the £ have the same asymptotic behavior. That is, with our proof it is
not possible to say whether, for P-almost every n and n’, and for all x € n and X’ € n’, we have
(s, n,x)/L(s,n', xX)— 1 as s — oo.

2.3. Results on the clustering coefficient

The average clustering coefficient is usually defined for finite graphs as the average of the
local clustering coefficients. More precisely, for a finite undirected graph G =(V, £) and a
node x € 1V, we define the local clustering coefficient at x as

2A,
CCx) = ——,
Dy(Dx— 1)

where A is the number of closed triangles in the graph that have x as one of their vertices (a
closed triangle is a triplet of edges in £ of the type {(y, z), (z, w), (w, ¥)}), with the convention
that CC(x) is O if Dy is equal to O or 1. The quantity D,(D, — 1)/2 can be interpreted as the
number of open triangles in x (an open triangle in a vertex z is a pair of edges of the kind
{(v, 2), (z, w)}, without any requirement for the presence of the third edge that would close the
triangle), so CC(x) takes values in [0,1]. The averaged clustering coefficient of the graph G is

1
CCay(§) =5 > CC).
Vi xeV

Clearly also CC,y(G) takes values in [0,1]. It is not completely obvious what the definition of
averaged clustering coefficient should be for an infinite graph. We say that an infinite spatial
graph G = (V, £) embedded in R? with all vertices having finite degree has averaged clustering
coefficient CC,y(G) if the following limit exists:

Jim g 2 CCW=CCu(@)

xeVNB,

(we work with integers for simplicity). It is possible to construct infinite graphs for which this
limit does not exist. We also note that this definition is in principle different from considering
the limit of the clustering coefficients of the subgraphs of G obtained by considering only
vertices in B;;, since CC(x) also takes into account the edges connecting points that lie out of B,,.
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Going back to our model, we will let

1
CC, := v Z CC(x)

n xeV,

be the random variable describing the averaged clustering coefficient inside the box of side n.
Note that under the assumptions @ > d and y > 1, for P-almost every 7, all the nodes x € n have
finite degree, P"-almost surely (see Theorem 2.2). Thus, the CC(x) are well-defined and finite,
except perhaps on a set of measure 0. Our main result of this section states that the averaged
clustering coefficient of the scale-free percolation in continuous space exists, is self-averaging,
and is strictly positive.

Theorem 2.3. Suppose that « > d and y :=a(t — 1)/d > 1. For P-almost all configurations
n, the average clustering coefficient exists P"-almost surely and does not depend on n. It is
given by

CCuw(G) := nlglgo CC,, =Eo[CC(0)] > 0.

Remark 2.4. Going through the proof of Theorem 2.3, it is plausible that the positivity of the
clustering coefficient does not depend on the local properties of the graph or on v, as one might
have thought. For example, we can set to 0 the probability of connecting two points that are at
distance smaller than some R > 0 and leave (1) for points at distance larger than R. Then we
would still have that the associated n-truncated clustering coefficient CC, converges almost
surely to Eo[CC(0)], with CC(0) the corresponding local clustering coefficient. At the same
time, Eo[CC(0)] would still be strictly positive for any R > 0 by arguments similar to those in
the proof of Theorem 2.3.

3. Degree

In both the infinite- and finite-degree cases, for convenience we will first prove the prop-
erties of the degree of the vertices via an auxiliary random variable under P7. We call it Dg
with a slight abuse of notation, since P-almost surely the origin 0 does not belong to . It is
convenient, though, to imagine having a further point in the origin and treating it like all the
other points of the graph, so that when we talk about Dy we can think of P" as being replaced
by P"V{% n a second moment we will transpose the properties of Dy to the degree of the other
vertices.

3.1. Infinite degree

In this section we prove Theorem 2.1. We start with the following proposition about Dy.

Proposition 3.1. [f conditions (a) or (b) in Theorem 2.1 are satisfied, then for P-almost all n
we have P"(Dg=00)=1.

