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We use bifurcation and topological methods to investigate the
existence/nonexistence and the multiplicity of positive solutions of the following
quasilinear Schrédinger equation

—Au— kA (W) u=Bu— A0 (v?)u inQ,
u=20 on 0f)

involving sublinear/linear /superlinear nonlinearities at zero or infinity with/without
signum condition. In particular, we study the changes in the structure of positive
solution with x as the varying parameter.
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1. Introduction

The following time-dependent quasilinear Schrodinger equation

O(z,t) =0 on 0 (L.1)

{igtz =-Az+V(z)z— kA (%) 2+ A® (%) z in Q,
has been derived as models of several physical phenomena, where 2 is a bounded
domain of RY with smooth boundary 99 and N > 2, A > 0 is a real parameter,
k # 0 is a real constant, V(z) (z € Q) is a given potential and ® is a real func-
tion. For example, the superfluid film equation in plasma physics [35, 36, 38] and
the selfchanneling of a high-power ultra short laser in matter, see [10-12,20, 55]
and the reference therein. Equation (1.1) also appears in plasma physics and fluid
mechanics [41,45,49], in the theory of Heisenberg ferromagnets and magnons
[7,34,37,51,60], in dissipative quantum mechanics [30] and in condensed matter
theory [44].

To obtain standing wave solutions of problem (1.1), we set z(z,t) := e~ u(x)
with A > 0. Then problem (1.1) with V(z) = 0 is reduced to the following elliptic
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equation

{_Au — kAW?)u = Mu— ®(u®)u) inQ, (1.2)

u=20 on 0f).

In the mathematical literature, very few results are known about the existence of
standing wave solutions for equations of the form of problem (1.1). The authors
of [15,42,43,48] studied the existence of standing wave solutions for this kind
of problems by variational method. Following the idea of [14,15,42], we make a
change of variables for any x > 0:

1
dv =1+ 2ku?du,v =l (u) = W(\/Qmu/ 14 2ku? + In(V2ku + V1 + 26u?)).
K

Clearly, I, is strictly monotone since I/,(u) = v/1 + 2ru? and has an inverse function:
u = hy(v). Then we can transform (see lemma 2.2) problem (1.2) into the following
semilinear elliptic problem by the change of u = h(v)

—Av=—2_ g(h.(v in Q,
/142602 (v) ( ( )) (13)
v=20 on 02,

where g(s) = s — ®(s?)s. Mainly by variational method, the authors of [15,42]
obtained the existence of positive solutions of problem (1.3) with x =1/2 and
k =1, respectively. Note that this strategy may be invalid for K < 0 because [,
may not be strictly monotone.
Putting z(x,t) := e~ #tu(z), >0, V(r) =0 and x =0, we get the following
elliptic problem with two parameters
{—Au-ﬂu—)\F(u) in €, (1.4)
u=20 on 0f),

where F(s) = ®(s?)s. Clearly, to find standing wave solutions of the form z(z,t) :=
e~Bty(x) of problem (1.1) with V(z) = 0 and x = 0 is equivalent to find solutions
of problem (1.4).

The main aim of this paper is to investigate the existence/nonexistence
and the multiplicity of positive solutions of problem (1.3) involving a sublin-
ear /linear /superlinear growth nonlinearity at zero or infinity by using bifurcation
and topological methods. We shall also study the existence of positive solution
of problem (1.4) with asymptotic nonlinearity via several-parameter bifurcation
theorem due to Fitzpztrick, Massabo and Pejsachowicz [26]. By a solution of prob-
lem (1.3). we understand that it is a C? function which satisfies problem (1.3)
point-wise, that is, it is a classical solution.

Now, we are in the position to state the following hypotheses on the nonlinear-
ity g.

(G1) The function g : R4 := [0, 4+00) — Ry is continuous.
(G2) g(s)s > 0 for s > 0.
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(G3) There exist go, goo € [0, +00] such that

_ o 9(s) _ o 909)
90 = sli%lﬁ- s’ oo = SEI-EOO s3
(G4) There exists one positive constant « such that g(a) =0, g(s)s >0 for s €

(0, ) U (v, +00).

(G5) There exists a constant ¢ > 0 such that

9() _

Jim T
for some 1 € (1,(N +2)/(N — 2)), where C is a positive constant.

Let

1
t) = ————=g(hx(t)).
f(t) 1+2nhi(t)g( ®))
We call f is linear growth at infinity if g. € (0,400) because it implies (see
lemma 2.3) that

t
S _ 9= € (0, 400).
K
Similarly, we call f is sublinear growth at infinity if g,, = 0 and superlinear growth
at infinity if goo = +00. The meaning of growth at zero is understood as usual
because of

Let A; denote the first eigenvalue of —A with 0-Dirichlet boundary condition. It
is well known that A, is simple, isolated and the associated eigenfunction has one
sign in Q.

If K is a fixed positive constant, we can establish the following two theorems.

THEOREM 1.1. Assume that k is a positive constant, and (G1)-(G3) and (G6)
hold.

(a) If go, goo € (0,+00) satisfying Kgo # goo, then there exist four positive con-
stants py, py, pe and ph with py < py and ph = ps such that problem (1.3)
has at least one positive solution for all A € (u1, pe) and has no positive
solution for all X € (0, u}) U (ph, +00).

(b) If go € (0,400) and goo = 0, then there exist two positive constants pz and
wh with ph < pg such that problem (1.3) has at least one positive solution for
all X € (us, +00) and has no positive solution for all X € (0, uh).
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If go € (0,400) and goo = 400, then there exist two positive constants jy and
wly with ply = pg such that problem (1.3) has at least one positive solution for
all X € (0, ug) and has no positive solution for all X € (uly, +00).

If go =0 and goo € (0,400), then there exist two positive constants us and
wh with pf < ps such that problem (1.3) has at least one positive solution for
all X € (s, +00) and has no positive solution for all X € (0, uf).

If go = 0 and goo = 0, then there exist three positive constants pg, pug and pir
with pg < pe < pr such that problem (1.3) has at least two positive solutions
for all X\ € (ur,+00), one positive solution for all X € [ug, 7] and has no
positive solution for all X € (0, pg)-

If go = 0 (or +o0) and goo = +00 (0or 0), then for any A € (0,400), problem
(1.3) has at least one positive solution.

If go = +00 and g € (0,00), then there exist two positive constants ps and
ps with pg > ps such that problem (1.3) has at least one positive solution for
all X € (0, ug) and has no positive solution for all X € (ug, +00).

If go = +00 and go, = 400, then there exist three positive constants pg, 10
and pho with py < p1o < py such that problem (1.3) has at least two positive
solutions for all X € (0, u9), has at least one positive solution for all X €
[tt9, 110] and has no positive solution for all X € (11}, +00).

THEOREM 1.2. Let k be a positive constant, and (G1), (G3)-(G6) hold.

