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Abstract  Given a 4-manifold, we build a non-empty Cl-open set of vector fields having a (chain
transitive) attractor containing singularities of different indices. Then, we begin the study of the
hyperbolic properties of such a robust singular attractor.
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1. Introduction

1.1. Motivations

The dynamics of flows is much related to the dynamics of diffeomorphisms, and their
studies have followed almost parallel paths. From many points of view, the dynamics of
vector fields in dimension n looks like diffeomorphisms in dimension n— 1. However, there
is a phenomenon which is really specific to vector fields: the existence of singularities
(zeros of the vector field). This specificity is especially important when the singularities
are not isolated from the rest of the dynamics, that is, when there are regular recurrent
orbits accumulating the singularities.

The first example with this behavior was presented by Lorenz, in [24], exhibiting a
simple family of algebraic vector fields in R3 with experimental evidence that the orbits
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tend to some compact set (called the Lorenz attractor) containing regular periodic orbits
and a singularity. In [1,19,20], the authors give a geometric construction of C'-open
sets of vector fields on 3-manifolds, having a topological transitive attractor containing
periodic orbits and one singularity.

Let us present one specific difficulty brought by the robust coexistence of singularities
and periodic orbits: a hyperbolic periodic point of a diffeomorphism on a compact
manifold persists by Cl-small perturbation of the dynamics: it has a well-defined
continuation for the nearby diffeomorphisms. This periodic point may disappear under
a large perturbation; however, before disappearing, it must lose its hyperbolicity.
That is, the birth and death of periodic orbits are through non-hyperbolic periodic
orbits. A diffeomorphism f is a star diffeomorphism if every periodic point of every
diffeomorphism in a Cl-neighborhood of f is hyperbolic. As an important step of the
structural stability conjecture, [2,21,23,25,26] show that every star diffeomorphism is
Axiom A and satisfies the no cycle condition. The equivalent statement for flows is
wrong: every periodic orbit of any vector field in the Cl-open set of ‘geometric Lorenz
attractors’ is hyperbolic. So the geometric Lorenz attractors are star vector fields, but
are not Axiom A flows. The reason is that periodic orbits may die remaining hyperbolic
until the end, by going to the singularity: the periodic orbits are transformed in a
homoclinic orbit of the singularity (in fact [17] shows that non-singular star flows satisfy
Axiom A). The difficulties brought by the coexistence of singularities and periodic (or
recurrent) orbits explain why the stability conjecture for flows [22] was solved nine years
after the stability conjecture for diffeomorphisms [26].

The coexistence of singularities and regular recurrent orbits are mostly understood
in dimension 3, by a long sequence of papers by Morales, Pacifico, and/or Pujals (see
in particular [29,30]). They defined the notion of singular hyperbolicity, which requires
some compatibility between the hyperbolicity of the singularity and the hyperbolicity of
the regular orbits. This allows them to define the notion of singular Axiom A flow, where
the global dynamics splits in the disjoint union of transitive invariant compact sets, each
of them being either hyperbolic or singular hyperbolic; furthermore, each of the singular
hyperbolic sets is either an attractor (and the singularities contained in that set have
index 2) or a repeller (and the singularities have index 1). In [28], Morales and Pacifico
prove that there is a residual set R € X1 (M) such that, for any X € R,

e cither X has infinitely many attractors or repellers (in that case, [3] shows that X
may be approached by homoclinic tangencies);

e or X is singular Axiom A without cycles; moreover, every non-trivial transitive set
with singularities is either an attractor or a repeller.

In higher dimensions, the problem of the robust coexistence of singularities and
periodic orbits is very far from being understood. There are easy examples obtained
by multiplying three-dimensional examples by a strong contraction. This kind of
example produces singular attractors whose singularities have only one expanding
Lyapunov exponent, and it has been an open question for a long time if ‘Lorenz-like’
attractors with more than one expanding Lyapunov exponent could exist. [13] built
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the first examples of robustly transitive singular attractors having singularities with
an arbitrary number of positive Lyapunov exponents. However, in the attractors of
[13], the singularities have the same index, and the periodic orbits are all hyperbolic
and with the same index. It was clear that these examples were far from covering all
the possibilities. Building new examples is important for building a global view of the
possibilities. Recently, [4] built the first examples (in dimension 5) of robustly transitive
attractors containing periodic orbits with different indices; however, all the singularities
in the attractor have the same index.

In this paper, we first give an example (Theorem A) of a robust attractor for
flows on a 4-manifold, containing two hyperbolic singularities of different indices.
Then Theorem B shows that, for every robust attractor with these properties, small
perturbations create homoclinic tangencies and heterodimensional cycles associated to
periodic orbits in the attractor. Finally, Theorem C proves that, if a robust singular
attractor contains an index 2 singularity, then it has a partially hyperbolic splitting with
a one-dimensional strong stable direction.

Our examples and those in [4, 13] open the door for the understanding of the dynamics
of robust singular attractors, in dimension larger than 3. We are far from having a global
overview of all the possibilities: it remains to understand the relationship between the
index of the singularities and the index of the periodic orbits, the compatibility between
the hyperbolicity of the singularity and the hyperbolicity of the regular orbits, the global
structure (dominated splittings of the flow or of the Linear Poincaré flow) carried by
such attractors, and so on; all these questions would need examples showing what is
possible and what is not.

In that spirit, in [11], we built a C'-open set O of vector fields on a 4-manifold such
that every generic X € O has no topological transitive (nor chain recurrent) attractors,
but has a unique transitive quasi-attractor (i.e., intersection of (non-transitive)
attractors) containing a singularity and regular periodic orbits.

1.2. Precise statement of our main results

Let X denote a vector field on a closed manifold M, and let ¢,X : M — M denote the time ¢
map of its flow ¢¥ = {¢X}cr-

The index Ind(o) of a hyperbolic singular point o € Sing(X) is the dimension of
its stable manifold. The index Ind(y) of a regular hyperbolic periodic orbit y is the
dimension of its strong stable manifold.

A ¢X-invariant compact set A is transitive if there is a point x € A such that
its positive orbit {(pf(x),t > 0} is dense in A. The transitivity is a notion of
indecomposability of the invariant set A. We will use here a weaker notion of
indecomposability called chain transitivity, based on the notion of pseudo-orbits
introduced by Conley.

For every ¢ > 0, a sequence {xg, X1, ...,X,} is called an e-pseudo-orbit, if there are
{ti}?:_(]l verifying #; > 1 for any 0 <i<n — 1 such that d(¢ff(x,-),x,-+1) <e. A is called
chain transitive if, for any x,y € A, and for any & > 0, there is an e-pseudo-orbit
{x=x0,x1,...,x, =y} with x; € A for any 0 <i < n.
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A topological attractor of a vector field X is an invariant compact set A admitting an
open neighborhood U such that

(1) U is an attracting region of X: the boundary U is a codimension 1 submanifold of M
transverse to X and such that X is entering in U,

(2) A is the mazimal invariant set in U; that is,

A=) efW).
teR
Notice that the maximal invariant set in any attracting region is a topological
attractor. One usually requires an attractor to verify some indecomposability condition
such as transitivity, or chain transitivity. Here, we will use both notions, so we will
specify transitive attractor or chain transitive attractor.

Theorem A. Given any closed manifold M with dimM > 4, there is a C'-open set
U ¢ XY (M) and there is an open set U C M such that, for any X € U', one has the
following properties.

e U is an attracting region of X; we denote by Ax the mazimal invariant set in U.
o Ay is a chain transitive attractor.

e Ax contains two singularities o1,09 € Ax satisfying Indoy = dimM — 1 and
Indog =dimM — 2.

Furthermore, for any r > 1, let U" =U' N X" (M) denote the C"-open set of C"-vector
fields in U'. There is a C"-residual subset R" of U’ such that Ay is transitive for
every X € R"; moreover, the residual set R" is the complement in U" of a codimension 1
submanifold of X" (M).

Remark 1.1. Here, the codimension 1 submanifold is an immersed submanifold; it is
not an embedded submanifold.

We do not know if the chain transitive attractor Ay is in fact transitive for every X
in U. More generally, we ask the following question.

Problem. Does there exist a robustly chain transitive attractor which is not robustly
transitive?

1.2.1. Idea of our construction. Our example is a perturbation of a simple vector
field. We start with a vector field Y, on a 3-manifold My, having a robustly transitive
singular attractor with a unique singular point pg. Then we consider the 4-manifold
M = My x S* endowed with the vector field Z = Y x 0|1 (that is, the vector field tangent
to the factors Mgy x {s} which induces Y on each of these factors). Now, Theorem A
consists in performing a small perturbation of the vector field Z in order to get a robust
chain transitive attractor. The perturbation turns the circle {pp} x S' in a normally
hyperbolic circle containing two singular points of different indices.
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For proving the chain transitivity of the attractor, we will use that the initial
three-dimensional attractor may have a very large expansion in the unstable direction.
For this reason, we will not choose the usual Lorenz attractor? as our vector field Y. We
will choose for Y a geometric model built in [31] which is a very simple and beautiful
trick for allowing an arbitrarily large expansion in the unstable direction.

Remark 1.2. The vector field Y, the starting point of our construction, can be realized
in a 3-ball B3. Thus the vector field Z can be realized in B x S!, which can be embedded
in a 4-ball B, In other words, the vector field stated by Theorem A in dimension 4 can
be realized in a ball B* (see Remark 3.1). By multiplying our construction in B* by a
transversal strong contraction, one gets a C! vector field in a ball B (for any n > 4) with
an attractor contained in a normally hyperbolic (contracting) 4-ball. This explains why
Theorem A holds on any manifold with dim M > 4.

1.3. Hyperbolic properties

The notion of singular hyperbolicity, introduced in dimension 3 by Morales, Pacifico,
and Pujals, can be adapted easily in higher dimensions. The singular hyperbolicity
implies that all the periodic orbits are hyperbolic and have the same index.
Furthermore, this property is robust. Hence, the singular hyperbolicity implies the star
condition. Conversely, [16,18,27] prove that, under the star condition, every robustly
transitive attractor A is singular hyperbolic. This holds in particular for the examples of
robust singular attractors obtained by multiplying a Lorenz-like attractor in dimension
3 by a transverse strong contraction; it also holds for geometric Lorenz attractors with
singularities having arbitrarily large expanding directions built in [13].

However, in dimensions larger than 3, robust singular attractors do not need to satisfy
the star condition or the singular hyperbolicity: our examples and the examples built in
dimensions larger than 5 by [4] do not satisfy the star condition: they present periodic
orbits with different indices, which allows us to create heterodimensional cycles, and
therefore non-hyperbolic periodic orbits. This is a general phenomenon.

We say that X has a homoclinic tangency if X has a periodic point x and W*¥(Orb(x))
intersects W*(Orb(x)) non-transversely at some points.

Theorem B. If A is a robustly chain transitive attractor of X which contains
singularities of two different indices, then X can be accumulated in the C'-topology by
vector fields with a homoclinic tangency.

Remark 1.3. An argument in [18] proves that every robustly transitive (and not chain
transitive!) set (not necessarily attractor) which contains singularities of different indices
can be Cl-perturbed in order to create a homoclinic tangency.