Proof of Proposition 3.1. The statement will be proved by showing that, for each value
w > 0 of the weight in 0 and for P-almost every 5, the following sum is infinite:

Y PO x| Wo=w)=Y E[1—e W™,

xXen xXen

where the expectation on the right-hand side is taken with respect to W. Indeed, if we condition
on the value of Wy, the presence of each edge (0,x) becomes independent from the others. We
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can therefore use the second Borel-Cantelli lemma to imply that there are infinitely many
points in the configuration n connected to 0. By Campbell’s theorem (see Theorem A.1), the
above sum is infinite for almost every 7 if the following integral is

A; JEN - eI gy,

However, in view of the inequality 1 —e™ > (1 A 1)/2 for u > 0, it is enough to show the
divergence of the integral

/R JEDWIy| ™ A1) dy =2 /R ELL gy wW Iy~ dy. 3)

By first applying Tonelli’s theorem and then passing to polar coordinates, we can rewrite
the right-hand side of (3) as

o0
E[WW llyll~¢ dy] = E[wWa(Sd_l) protd-l dri|,

i Iyl>ww)l/e (ww)l/e

where o (S4—1) denotes the surface area of the (d — 1)-sphere of radius 1. The last integral is
divergent for o < d, so case (a) is proved.

When instead o > d, we note that the integral inside the expectation is finite and we can
continue the manipulation, obtaining

(WW)(d—Ot)/Ot

E|:WWU Sa—-1) —J

i| zcwd/OtE[Wd/C(]
for some constant ¢ > 0. The last expression is again infinite under the assumptions of
case (b). O

Proof of Theorem 2.1. In view of the Proposition 3.1 we know that the set of 1 for which
erﬂ P"(0 <> x | Wy =w) = 0o has P-measure 1. Take an 7 in this set and any point y € . We
have

E[1 — e WWi—yI™
E Ul — — E Ul — —
P (y<—>x|Wy—W)— P (0(—>X|W()—W) E[l_e_WW”x”ﬂl] =00,
xen\{y} xen\{y}

since the fraction goes to 1 as ||x|| goes to infinity. By Borel-Cantelli this shows that y also
has infinite degree P"7-almost surely. Since there is a countable number of points in 7, we
are done. (]

3.2. Polynomial degree

As in the previous section we will first prove a statement about the random variable Dg. The
proof of Theorem 2.2 will be inferred as a consequence.

Proposition 3.2. Suppose that « > d and y == «a(t — 1)/d > 1. Then, for P-almost every n,
there exists a slowly varying function £(-) = £(-, 1) such that

P'"(Dgy > 5) = sV L(s). 4)

The strategy for demonstrating Proposition 3.2 follows the lines of the proof of Theorem 2.2
in [13], which in turn follows [41]. Analogously to Proposition 2.3 of [13], we first analyze

https://doi.org/10.1017/jpr.2020.76 Published online by Cambridge University Press


https://doi.org/10.1017/jpr.2020.76

Continuum scale-free percolation: degree and clustering coefficient 115

the properties of the expectation of the degree of a point conditional to its weight w > 0. One
of the main problems when dealing with vertices that are randomly distributed in space is the
following: while in scale-free percolation on the lattice one can show by direct computations
that the expectation of the degree is equal to a constant times w%/%, in the continuous-space
case one has to finely control the fluctuations of the degree due to the irregularity of the point
process. We show that these fluctuations are of order smaller than w?/?* log w.

Proposition 3.3. Suppose that o« >d and y :=o(t — 1)/d > 1. Then, for P-almost every
realization n, we have

E"[Dg | Wo = w] = veog w® + 0w % log w), (5)

with co :=vql'(1 — d /a)E[W‘l/ %). Here v; indicates the volume of the d-dimensional unitary
ball, T'(-) is the gamma function, and the constant in O(-) is uniformly bounded in 1 from below
and above.