(i)

If g0, goo € (0,+00) with Kkgo # goo, then there exists pi11 >0 such
that problem (1.3) has at least two positive solutions for all X €
(max{(AK)/Goos \1/g0}, +00), has at least one positive solution for all X €
(min{(A1£) /oo, M /90 }, max{(A1£) /o A\1/g0}] and has no positive solution
for all X € (0, u11).

If 9o, goo € (0,400) with kKgy = goo, then there exists pi2 > 0 such that prob-
lem (1.3) has at least two positive solutions for all X € (A\1/go, +0), and has
no positive solution for all A € (0, u12).

If go € (0,400) and go = +00, then problem (1.3) has at least two positive
solutions for all X € (A\1/go,+00), has at least one positive solution for all
A€ (07 >‘1/90]

If go = +00 and goo € (0,+00), then problem (1.3) has at least two positive
solutions for all A € (MK)/goo, +00), has at least one positive solution for
all X € (0, (MK)/goo]-

If go = +00 and goo = +00, then problem (1.3) has at least two positive
solutions for all X € (0, +00).

To study the effect of the second term in problem (1.2), we now consider k as
the varying parameter and \ is fixed positive constant, which is less conventional.
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Without loss of generality, we can assume that A\ = 1. The next two theorems
present the changes in the structure of positive solution if x is a varying parameter.

THEOREM 1.3. Assume that A =1, and (G1)-(G3) and (G6) hold.

(a) If go, goo € (0,+00) salisfying A1 < go, then problem (1.3) has at least one
positive solution for all k € (goo/A1, +00).

(b) If 9o, goo € (0,+00) satisfying A1 > go, then problem (1.3) has at least one
positive solution for all k € (0, goo/A1).

(¢) If go =0 and goo € (0,400), then problem (1.3) has at least one positive
solution for all k € (0, goo/A1).

(d) If go = +0 and g € (0,00), then problem (1.3) has at least one positive
solution for all k € (goo /A1, +00).

THEOREM 1.4. Let A =1 and (G1), (G3)-(G6) hold.

(1) If 9o, goo € (0,400) with Ay < go, then problem (1.3) has at least two positive
solutions for all k € (0, go/M1), has at least one positive solution for all k €
(goo/)‘h +OO) :

(i) If go, goo € (0,+00) with A1 > go, then problem (1.8) has at least one positive
solution for all k € (0, goo/A1).

(iil) If go = +00 and goo € (0,+00), then problem (1.3) has at least two positive
solutions for all k € (0, goo/A1), has at least one positive solution for all k €
[goo/Alv +OO) .

To prove theorems 1.1-1.4, we consider the following semilinear elliptic problem

{—Au =Af(u) inQ,

1.5
u=20 on 0, (15)

where f: R, — R, is some given continuous nonlinearity. Such problems arise in
a variety of fields. For example, in the theory of thermal ignition of gases [27,31],
in quantum field theory and mechanics [9,13,59] and in the theory of gravita-
tional equilibrium of stars [31,39]. We refer to the books [3,25,29] and their
references for the classical results of problem (1.5). Problem (1.5) with sublin-
ear/linear /superlinear nonlinearities at zero or infinity has been extensively studied.
See for example [1,2,4, 6,21, 22,40,52]. Amann [1] and Rabinowitz [52, 53] stud-
ied the global bifurcation phenomena from the trivial solution or infinity. In [2],
by using of Rabinowitz’s bifurcation theorem, Ambrosetti and Hess studied the
global behaviour of the component of positive solutions of problem (1.5) involv-
ing an asymptotically nonlinearity with/without signum condition. In [40], Lions
established the existence and the multiplicity results of problem (1.5) by topolog-
ical degree arguments and variational techniques. In [5], Ambrosetti et al. studied
the existence of branch of positive solutions for the asymptotically equidiffusive
problem, which extends the corresponding ones of [2].
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Here, we will use bifurcation and topological methods to study the exis-
tence/nonexistence and the multiplicity of positive solutions of problem (1.5) involv-
ing sublinear/linear /superlinear nonlinearities at zero or infinity with/without
signum condition. Furthermore, we can prove theorems 1.1 and 1.2 via the relation
of f and g. In addition, we can get theorems 1.3 and theorem 1.4 from theorem 1.1
and theorem 1.2.

As for problem (1.4), we assume that F': Ry — R is continuous, and there exist
Fy, Foo € (0, +00) such that Fy # F, and

o= tim T8 e PO

s—0t+ S s§——+00 S

Without loss of generality, we assume that Fy > F,. Moreover, we also require the
signum condition: 0 < F(s)/s < B/ for any s > 0 and any given §, A > 0. Let

D={(\B)€ER*: A>0,A\ + AFou < B A + AF} .

By an abstract several-parameter bifurcation theorem of [26], we shall establish the
following result, which is also one of our main results.

THEOREM 1.5. For any (X, 3) € D, problem (1.4) has at least one positive solution.

Analogous to theorems 1.1 and 1.2, we also can consider the various cases of
Fy ¢ (0,400) or Fsy & (0,400) with/without signum condition. We leave them to
the interested readers.

The rest of this paper is arranged as follows. Some preliminaries are proved
in § 2. In § 3, we first study the existence/nonexistence and the multiplicity of
positive solutions of problem (1.5) involving a sublinear/linear/superlinear growth
nonlinearity at zero or infinity with the signum condition (G2); then we give the
proof of Theorem 1.1 and 1.3. The proof of Theorem 1.2 and theorem 1.4 is given
in § 4. In the last Section, we give the proof of Theorem 1.5 and some corollaries
involving the existence/nonexistence and the multiplicity of positive solutions of
problem (1.2).

2. Preliminaries

Let [, and h, be defined as in the introduction. Then we have

W)= —— =1
I(uw) V14 2ku?

From the definition of I, we can easily see that h, is odd, C*°, h,(0) =0 and
|hl.(t)] < 1 for all t € R.

LEMMA 2.1. h.(t)/t — 1 ast — 0 and h.(t)/Vt — (2/k)"* as t — +oc0.
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Proof. We observe that

W) _ | s (VIRVIT 2R + I (VERt + VT 2577))

tlﬁn(g Tt =0 t =1
and
oL, 5o (V2rtVT+ 2682 + In (V26t + V1 + 262) ) B \/g
ltI—+oo tlt]  Jt—+oo | 2’
It follows the desired conclusions immediately. U

LEMMA 2.2. v is a classical solution of problem (1.3) if and only if u = h,(v) is a
classical solution of problem (1.2).