4 Recall that the geometric model of a Lorenz attractor uses a cross section which is a rectangle; this
rectangle is cut into two subrectangles by the local stable manifold of the singular point, and each of
the subrectangles has a first return in the cross section, which is expanded in the unstable direction;
this construction forbid the expansion rate of the first return map to be uniformly larger than 2.
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The homoclinic tangencies allow one to produce non-hyperbolic periodic orbits inside
the attractor. Hence, robust chain transitive attractors with singularities of different
indices are never singular hyperbolic. So it is natural to ask what kind of hyperbolicity
satisfies robust singular (chain) transitive attractors?

We need some definitions. We denote by @¥ the tangent flow (that is the derivative
of ¢X). Given a compact invariant set A of X € X1 (M), we say that A has a T-dominated
splitting, for some constant T > 0, if there is a @*-invariant continuous splitting
TAM = E1 @ E2 such that, for any x € A, we have

197 12, 0 ML |y (g o | < 1/2-

In this case, we say that E1 is dominated by E2. An invariant bundle E1 on A is called
contracting if there are constants C > 0 and A < 0 such that, for any r > 0 and x € A, we
have | @[k, o || < Ce.

For diffeomorphisms, [7,15,25] prove that every robustly transitive set A has a
dominated splitting; moreover, considering the finest dominated splitting on A, the
extremal bundles are volume contracting and volume expanding.

For vector fields, the situation is more difficult.

e On the one hand, the argument in [7] proves that every robustly transitive set has
some dominated splitting on the normal bundle with respect to the linear Poincaré
flow. However, the normal bundle is defined only out of the singularities.

e On the other hand, there are robustly transitive vector fields X without
@X-invariant dominated splitting (such examples can be obtained by considering
the suspension flow of the robustly transitive diffeomorphisms built in [12]).
However, robustly transitive vector fields have no singularities (see [14, 16, 35]).

In fact, the known examples of robust singular attractors are using both structures
(dominated splitting for the flow and for the Poincaré flow), but there is no formal proof
of the existence of a dominated splitting.

Problem. Do there exist robustly singular (chain) transitive attractors without
@X-invariant dominated splitting?
As a partial answer, we show that every robustly chain transitive attractor having an

index 2 singularity admits a partially hyperbolic splitting with a strong stable direction.

Theorem C. There is a dense open set O C XY (M) such that, for any X € O, if Ais a
robustly chain transitive attractor of X containing a singularity of index 2, then A has a
partially hyperbolic splitting; i.e., there is a dominated splitting TAM = E* @& F such that
E* is uniformly contracted. Furthermore, dim E* = 1.

2. Introduction to the Morales—Pujals example

2.1. Informal description

Let Mp be a compact three-dimensional C* Riemannian manifold without boundary.
In [31], Morales and Pujals describe a robustly transitive singular attractor Agp of
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Figure 1. The first return map.

a vector field ¥ € X1 (Mp) which is not equivalent to the classical geometric Lorenz
attractor [19]. Our interest in that example is that its first return map on a given global
cross section has an arbitrarily large expansion in the unstable direction.

More precisely, the usual geometric Lorenz attractor admits a cross section which
is a square [—1, 1] x [—1, 1] crossing the local stable manifold of the singularity along
[—1, 1] x {0}, and the first return maps [—1, 1] x [—1, 1]\ [-1, 1] x {0} = [-1, 1] x [—1, 1]
behave as in Figure 1(1).

In the Morales—Pujals example, there is a cross section which is an annulus [—1, 1]x St
crossing the local stable manifold of the singularity along [—1, 1] x {0}, and the first
return maps [—1, 1] x st \[-1,1] x {0} - [-1,1] x $1 behave as in Figure 1(2), allowing
an arbitrary expansion.

2.2. Construction of a Morales—Pujals attractor

The Morales—Pujals example was built in [31] as a strange singular attractor appearing
through a simple bifurcation from a Morse-Smale system. Here, we are interested in the
attractor itself, but not in how it appears. The aim of this section is to give a simple
construction of this attractor, focusing on the fact that it is contained in a 3-ball, and
that its basin contains a domain Up bounded by a surface transverse to the flow (indeed,
that is a general feature of attractors, according to Conley theory).

Let us start with a usual Cherry flow X, on the torus T? = S x §!, that is, a flow
having two singularities, one repelling and one saddle, and transverse to the circle
S x {0}. By the definition of Cherry flow, every point of S' x {0}, except one point Sy
(belonging to the local stable manifold of the saddle), admits a (positive) first return on
$1x{0}. The image of this first return map is an open interval I x {0} in the circle S x {0},
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whose extremities are points in both unstable separatrices of the saddle. One can choose
this Cherry flow X, such that
e it is trivial (i.e
St x [—1/2,0];
e the expanding eigenvalue of the saddle point is stronger than the stable one (that is,
the sum of the eigenvalues is positive).

., %7 where s, is the second coordinate of the torus) on the annulus
2

We embed the 2-torus in the 3-ball (for instance as a revolution torus of R3). And we
extend the Cherry flow as a vector field Yg in a tubular neighborhood of the torus just
by adding a normally contracting component to the flow. More precisely, let [—1, 1] x T2
denote this tubular neighborhood of the torus. Then, the expression, in the product
coordinates of the vector field at a point (w, s), is

Yow, s) = (0, Xc(s) —« 'wi,
ow
where o > 0 is chosen large enough such that the torus is normally hyperbolic for Yp.
Notice that the tubular neighborhood [—1,1] x T2 of the torus is now an attracting
region for Yy. We complete Yj in the whole ball in any way.

By the construction, the local strong stable leaves are the segments [—1, 1] x {s}.
Remove from [—1, 1] x T2 a solid cylinder [—1, 1] x D, where D C T2 is a disc contained
in the basin of the repeller of the Cherry flow such that dD is transversal to X. and
disjoint from S! x {0}. Now [—1, 1] x (T2 \ D) is an attracting region. Its boundary is
homeomorphic to a surface of genus 2. One can smooth this surface in order to get
a smooth surface transverse to the flow, and bounding a handlebody Up which is an
attracting region (and contained in a 3-ball).

Consider now the annulus o = [—1, 1] x S' x {0}. The first return map on o is well
defined out of [—1, 1] x {s,}. Its image is a region consisting of strong stable segments
through the points of the segment {0} x I x {0} (where I is the image of the first return
map of the Cherry flow) whose length tends to 0 at the extremities of I, so that this
region has two cusps at the extremities of 1.

We now modify this flow on [—1, 1] x st x [—1/2,0], in order to modify the return
map. For that, we consider the return map from o to [—1, 1] x ST x {—1/2}. The image is
also a region D_1/2 bounded by two segments tangent at the extremities of the interval
{0} x I x {—1/2}, forming a cusp at the extremities of this interval.

We will replace Yy by a vector field ¥ which coincides with Yy out of the interior
of [-1,1] x St x [—1/2,0], and which is transverse to the annuli [—1, 1] x St ox {u}).
Notice that, up to smooth orbital equivalence, such a vector field is determined by the
holonomy map A :[—1,1] x S x {=1/2} - o =[—1, 1] x S! x {0}, and & can be chosen as
an arbitrary diffeomorphisms of these annuli which is isotopic to the identity, and equal
to the identity in a neighborhood of the boundaries. As we are simply concerned with
the return map of ¥ on o, we only need to define & on the region D_1/5. We require
that h preserves and contracts the restriction to D_1,2 of the strong stable foliation, and
that A induces an arbitrarily large expansion of the transverse direction to the stable
direction. (A more precise construction will be given in the next subsection.)
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Figure 2. The Morales—Pujals example.

As a consequence, the first return map of Y on o will be partially hyperbolic with an
arbitrary large expansion (as in Figure 2). Now, the fact that the vector field ¥ admits
on Uy a unique robustly transitive attractor can be proven exactly in the same way as
for the classical Lorenz attractor, the transitivity here being easier to get because the
expansion is arbitrarily large. (We will give a short idea of the proof at the end of this
section.)

2.3. Technical description

Now, we outline the topological construction, the hyperbolic properties of the flow, and
the first return map of the Morales—Pujals example [31]. For any a > 0 and A" > 2,
there exists a vector field Y on Mg having a transitive attractor Ag with the following
properties.

Topological conditions.

Y.1. Ag is a transitive attractor: there is a neighborhood Ug of Ag whose boundary is a
surface transverse to the vector field Y, the vector field Y enters in Uy, and Ag is
the maximal invariant set ()~ ¢! (Vo).

Y.2. Ag has only one singularity pg, which is an index 2 saddle point.
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Y.3.

Y4
Y.5.

Y.6.
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Ag admits a cross section which is an annulus o :=[—1, 1] x st Furthermore,
every orbit entirely contained in Ug \ {po} crosses the interior of the section o.

We choose the Riemannian metric on My such that the cross section o is
orthogonal to Y.

The local stable manifold (po) cuts o along a segment £ :=[—1, 1] x {0}.

S
loc
The first return map on o is well defined on o \ ¢, and we denote it by f: 6\ — o.
Moreover, the image of f is contained in the interior of o.

The lateral limits limg_, o+ f([—1, 1] x {s}) and lim,—,o— f([—1, 1] x {s}) exist, and are
different points denoted respectively qBL and gy . Furthermore, qar and g, are each
the first intersection point of one unstable separatrix of pg (that is, a connected
component of W"(pg) \ {po}) with o. Finally, qa' and g, are not in the local stable
manifold ¢ of the singularity pg.

Hyperbolic properties of the flow.

Y.7.

Y.8.

Y.9.

Y.10.

Partial hyperbolicity: Ag has a singular hyperbolic splitting, i.e., there is a
dominated splitting Tx,Mo = E* @ E“ for the tangent flow @Y, such that E° is
contracting and E® is volume expanding (see item (Y.10(b)) for the definition of
volume expanding).

The strong stable foliation on Up: This implies that the stable bundle E*
admits a unique continuous invariant extension (already denoted by E*) on Up.
Furthermore, there exists a unique invariant foliation F* tangent to ES in Up; the
foliation F* is called the strong stable foliation.

We assume that F* is tangent® to o. Furthermore, the leaves of the restriction of
F* to o are the segments [—1, 1] x {s}.

Center-unstable cone field: There is no uniqueness of the extensions of E“ on Up.
By an abuse of notation, we denote by E“ a (non-invariant) continuous extension
on Up of the bundle E“ (defined on Ag) such that, for every x € Uy, the plane
E“"(x) is transverse to the bundle E°(x) and contains RY (x).

For ¢ > 0 and x € Ug, we denote
CHlx)y={veTMy:v=v +v" Vv e E v" e EY, and |V'|| < c[v“|}.

(a) (invariance of the center-unstable cone field) The cone field of size a (where
a >0 is the constant fixed at the beginning of the section) is positively
invariant, and there is 0 < ug < 1 such that, for any r > 1,

@) (C" () € C L (d)Y ()):;

noa

(b) (volume expansivity) moreover, every plane P in the cone field C*(x) (x € Up)
is volume expanding; more precisely, there is A > 2 such that, for every ¢t > 1

5 This hypothesis is not required by Morales and Pujals in [31]; however, it is not difficult to build a
Morales—Pujals example having this extra property.
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and every plane P C C5*(x), x € Up, the determinant of the restriction to P of
the derivative @} satisfies

det(®)[p) > 1 > 2.
Hyperbolic properties of the first return map.

Y.11. Stable foliation of the first return map: By assumption, on o, the leaves of F*° are
the segments [—1, 1] x {s} for s € S'; we denote by F3 the restriction of F*° to o.
The foliation F3* is invariant by the first return map f and is uniformly contracted:
there is A* > 1 such that, for every curve @ C F3*(x) N f(o \ £), we have

Length(f~!(w)) > A*Length(w).