Proof of Proposition 3.3. We let Z,, =Z,,(n) := E"[Dg | Wo =w] and note that Z, is a
random variable that depends only on the Poisson process. Since Dy = ern L{0wx), We
can use Campbell’s theorem (see (27) in Theorem A.l) applied to the function f(x):=
E[1 — e "W/IXI*] to explicitly compute

E[Z,]= v/ E[l —e—WW”xll’“]dxzwd/aE[Wd/a]v/ (1 — e W17 dy = veow®®. (6)
R Rd

For the second equality we used Fubini and then made the change of variables y = x(wW)~ /¢,

The constant ¢ is the one appearing in the statement of the theorem; it is obtained by passing
to polar coordinates and then using integration by parts. We can instead use (28) in order to
calculate the variance V:

VZ,)=v / E[l — e_WW||X||7a]2 dx = ve wile. )
Rd

To see the last equality it is sufficient to make the change of variables y =xw™!/%. We also
note that ¢ < ¢ because the expectation inside the integral is smaller than 1, so the variance
has to be smaller than the expectation.

We will show that for P-almost every n we have

1< liminfﬂ < lim sup L —ElZu] <
T ow=o0 JV(Zy)logw T w00 /V(Zy) logw T

which implies (5). We will only show the upper bound, the lower bound being very similar.
Let 6 > 0. We use the exponential Chebyshev inequality to bound

P(Z, — E[Z,] > V/V(Z,) log w) = P(e"?» > WV (&) logwHElZu]))
<exp{—0(/V(Z,) logw +E[Z,]) + log E[e"**]}.  (8)

Campbell’s theorem in its exponential form (see (26)) applied to the function f(x) :=0E[1 —
e WM ] gives

log E[e??*]=v /Rd (exp{OE[1 — e_WW”XIra]} — 1) dx.
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If we restrict to values of # smaller than 1, a third-order Taylor expansion shows that
exp{0E[1 — e WWIHIT ]y 1

2
< 0Bl — W) L D g e W 2 o1 — Wi
—_— 2 9

where we used the trivial bound E[1 — e "WI*I™] < [ for the last term. Integrating over x in
the above inequality and in view of the expressions for the expectation (6) and the variance (7)

of Z,,, we obtain
2

log E[e?*] < 0E[Z,] + %V(Zw) +O(0°E[Z,)).

Inserting this estimate back into (8) yields, for all 6 € [0, 1],
02
P(Zy, — E[Zy] = /V(Z,) logw) < eXP{ —0+/V(Zy)logw + ?V(Zw) + 0(93E[Zw])}~

In particular, by choosing 6 =log w/+/V(Z,,), we obtain for w large enough

P(Zy — E[Z,] > /V(Zy) log w) < e~ 102" W/4, )

If we consider the sequence w, =n, we see that the quantity on the right-hand side of (9) is
summable in n and Borel-Cantelli tells us that

li Zn - E[Zn]

im sup

- - <.
n— 00 «/V(Zn)logn -

The random variable Z,, is increasing in w, so that Z|,,| < Z,, < Z|,,)11. Moreover, in view of
(6) and (7), we see that the sequences E(Z,), +/V(Z,) and log n all satisty

. Ap+1
lim 22—,
n—>00

We can thus conclude that

Zy, —E(Z Ziwie1 — E(Z
lim su w ( w) <lims [w]+1 ( LwJ)

—_— u —_—
n—)oop JV(Z,)logw — n—>oop VV(Zw)) log|w]
— lim sup Z\wj+1 — E(Zyw)+D
n—>oo /V(Zw+1)log (lw] + 1)

<l U

Proof of Proposition 3.2. We let Y, be the random variable describing the value of Dy
conditioned on the event {Wy = w}:

Yy, ~ (Do | Wo=w).

We split the integral

m(s) 00
P'(Dy > 5) = / P'(Y,, > s)dF(w) + / P'(Y,, > s)dF(w) =:A1(s) +Ax(s),  (10)
0

m(s)

https://doi.org/10.1017/jpr.2020.76 Published online by Cambridge University Press


https://doi.org/10.1017/jpr.2020.76

Continuum scale-free percolation: degree and clustering coefficient 117

where

o 1 2 a/d
m(s) = <M> , (11)

veo
co being the same constant appearing in (5). We point out that this definition is slightly different
from the equivalent appearing in [13, eq. (2.11)] in order to control the fluctuations of the
expected degree of 0. Since P"(Dg > s) is a monotone function, (4) follows if we can prove that