Proof. Let v be a classical solution of problem (1.3). Then one has that Vu =
h).(v)Vv and

Au = h! (v)|Vv]? + R (v)Av.
It follows that
Av = 1" (u)|Vul|* + I, (u) Au.
Since I’ (t) = v/1 + 2kt2, one has that
—Au — k (2u|Vul® + v’ Au) = Ag(u).
The fact of A(u?)u = 2u|Vu|? + u?Au shows that u satisfies problem (1.2). O
LEMMA 2.3. One has that

fo = go, foozgio

K
for any k > 0.
Proof. Note that
I S hN t
im Y~ g Ve ! M=) e 9 () Ps(2) 1
ot bt t =0t he(t) U Tt 2eh2(D)

Clearly, one has that lim; o+ h,(t) = 0. This fact combining lemma 2.1 implies
that

[
lim —= = go.
o ¢

To show foo = goo/k, We claim that

li =0. 2.1
Aoz = 21
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Indeed, lemma 2.1 shows that

I 1 I t 1 K I 1 0
m -5 = 11m - = — lim —=0.
t—+oo h2(t)  t—+oo h2(t) ¢ 2 t—+oo ¢

Thus, we have that

im LD V! 1) i 9Be() B hi(t)

toFoo t t—too t T o RE(t)  t \J/1+2kh2(t)

(2.2)
From lemma 2.1, we can obtain that
ho(t 2\ '/*
lim h,(t) = lim ( )\/E = () lim Vvt = +oc. (2.3)
t—+o0 t—+oo +/t K t—+o0
It follows from (2.1)—(2.3) and lemma 2.1 that
2
LW g () R0 he()
t—too t t—+oo  h3(t) t 1+ 2kh2(1)
=y \/5 lim ; _ Yoo
k t—teo \/ hil(t) + 2/‘13 K
This completes the proof. O

Under the assumptions of (G1)—(G3) and (G6), if K =0 and gg, goo € (0, +00),
it follows from theorem 3.6 of the next section that problem (1.3) has at least
one positive solution for all A € (73, 400). However, if k # 0 and g, goo € (0, +00)
satisfying kgo # goo, theorem 1.1 (a) shows that there is no positive solution of
problem (1.3) for all A € (u), +00). This almost the opposite difference is mainly
due to the fact of foo = goo/k. Similarly, we can derive many differences of our
results with the Laplace equation, which all illustrate the effect of the second term
problem (1.3).

3. Positive solutions with the signum condition

In this section, we always assume that f satisfies the signum condition: f(s) > 0
for s > 0; and there exist fo, foo € [0, 400] such that

fo— tim L&) g = ym L)

s—0+t S s—+too 8
Moreover, we also assume that f satisfies the growth restriction:

(GQ)

lim 1(s) =C

s——+00 sl

for some [ € (1, (N +2)/(N — 2)), where C' is a positive constant.
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We first have the following nonexistence results.

LEMMA 3.1. Assume that there exists a positive constant p > 0 such that
)
s

for any s > 0. Then there exists (. > 0 such that problem (1.5) has no positive
solution for any A € ((x, +00).

Proof. Let ¢1 be a positive eigenfunction associated with A\;. If w is a positive
solution of problem (1.5), multiply the first equation of problem (1.5) by ¢, and
obtain after integrations by parts

/\1/u<p1dx=>\/ Lu)ugad:c})\p/wpldx.
Q Q u Q

It follows that A < Ay/p. O O

LEMMA 3.2. Assume that there exists a positive constant o > 0 such that

f(s)

S

<0

for any s > 0. Then there exists n. > 0 such that problem (1.5) has no positive
solution for any X € (0,7.).

Proof. If u is a positive solution of problem (1.5), similar to that of lemma 3.1, we
can obtain A > A1 /o. O

Let
E:{ueCl(ﬁ) tu=0 onaﬁ}
with the usual norm

lu|| = max |u| + max |Vu|.
Q Q
Set

P::{ueE:u>O in 2 and %<O on@Q},
Ow
where w is the outward pointing normal to 0S.

By standard elliptic regularity theory (see [29, theorem 8.16, theorem 8.34]),
we know that any solution in E of problem (1.5) belongs to C1:*(Q2) with some
a € (0,1) under the condition of (G). Furthermore, by the Lagrange mean theorem,
we can easily verify that it is also a classical solution of problem (1.5).

The following theorem is the result of the existence of positive solutions of
problem (1.5) with linear nonlinearities at zero and infinity.
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THEOREM 3.3. If fo, foo € (0,400) with fo # fo, then problem (1.5) has at least
one positive solution for every A € (min{\1/fo, M/ foo}, max{A1/foos A1/ f0})-

Proof. Let € : Ry — R, be such that
f(s) = fos+&(s)

with
lim E(—S)

s—0t S

=0.

Let us consider

{—Au = Aou+X(u) in Q,

u=>0 on 0N (3.1)

as a bifurcation problem from the trivial solution axis.

Applying theorem 2.12 of [52] to problem (3.1), there exists a continuum %
of nontrivial solutions of problem (3.1) emanating from (A;/fo,0) such that ¢ C
(R xP)U{(A\1/f0,0)}), meets oo in R x E.

Tt is sufficient to show that € joins (A1/f0,0) to (A1/feo, +00). Let (Ap, uy,) € €
where u,, # 0 satisfies \,, + ||un|| — +00. Lemma 3.2 implies that \,, > 0 for all n €
N. Tt follows from lemma 3.1 that there exists a constant M such that A, € (0, M]
for any n € N. Therefore, we get that

lun|| = +00  as n — +oo.

Set Uy, = up/||uyl. Since u,, is bounded in E, after taking a subsequence if necessary,
we have that @, — @ for some @ € E. Then by an argument similar to that of [19,
theorem 5.1], we obtain that

where 1t = lir_~r_1 An, choosing a subsequence and relabelling it if necessary. It is
clear that |[u]| =1 and w € € C ¥ since ¥ is closed in R x E. So one has that
7 = A/ foo. Therefore, € joins (A1/f0,0) to (A1/foo, +00). |

REMARK 3.4. It is easy to verify that (A1/fo,0) is the unique bifurcation point of
positive solutions of problem (1.5) from the trivial solution axis. Moreover, note that
the conclusion of theorem 3.3 also obtained in [2] with the more strong condition
on f and more complicated argument.

REMARK 3.5. In view of theorem 3.3, we can see that if fy, foo € (0,400) then
there exist four positive constants 71, 71, 72 and 75 with 7y > 71 and 7 < 74 such
that problem (1.5) has at least one positive solution for all A € (71, 72) and has no
positive solution for all A € (0,7]) U (75, +00).
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i EI El
I
I
I
I
I
1
I
|
0] M/fo M/ foo A of  M/fo A 0l M/fo A
(a) fo, foo € (0,40cc) (b) fo € (0,4+0), fou =0 (e) fo € (0,400), foo = +00
Ef | E E
|
|
|
|
|
|
|
| =
0P/ foe A 0 g 0 Iy
(d) fo=0, fx € (0,400) (e) fo=0, fo=0 (f) fo=0, foo =400
|
I
I
|
|
|
I
I o
0 A/ feo Y 0 A 0 Iy
(g) fo=+0o0, feo € (0, +00) (h) fo=+00, fo =0 (i) fo=+00, foo = +0

Figure 1. Bifurcation diagrams of theorems 3.3-3.20.(a) fo, foo € (0,4+00), (b) fo €
(07+OO)7 Joo =0, (C) Jo € (07+OO)7 foo = +00, (d) fo=0, fx € (07+OO)7 (e) fo=0,
foo =0, (f) fo=0, foo = +00, (g) Jfo=+00, fx € (O,+OO), (h) fo =+, foo =0, (1)
fO = +OO, foo = +00.