Y.12. Given any regular periodic orbit y C Ag, one has that W¥(y) N o intersects every
leaf of F3*; in particular, it intersects £.

Y.13. Center-unstable cone field for the first return map: For ¢ > 0 and x € o, we denote

CH'x)y={veTio :v=Vv'+v" V' e I, FF v" € E" NTyo, and V'] < c|v"||}
=CMx)NTyo  (because Ty F,' = E°(x)).

Then C&(x) is a cone tangent to o and transverse to the strong stable leaf
through x.
We assume that there is 0 < b < a such that
(a) the center unstable cone C3"(x) of size b is positively invariant and uniformly
expanded; more precisely,
o for every x € o \ £, one has Df(C}*(x)) C CZ”Ob(f(x)), where uq is the
constant defined in item (Y.10);

o for every v e Cj'(x), we have |Df(v)|l > A*|v|l, where A" > 2 is the
constant fixed at the beginning of §2.3;

(b) as 0 < b < a, for every x € o, one has Cj"(x) C C;"(x) C C5*(x); as we choose o
orthogonal to Y and tangent to E°, this implies that, for every x € o, the sum
Ci'(x) + RY(x) := {u+ v, u € Ci"(x), v € RY(x)} is contained in C;"(x) (hence in
Ca"(x));

(c) the boundary of o is tangent to the cone field C7"; by the previous item, this
implies that, at every point x € do, the plane Tydo + RY(x) is contained in
Cpl'(x).

In [31], Morales and Pujals built vector fields satisfying all the conditions above and
proved that Ag is a robustly transitive attractor. We now give a brief summary of their
argument.

Idea of the proof of the Morales—Pujals example. They prove that every vector
field Y’ close enough to Y admits a well-defined return map on o outside a segment
', the intersection of the local stable manifold of the singular point with o. (¢’ is some
kind of continuation of £.) Furthermore, the first return map preserves the cone field C5*
and expands the vectors by a factor larger than A*. As A* is strictly larger than 2, for any
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Figure 3. The first return map.

(non-trivial) segment w in o tangent to C$*, there is n > 0 such that f"(w) cuts €' twice;
that is, it makes an entire turn around the annulus o. This implies that f"(w) cuts
every strong stable leaf on o. As a consequence, any two periodic orbits in the maximal
invariant set Ap = ﬂt>0 q)tY /(Uo) are homoclinically related, and their unstable manifolds
are dense in A(. The same argument proves that the stable manifold of the singularity
and of every periodic orbit is dense in Up. They deduce that Aj is a transitive attractor
containing the singularity; furthermore, Af is the homoclinic class of a periodic orbit: in
particular, the periodic orbits are dense in Aj,. O

The proof of Theorem A follows the same framework as the argument above. In that
argument, the fact that a segment tangent to the cone field Cj* and cutting €' twice
needs to cut every strong stable leaf will be easier to generalize in higher dimensions if
we consider a cyclic cover of the annulus o. For this reason, we point out the following
property, satisfied by the Morales—Pujals example (see Figure 3).

Y.14. Lift of the return map f on a cyclic cover of o: Let pg:0 :=[—1,1] x R — o be
the universal cover of o. Let o be a connected component of pj 1(0 \ £), and let
f:00—>[—1,1] x R be alift of f.

Then the boundary 8}(50) meets every segment [—1, 1] x {s}, s € R, in at most
two points.
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Remark 2.1. Recall that the Morales—Pujals example can be realized as a vector field
on R3 or on a compact 3-ball; as a consequence, every compact 3-manifold carries an
open set of vector fields having a Morales—Pujals attractor.

3. The details of the construction

3.1. The vector field Z, the product of the Morales—Pujals example by S!

Let Mp be a closed 3-manifold endowed with a smooth vector field ¥ having a robustly
transitive attractor which is a Morales—Pujals attractor as described in § 2.

We consider the 4-manifold M = My x S' endowed with the orthogonal product
Riemann metric of the metric on Mo by the canonical metric on S' =R/Z. A point
x €My x St is of the form x = (x!, x2), where x! € Mg and x? € S'. We denote by Z the
vector field defined on the 4-manifold Mg x ST as Z=7Y x 0] s1, where 0[g1 is the zero
vector field on S'. The vector field Z is tangent to each of the factors My x {x?}, for
x% € §1, and its restriction to My x {x2} is the vector field Y.

Remark 3.1. As noticed in Remark 2.1, a Morales—Pujals attractor can be realized on
the 3-ball B3. The product B3 x S! can be embedded in any compact 4-manifold. For this
reason, the vector field Z defined above can be carried on any compact 4-manifold.

Let us recall some of the main properties that Z inherits directly from Y.
Topological properties.

Z.1. Recall that Up is an attracting region for ¥. Then the open subset U := Uy x S! is
an attracting region for Z, and the maximal invariant set of Z in U is A = Ag x S!.
It is a (non-robustly) chain transitive attractor for Z.

Z.2. The product ¥ :=0 x St =[—1, 1] x S* x S! is a cross section of the attractor, and
every orbit entirely contained in U and not contained in {pg} x ! cuts the interior
of X.

Z.3. The circle S := {po} x S! is invariant and its local stable manifold W*(S) cuts ¥
along an annulus L :=[—1, 1] x {0} x $1 = ¢ x §1.

Z.4. The first return map F of Z on the cross section ¥ is well defined (and is a
diffeomorphism) on X' \ L, and its image is contained in the interior of X

Z.5. The image of the first return map F admits a compactification by the two circles
ot = {qb"} xSt and 0~ := {q9} x S! which are connected components of W*(S)NX.

Hyperbolic properties of the Sl-fibration. One of the main difficulty of our
example comes from the fact that the one-dimensional lamination on A whose leaves
are the factors {x!} x S! is not normally hyperbolic; and, in fact, it is easy to build
perturbations of Z breaking this lamination.

However one has the following.

Z.6. The circle S = {pg} x S! is a normally hyperbolic circle.

Z.7. Given any regular periodic orbit y C Ag of Y, the torus I" :=y x S! is a normally
hyperbolic torus.
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Hyperbolic properties of the flow.

Z.8. Z admits a partially hyperbolic splitting on A:

(a) the (one-dimensional) strong stable direction E%? is well defined on the whole
attracting region U, and ESZ(xt, x2), for (xh,x?) e U= Ug x §1, is just the
strong stable direction E® at x!;

(b) the center-unstable direction E“? at (x!',x%) € A is the product of the
center-unstable direction E* at x! by the tangent lines to the factor {x'} x §;

in the previous section, we have chosen a (non-®Y-invariant) extension of E“

on Uy such that Y(x!) € E*(x!), for every x' € Up; we denote by E“Z the

corresponding extension on U of the center-unstable direction: E“Z(x!, x?) is the

product of E<(x') by the tangent lines to the factor {x!} x S.

Z.9. The splitting E*% @ E“Z on U allows us to define a cone field:
Co%={veTM x St 1v=v"+ v ' € B4 v e EZ and |v*'|| < alv*|I}.
Recall that
e cach factor Mo x {x?} is invariant by ®Z and &7 induces @* on each factor;
e the cone field C* is invariant by &) (1> 1);
e the vectors tangent to E*Z are uniformly contracted by ®Z (t > 1), and ®Z

preserves the norm of the vectors tangent to the S factor.

One deduces the following lemma.

Lemma 3.2. The cone field Cg”*z is invariant by @tz (t > 1); moreover, there is u €
(0, 1) such that, for any t > 1,

D7 (CSZ (x)) € CLZ (G ().

Finally, by item (Y.10(b)), one gets that every three-dimensional subspace B in the
cone field C$Z(x) (x € U) is volume expanding. More precisely, we have the following.

Lemma 3.3. There is T > 0 such that, for every t > T, every x € U, and every
three-dimensional subspace B C CZ”'Z(x), one has

det(®Z[p) > 1 > 2.

Proof. Simply notice that qﬁtZ (B) converges uniformly to E*“? (q)tZ (x)) as t — +o00. Then
the claim follows from the uniform volume expansion on EZ. O

Hyperbolic properties of the first return map.

Z.10. Stable foliation of the first return map: We denote by F3 the one-dimensional
foliation on X = o x §1 which is tangent to each factor o x {x2} and coincides with
F55Y on this factor. This foliation is invariant by the first return map F and is
uniformly contracted by F by the factor (A*)~! < 1.

Z.11. Notice that, for any regular periodic orbit y C Ag of Y, W¥(I'"), the unstable
manifold of the normally hyperbolic torus I' =y x S!, is W%(y) x S'. Thus
WH*(I') N X intersects every leaf of 75 and L.
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Z.12. Center-unstable cone field for the first return map: For x € X', we denote
CZM’Z(X) =eT X :v=2 +v" V' e L FS v" e E?’ N T X, and V'] <bIIv“|)}
=Y () NT, X

Then CZ"‘Z(x) is a cone tangent to X and transverse to the strong stable leaf
through x. Moreover:

(a) notice that E*“Z N T, X is the product by the S direction of the distribution
E®“ N To defined on the three-dimensional model; now, as in item (Z.9), we
deduce the DF-invariance of the cone field CZ”’Z from the Df-invariance of the
cone field C}*; more precisely, there is u € (0, 1) such that, for every x € X'\ L,
one has

DF(C"*(x)) € Cl% (F()):;

(b) for every x € ¥, the sum CZ”’Z(x) + RZ(x) is contained in CZ”’Z(x) (hence in
Cgh2 ()

(¢) the boundary 9 X is tangent to the cone field C;“’Z; by the previous item, this
implies that, at every point x € 9 X', the 3-space Txd X + RZ(x) is contained in
CZ"’Z(x).

Z.13. Volume expansion in the center-unstable cone field: Recall that the vector field Y
has been defined for an arbitrary a > 0 and A" > 2, and uses a constant b € (0, a).

Let P C CZ“’Z(x) be a plane contained in the center-unstable cone field at a

point x. If a has been chosen small enough, then b is also very small. Then, the

determinant det(DF|p) is almost equal to the determinant det(DF|p), where Q is a

plane generated by a vector in the cone field C;* and the vector tangent to the st

factor; as the ST direction is preserved by F, and the action of DF on this direction

is by isometry, det(DF|g) is larger than A* (by definition of the vector field Y). One

deduces that for A" large enough and a small enough there is A > 2 such that, for

any x € X and any plane P C CZ”’Z(x), one has

det(DyF|p) > A > 2.

3.2. Vector fields in a neighborhood of Z

Most of the properties of the vector field Z persist in a small neighborhood of Z,
sometimes needing to be a little bit changed. More precisely, given any hyperbolic
periodic orbits y, ¥’ C Ag of the vector field Y, there is a neighborhood Uy € X1 (Mg x S1)
of Z such that, for any X € U7, one has the following properties.

Topological properties.

X.1. The open subset U = Uy x S! is an attracting region for X. We denote by Ax
the maximal invariant set of X in U, that is, Ax =[5 ¢X(U). Tt is a (possibly
non-chain transitive) attractor for X.

X.2. The circle S = {po} x stois normally hyperbolic for Z; hence it has a unique
continuation Sy for X. The circle Sy is ¢X-invariant, normally hyperbolic, and X
has no singularities in U \ S.
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The torus ¥ xS1(y’ xS1) has a unique continuation Ix(I'y) which is a ¢*-invariant,
normally hyperbolic torus.