PT(Dgy > st)
im —— =
t—o00 P1(Dg > t)

on a dense set of points (see [17, Section VIIL.8]). We claim that A(s) =A1(n, s) does not
contribute to the regular variation of P"(Dg > s) for P-almost all #, that is,

577 (12)

lim s?A;(s)=0 for all a > 0, P-almost surely. (13)
§—> 00

We will show how to get (13) at the end of the proof. Thanks to (13), we see that in order to
prove (12) it is enough to verify that, for s € (0, c0),

Ao (st)
m =

-y
A A0 =s 7. (14)

On the one hand, for all # > 0 we clearly have
Ax(1) = 1 = F(m(n)).

On the other hand, for all € > 0 we have

o]

As(®) = 1 — F((1 + m(D) — / PI(Y,y < 1) dF(w)
(+&)m(®)

> (1 = F((1 + &)m@®)(1 + 0,(1)).

For the last line, we used the following fact. By (5), E"[Y,,] > t(1 4+ ed/2a) for all w >
(1 + e)m(¢) when ¢ is sufficiently large (depending on 7); this allows us to use the Chebyshev
inequality and bound, uniformly in w > (1 + &)m(¢),

VI1(Yy) E"[Y),] C

Ul . —
P =0= G =02 = G -2 = e~ o

where V' represents the variance with respect to P7 and the second inequality follows from
the fact that Y, is a sum of independent indicator functions.

Putting it all together and using the fact that lim,_, o, m(st)/m(t) = s*/ 4 we obtain
llm AZ(S[) _ llm 1 - F(m(st)) _ S*Ol(l'*l)/d
=00 Ap(r)  t—oo 1 —F(m(t))
as we wanted to prove.
We now only need to show (13). We start by upper-bounding A;(s) by
Pn(Ym(S) > 5)
=P' (Z Lyes0) — E"[1 (o0 | Wo =m(s)] > s — E"[Yyuo)] | Wo = m(s)) (15)

yen
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Taking s sufficiently large and thanks to Proposition 3.3, we can make s — E"[Y),(s)] positive,
allowing us to apply Bernstein’s inequality. We obtain

Al(s) <ex _l (s — En[Ym(S)])2
1) = P\ T Y Y ] + G — EN Y D/3 )

where for the first term in the denominator of the exponent we used the inequality
E"[(Liye0) — E"[Lyeoy | Wo = m(s)])* | Wo = m(s)] < E"[1(ye0y | Wo = m(s)].

Since

E"Yy»] =5 — /slog” s+ O(y/slog ),
we getAj(s) <e~ log*s/4 and (13) is proved. O

Proof of Theorem 2.2. Take any x € 1. We first prove a lower bound on P"(D, > s). First of
all we claim that

P'(Dy>s|We=w)>P!1(Dy>s+1|Wo=c(x,n) -w),

where c(x, n) := (1 + ||x||/lly])”* and y € 7 is the closest point to the origin in 1. In order to
prove the claim we write

D, = Z ]l{x<—>z} and D < Z ]1{0<—>z}+1'
Z€N, X €1, ZFx

Since the indicator functions in the first sum are mutually independent under P7(- | W, = w)
and those in the second sum are mutually independent under P"(- | Wo = c(x, 1) - w), it will be
sufficient to show that, for all z € n \ {x},

Pn(]l{xez} =1|Wy=w)> Pn(]l{0<—>z} =1|Wo=c(x,n) w),
since this ensures that Dy > Dy — 1 stochastically. We calculate

P'(Legy =1 | Wy =w)=E[1 — e WWelle=al™]
> E[1 — e cComwWellzl ™

=P'(1jpeyy =11 Wo=c(x, n)-w),

where for the inequality we used the fact that ||z — x| /||zll < Iyl + IxID/1I¥]l-
Thanks to the claim we can now bound

P(Dy > s) = /OO P'(Dy > s | Wy =w)dF(w)
0
> /OO P"(Dg > s+ 1| Wy=c(x, n)-w)dF(w).
0