Proof. Clearly, fo, fs € (0,+00) implies that there exist two positive constants My
and M5 such that

Mlgngz for any s > 0.
s

If (A, u) is a positive solution pair of problem (1.5), it follows from lemmas 3.1 and
3.2 that A > Ay /My := 71 and A < A1 /M; := 75. So, problem (1.5) has no positive
solution for all A € (0,7]) U (75, +00). The existence of 7, and 75 can be seen from
the global structure of ¢, see (a) of figure 1. O

THEOREM 3.6. If fo € (0,400) and foo =0, then problem (1.5) has at least one
positive solutions for every A € (A1/ fo, +00).
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Proof. Considering the proof of Theorem 3.3, we only need to show that % joins
(A/ fo,0) to (400, +00). Lemma 3.2 implies that A = 0 does not the blow-up point
of ¥.

Firstly, we show that % is unbounded in the direction of E. Suppose on the
contrary that € is bounded in the direction of E. So ¢ is unbounded in the direction
of A, that is to say there exist (A, u,) € € and a positive constant M such that
An — +00 as n — +o00 and ||u,|| < M for any n € N. It follows that f(u,)/u, > ¢
for some positive constant ¢ and all n € N. Lemma 3.1 implies that u, =0 for n
large enough, which is absurd.

To complete the proof, it suffices to show that the unique blow-up point of ¢
is (400,0). Suppose, by contradiction, that there exists A > 0 such that (), 0) is a

blow-up point of . Then there exists a sequence {(\,, u,)} such that 115{1 An = A
n—-1+0o0o
and lim |lu,| = +oc.
n—-+o0o

To deduce a contradiction, we consider the following auxiliary problem

—Au =1 in €,
{u =0 on 0% (3:2)
for a given ¢ € L™/("=1(Q), where r € (1,2*) with 2* = (2N)/(N — 2). We have
known that for every given ¢ € L™/ ("= (Q) there is a unique solution u to problem
(3.2) (see [24]), which is denoted by ¥(¢). It is well known that ¥ : L>®(Q) — E
is completely continuous and linear (see [29]). The definition of f implies that
u € C19(Q) with some constant § € (0,1) for every weak solution u of problem
(1.5). Now problem (1.5) can be equivalently written as

u=V(Af(u(z))). (3.3)
Now, let
flu) = max |f(s)],

0<|s|<u

then fis nondecreasing with respect to u. Define

flu) = u/znéifgu‘f(s)"

Then we can see that

lim S =0 and f(u) < f(ﬂ) + f(u).

u—+oo U 2

It follows that
f(u) f(u/2)

Fu/2
limsup —— < limsup —— = limsup F(u/ )
u—+oo U u—+00 u u/2—+00 2(“/2)

So we have that

lim —— =0. (3.4)
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Further, it follows from (3.4) that

f) _ F(uD) _ Fllulls) _ FClulb)

full = el =l ]

— 0 as|ul| = +oo. (3.5)

Let wy, = up/||unl||- It follows from (3.3) that w, — 0 in E. This contradicts the
fact of |Jw,| = 1. O

REMARK 3.7. Clearly, theorem 3.6 and lemma 3.2 imply that if fy € (0,+00) and
foo =0 then there exist two positive constants 73 and 74 with 75 < 73 such that
problem (1.5) has at least one positive solution for all A € (75, 4+00) and has no
positive solution for all A € (0,74), see (b) of figure 1.

By the conclusion of theorem 3.9 and the similar argument of theorem 1.4 of [40],
we can immediately get the following corollary.

COROLLARY 3.8. Besides the assumptions of theorem 3.6, we also assume that f
is local Lipschitz continuous. If 73 < A1/ fo, then for X € (13,A1/ fo), there exist at
least two positive solutions of problem (1.5) which are ordered. In addition, there
exists at least one solution of problem (1.5) with A\ = 3.

THEOREM 3.9. If fo € (0,400) and foo = +00, then problem (1.5) has at least one
positive solution for every A € (0, A1/ fo)-

Proof. In view of theorem 3.3, we only need to show that € joins (\1/fo,0) to
(0,400). Lemma 3.1 implies that ¢ is bounded in the direction of \. For any
(\,u) € € with X\ > 0, by virtue of [28, theorem 1.1], [29, theorem 8.33] and the
condition of (G), we have that |u|| < M for some positive constant M depending
on f, N, A and Q. So (0,+0c0) is the unique blow-up point of % O

REMARK 3.10. Under the assumptions of theorem 3.9, in view of lemma 3.1, we can
see that there exist two positive constants 74 and 7, with 74 < 74 such that problem
(1.5) has at least one positive solution for all A € (0, 74) and has no positive solution
for all A € (7}, +00), see (c) of figure 1.

By using the conclusion of theorem 3.9 and the similar argument of theorem 1.2
of [40], we can get the following corollary.

COROLLARY 3.11. Besides the assumptions of theorem 3.9, we also assume that f
is local Lipschitz continuous. If 74 > X1/ fo, then for X € (A\1/fo,74), there exist at
least two positive solutions of problem (1.5) which are ordered. In addition, there
exists at least one solution of problem (1.5) with A\ = 74.

In [40], Lions conjectured that the convexity of the domain and the assump-
tion (7') are not needed in theorem 1.2. Theorem 3.9 and corollary 3.11 give the
confirmation answer to this conjecture.

THEOREM 3.12. If fo =0 and fo € (0,+00), then problem (1.5) has at least one
positive solution for every A € (A1/ foo, +00).
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Proof. Tf (A\,u) is any solution of problem (1.5) with |u|| # 0, dividing problem
(1.5) by ||u/|? and setting w = u/||ul|* yield

_ _ focu+n(u) o
Aw =\ Tal? in Q, (3.6)
w=0 on 012,
where 7(s) = f(s) — foos. Since foo € (0,+00), one has that
lim @ = 0.
s—+oco 8§
Define
i(w) = [[w]|*n (”5“2) if w# 0,
0 if w=0.
Clearly, problem (3.6) is equivalent to
—Aw =\ (foow +7(w)) inQ, (3.7)
w=20 on 0f). '

It is obvious that (A, 0) is always the solution of problem (3.7). Similar to (3.5), we
can show that
iw) — 0 as|w| —0.

]l

By theorem 2.12 of [52], we obtain a continuum & of nontrivial solutions of problem
(3.7) emanating from (A\1/foo,0) such that 2 C (R x P) U {(A1/fx,0)}), meets oo
inRx FE.

Now applying the inversion w — w/||w||?> = u, we obtain a continuum %" of non-
trivial solutions of problem (1.5) emanating from (A\1/fs,+00) such that either
it is unbounded in the direction of A or meets {(),0) : A € Ry }. By an argument
similar as in theorem 3.6, we can show that the latter case is impossible. O

REMARK 3.13. Under the assumptions of theorem 3.12, we note that there exist
two positive constant 75 and 7% with 74 < 75 such that problem (1.5) has at least one
positive solution for all A € (75, +00) and has no positive solution for all A € (0, 7%),
see (d) of figure 1.