The product ¥ =0 x ST =[—1,1] x S x §! is a cross section of X, and every orbit
of X entirely contained in U and not contained in Sx cuts the interior of X.

The local stable manifold W*(Sx) cuts ¥ along an annulus LX which varies
continuously with X, and whose boundary is contained in the boundary of X.
In particular, if the neighborhood U; is small enough, then LX is Cl-close to
L=[-1,1] x {0} x SL.

The local stable manifold W*(Iy) cuts X along an annulus /X which varies
continuously with X, and whose boundary is contained in the boundary of X

The first return map Fx of X on the cross section X is well defined (and is a
diffeomorphism) on ¥ \ L, and its image is contained in the interior of X.

The image of the first return map Fx admits a compactification by the two circles
0% and QX which are the connected components of W¥(Sx) N X obtained as the
unique continuation of O and Q~ (these intersections are transversal, and hence
vary continuously with X). For /1 small enough, QX and Q=¥ are C Lclose to QF
and Q7 , respectively.

Hyperbolic properties of the flow.

X.9.

X admits a partially hyperbolic splitting on Ay.

(a) The strong stable direction E**X is well defined on the whole attracting region

Ecu,X

U and varies continuously with X; the center-unstable direction is well

defined on Ay;

(b) the cone field C&Z defined on U is transverse to EX, and is invariant by @X

for ¢t > 1; furthermore, up to increase a little bit the constant u < 1, one has
fort>1,

DX (CS(x) € CLl? () ()

(c) moreover, up to shrink a little bit A** > 2, every three-dimensional subspace B
in the cone field C“%(x) (x € U) is volume expanding by ®X; that is, for t > T,
the determinant det(<1§tX |p) satisfies

det(®X|p) > 1.

Hyperbolic properties of the first return map.

X.10. Stable foliation of the first return map: Notice that the flow ¢X admits a strong

stable foliation F5%(x). The foliation ]-"SEs’X on ¥ =0 x S' whose leaves are the
projection along the orbits of X of F**(x) is invariant by Fx and uniformly
contracted by Fx by the factor (A*)~! < 1 (up to shrink a little bit A% > 1).

. Notice that the unstable manifold W*(Iy) varies continuously with X on the

compact parts. One deduces that, for X close enough to Z, one has that W*(I'x)NX
intersects every leaf of f}s’x and LX.
So we choose U1 such that these properties hold on U .
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X.12. Center-unstable cone field for the first return map: Then CZ"’Z(x) is a cone
tangent to ¥ and transverse to the strong stable leaf of F*X through x. Moreover,
one has the following proposition.

Proposition 3.4. For any 0 <u <u <1 and any 2 <X < A, there is a
Cl-neighborhood Us C Uy of Z such that, for every X € Us and every x € X \ LX, one
has

DFx(C"%(x)) € ClZ (Fx (x)).

Furthermore, for every plane P contained in CZ”’Z(x), one has

det(Dxe|P) > )L/ > 2.

Proof. For X close to Z, the Poincaré return time associated to Fyx is uniformly bounded
out of a small neighborhood of L. Hence, up to increase a little bit u < 1, for X close to Z
and x out of this small neighborhood of L, one has

DFx(Cy"*(x)) C Ciyp”(Fx(x)).

Thus, we only need to consider the points in a small neighborhood of L.
Consider a’ such that 0 < d’ < ub. By the definition of the cone fields Cg“’z(x) and
Cﬁ”’z(x), for any point x € X, we have

Co () NTE C 7 ().

Recall that C;"’Z(x) B RZ(x) C CZ”’Z(x), and 0 < b < a. As a consequence, we get the
following.

Lemma 3.5. There exists a Cl-neighborhood of Z such that, for any X in this
neighborhood and any x € X, we have

Ci% (x) ® RX(x) C C*Z (x).

Lemma 3.6. There are 1o > 0 and a C'-neighborhood of Z such that, for any t > to and
any X in that neighborhood, one has

X (€ (x)) € CSF (PK ().

Proof. Fix some a” < d'. Using the partial hyperbolicity of Z, one gets fy > 0 such that,
for any t > ty, one has @,Z(Cg”'z) C Cgff’z. Now, by continuity and compactness, one gets
X (Ccem?y C;,“’Z, for XC!-close to Z. O

We now choose a Cl-neighborhood ng of Z and a neighborhood Us of L in ¥ such that

° Z/~{3 is contained in the neighborhoods of Z stated in Lemmas 3.5 and 3.6;
e forany x € ¥\ Us and any X € Us, one has

DFx(Cy"*(x) C Cil (Fx());

e for any x € Us and any X € 273, the Poincaré return time 7% (x) of x is greater than 7.
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Now, the main step of the proof is the following lemma.

Lemma 3.7. For any X € Us and any x € ¥ \ L, one has
DFx(Cj"*(x)) C Cyyf (Fx ().

cu,Z

Proof. Suppose, to the contrary, that there exist x € Us and v € Cp,;"“ (x) such that
DFx(v) ¢ Cyiy” (Fx (x)).

Hence DFx(v) & C;f’ ’Z(F ¥ (x)).
Notice that CDfx (x)(v) — DFx(v) € RX(Fx(x)); thus there is vV € RX(x) such that

@Y, (v =) = DFx(v) € C3"“ (Fx (x)).

However, v € CZ”’Z(x) and CZ"’Z(x) + RX(x) C CS*?(x), because X € Us. As a
consequence, one has v —v' € Cf,”'z(x). As X € U3 and 75(x) > 1o, this implies that

Z
Xy (v = V) € C A (Fx ().
This contradiction proves that CZ”’Z is positively invariant. O

To end the proof of the proposition, it remains to prove the area expansiveness on
planes in the cone field CZ“’Z.

As before, by replacing A by A’ (with 2 <1’ < A), for x out of a small neighborhood of
L and X C! close to Z, every plane in CZ”’Z(x) is area expanded by the first return map

Fx by a factor larger than A’.

For any plane P contained in CZ"’Z(x) and X € Us, we have

P @®RX(x) C C%(x).
Thus <DtX is volume expanding on P @ RX(x); that is, for t > T, one has
det(@tX|p@]RX(x)) > A,

For a point x close to L and X close to Z, the Poincaré return time t¥(x) is arbitrary
large. Hence, the expanding rate

X

det(Dy  lPorx () > (A%) ]

is arbitrary large.

On the other hand, RX(x) is invariant by @tX , and the angle between RX(x) and TX' is
uniformly away from zero. This implies that det(D Fx|p) > A" as 7¥(x) is large enough. [J

3.3. Performing a perturbation of Z

Recall that ¢, is the C'-neighborhood of Z built in § 3.2.
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Lemma 3.8. There exists a non-empty open subset Us C Uy containing Z in its closure
(i.e., Z € Uz ) such that, for any X € Us, we have

e the flow restricted on Sx, denoted by ¢tX|SX; is Morse—Smale: the chain recurrent set
of ¢,X|SX 1s the set of two singularities p’f and pg. The points p}f and pg are singular
saddles of X, whose indices are Ind(p)f) =3 and Ind(pg) =2;

e the flow restricted on I'x, denoted by q‘),X|pX, 1s Morse—Smale: the chain recurrent set
of d’,X|1“X is the set of two periodic orbits ylx and )/QX, whose indices (in the ambient
manifold M) are Ind(ylx) =2 and Ind()/QX) =1 (the index of a hyperbolic set is the
dimension of its contracting bundle);

o c(W(Ix)) = cl(W“(y3)) = cl(W“(y{")), and cl(W*(Ix)) = cl(W* (y{")) = cl(W* (13)).

Remark 3.9. Note that Z & Us.

Lemma 3.8 is a direct consequence of the following result (be aware that the notation
in this proposition is not coherent with the notation in other parts of the paper).

Proposition 3.10. Let f: Vo — M be a diffeomorphism onto its image defined on an
open subset Vo of a manifold M. Assume that K C Vg is a f-invariant transitive compact
subset which is a uniformly hyperbolic non-trivial basic set for f (non-trivial means that it
is not reduced to a periodic orbit); let V. C Vg be an isolating neighborhood of K. Let y € K
denote a periodic point of f and ww(y) its period.

Let Fo := (f, idsl) Vo x St — M x S'. For every neighborhood Wy of Fg in Diff! (Vg x
ST, M x SY) for the classical compact open C'-topology, there is a diffeomorphism F1 € Wy
and there is a neighborhood W1 C Wy of F1 with the following properties.

o The diffeomorphism F1 is of the form Fi(x,s) = (f(x), ¢x(s)), where {¢x}xev, 15 @
continuous family of circle diffeomorphisms such that ¢, = id g, forxgV;

e the normally hyperbolic (periodic) circleSC = {y} x S contains precisely 2 periodic
points y1 = (v, 0) and y2 = (y, %) for F1 which are hyperbolic;

o the circle C admits a well-defined continuation Cp which is an F*™Y -invariant
normally hyperbolic circle, for every F € Wi, furthermore, Cr contains exactly
two periodic points y1.r and ya r which are hyperbolic and vary continuously with
FeW;

e for every F € W1, one has
cl(W'(Cp)) = cl(W(y1,r)) = cl(W*(y2,F)),

and
cl(W¥(CF)) = cl(W (y1,F)) = cl(W* (y2,r)).

In order to apply Proposition 3.10 to Lemma 3.8, we will consider M = int(o) and
M x S1 =int(X).

6 In order to be completely rigorous, the orbit of C is a normally hyperbolic invariant manifold.
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Proof of Lemma 3.8. The first return map F of the vector field Z on ¥ = o x S! is the
product (f, id ), where f : 0\¢ — int(0) is the first return map on o of the vector field Y.
We consider y and y’ being intersection points of y and y’ with o. By item Y.12 on the
vector field Y, the periodic orbits ¥ and y’ are homoclinically related. As a consequence,
there is a hyperbolic non-trivial basic set’K C o'\ (£Udo) of f which contains y and y'. We
fix an open neighborhood Vj of K which is relatively compact in o \ (¢ U d0). Hence the
first return map induces a diffeomorphism denoted by Fg := (f, ids1) Vo x ST — int(X).
We choose an isolating neighborhood V C Vg of K. We consider a diffeomorphism Fq,
arbitrarily Cl-close to Fp, given by Proposition 3.10. Notice that F; coincides with Fg
out of V x §'. We write F1 = G o Fy, where G = F; o Fal is a diffeomorphisms of X'\ L
which is the identity map out of V x S!; notice that G extends by continuity as being the
identity map on L.

This allows us to realize F1 as the first return map of a vector field X; which is
Cl-close to Z, leaves invariant the S!-fibration, and coincides with Z out of ¢>[27 1 0](2 );

for that, we choose X1 in ¢[Z 1 0](2) in such a way that, for every x € X', one has
-1
)%(1 (d)f% (x) = G(x).