If the weights simply follow a Pareto distribution with exponent 7, then with a change of vari-
ables u = c(x, n) - w we would obtain P"(Dy > s) > c(x, n)* " 'P"(Dy > s + 1), and we would
be done thanks to Proposition 3.2. In the general case we have to proceed as in the proof
of Proposition 3.2 by splitting the integral on the right-hand side of the last display into the
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integral between 0 and m(s)/c(x, n) plus the~ integral between m(s)/ c(~x, n) and +o00, where
m(s) is defined in (11). We call the first part A|(s) and the second part A,(s) similarly to (10).
Following step by step what we did in the proof of Proposition 3.2 (see (15) and below), we
note that

A n — —(log 5)*/4

A1(s) <P"(Dg>s+1[Wo=m(s)) <e ,

which does not contribute to the regular variation of the sum. Finally (see (14) and the
argument below) we have that lim,_moAz(st) /Az(t) =57, since Az(t) is upper-bounded by
1 — F(m(t)/c(x, n)) and lower-bounded by 1 — F((1 + &)m(t)/c(x, n)) minus a negligible term.
We therefore conclude that there exists a slowly varying function £1(-) = £1(-, x, ) such that

P'(Dy > s)>L1(s)s” 7.

An upper bound P"(Dy > s) < £5(s)s~7 for some other slowly varying function £, = £2(x, 1)
can be obtained in a completely similar way. These two bounds yield the desired result. U

4. Clustering coefficient

The idea for the proof of Theorem 2.3 consists in approximating CC,, with the sum of
independent random variables in order to use the standard law of large numbers.

First of all we divide R? into disjoint mesoscopic boxes of side-length m > 0, one of which
is centered at the origin (the superposition of the sides of the boxes is of no importance). For a
point x € RY we let Q,,(x) be the unique m-box containing x. We also fix § > 0 small and divide
each of the boxes Q,, as Q,, = @m U 0Q,,, where

0= 05 = (x€Qu: |x—yll > m, forallye Q)

are the interior points of the box and 90, =005 := On \@m is the §-frame of the box. For
a realization of our graph G = (V, E) and a point x € V, we define

0 if x € 00,,(x),
CC"(x) = CC™° () := {0 if x < QF (x),
CC(x) otherwise.

For n > m we finally define the (m, §)-truncated clustering coefficient as

=1 .
CCl=CcC’ .= — Z CC” ().
xeV,

The idea is now to approximate CC, by C/E:l", to show that C/é;" converges thanks to the
law of large numbers to E[CC:Z] and that this value is close to the desired Eo[CC(0)]. This is
formalized in the next three statements, which are valid under the hypothesis of Theorem 2.3.

Proposition 4.1. P-almost surely we have

lim sup |CC, — CC'| < ¢18 + c2(5m)?~¢,

n—oo

for some constants c1, ¢z > 0 that may depend on d, o, E[W], and v, but that do not depend
on either m or §.
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Lemma 4.1. P-almost surely we have
. —=m —=m
nlifgo CC, =E[CC,,].

Lemma 4.2. There exist constants c1, ¢ > 0 that may depend on d, o, E[W], and v, but that
do not depend on either m or 8, such that

IE[CCi] — Eo[CC(0)]] < €18 + ca(8m)* 2.

The proofs of Lemmas 4.1 and 4.2 are pretty straightforward and are collected in Section
4.1. The proof of Proposition 4.1 is much more involved and is the object of Section 4.2. We
are now able to prove Theorem 2.3.

Proof of Theorem 2.3. The convergence of CC, to Eo[CC(0)] can be obtained by putting
together the results of Proposition 4.1 and Lemmas 4.1 and 4.2, and letting first m — oo and
then § — 0.

We now need only prove that Eg[CC(0)] > 0. Write B for B1(0) and consider the following
events:

& ={#mNB)=2},
&> = {the points in (n U {0}) N B form a clique},
&3 = {0 has no neighbors outside }.

Under the event £ N & N &3, the local clustering coefficient of the origin is 1. Therefore
Eo[CC(0)] = Po(CC(0) = 1) = Po(&E N E2 N &3).