THEOREM 3.14. If fo =0 and fs =0, then there exists N\, > 0 such that for any
A € (A, +00), problem (1.5) has at least two positive solutions.
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Proof. Define

%s, s € [O, %] ,
PO={ (@ -l )+ & se(hd),
f(s), s € [%,—&—oo)

Now, consider the following problem
—Au=Af"(u) in Q, (3.8)
u=20 on 0f).

Clearly, we can see that lim, . o f"(s) = f(s), f§=1/n and fI = foo =0.
Theorem 3.6 implies that there exists a sequence unbounded continua %, ema-
nating from (nA1,0) and joining to (400, +00) := z*, and (400,0) is the unique
blow-up point of %,.

Let ¢ = limsup,, o, €. For any (A, u) € €, the definition of superior limit (see
[61]) shows that there exists a sequence (A, u,) € €, such that (A, un) — (A, u)
as n — +o0o. Then a continuity argument shows that w is a solution of problem
(1.5).

By proposition 2 of [16], for each € > 0 there exists an Ny such that for all n > Ny,
€ C Ve(€) with V(%) denoting the e-neighbourhood of €. It follows that

(nA1,+00) C Proj (¢,,) C Proj (V. (%)),

where Proj(%,) denotes the projection of %, on R. So, we have that (nA\; +
€,+00) C Proj(%). Therefore, we have € \ {oo} # 0.
Let

S = {(+00,u) : 0 < ||u|| < +00}.

For any fixed n € N, we claim that €, NS = (. Otherwise, there exists a sequence
(A, Um ) € €, such that (A, ) — (+00,us) € S with 0 < [|u.| < +o0. It follows
that [Jup,| < M, for some constant M, > 0. It implies that f"(un,)/um = 0y, for
some positive constant §, and all m € N. Lemma 3.1 implies that u,, =0 for m
large enough, which contradicts the fact of ||u,|| > 0. It follows that (Uf2%,) NS =
Ut (6, N S) = 0. Since € C (U >%,,), one has that € NS = (). Furthermore, set

S = {(\,+00) : 0 < A < 400} .

Since (+00,0) is the unique blow-up point of 4,,, we have that 4, NS’ = (). Then
reasoning as the above, we have that ¥ NS’ = 0. Hence, € N (SUS’) = 0. Tak-
ing z, = (+00,0), clearly z, € liminf, . €, with ||z:||g, z = +00. Therefore, we
obtain that ¢ N {oo} = {z., 2*}.

The compactness of ¥ implies that (U >%,,) N Bg is pre-compact. Lemma 3.1 of
[18] implies that ¢’ = limsup,,_, , ., €, is connected. We claim that € N ([0, +-00) x
{0}) = 0. Otherwise, there exists a sequence {(p,u,)} such that ngrfwun = [y
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and hr—? llun|l = 0asn — 4o00. Let wy, = uy,/ ||un|| and w, should be the solutions
n—-100o

o= (1022,).

By the compactness of ¥, we obtain that for some convenient subsequence w,, — wq
as n — +oo. Letting n — 400, we obtain that wy = 0. This contradicts |Jwp]| = 1.

See (e) of figure 1 for the global structure of €. Since % is connected with
€\ {oc} #0,€ N ([0,4+00) x {0}) =0 and € N {oo} = {z., 2%}, there exist at least
two positive solutions on ¢ when X is sufficiently large. g

to the following problem

REMARK 3.15. From theorem 3.14 and lemma 3.2, we can also see that there exist
two positive constants 7 and 7§ with 74 > 7§ such that problem (1.5) has at least
one positive solution for all A € [74, A,] and has no positive solution for all A €

(0,74).

In [8, 40, 54], the authors got some existence results with lim, .o f(s)/s < 0 and
foo = 0. Note that we do not need € that is star shaped, which is essential in [8].

THEOREM 3.16. If fo =0 and foo = +00, then problem (1.5) has at least one
positive solutions for any X\ € (0, 4+00).

Proof. Using an argument similar to that of theorem 3.14, in view of theorem 3.9,
we can easily get the results of this theorem. See (f) of figure 1 for the global
bifurcation diagram. O

THEOREM 3.17. If fo =400 and fo € (0,400), then for any A€ (0,\1/fx),
problem (1.5) has at least one positive solution.

Proof. From the proof of Theorem 3.12, we know that there exists a continuum
2 of nontrivial solutions of problem (1.5) emanating from (A1 /feo, +00) such that
either it is unbounded in the direction of A or meets {(),0) : A € Ry }. Lemma 3.1
implies that the former case is impossible. So there exists (A, u,) € 2 such that
(A, upn) — (As,0) as n — 400 with w, # 0. In view of fo =400, if A, >0, we
obtain

n

An

> pA1

for some p > 1 and n large enough. Multiply the first equation of problem (1.5) by
1, after integrations by parts, we obtain

Q Un

Uppp do > Alp/ Up 1 dz,

)\1/ Upprde = A,
Q Q

which is a contradiction. So we conclude that A, = 0. O

REMARK 3.18. Similarly to remark 3.10, if fo = +00 and f € (0,400), there exist
two positive constant 77 and 74 with 77 < 7/ such that problem (1.5) has at least one
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positive solution for all A € (0, 77) and has no positive solution for all A € (74, +00),
see (g) of figure 1.

THEOREM 3.19. If fo = 400 and fo =0, then for any X € (0,+00), problem (1.5)
has at least one positive solution.

Proof. Define

ns, 56[0,%],
frf&)=qn(f(Z) -1 -2 +L se(i2),
f(s), s € [2,+00)

and consider problem (3.8) again. Clearly, we can see that lim, 1~ f™(s) = f(s),
fo=n and f3 = foo =0. From the proof of Theorem 3.6, we know that there
exists a sequence unbounded continua %, emanating from (\;/n,0) and joining to
(400, +00).

Taking z* = (0,0), clearly 2* € liminf, .o %,. Lemma 2.5 of [16] implies
that ¢ = limsup,, ,, ., ¢, is unbounded and conmnected such that z* € ¢ and
(400, +0) € €. Likely to theorem 3.17, we can show that ¥ N ((0, +o0) x {0}) = 0.
See (h) of figure 1 for the global structure of €. O

THEOREM 3.20. If fo = 400 and fo = +00, then there exists \* > 0 such that for
any A € (0, \*), problem (1.5) has at least two positive solutions.

Proof. By an argument similar to that of theorem 3.19 and the conclusions of
theorem 3.9, we can obtain the desired conclusion, see (i) of figure 1. O

REMARK 3.21. By theorem 3.20 and lemma 3.1, we can see that there exist two
positive constants 75 and 74 with 73 < 7§ such that problem (1.5) has at least one
positive solution for all A € [A\*, 7g] and has no positive solution for all A € (74, +00).

REMARK 3.22. In some particular case, theorems 3.3— 3.20 can be optimal, see
[32,33,46,47,56-58] and their references.