In this construction, if G is Cl-close to the identity map, then we can choose the
vector field X7 to be Cl-close to Z; more precisely, given a neighborhood U of Z,
Proposition 3.10 ensures that we can choose F; arbitrarily Cl-close to Fo so that the
vector field X1 can be chosen in U. As stated by Proposition 3.10, F1 has exactly two
hyperbolic points, y1 and y2, on {y} x S

Let Wi be the Cl-neighborhood of Fi in Diff(Vy x S1,int(X)) stated by
Proposition 3.10. There is a C! neighborhood U’ of X1 such that the first return map Fx
of every vector field X € U’ belongs to Wy. Every vector field X € W; has a well-defined
normally hyperbolic torus Iy, a continuation of y x S!, and Iy contains exactly two
periodic orbits ylx and y2X with different indices, and one has

l(W*(Ix)) = cl(W*(y5)) = cl(W*(1)). and  cl(W(Iy)) = cl(W* (")) = cl(W* ().

We have proved that the vector fields in &’ satisfy items (2) and (3) of Lemma 3.8. To
end the proof of Lemma 3.8, it remains to build a smaller open set in which item (1) is
also satisfied.

For that, we fix a neighborhood O of the circle {pg} x S1 which is disjoint from the
Z-orbit segments joining the points in Vy x S1 to their image by the first return map Fg.
Notice that O is also disjoint from the Xj-orbit segments joining the points in Vg x St
to their image by the first return map F1. Now we perform a C! small perturbation Xo
of X1 such that Xo € U’, Xo preserves the S!-fibration, and {po} x st contains exactly

7Indeed, as y and y’ are hyperbolic periodic orbits, there is a hyperbolic basic set of ¥ containing y
and y’; the intersection of this basic set and the cross section o is the stated basic set K of the first
return map f.
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Figure 4. A Markov partition for a basic set Kl ck.

two hyperbolic singularities, p1 and p2. Now, every vector field X in a sufficiently small
Cl—neighborhood Us of X9 satisfies all the stated properties. O

3.4. Proof of Proposition 3.10

3.4.1. Sketch of the proof. Proposition 3.10 is essentially a particular case of
[6, Theorem B| which performs a perturbation of a product diffeomorphism (f, idy),
where idy is the identity map of an arbitrary compact manifold N (for us N = S') and f
admits a hyperbolic attractor A; this perturbation turns A x N in a robustly transitive
attractor.

The proof of Proposition 3.10 follows very closely the one of [6, Theorem B], in
particular, by the use of [6, Theorem 3.5].

e We first choose a hyperbolic basic set K! C K of f, having a Markov partition by
disjoint compact cubes with a prescribed incidence matrix (see Figure 4).

e This allows us to perform an explicit smooth 2-parameter family Fy g of
perturbations of Fo = (f, id; ) with a prescribed effect on K L' 8! (see Figure 5). In
particular, there is a periodic fiber C containing exactly 2 hyperbolic periodic points
y1 and y2.

e For every small o > 1, the map Fy g has two disjoint hyperbolic basic sets, and [9]
proves that one of them is a cs-blender containing y; and the other is a cu-blender
containing y2, according to the terminology of [6].

The cs-blenders are some kind of fat hyperbolic sets displaying an open region
(called here the characteristic region of the blender) such that any strong unstable
disc crossing this characteristic region cuts (in a C'-robust way) the strong stable
manifold of the blender.
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Figure 5. A two-parameter family Fy g of perturbations of Fj.

e Then, [6] proves that the stable manifold of every periodic orbit in the cs-blenders
contains in its closure the stable manifold of every periodic saddle whose unstable
manifold cuts the characteristic region of the blender.

e When the parameter B is irrational, we will prove that the unstable (respectively,
stable) manifold of any saddle in K1 x S' crosses the characteristic region of the
cs-blender (respectively, cu-blender).

e We will apply this argument to the orbits of y; and y2. We will obtain that, for
small & > 1 and for B € Q, the closure of the invariant manifolds of the orbits of y2
and of yo coincide robustly with the closure of the invariant manifold of the fiber C,
concluding the proof.

3.4.2. Markov partition and basic set. As K is a non-trivial basic set, there is
another periodic point z € K, homoclinically related with y. Let 7 (z) denote its period.
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Lemma 3.11. There exist

e a basic set K! C K,

e rectangles A1 and Az, centered at y and z respectively, which in the local chart at y
and z are the products A; = A x AY, fori=1,2,

o disjoint horizontal subrectangles Hy = A} x By, Hy = A x Ba, H3 = A} x B3 of A1
and Hy = A% x By, Hs = A} x Bs of Ag,

e vertical subrectangles Vi = B} x AY{,Vo = By x AY{,V3 =B; x A} of Ay and
Vi =B x A4, V5 =By x AY of Aa,

e and strictly positive integers ni, ..., ns,

such that

e ny =n(y) and ng =7 (z),
o the f"(Hy),ne{l,...,nj — 1} are pairwise disjoint and disjoint from Ay U Ag, and
o fM(H1) = V1, ["(H2) = V2, " (H3) = V5, f"4(H4) = V4, and "5 (H5) = V3.

Idea of the proof. As the points y and z are homoclinically related, they belong to
the same basic set K. This basic set K admits a Markov partition Mg = {R;}ic;- By
considering a refinement M; = {f’"(Ri_n)ﬂf*”H(R,-_n+1)ﬂ~ --Nf*(R;,)}, one gets Markov
partitions whose rectangles are arbitrarily small.

We fix a homoclinic orbit py, of y, a heteroclinic orbit p,, going from y to z, and a
heteroclinic orbit p,, going from z to y. Then one gets the stated rectangles as follows.

o Let A1, Ag, Ay, Ay, and Az be the rectangles of M,, containing y, z, pyy, py; and
Pzy, respectively.

e We denote n1 =7 (y) and ng =7 (z), and Hy =f " (A1)NA1 and Hy =f7" (A2)NAs.
Now, we put V1 =f" (A1) N A1 and V4 =f™(A2) N As.

e Consider the smallest number of 77 > 0 and Ty > 0 such that f~7 (Apy) N AL #D
and f72(Ayy) N A1 # @; then we denote Ha =f~T1(A,y) N A1 and Vo =f12(A,,) N A;.
We denote ng =T1 + To.

e Consider the smallest number of 73 > 0 and T4 > 0 such that f~73 (Ay)NAL#D
and f12 (Ay;) N Ag # (J; then we denote Hs =fTs (Ay)) N Ay and V3 =fTs (Ay;) N Aa.
We denote n3 = T3 + T4.

e Consider the smallest number of T5 > 0 and Tg > 0 such that f~75 (Az) N Ay #0
and f16(A,y) N A1 # ¥; then we denote Hs =f~15(A,) N Az and V5 =f16(A,) N A1
We denote ns = Ts + Tg.

The construction above depends on the Markov partition M,, we considered; however,
we have omitted the dependence on n for simplicity. When the rectangles of M, are
small enough (i.e., for n large enough), the construction above satisfies all the stated
properties.

Finally, U?Zl{Hi, ~...f"1H;}) is a Markov partition generating a basic set K!
contained in K, contained in the interior of Ui5=1 UJ”’:61 f/(H;), and containing y and z. [
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We denote by K° c K' the basic set which is the maximal invariant set in
U?_l ;’;Blfj(H,-). Notice that the map g: Hi U Ho — A1 which is f* on H; is a usual

Smale horseshoe. We denote by y' € K the fixed point of /2 contained in Ha N Vs (hence
in A1).

3.4.3. Family of perturbations. Let ¢, : S* — S' be a diffeomorphisms varying
smoothly with « € [1, 2] such that

e ¢1 is the identity map of S!;

e py(s)=asforse [—%, %];

cpu)=g+a ls—g) forsely —§ 5+l

e for o > 1, the diffeomorphism ¢, has no other fixed points than 0 and %:

Fi =<0 1
1X(§0a)—{ ,2}~

Given any o €[1,2] and g € R, we choose a diffeomorphism Fy g : Vo x s> M x st
such that Fy g is of the form Fy g(x,s) = (f(x), @u,px(5)), Where {@u g x}ac[1,2],8eR xeVp 1S
a continuous family of circle diffeomorphisms such that

o Qupx=idy forx gV and forx e UL, UG/ (H)) \ (Hy U Hy U Hy);

® Qu.p.x =@y for x € Hy;

® Qo px(s) =5+ B for x € Hy;

® 0y p.x(8) = @u(s) + % for x € Hs.

Notice that there is ag € (1, 2] and Bg > 0 such that, for every o € [1, og] and any
B € [—Bo, Bol, the S'-bundle over K is normally hyperbolic.

Now, for every « € (1, ag] and B € [—Bo, o], the circle C = {y} x S! is an invariant
normally hyperbolic circle of the diffeomorphism FZ)%), and it contains exactly two fixed

points (for FZ%)) the point y1 = (v, 0) (of index equal to the index of y for f7®) and the

point y2 = (y, %) (of index equal to the index of y for 7O plus 1).
As a consequence, for the diffeomorphism F, g, one has

l(WH(O)) = cl(W (1)) D (W (y2)). and  cl(W'(C)) = cl(W'(y2)) D cl(W*(y1)).

Furthermore, these properties are robust: there is a Cl-neighborhood W3 of Fy p such
that the circle C has a normally hyperbolic continuation Cg for F € W3, containing the
hyperbolic continuations y1 r and y2 r, and one has

l(WH(CF)) = cl(W*(y1.r)) D cl(W*(y2,r)),

and
cl(W¥(CF)) = (W' (y2,r)) D cl(W*(y1,F)).

3.4.4. Existence of the blender. Now, Proposition 3.10 is a straightforward
consequence of Lemma 3.12 below.
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Lemma 3.12. For every «a € (1, ag] and any irrational B € [—Po, Bol \ Q, there is a
neighborhood Wy, g of Fo g such that, for every F € Wy g, one has

(W (y1,p) C cl(W*(y2,F)),

and

cl(W(y2,r)) C cl(W*(y1,F)).

Proof. For any Fy g, one can define the map G : (Hy U H2) x ST > Ay x St which is
Fg’ﬂ on H; x S'. Notice that Gy coincides with the map (x, s) — (" (x), @a,p,x(5)). (Thus
G, does not depend on B, as ¢q g, does not depend on B on Hy U Hz.) One deduces the
following.

e The circle {y’} x ! is invariant, normally hyperbolic, and contains two fixed points
1 1
Vi =0 —15p) and vz o = 0/ 3 + 150)-

e The restriction of G, to the cubes H; x [—%, %] and Hy X [—%, %] is a
hyperbolic basic set; as a consequence, the maximal invariant set of Fy g in
(Ui2=1 7;61fj(Hi)) X [—%, é] is a hyperbolic basic set denoted by K?,w which
contains y; and y’l’a. Furthermore, the hyperbolic set K%a is also partially
hyperbolic, the tangent bundle to the S! direction being the center direction, and
this direction is the weak unstable direction.

e The restriction of G, to the cubes Hy x [% — % % + %] and Hoy X [% — %, % + %]
is a hyperbolic basic set; as a consequence, the maximal invariant set of Fy g in
(U,'221 ;‘;z)lff(Hi)) X [% - %, % + %] is a hyperbolic basic set denoted by Kg’a,
which contains y2 and yj ,. Furthermore, the hyperbolic set Kg o is also partially

hyperbolic, the tangent bundle to the S direction being the center direction, and
this direction is the weak stable direction.