Given the value of Wy, the events £ N &, and &3 are independent. Hence
o0
Po(&1NENE) > / Po(E1 N E | Wo =w)Po(E3 | Wo = w) dF(w).
1
In order to bound from below the second of the probabilities in the integral, we note that

Loesy= [] Logy
xennBBe

and we subsequently apply Jensen’s inequality and Campbell’s theorem, thus obtaining

Po(&3 | Wo =w) =Eg H E[e—wa/nxw]}

ennBe¢
wE[W,]
Zexp{_EO 2 e
ennBe
:e—cE[W]Wu

for some ¢ > 0 that does not depend on w, where Ey is the expectation with respect to Py. Since
Po(E1 N & | Wo = w) is uniformly bounded from below by a constant when w > 1, and since
P(W > 1) > 0, we obtain E¢g[CC(0)] > 0. U
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4.1. Proofs of the lemmas

Proof of Lemma 4.1. We write n=mq +r, with ge N and 0 <r <m. We let Q(1), ...,
Q(qd) be the qd-boxes of side-length m fully contained in B, and H = (U/ Q(j))c. We also
define

X()=1/vm") Y CC"(x) forj=1,....q°
x€Q()Nn

Then

@Z’=< ) Z (1)+— Y .

xeHNV,

Since the X(j) are i.i.d. random variables (note that the overlap of the Q-boxes does not
represent a problem: as their intersection is a set of Lebesgue measure 0O, with probabil-
ity 1 there will not be any point lying in their intersection) with finite P-expectation, as
n goes to mﬁmty, the first summand on the right-hand side converges P-almost surely to
E[X(1)] = IE[CC ] by translation invariance. The second summand converges almost surely
to O since CC' (x) < 1 and the number of points in H N V,, follows a Poisson distribution with

parameter nt — (mq)d o). O
Proof of Lemma 4.2. By the Slivnyak—Mecke theorem (see Theorem A.2) with n=1 we
have
[ 7 CC(x)} =— / EA[CC)]v dv = Eo[CC(0)],
xeVy,

where we used translation invariance for the last equality. On the other hand,

’E[CACZ]— [ - ) CCw)

x€Vpy

” [W +Um]
where

Wy i=#{xe€dB,(x)Nn} and U, :=#xeBnx)Nn: x< (Bu®)©}.

Since W,, follows a Poisson law of parameter (1 — (1 — 28)yvmd, E[Wm]/(vmd) is smaller
than 2d6. The fact that E[U,,]/ (vm?) is bounded from above by c(8m)?~2 will be proved in
Proposition 4.2. Putting it all together we obtain

IE[CC)y — Eo[CC(O)]]| < €18 + ca(8m) 2. O

4.2 Proof of Proposition 4.1

We begin with an elementary lemma.

Lemma 4.3. For P-almost all n there exists n € N such that, for all n > n,

Nu() € [vn? — Vvndlog n, vaé + v/ vnd log n].

Proof. For a Poisson random variable X of parameter u > 0, the bound P(|X — u| > ¢) <
2 exp{—e?/(4/)} holds for all 0 < & < ; see e.g. [29, Theorem 5.4]. Since under P the number
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of points falling in B, follows a Poisson distribution of parameter vn?, the conclusion follows
by a simple Borel-Cantelli argument (in fact it is possible to improve the statement further). [

Proof of Proposition 4. 1. For simplicity we will consider a sequence of n of the form n = gm,
where g € N. It is in fact highly plausible that for all other n of the form n = gm + r with
r € [0, m), what happens in the area B, \ By, is negligible in the limit n — co. We bound

|1 1 1 P
|CC, — CC| = ‘17" -— > ccw + W(Z CC(x) — CC (x))

xeV, xeVy
N, 1
vn vi
where
W, =W,(m):=#{x€V,: x€ dQ,,(x)}
and

Uy = Uy(m) :=#{x € Vyy: x € 0,,(x), x <> (Q(x))}.