Proof of Theorem 1.1. The definition of h implies that h,(¢) > 0 for ¢ > 0. This fact
combining with the assumption of (G2) shows that f satisfies the signum condition.
Lemma 2.3 shows that

fo=90, fo = Joo.
K

It is not difficult to show that (G6) implies f satisfying the subcritical growth
condition (G). Then the desired conclusions can be deduced from theorems 3.3— 3.20
and remarks 3.5-3.21 immediately. O
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Proof of Theorem 1.3. (a) For any k € (goo/A1, +00), since \; < go, it is easy to
verify that
A A
A g 28
9o Joo

From theorem 3.3 we can easily see that u1 < A1/go and pe > A1£/goo. Then
the desired existence can be derived from theorem 1.1 (a) immediately.

(b) The proof is similar to that of (a).
(¢) For any x € (0, goo /A1), we get that

A
1> 2
oo

Theorem 3.12 shows that p15 < A\1£/geo. So theorem 1.1 (d) implies the desired
conclusion.

(d) For any £ € (goo/A1,+00), we have that

MK
< 2
Joo

1

Theorem 3.19 shows that pug > A\k/geo. Hence theorem 1.1 (g) implies that
problem (1.3) has at least one positive solution.
]

4. Positive solutions without the signum condition

In this section, we study the problem (1.5) without the signum condition and give
the proof of Theorems 1.2 and 1.4. From now on, we assume that there exists
one positive constant 3 such that f(8) =0, f(s)s > 0 for s € (0,8) U (8, +o0) and
there exists a constant v > 0 such that

lim m:
s—pB~ ﬂ*S

THEOREM 4.1. Assume that fo, foo € (0,4+00) with fo # fe. Then

(1) if A € (min{A1/foo, M1/ fo}, max{A1/ foo, A1/ fo}], problem (1.5) has at least
one positive solution;

(ii) of X € (max{A1/foo, A1/ fo}, +00), problem (1.5) has at least two positive
solutions.

Proof. Firstly, we define

0 otherwise

- _{f(s) if0< s < B,
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and consider the following problem

{—Au =Af(u) inQ, (4.1)

u=20 on 0.

Applying theorem 2.12 of [52] to problem (4.1), there exists a continuum € of non-
trivial solutions of problem (4.1) emanating from (A1 /fo,0) such that ¢ C ((R x P)
U{(A1/f0,0)}), meets oo in R x E.

The strong maximum principle implies that u < 8 for any (A, u) € €. It follows
that u is also a solution of problem (1.5) for any (A, u) € €. Next, we show that the
projection of ¢ on R is unbounded. It is sufficient to show that the set {(\, u) €
% : X €(0,d]} is bounded for any fixed d € (0,400). Arguing by contradiction, if
there exists (An,u,) € €, n € N, such that A\, — u < d, u, — +00 as n — +o0.
Let w,, = uy,/ ||tn||. Then we have that

= (3, L),

[[n |
Clearly, we have that

flun) < r[g%clf(sw

It means that

f(un) _

[[een |

An

as n — 4oo. By the compactness of ¥, we obtain that for some convenient subse-
quence w,, — 0 as n — +oo, which contradicts the fact of ||wg| = 1. This together
with the fact that € joins (A1/fo,0) to infinity yields that

(M/ fo, +00) C Proj (%) .

Next we study the bifurcation phenomenon of problem (1.5) from infinity.
Consider
—Au= Au+ An(u) in Q, (4.9)
u=20 on 052

as a bifurcation problem from infinity. Applying theorem 2.28 of [53] to problem
(4.2), there exists a continuum 2 of solutions of problem (1.5) meeting (A1 /fso, 00)
and satisfying at least one of the alternatives of theorem 1.6 of [53]. The strong
maximum principle implies that 2 C ((R x P) U {(A1/foo, +00)}). In addition, it is
not difficult to verify that (\1/feo,00) is the unique bifurcation point of positive
solutions of problem (1.5) from oo.
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Next, we shall show that these two components are disjoint. Let
Y:{uEC(ﬁ) u=0 on@Q}
with the usual norm

[[ufloo = maxful.
Q

It is enough to show that ¥ and Z are disjoint in R x Y. We first claim that & is
unbounded in the direction of Y. It suffices to show that (A1/fx,0) is a blow-up
point of Z in R x Y. Otherwise, there exists M > 0 such that |lu,| . < M for any
(Ansun) € 2 with A, — A/ fs as n — +oo. Applying [29, theorem 8.33], we get
that [Ju,| < M’ for some positive constant M’ depending on f, N, M, A\; and 052,
which contradicts the fact of 2 meeting (A1/ foo, 00).

Suppose, by contradiction, that € N 2 # ) in R x Y. Since Z is unbounded in the
direction of Y and meets &, there exists (A, u) € (¢ U Z) such that maxgu = (.
Clearly, there exists 0 < m < +oo such that f(s) < m(8 —s) for any s € [0,0].
Now, let us consider the following problem

—“AB—u)+Im(f—u) = Im(f—u)—Af(u) inQ,

B—u>0 on 0f.
The strong maximum principle of [29] implies that § >wu in Q. This is a
contradiction.

Thus 1° of theorem 1.6 of [53] does not occur. So 2° of theorem 1.6 of [53] occurs.
We claim that 2 — .# has an unbounded projection on R. Now we show that the
case of 9 — A4 meeting \; x {oo} for some j > 1 is impossible, where A; denotes
the jth of —A with 0- Dlrlchlet boundary condition. Assume on the contrary that
9 — M meets \; x {oo} for some j > 1. So there exists a neighbourhood ./ Nl
of A; x {oo} such that u must change sign for any (\,u) € (Z —.#) N (JV \ (A x
{o0})), where .# is a neighbourhood of \; x {oco} which satisfies the assumptions of
theorem 1.6 of [53]. This contradicts the fact of 2 C ((R X P) U {(A\1/foo, +20)}).
Now the desired conclusions can be seen. ]

See (a) of figure 2 for the global structures of ¢ and 2. Since we are not requiring
continuously differentiable property of f, these results of theorem 4.1 improve the
corresponding ones of [2].

REMARK 4.2. From the argument of theorem 4.1, we can easily see that problem
(1.5) has at least two positive solutions for A € (max{A1/fe,A1/f0o},+o0) if fo,
foo € (0,400) with fo = foo. Moreover, the assumptions of theorem 4.1 implies
that there exists a positive constant ¢ > 0 such that

o) _,

S

for any s > 0. So it follows from lemma 3.2 that there exists 79 > 0 such that
problem (1.5) has no positive solution for any A € (0, 79).
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() fo=+00, foo € (0,+00) (d) fo=+00, foo =+00

Figure 2. Bifurcation diagrams of Theorems 4.1- 4.4 and corollary 4.5.(a) fo, foo €
(07+OO)7 (b) fO S (01+OO)7 fOO = +o0, (C) fo = +o0, fOO € (07+OO)1 (d) fO = +o0, foo =
+o0.