According to the terminology of [6], it is proved in [9] that the hyperbolic set K(l),a
is a cs-blender. Every disc®D tangent to a small cone field around the strong unstable
direction and crossing Ay X [—%, %] between the local stable manifolds of the points y1
and y’l’a meets the local stable manifold of K?)a. Furthermore, this property is robust,
that is, it holds for the diffeomorphisms F in a small C'-neighborhood of Fq.p for the
continuations of K?’F, y1.F, Y1 p for F of K(l),a’ Y1, o As a consequence, [6] proved that,
if the unstable manifold W*(y2) contains a disc tangent to the unstable cone field and
crossing Ay X [—%, %] between the local stable manifolds of the points y1 and y/l,ow then
cl(W*(y2,r)) C cl(W*(y1,F)) for every F in a small Cl-neighborhood of Fo .

In the same way, the hyperbolic set Kg‘a is a cu-blender. Every disc D tangent to a
small cone field around the strong stable direction and crossing A1 x [% — %, % + %]
between the local stable manifolds of the points y2 and y/2’a meets the local
unstable manifold of Kg o Furthermore, this property is robust, that is, it holds

for diffeomorphisms F in a small Cl'-neighborhood of Fy g for the continuations

8 A curve is a one-dimensional disc here. So we use the word disc to express a curve sometimes.
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of KS’F, ya2.F, and y’Q’F for F of Kg,a, ya, and )’/2,04- Furthermore, if the stable manifold
W3 (y1) contains a disc tangent to the stable cone field and crossing Ay X [% 51; % + 51;]
between W _(v2) and loc(y2 o), then cl(W*(y1 F)) C cl(W"(y2,F)) for every F in a small
C'-neighborhood of Fop.

To end the proof, it only remains to prove claim 1 below.

Claim 1. For every irrational B € [—Bo, Bol \ Q, the unstable manifold W"(y2) contains
a disc tangent to the unstable cone field and crossing A1 X [—%, %] between W} .(y1) and
w04 &) and the stable manifold WS (y1) contains a disc tangent to the stable cone field

and crossing A1 X [f - 2,5 + 8] between Wi/ .(y2) and W, loc(y2a

Proof. The circle {z} x S1 is a periodic normally hyperbolic circle of period 7 (z) = ng
on which F 4ﬁ induces a rotation Rg, hence an irrational rotation. The local dynamics is
the product map of /™ by the rotation Rg. As f"3(H3) = V5 C A2, the unstable manifold
W"(y2) contains an unstable disc crossing As x S!. Using iteration of F: F, ﬂ, one gets
that every unstable disc contained in W*({z} x 1) is a limit of unstable discs in W¥(y2).
Now, using the fact that f*>(Hs) = V3, one gets that W*({z} x S1) contains an unstable
disc crossing A7 x [—%, %] between W} .(y1) and loc(yl »); hence, the same happens for

W (y2).
One argues in the same way, using negative iterates of F, g for getting the property on
Wi (y1). O

O

In the next section, we will prove there is a C! neighborhood U and a local generic set
R C U such that, if X C R, the attractor Ay is transitive.

4. Proof of the transitivity

Lemma 3.8 built an open set Us (containing Z in its closure). Vector fields in U have
exactly two singular points p{ and pg contained in the circle Sy, and two periodic orbits
in the torus I'x.

In this section, we will prove that there exists a C! neighborhood Uy such that, for
every vector field X € Uy NUs, Ax is a transitive attractor if the following two hypotheses
hold.

(Hy) W'@H nwp) =9
(Ha) W“(py) N Ws(Ix) =0

In particular, the following is the main theorem of this paper.

Theorem 4.1. There exists a C* neighborhood Uy of Z such that, for every X € Uy N Us
satisfying (H1) and (H2), Ax is a transitive attractor.

To this end, we will prove of the density of the stable and unstable manifold of I'y.

Proposition 4.2. There exists a C! neighborhood Uy of Z such that, for every
X € Up NUs satisfying (H1) and (H2), W*(I'x) is dense in U.
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Proposition 4.3. There exists a C' neighborhood Uy of Z such that, for every X € Uy,
W"(Iy) is dense in Ay.

We will give the proof of the above two propositions in §§3.3 and 3.4. We first
introduce the covering of the cross section X.

4.1. The covering map

We consider the covering map of X,
p:f::[—l,l]xRxSl—)Z‘.

An essential annulus of ¥ is an embedding of [—1, 1] x St in ¥ whose boundary is
contained in the boundary {—1, 1} x R x ! of ¥ and which is isotopic to [—1, 1] x {0} x S*
(by an isotopy keeping the boundary on the boundary of ) ). Notice that every essential
annulus cuts ¥ into two components.

For any vector field X in U3 (where U3 is the open set built in Proposition 3.4), the
prelmage o 1Y) is a sequence of disjoint essential annuli E denoted by {LX }, where
{Lz+l} is the image of {LX} by the cover automorphism 7 : (r, s, t) — (r,s + 1, 1).

For any i, the successive annuli Zf( and Lﬁ_l split X into three (open) connected
components; one is bounded, and the other two are unbounded, and we denote by le
the bounded component. Notice that p induces a diffeomorphism p; from EZX to X\ LX
which is the definition domain of the first return map.

We denote by H* and H~* the open cylinders

HE5X = (+1} x §* x st X,

We denote I:I,iX = pfl(Hi'X) c X, See Figure 6.
We choose a lift Fy : X'\ UiLlX — X of the first return map Fy, so that

e its restriction F, X EZX —> Yisa diffeomorphism onto its image;
e Fy commutes with the cover automorphism 7; that is, I~7,-+1,X =7o E,x oT L.

For each i, the image F X(EI-X) is a connected subset of X. Recall that the circles QX
are the connected components of the intersection of X and W (Sx).
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4.2. Geometric properties of the image ‘I‘?X(fix)

The aim of the section is to show that FX(EZ-X), for X close enough to Z, is bounded
by the union of two compact C'-annuli Xf’x and Xf’x which intersect exactly on their
boundary, and vary continuously with X. The difficulty here is that the first return map
Fx does not vary continuously with X (more precisely, it varies continuously far from LX,
but not in the neighborhood of LX).

Lemma 4.4. The boundary of Ij"x(fix) in X is the union
?X(ﬁf’x) U IFX(?I;’X) U QJFX U éi_’x’
where élix is a lift of QFX.

Proof. This is a direct consequence of the fact that, for any sequence of regular points
which converges to LX C Ws(p)f), its image by the first return map must converge to
QX or 07X (because the positive orbit of a regular point which is close to the stable
manifold of Sx follows the unstable manifold of Sx). O

We denote by 7 : > = [-1,1] xR x S — R x S! the natural projection (r, s, t) > (s, 1).

Notice that the projections n(é?’z) and n(éi_’z) are disjoint embedded circles
bounding an essential annulus in R x S! (recall that the circles Q™% and Q™% are
{gt} x §* and {g~} x ST, respectively).

As a consequence, one gets the following.

Lemma 4.5. There is a Cl-neNighborhood Uy CU3 of Z such that, for every X € Uy,
the projections rr(Ql-J“X) and JT(Qi_’X) are disjoint embedded circles bounding an essential
annulus in R x ST.

The cone field CZ"‘Z is transverse to the foliation fg’z whose leaves are the segments
[—1, 1] x {(s, t)}. This cone field is invariant by the first return maps Fx for every X € Us.
Furthermore, the boundary of X is tangent to this cone field. One deduces that the
images Fy(HT*) and Fx(H™%) are open annulus tangent to CZ”’Z, and hence transverse

to the foliation fS’Z. One deduces directly the following lemma.

Lemma 4.6. For any X € U3, the projection m induces a local diffeomorphism from
Fx(H™*) to R x §*.

As a consequence, one gets the following corollary.

Corollary 4.7. There is a neighborhood Us C Uy of Z such that, for any X € Us, the

projection 7 induces a homeomorphism from I?X(ﬁii’x) to the open annulus bounded by
Q%) Ur Q%) in R x .

Proof. Fx(flii’x) is an open Cl-annulus whose boundary is contained in Q‘FX U Q_X
The projection is a local diffeomorphism. This implies that the boundary of the
projection is contained in n(é;“x) U n(éf’x). Hence the image JT(I:;X(ITI?E’X)) is the
open annulus bounded by n(é?’x) U n(@i_’x).
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One deduces that, for every X € Uy, the projection induces a cover from F X(ﬁii ’X) to
the open annulus bounded by n(@f’x) U n(éi_’x).

In order to finish the proof, we need to show that there is one point in the open
annulus bounded by n(é?_’x) U rr(éi_ ’X) having a unique preimage by 7 on F x(i:ll-jE ’X).

This property is satisfied by the vector field Z.

Furthermore, Fy(H™X) varies continuously on compact subsets, that is, far from LX,
and LX varies continuously with X. Fix a small neighborhood Uy of L = L? and a small
neighborhood Uy of 01 U 0% such that F(UL) C Up.

For X Cl-close to Z, one has Fx(Ur) C Ug. Now, Fx varies continuously out of Uy.
Hence, for X Cl-close to Z, a point in R x St \Jr(p_l(UQ)) has at most one preimage on
i’x(}v]ii’XL ending the proof.

Lemma 4.8. The union Xj'x = FX(I??’X)U@?’XU@;’X isa C! embedding of the compact
cylinder [—1, 1] x SY. The same holds for XZ_X = ﬁx(ﬁf’x) U @?LX U Q_X

Proof. First, notice that fo = fx(fl;“x) U éfx U él_x is compact. We just need to
proof that the tangent plane to F X(ITI;“X) at a point x converges to a plane when x tends
to a point of éj"x, and that these limit planes form a continuous family.

Notice that QT ¢ W¥(Sx) is contained in Ay so that the center-unstable bundle is
well defined on Q*X.

The tangent plane T (HX) is contained in the cone field CZ”’Z(x) (see Z.12(c) of the
properties of Z) and the sum T,(HTX) 4+ RX is contained in C$*#(x)(by Lemma 3.5).
Furthermore, the cone field Cz“’z(x) is invariant by Fx (Proposition 3.4) so that the
tangent plane Try ) (Fx(HTX) is contained in CZ"’Z(FX(x)).

When x tends to LX, the return time tX(x) tends to infinity. The partial hyperbolicity
of the flow ¢ implies that ®%, (T (HT*) 4+ RX) tends to E*“X(y), where y is the limit

X (x)

point of Fy(x). O

Thus Z:FX and Xl_ X are two compact Cl-embeddings of the annulus, whose interiors
are disjoint and having the same boundary, which is the union of the two circles éfx
and Q_X Furthermore, Zf( = Z:‘X U ZZ_X is the boundary of the image I?"X(gix).

Recall that Fx(X \ LX) = p(FX(fl-X)). Its boundary consists in the union AX of the
annuli ATX = p(AF%) and A=X = p(A;Y).

See Figure 7.
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We end the section by proving the following.

Lemma 4.9. The annuli Z;‘_X and KI_X vary Cl-continuously with X € Us.

Idea of the proof. The first return map varies continuously on compact sets in
its definition domain, that is, far from LX. Furthermore, the boundary of Zlix is
éf’x U éf’x, which varies continuously with X. It just remains to control the tangent
plane to Z,iX in the neighborhood of its boundary.

For that, we fix a constant Ty such that the cone field 45%(0 (CL‘,'”’Z) is arbitrarily thin.
Notice that this cone field is strictly invariant by ®X, and hence is invariant by ®X' for
X'C!-close enough to X.

Then we choose a small neighborhood Uy of Lx on which the time return X (x) is
larger than a very large constant T > Tp.