The first summand in (16) tends P-almost surely to 0 as n — oo by Lemma 4.3. We
then note that under PP the random variable W, has a Poisson distribution of parameter (1 —
(11— 28)d ywnd, which can be dominated by a Poisson distribution of parameter 2dé vnd.
Reasoning as in the the proof of Lemma 4.3, it is possible to show that, for all n large enough,
W, is smaller than 4d§ vnd, for example, so lim sup,,_, n_dW,, <cid.

It remains to show that P-almost surely.

1
lim sup — U,, < ca(8m)* ™. (17)
vn

n—o0

Assume for now that there exists a constant ¢ > 0 such that the following estimates hold:
E[Uy] < en’@m)*™%, V(U en’™,

where V denotes the variance with respect to IP. The proof of these two bounds will be
postponed to Proposition 4.2 below. By the Chebyshev inequality,

V(U,) < (Smyta—dyd—e

d d—
P(U, > 2¢n(m)*™%) < W =

for some ¢ > 0. We would like to finish the proof via Borel-Cantelli, but the right-hand side
of the last display is not summable in n. Nevertheless U, is an increasing sequence, so we can
proceed as follows. Recall that n = gm. By taking the sequence ny := 2€m, we have

P(Uy, > 2c m(m)=*) <& (6m)**~D(m2"y=,

which is summable in k. Hence there exists almost surely a k such that Uy <2c i (Sm)d—«

for all k > k. Now take any n > 2m and let K be the integer such that 28m < n < 25+1m. By
monotonicity we get

Up < Uptrryy < 2eQ5H my8m) ™ < 2 e gmy*=n,

and (17) follows. U
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Proposition 4.2. There exists a constant ¢ > 0 such that

E[U,] < ¢ n®(sm)?~*, (18)
V(U,) <cn’@*, (19)

where V denotes the variance with respect to IP.

Proof of Proposition 4.2. Let Q(1), . .., Q(¢%) be the boxes of side-length m contained in
B,,. For the expectation we have

qd
E[Un]:E[Z Z ]l{xe(Qm(X))"}i|

J=1 xeQ()nn

—4E [E[ > lpesy ‘ Vm:|j|
XEVin(1-28)

< ¢ E[N(1-26)Po(0 <> BS,,)]. (20)

In the second equality we used the translation invariance of the model and then the tower
property of expectation by conditioning on the position of the points of the Poisson process
inside B,,. For the inequality we upper-bounded the probability that a point x € V,(1—2s) is
connected to the exterior of B, by the probability that, under the Palm measure, the origin is
connected to some point in Bgm (since for each x € V(125 all the points in B, are outside a
box of side ém centered at x). We estimate this probability as follows:

Py(0 <—>B§m) =1 ]Eo|: l_[ E[e*WOWy/H)’Ha | WO]:|

er\VSm
WoE[Wy]
<1—expy—Eo —_—
{ [ Z vl “
veV\Vsm
E[W]?
S/ S dy
vess,  IVII*
= (sm)?¢ (21

for some ¢’ > 0 that does not depend on either m or 8. In the first line we used the fact that, con-
ditioned on the weight of point 0, the presence of connections between 0 and the other points
of the Poisson point process becomes independent. For the second line we applied Jensen’s
inequality twice. For the third line we first used the inequality 1 —e™ <x for x > 0, then we
applied Campbell’s theorem (see Theorem A). Finally we used polar coordinates in order to
evaluate the integral. Plugging this back into (20), we obtain (18).
We move to the variance of U,. For x € n we set
AW =T, ). v (Qu))

so that U, = er v, A(x). Note that by the Slivnyak—Mecke theorem (see Theorem A.2)
we have

E[U,] = v/ E[A(x)] dx.
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On the other hand we can write
V(U =ElU;] - E[U,* =E[U, ]+ E| > A(x)A(y)} — E[U,]%. (22)
FYEVn
Now applying Theorem A.2 to the function
fGeyom) =L yep E™HOVAOAM)],
we can evaluate the second summand on the right-hand side:
El > A(x)A(y)} =17 f / E.y[AGA()] dx dy
£VeVs B B
=2 [ [ conardy +EIOPE 4R 23)
B, JB,
where