Next, we consider the case of superlinear growth of f at infinity.

THEOREM 4.3. Let (G) hold. Assume that fo € (0,+00) and foo = +00. Then

(i) if X € (0, A1/ fo], problem (1.5) has at least one positive solution;

(ii) of A € (M1/ fo, +o0), problem (1.5) has at least two positive solutions.

Proof. Consider the following problem

—Au=Afp(u) inQ,
u=0 on 012,

where f,, is defined by

f(s), s€[0,n],
fu(s) = (@2n* = f(n)) (s —=n) 5 + [ (n), s€(n,2n),
ns, s € [2n, +00).
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Clearly, we can see that lim,, 1o fn(s) = f(s) and
lim In(s)
s——+00 S

If (A, u) is any solution of problem (4.3) with |lu|| # 0, dividing problem (4.3) by
|lul|? and setting w = u/||u? yield

=nN.

—Aw =2y
[l (4.4)
w=20 on 0%,
Let 1, (s) = fn(s) — ns and
7 (w) = | P (rife) ifw#o,
0 if w=0.
Then problem (4.4) is equivalent to
—Aw = X (nw + 7, (w)) in Q, (4.5)
w=0 on 0f.

By a similar argument as in theorem 3.12, we get a sequence unbounded continua
%, emanating from (A1/n,0) such that 6, C (R x P) U {(A1/0,0)}), meets oo in
R x E. As theorem 3.19, we obtain that ¢ = limsup,, ,, %, is unbounded and
connected such that (0,0) € .

We claim that € N ((0,+o00) x {0}) = 0. Otherwise, there exists a sequence of
positive solution {(\,,u,)} of problem (1.5) such that (\,,w,) — (4,0) as n —

+00 with some g > 0. So ||u,| = 1/||w,||* — +00 as n — +oo. Theorem 1.1 of
[28] and theorem 8.33 of [29] implies that |lu,|| is uniformly bounded. So we get a
contradiction.

Now applying the inversion w — w/||w||?> = u, we obtain a continuum 2 of non-
trivial solutions of problem (1.5) emanating from (0,+00) and satisfying at least
one of the following two alternatives:

(i) is unbounded in the direction of A,
(ii) meets {(A,0) : A € Ry},

Similarly as theorem 4.1, we can show that the second alternative is impossible
and 2 C ({(0,00)} U (R x P)). So we obtain the desired conclusions, see (b) of
figure 2. |

Theorem 4.3 can be optimal under the more strong condition, see [23]. Now, we
consider the case of sublinear growth of f at zero.

THEOREM 4.4. Assume that fo = +00 and fs € (0,400). Then
(i) if A € (0, M1/ fs], problem (1.5) has at least one positive solution;

(i) if A € (M/fs,+00), problem (1.5) has at least two positive solutions.
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Proof. Consider the following problem

{—Au =Af"(u) in Q,

(4.6)
u=0 on 012,

where f,, is defined as the proof of Theorem 3.19. Clearly, we can see that
limy,— oo f™(8) = f(5), fi' = nand I = foo. The argument of theorem 4.1 implies
that there exists one sequence unbounded continua %, of solution set of problem
(4.6) emanating from (A;/n,0). Taking z* = (0,0), clearly z* € liminf,,_, | G,.
Lemma 2.5 of [16] implies that ¢ = limsup,, , ., €, is unbounded and connected
such that z* € €. The rest of the proof is the same as that of theorem 4.1. O

See (c) of figure 2 for the global bifurcation diagram of theorem 4.4. Combing
the arguments of theorems 4.3-4.4, we can easily get the following corollary, see (d)
of figure 2.

COROLLARY 4.5. Let (G) hold. Assume that fo=+o0 and foo = +00. Then
problem (1.5) has at least two positive solutions for any A € (0, +00).

Proof of Theorem 1.2. Let 8 = l,;(«) and
N — )
S+ 2rnz ()
Then the assumptions of (G4)—(G5) imply that f satisfies f(3) =0, f(s)s > 0 for
s € (0,8) U (8, 400) and there exists a constant v > 0 such that

lim 7f(8) =

s—B~ ﬁ—S

ft) =

From the argument of theorem 1.1, we know that f satisfies the subcritical growth
condition (G) and

fo=9o0, fo = Joo.
K

Using theorems 4.1-4.3, remark 4.2 and corollary 4.5, we can obtain the desired
conclusions. (|

Proof of Theorem 1.4. (i) If kK € (9oo/g0s goo /A1), then we obtain

A A A
Ao A and 1> ﬂ.
90 Joo Joo

Theorem 1.2 (i) shows that problem (1.3) has at least two positive solutions.

For any k € (goo/ M1, +00), it follows from A\ < go that

A
2o
90 G0

>\1K,
< —.

Then theorem 1.2 (i) shows that problem (1.3) has at least one positive
solution.
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For any k < gso/go, one has that

A A

AR 2o

Joo go
From theorem 1.2 (i), we get that problem (1.3) has at least two positive
solutions.

For k = goo/go, it is easy to see that
AME A
A AL
Joo 9o

1.

So the existence of two positive solutions of problem (1.3) can be deduced
from theorem 1.2 (ii).
(ii) For any & € (0, goo /A1), it follows from Ay > g that
A A
AR <2
YJoo 90

Thus, theorem 1.2 (i) follows the desired conclusion.

(iii) For any & € (0, goo/A1), we have that
Mk
Joo

Hence theorem 1.2 (iv) shows that problem (1.3) has at least two positive
solutions.
For any k € [goo/A1, +00), we get

< 1.

PLy
Joo
Therefore, theorem 1.2 (iv) implies that problem (1.3) has at least one positive
solution.
O
5. Proof of Theorem 1.5 and some corollaries
Let £ : Ry — R be such that
F(s) = Fos +&(s)
with
lim @ =0.
s—0t S
Let us consider
—Au= (8- AFp)u—X(u) inQ, 5.1)
u=~0 on 0f) '

as a bifurcation problem from the trivial solution axis. For any fixed po := (A« Bs)
such that 8, — A.Fy = A1, we may apply theorem 2.4 of [26] with ¢ = R? x E and
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I' = {()\, 3«) : A > 0} and obtain a connected set ¢ C R? x E of nontrivial solutions
of problem (5.1) emanating from (uo,0) with topological dimension at least 2 at
every point. Clearly, the signum condition of 0 < F(s) < /A for any s > 0 and any
given 3, A > 0 implies ¥ C ((R* x P) U {(uo,0)}). It follows that € is unbounded
in R? x E.

Proof of Theorem 1.5. Let pioo = (A*,B«) such that (. — A"Fo = A;. From
remark 2.3 of [26], we know that there exists an unbounded component %1 of
the section of € over T. Tt is sufficient to show that %1 joins (uo,0) to (fee, +00).