Now, for X'C-close to X and x € Ui, N HTY | we get that the image by DFy of the
tangent plane TxH+’X/ is contained in the (arbitrarily thin) cone QD)T(O (Cg”’z)(FX/(x)) N
Tr, (% (see the proof of Lemma 4.8).

This means that, in a neighborhood of the boundary of AT, the annuli ATX are
tangent to the same arbitrarily thin cone field <1>7)§0 (Cg”’z) NTX, for X’ close to X. O

4.3. Quasi-connected transverse section to the strong stable cone

The aim of this section is to define a notion of sections of the strong stable foliation
fSES’X (that is, sets meeting each strong stable leaf in at most one point) having
a property of connexity which will be invariant by iteration under the first return
map Fyx. These will be the quasi-connected sections defined at the end of this
section.

For x € X', we denote

CSZ() = (v e T X v="" +v" V' e ,FE, v € E? N T, ¥, and [v*| < c|V*]]}.

Taking ¢ small enough, C% is a cone field around F}S’Z transverse to CS*Z.
Furthermore, Cis’z is negatively invariant by Fyx for any X Cl-close to Z; more
precisely, there exists a neighborhood U, C U5 of Z such that, for any X € U, and
any x € Fx(X \ LX), we have

DFH(CSZ(x)) € CZ(Fy L (x)).

Notice that, for ¢ > 0 small enough, the length of any segment tangent to Cgs’z is
uniformly bounded by a constant K > 0.

We denote by 62'5’2 the lift of C3*% on X. Let F* denote the lift on X of the strong
foliation fg’z of the first return map F of Z.
From item (Y.14), one deduces that, for every i € Z, every leaf w of F% cuts each

annulus Al-i’Z in at most one point. In particular,

(N A?) < 2.
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One deduces the following lemma.

Lemma 4.10. There is ¢ > 0 such that, for any curve o tangent to E‘is'z and any i € Z,
one has

toNA?) < 2.

Proof. The proof i 1s by contradiction, assuming that there are segment w, tangent to
Csf % and cutting AT% at x, and y, with x, # y,.

As the lengths of w, are uniformly bounded, up to considering a subsequence, one may
assume that Wy converges to a segment w in a leaf of .7-'“ and x, and y, tend to points
xewn A Z and yewn A respectlvely

As w cuts Ai’z in at most one point, one gets x —y, that is, the distance d(xy, y,)
tends to 0. One deduces that x is a tangency point of A Z with Fs , contradicting the
fact that Al Z is tangent to c," Z, O

We now fix the constant ¢ > 0 small enough to satisfy the properties above, and we
denote C* = C%Z and Cs = E’gs'z. We denote Ug = U, for this value of c.

This property of Lemma 4.10 is satisfied for every X Cl-close enough to Z, and this is
fundamental for our proof.

Lemma 4.11. There exists a C! neighborhood Uz C Ug of Z such that, for any X € Uz
and any curve w tangent to C*, we have

foNAY) <2,
foreachielZ.

Proof. We will prove that, for any curve w tangent to E‘”, flw N K;“X) <1 and
flwN X;’X) < 1. We only give the proof for Z;”X The proof for ZI_X is analogous.

Suppose to the contrary that there exist X, — Z with curves w, tangent to C*
such that f(w, N Z?’X”) > 2. Denote x;,,y, € w, N K?"X", Xn # yn. Taking converging
subsequences if necessary, we may assume that w, — w, x, = x, and y, — y, as n — 00,
where x,y e w N Zfz

Note that w is a curve tangent to Z‘”, so that fi(w ﬂgf’z) < 1. One deduces that x =y.
According to Lemma 4.9, the annuli Zj'x vary Cl-continuously with X. This implies
that w is tangent to Zfz at x, contradicting the fact that Zliz is tangent to CZ”’Z. g

A curve tangent to C* is mazimal if it has one extremity on {—1} x R x S! and the
other extremity on {1} x R x S!. Given any curve w tangent to foc , there are curves o’
containing w and which are maximal. We say that ' is a maximal extension of w.

As a corollary of Lemma 4.11, we get the following corollary.

Corollary 4.12. If w is a maximal curve tangent to E‘”, and if the intersection
wN Fx(EiX) is not empty, then it is a compact segment having one extremity on Af’x
and another on A;”
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From the above lemma, we have the following result.

Lemma 4.13. For any X € Uy, let D C Z‘X be a subset (perhaps not connected) for some
i. If, for any curve w tangent to C” we have §(w N D) < 1, then f(w N FX(D)) 1 for any
curve w tangent to C*s.

Proof. Suppose to the contrary that there exists a curve w tangent to C* such that
there are x #y with x,ye w N Fx (D).
Up to considering a maximal extension of w, we can assume that o is maximal. Then
w ﬂ F X(EX) # (} is a compact segment wp having one extremity on A+ and another on
X Notice that x and y belong to wq.
Notlce that FX is defined on wg and that F;l(wo) is a curve in Elx tangent to C* and
meeting D on F % 1 (x) and F % 1 (), leading to a contradiction. O

‘We now consider vector fields X € UsNf7, where Us is the open set built in Lemma 3.8.
Recall that vector fields in U2 have two singular points, p‘i{ and pg , whose indices are 3
and 2, respectively.

Notice that dim(W* )) =1, so that Ox = W ) N X' is a countable set. We denote
OX p~1(Ox) the lift of OX on 2 it is a countable set.

We call a quasi-connected C5S-section any (possibly not connected) two-dimensional
open surface D C ¥ which satisfies the following three properties.

(i) There exists a connected set D’ such that
DcD cDUOyx, and #(D \D) < oco. (4.1)
(ii) D is tangent to the cone field C5*?.

(iii) For any curve w tangent to E‘”, we have f(wND) <1

We say that the set D' is a connected extension of D. Recall that D is a C! open
surface embedded in a Riemannian manifold. Hence the area of D is well defined. We
denote by Area(D) € R U {oo} the area of D.

We denote by Dy the set of quasi-connected C*-sections.

4.4. Iterations of quasi-connected C*s-sections

The aim of this section is to show that the successive iterates F v (D) of a quasi-connected
C%-section D € Dx either meet the (lift of) the stable manifold of the torus Iy, or
contain a quasi-connected C5-section D, € Dx whose area increases exponentially by
a factor at least )‘7’ > 1. The difficulty is that, at each iteration, the quasi-connected
C*-section can be cut in infinitely many connected components by the annuli Zf( (i.e.,
the local stable manifold of the singularities in Sy, where the first return map Fy is
not defined). We solve this difficulty by showing that our hypothesis (Hj) allows us to
recover the connexity of the image, just adding some points in Ox to the image.

For that, we first analyze the behavior of the first return map Fx in the neighborhood
of the local stable manifold of Sx, that is, in the neighborhood of Ly.
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4.4.1. The first return map in the neighborhood of Ly. Since W”(p)f) is one
dimensional, we denote by ¢=¥ = Wi, )1() N X the first intersection of X and each
component of W;:)C(p)f). That is, g% is the point in QX which belongs to W”(p)f). For
i € Z and *+ € {4+, —}, we denote by (},-i’X the lift of g™X on Qix

Since dim W* (p}2() =2, we have that ¢X := Wi . (p}z() N X is a one-dimensional segment
in X, and it is a leaf of the strong stable foliation of Fx. For i € Z, we denote by Z)Q(,i the
component of ,0_1(5 ) such that EX - LX As E is a leaf of the strong stable foliation
fi—s , we have that 62’1- is tangent to C”.

Note that, for any sequence of regular points that converges to LX \ Z)Q( cw )1( ), its
image of the first return map converges to g** or g—%.

As a consequence, we get the following lemma.

Lemma 4.14. For the lift of the first return map, we have

lim } ﬁx(xn):Z];’f and lim - FX(xn) +

xn€Z¥ | xy—>xelX\E} xn€Z¥ xy—>xeLA\IX

X

4.4.2. The image by F‘X of a quasi-connected C*-section. Recall that A’ > 2 has
been fixed in Proposition 3.4.

IEemma 4.15. For any X € Uy N Uz that satisfies (H1), and any quasi-connected
C* -section D € Dx, we have one of the following properties.

(a) There exists a connected extension D' of D such that D' N Zf( =0 for any i€ Z. In
that case, Fx(D) € Dx and

Area(]j"x(D)) > A\ Area(D).

(b) There exist a connected extension D' and a unique integer i€ Z such that
D’ ﬂLlX # (. In that case, there are D1, Do € Dx such that D1 U Do = FX(D\Lf(), and
3j € {1, 2} such that

)\1/
Area(D;) > EArea(D).

(¢c) For any connected extension D' of D, there is i € Z such that D' N Zf( #* 0 and
D'NILX, #0.

Proof. Assuming the hypothesis of item (a): First, we assume that there exists a
connected extension D' of D such that D' N ZZX = for any i € Z. To prove that
Fx(D) € Dx, we just need to verify that Fx(D) satisfies properties (i)—(iii) of the
definition.

Since D’ is connected we know that D' C Z‘X for some i. Hence FX(D’ ) is connected
Furthermore, as OX is invariant under F X, one gets . F x(D) CF X(D/ ) C FX(D) U OX Now,
Lemma 4.13 implies that every curve w tangent to C* meets F x (D) in at most one point.

Finally, Proposition 3.4 ensures the stated area expansion.

Assuming the hypothesis of item (b): Now, we assume that there exist a connected
extension D' and a unique integer i € Z such that D' N LX # @.
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Figure 8. Surface D.

We denote
D.=D'nx¥, and D,=DnZzX
D_=DNxX, and D,=DNZ¥

Thus D UD, c D' c D" UD/ ULY.

Lemma 4.13 implies that every curve w tangent to C* meets Fx(D_) (respectively,

Dy) in at most one point. Moreover, fX(D_) and F x(D4) are open surfaces tangent to
~cu,Z

» ,and Proposition 3.4 ensures that there is & € {4, —} such that

~ )
Area(Fx(D+)) > EArea(D).
Hence we get the conclusion if we show that the following claim holds.

Claim 2. Fach of Fx(D_) and FX(D+) admits a connected extension. More precisely,
Fx(Dy)U {Z]f’x} and Fx(D_)U {(Z]f_’f} are connected sets.

Proof. We write the proof for D ; the proof for D_ is identical. We assume that D4 is
not empty; otherwise, there is nothing to do.

Note that D/, may be not connected: D/, may be split into some (maybe infinitely
many) connected components.

See Figure 8.

The main step for proving claim 2 is the following claim.

Claim 3. E‘or any open and closed subset A of D'_, the point Z]j_x 1 contained in the
closure of Fx(A).