Clx, y) = Ex y[AAW)] — B y [AC)]Ex y [A(Y)]
and R is the rest given by

Note that for y € Q,,(x) we have Ey y[A(x)] = E([A(x)]. For y & O,u(x),
Ey y[A)] < Ex[A()] + E[1 — exp{=WyWy|lx — y[*}] < Ex[A)] + ¢ llx — ylI*

for some ¢; > 0. For the first inequality we used the fact that for A(x) = 1, the point x has to be
connected to y (which gives the second addendum) or to any other point outside Q,,(x) (first
addendum), and in this second case the presence of y in the point process plays no role. This,
together with the bound

f lx =y~ dy < &(8m)?™  for some & > 0,
Bp\Qm(x)

yields
R < &(E[U168m)* ™ + n(8m) =2 ) < &4n (8my* =,
We now only need to bound the correlation C(x, y). We introduce the event
E(x, y) := {neither x nor y have neighbors at distance larger than ||x — y||/2}.
The random variables A(x) and A(y) are independent under the event £(x, y). Therefore

Cx, y) = Ex y[AMIE(x, MIE y[AD)IE(x, NIPE(x, y))
+ ]Px,y(g(xa )= Ex,y[A(x)]Ex,y [A(y)]

=< Ex,y[A(x)]Ex,y [A(y)]( + IP)x,y(g(x’ y)c)

1
— =1
Px,y(g(x, ) )

=Pry(ECx, y)”)( (24)

1
1),
Pry(E(x, ¥) )
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where in the second line we used the inequality E, ,[W|Z] < E, ,[W]/Py y(Z) and in the last
line we just bounded E, ,[A(x)] and E, y[A(y)] by 1. We also observe that

]Px,y(g(x» y)c) = IEDx,y(x <~ Bllx—y||/2(x)) + ]P)x,y(y <~ Bl\x—y\l/Z(y))
<Pry(x < y) +2Po(0 <> Bjx—y)2(0))

<Cs flx—y)9® (25)

for some ¢5 > 0, where the last inequality can be obtained as in (21). From (24) and (25) it
follows that whenever we consider x, y € R? such that, for example, ¢5 ||x — y4e <1 /2, we
get C(x, y) <cg ||x — y||d_0‘. Hence, setting r:= (255)1/("‘_‘1), we can bound

/ / Clr. y) dxdy < / [a6rd+ / Es||x—y||"—“dy}dxscn3d-“
n n B, Y¢Br(x)

for some constant ¢ > 0. The proof is finished by putting together (22), (18), (23), and this last
estimate. U

Appendix A. Campbell and Slivnyak—Mecke theorems

In this section we present versions of Campbell’s theorem and of the so-called extended
Slivnyak—Mecke theorem in the simple case of a homogeneous Poisson point process. For a
version of Theorem A.1 similar to the one presented here, see [26, Section 3.2]. For a simple
proof of Theorem A.2, see [30, Theorem 13.3]. More complete and general versions of these
theorems in the framework of Palm theory can be found in [12, Chapter 13].

Theorem A.1. (Campbell theorem, homogeneous case.) Let n be a homogeneous Poisson
point process on R? with intensity v under measure P, with E the associated expectation. Let
f: R? — R be a measurable function. The random sum S = > en f) is absolutely convergent
with probability one if and only if

xXen

/ FO)| A 1dy < co.
R4

If the previous integral is finite, then we have

E[e?S] = exp(v / A dy) (26)
R4
for any complex 0 such that the integral on the right-hand side converges. Moreover,
E[S]=v / f)dy, (27
R4
and if the last integral is finite, then
VS =v /R SO dy, (28)

where V is the (possibly infinite) variance with respect to P.

Theorem A.2. (Extended Slivnyak—Mecke theorem.) Let n be a homogeneous Poisson point
process on RY with intensity v under measure P, with E the associated expectation. For n € N
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and for any positive function f: (R?)" x (RHN — [0, c0),

#
E Z Jfor, oo xn \ {xr, oo xnd) =v"f / E[f(x1, ..., xp;m)]dxy ... dxy,
R4 R4

X]seens Xp €1]

where the # sign over the sum means that x1, . . . , x, are pairwise distinct.
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