Let (Bs, A\n,un) € ér where u,, £ 0 satisfies \/52 + A2 + |lu,|| — +o0.
We claim that there exists a constant M such that A, € (0, M] for any n € N.
Our assumptions imply that there exists a positive constant p > 0 such that

PG

for any s > 0. Let ; be a positive eigenfunction associated with \;. We multiply
the first equation of problem (1.4) by ¢1, and obtain after integrations by parts

M F(uy,
)\1/ Uppy de = / <ﬂ* - 7@ )> uppr dae < (B — )\np)/ Upp1 do.
Q Q U Q

n

It follows that A, < (B« — A1)/p. Then by an argument similar to that of
theorem 3.3, we obtain

—AU= (B —AFx) U

for some @€ E, where A= lim \,. It follows that A = \*. Therefore, 61 joins

n—-+oo

(10,0) t0 (ftoo, +00). O

Since F(s) = ®(s?)s, from theorem 1.5, we can easily derive the following
corollary.

COROLLARY 5.1. Assume that @ : Ry — R is continuous such that ®(0), ®(+o00) €
(0, +00) with ®(0) > ®(400), and 0 < ®(t) < B/A for any t > 0 and any given [,
A > 0. Then for any

(A B) € {(N,B) ER*: A > 0,A + A®(+00) < B A1 + A 2(0)},
problem (1.4) has at least one positive solution, where ®(+00) = lims—, 4 o0 P(t).
Now, we consider the problem (1.2). We present the following hypotheses on ®.
(H1) The function ® : R, — R is continuous.
(H2) &(s) <1 for s > 0.
(H3) There exists ®o, € [—00, 0] such that

o
b — Lim 20

s——+00 S
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(H4) There exists one constant  such that ®(a?) =1, ®(s) < 1 for s € (0,a?) U
(a?, +00).

(H5) There exists a constant § > 0 such that

_ 2
lim s @(s)s

sma- Lo(@) — 1(s) 0.

lim ®(s) =C

s—+00 sl

for some I € (1, (N +2)/(N — 2)), where C' is a positive constant.

Then it is easy to verify that the hypotheses (H1)-(H6) is equivalent to (G1)—
(G6) with go =1 — ®(0) and goo = —Po. So from theorems 1.1-1.4, we can easily
get the following four corollaries.

COROLLARY 5.2. Assume that (H1)-(H3) and (H6) hold and k is a positive
constant.

(a) If ®(0) € (=00, 1), s € (—00,0) satisfying k(1 — P(0)) # —Po, then there
exist four positive constants py, py, pe and ph with py < py and ph > pe such
that problem (1.2) has at least one positive solution for all A € (u1,p2) and
has no positive solution for all A € (0, p}) U (ph, +00).

(b) If ®(0) € (—o0, 1) and P = 0, then there exist two positive constants us and
wh with pf < ps such that problem (1.2) has at least one positive solution for
all X € (us, +00) and has no positive solution for all A € (0, uh).

(¢) If ®(0) € (—o0,1) and Po = —o0, then there exist two positive constants iy
and ply with ply > pa such that problem (1.2) has at least one positive solution
for all X € (0, ua) and has no positive solution for all A € (uly, +00).

(d) If ®(0) = 1 and P € (—00,0), then there exist two positive constants ps and
ph with pf < ps such that problem (1.2) has at least one positive solution for
all X € (us, +00) and has no positive solution for all X € (0, uk).

(e) If ®(0) =1 and P, = 0, then there exist three positive constants pg, pg and
wr with pg < pe < pr such that problem (1.2) has at least two positive solu-
tions for all X\ € (ur,+00), one positive solution for all X € [ue, p7] and has
no positive solution for all X € (0, ug).

() If ®(0) =1 (or —o0) and Py, = —c0 (or 0), then for any X € (0,400),

problem (1.2) has atleast one positive solution.

(g) If ®(0) = —00 and P € (—00,0), then there exist two positive constants g
and pg with pg > ps such that problem (1.2) has at least one positive solution
for all X € (0, ug) and has no positive solution for all X € (ug, +00).
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(h) If ®(0) = —c0 and P, = —00, then there exist tree positive constants pg,
pio and phy with pg < pio < phg such that problem (1.2) has at least two
positive solutions for all X € (0, pg), has at least one positive solution for all
A € [pg, ft10] and has no positive solution for all X € (ufg, +00).

COROLLARY 5.3. Let (H1), (H3)-(H6) hold and k be a positive constant.

(i) If ©(0) € (=00, 1), Py € (—00,0) with k(1 — ®(0)) # —Ps, then there exists
w11 > 0 such that problem (1.2) has at least two positive solutions for all

)\1/43 )\1
e (m“{—%’ 1—<I><o>}’+°°>’

has at least one positive solution for all

A\ € | min )\1& L ma M L
0. 1-0(0) [ o 1 - 2(0)

and has no positive solution for all X € (0, p11).

(if) If (0) € (=00, 1), Poo € (—00,0) with k(1 — ®(0)) = =Dy, then there exists
12 > 0 such that problem (1.2) has at least two positive solutions for all

A1
A AL
: (1 —<I>(0)’+°°>
and has no positive solution for all X € (0, p12).

(iii) If ®(0) € (—o0,1) and P, = —00, then problem (1.2) has at least two positive
solutions for all A € (A1/(1 — ®(0)),4+00), has at least one positive solution
for all X € (0,A\/(1 — ®(0))].

(iv) If ®(0) = —o00 and P, € (—00,0), then problem (1.2) has at least two positive
solutions for all X € ((Mk)/(—Po), +00), has at least one positive solution
for all X € (0, (MK)/(—Pso)].

(v) If ®(0) = —oco and P, = —o0, then problem (1.2) has at least two positive
solutions for all X € (0, +00).

COROLLARY 5.4. Assume that A =1, (H1)-(H3) and (H6) hold.

(a) If ®(0) € (—o0,1), Poo € (—0,0) satisfying 1 — P(0) > A\, then problem
(1.2) has at least one positive solution for all k € (—Poo /A1, +00).

(b) If ®(0) € (—00,1), Ps € (—00,0) satisfying 1 — P(0) < Ay, then problem
(1.2) has at least one positive solution for all k € (0, =P /A1).

(¢) If ®(0) =1 and P € (—00,0), then problem (1.2) has at least one positive
solution for all k € (0, =P /A1).

(d) If 2(0) = —oc0 and oy € (—00,0), then problem (1.2) has at least one positive
solution for all K € (=P /A1, +00).
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COROLLARY 5.5. Let (H1), (H3)-(H6) hold and X\ = 1.

(i) If ®(0) € (—o0,1), P € (—00,0) with 1 — (0) > Ay, then problem (1.2)
has at least two positive solutions for all k € (0, =P /A1), has at least one
positive solution for all k € (—Poo /A1, +00).

(ii) If ®(0) € (—o0,1), P € (—00,0) with 1 — ®(0) < Ay, then problem (1.2) has
at least one positive solution for all k € (0, —Pso/A1).

(iii) If (0) = —o0 and P € (—00,0), then problem (1.2) has at least two positive
solutions for all k € (0,—Po /A1), has at least one positive solution for all
K € [-Poo /A1, +00).
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