Proof. According to Lemma, 4.14, it is enough to prove that the closure A meets ZZX ina
point out of 6)2(1-. That is,

ANTX X
ANLY ¢ i},

Recall that D’ is a connected set and that Zf( is a compact set, so that D/, is an open
subset of D’. Hence A is an open subset of D'. As D' is connected and D, G D', the open
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Figure 9. The image of D, .

subset A cannot be closed in D’. Consider a point x € (D' N A) \ A, that is, x belongs to
the boundary of A in D’. Then x belongs to Lf N D’'. There are two possibilities.

e xeE 5X. In this case, (H1) asserts that x &’5)2(’1-, proving the claim. See Figure 9(1).

e x € D. Let D, be a disc in D centered at x so that Zf( cuts Dy into two half discs.
Using the fact that the strong stable leaves meet D in at most one point and that
A contains x in its closure, we deduce that A contains one of the half discs. As a
consequence, A N Zf( contains at least one point out of 2)2(1 See Figure 9(2). ([

We can now finish the proof of claim 2. Consider an open and closed subset A’
of Fx(D) U {E]?"X} and assume that it does not contain q;r’X. Hence it is open and
closed in Fx(D',). HEnce A= F;l(A’) is open and closed in D/,. Now claim 3 implies
that the closure of Fx(A) contains Z]?"X, leading to a contradiction. This proves that
Fx(D) U {Z]?’X} is connected, ending the proof. O

Assuming that the hypotheses of items (a) and (b) are not satisfied: In this case,
any connected extension D’ of D meets at least two lifts Lf( and LJX with i <j. As D' is

connected, one deduces that D’ meets X O

i+1°

Remark 4.16. We point that hypothesis (H1) is necessary in our argument of the above

lemma. Otherwise, we cannot get the connectivity of IN*"X(D’JF) U {qf’X} or Fx(D_)U {(}f_’)f}.
See Figure 10.
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FX(DLQ) ﬁx(izx)

Figure 10. Hypothesis (Hq).

4.4.3. Using hypothesis (Hz). Recall that dim W*(I'y) = 3 and that W} .(I'x) cuts X
along an annulus IX = ¥ N W;,.(I'x) (see the topological properties of the vector fields
X € Uy) which is clearly disjoint from Ly (because Ly is contained in W*(Sx)).

Thus p~1(IX) is a countable sequence of essential annuli in ) (and disjoint from the
annuli Zf( ), denoted by ZX € ;. For each i ZX splits le into two connected components.

The next lemma shows that, under hypothesis (H2), if a quasi-connected C*-section D
satisfies item (c) of Lemma 4.15, then D cuts the (lift of the) stable manifold of the torus
I'x. However, hypothesis (H2) has no meaning out of Us: for this reason, the next lemma
holds on U7 NUs.

Lemma 4.17. For every X € U7y N Uz satisfying (Ha), and every quasi-connected
C*-section D € Dy, if p(D) N W (I'x) =@, then, for any connected extension D', there is
at most one integer i € Z such that D' N L?( 0.

Proof. Suppose to the contrary that there is a connected extension D' € D U 5X of D,
and that there are two integers i1 # iz such that D' N Lfi # @ and D' N Lfg # (. Thus the

connected set D' must intersect some 7,)5 between Zfi and ng Moreover, hypothesis (H2)
asserts that W”(p)f) N WS(I'x) =@, so that Ox NIX=0. As a consequence, D 07,}(( #*0,
ending the proof of the lemma. O

4.5. Area of the quasi-connected C*-section in a fundamental domain Etx

The aim of this section is to show that quasi-connected C*-section D having a large area

cannot be contained in the union le uxX..

711 that is, any connected extension D' of D

meets at least two annuli le and Zzﬁl

Lemma 4.18. For any X € Uy, there is a positive constant Kx > 0 such that, for any
quasi-connected C**-section D contained in the union Z‘iX U Z‘i)j_l, we have

Area(D) < Kx.

Proof. Let F denote the foliation F*Z. Recall that F is a smooth foliation on
Y =[-1,1] x R x S' such that, for any x = (r, s, ), the leaf F(x) is the segment
[—1, 1] x {(s, H)} and is tangent to the cone field C5*Z.
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Denote by Pz : ¥ — R x S! the projection along the leaf of F. Since F is transverse to

the cone field CZ"’Z, there exists a constant C; > 0 such that, for any surface D tangent

to CZ“’Z, we have

Jac(P z|p) = C1,

where Jac(P]j.l p) denotes the Jacobian of the restriction to D of the derivative of the
projection P z.
Let Co x denote the area of ij_(El-X); this area is finite because the closure of ZJ,-X

is compact?, and does not depends on i € Z because the area and the foliation F are
Cax
N T Cr

Let D € Dx be a quasi-connected C**-section contained in Eix . By definition of the
quasi-connected C*-section, each leaf of F cuts D in at most one point; that is, the

projection Pz is injective on D. As a consequence, one gets

invariant by the translation (r, s, t) = (r, s + 1, t). We denote Kx =

1
Area(D) = / (Jac(P}le))_ldm < = dm = —=% = Ky,
P(D) C1 Jpz) G1

where m is the area measure on R x S!. O

As a direct consequence of Lemmas 4.17 and 4.18 we get the following corollary.

Corollary 4.19. Given X € U7 N Uz satisfying hypothesis (Hg). Let D be a quasi-
connected C*-section. Then

Area(D) > Kx = p(D) N W*(I'y) # 0.

Proof. Lemma 4.18 implies that any connected extension of D meets at least two
annuli, LX and L]X , for i #j. As X satisfies (Hg), Lemma 4.17 implies that p(D) meets
W‘Y(Fx). O

4.6. Density of the stable manifold W*(I'y)
Now we finish the proof of the density of W*(I'x).

Proof of Proposition 4.2 for Uy = U;. Consider a vector field X € Uy N Uz satisfying
hypotheses (H1) and (Ho).

Suppose, arguing by contradiction, that there exists a non-empty open set V C U such
that VN W9 (I'y) = @. This implies that qb,X(V) NW*(Ix) =0 for any t € R.

The union of the orbits through the point in V cuts X along a (non-empty) open
subset Vy C X, disjoint from W*(Iy). Thus we can choose a disc D € Dy in ¥ whose
projection p(D) is contained in Vy.

Since p(D) N W¥(I'y) = ¥, by using Lemma 4.17, for any connected extension D', we
have

e cither D' N Zf( = for any i € Z,
e or there exists a unique integer i € Z such that D' N Zf( #* 0.

9 By shrinking U7 if necessary, we also could assume that C2 x is uniformly bounded, but we do not
need it.
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In any case, Lemma 4.15 implies that Fx(D \ U; Zf) contains a quasi-connected
C*-section D1 with Area(D1) > %Area(D). Furthermore, p(D1) is disjoint from W*(I).

Repeating the above process, one builds a sequence of quasi-connected C-sections
D, C ?X(Dn_l\uizl?‘) with Area(D,) > ’%Areau(Dn_l)7 and p(D,) is disjoint from W*(Ix).

Hence Area(D,) — oo as n — oo. In particular, Area(D,) > Ky for n large enough.
Now, Corollary 4.19 implies that p(D,) N W¥(I'x) # (. This contradiction ends the proof
of the proposition. O

4.7. Density of W*(I'y)

Recall that, by definition of Ug = U,, the length of the leaves of fSES’X is uniformly
bounded by a constant K > 0.

Proof of Proposition 4.3 for Uy =U7. As for the proof of Proposition 4.2, we only
need to prove that W¥(I'y) is dense in Ax N X.

Recall that, as X belongs to U7, the unstable manifold W*(I'x) cuts every leaf of the
strong stable foliation fg’x (see item (X.11) in § 3.2).

Notice that AxyN X is contained in Fx(X\Lx)UQTXUQ™X. In particular, the negative
iterates Fy", n > 0, of the first return map are defined on Ay \ (W*(Sx) N X).

Consider first a point x € Ay \ (W%(Sx) N X), an open neighborhood U’ of x, and a
segment of strong stable leaf w C fg’x(x) N U’ containing x in its interior. For any n > 0,
consider the strong stable leaf L, = fg’X(F)?” (x)). Notice that L, is disjoint from Ly, and
that Fi¥(L,) is a segment of strong stable leaf centered at x and of length less than (A*)~";
in particular, this length tends to 0. Hence, for n large enough, one has Fy(L,) C w. As
L, cuts W*(I'x), one deduces that w cuts W*(Ix). In particular, x belongs to the closure
of W (I').

To conclude the proof, it is now enough to notice that W*(Sx) is contained in
the closure of W*(Ix). That is a direct consequence of the A-lemma (also called
the inclination lemma) using the transverse intersection of W*(I'y) with W* (p?() for
i=1,2. U

4.8. Proof of Theorem 4.1
We fix Uy = Uy.

Proof of Theorem 4.1. Consider a vector field X € U7 N Uz satisfying hypotheses (Hj)
and (H2). We will prove that the homoclinic related points of ylx are dense in Ay.

Take any x € Ax and any open neighborhood V of x. By Lemma 3.8 and
Proposition 4.3, we have Ay C cl(W*(I'y)) C cl(W*(y{")). Thus V N W*(y{) # ¢. And
since dim W”(ylx) = 3, there exists a two-dimensional surface D C ¢’z)(() vn W“(ylx)) nx
for some fg > 0. Note that D is tangent to CZ"’Z.

On the other hand, by Lemma 3.8 and Proposition 4.2, we have U C cl(W*(I'x)) C
cl(W‘Y(ylx )). One deduces that W* (]/1X ) N X contains a dense subset of strong stable leaves
(of fg’x), and hence cuts D transversally.

In other words, we have proved that Ax = cl(W‘”(ylx) 4 W“()/IX)); that is, that Ay is the
homoclinic class of the periodic orbit ylx . Hence Ay is transitive. O

https://doi.org/10.1017/51474748012000710 Published online by Cambridge University Press


https://doi.org/10.1017/S1474748012000710

A robustly chain transitive attractor with singularities of different indices 487

Proof of Theorem A. We denote U = Uz NUs. It is a non empty C'-open set.

First, notice that hypotheses (H1) and (H2) hold on the complement of an immersed
codimension 1 submanifold in ¢! N X"(M) for the C”" topology, and for every integer
r>1.

Thus, considering U = U N X" (M), there exists a residual set R” C " such that
any X € R” satisfies hypotheses (H1) and (Hg). Then Theorem 4.1 implies that Ax is a
transitive attractor.

To end the proof of Theorem A, we need to prove that Ay is chain recurrent for every
Xeul.

Suppose to the contrary that there is X € 4! such that Ay = ﬂt>0q§ff(U) is not chain
transitive. By Conley’s theory, there is an open set Uy C int(U) such that U is an
attracting region of X such that Ay is not included in Uj.

Thus, there is a compact invariant set I" C U \ Uj. Consider a minimal set in I". By
using Pugh’s C! closing lemma [32], there is X’ € ', C! close to X, such that Uj is an
attracting region of X’ and there is a periodic orbit y ¢ U\ Uy. By performing a C*
generic perturbation, there is X” € R! such that U7 is an attracting region of X”, and
there is a periodic orbit y” C U \ Uy. Then Axr is not transitive, and this contradicts
that X" e R'. 0

5. Proof of Theorems B and C

In this section, we try to understand robustly chain transitive singular attractors, on
compact manifolds, in any number of dimensions. The first step is to understand how
the indices of the singularities and of the periodic orbits are related. For our results, the
Shilnikov theory of homoclinic bifurcations associated to hyperbolic singular points will
be enough, and we recall it in the next section.

5.1. Index of periodic orbits created by homoclinic bifurcation from a singular
point

From now on, we assume that M is a compact d-dimensional C* Riemannian manifold
without boundary. We recall some results about the Shilnikov bifurcation. Let p be a
hyperbolic saddle-type singularity of X. The eigenvalues of DX (p) are

Re(Am) <--- <Re(r2) < Re(r1) <0 < Re(o1) < Re(ag) < --- < Re(ay),
where m + n = d. We denote
SV(p) = Re(r1) + Re(ay),

and we call SV (p) the saddle value of p.
The next statement is a simplified version of results in [34] (see [18] for an analogous
use of Shilnikov theory).

Theorem 5.1. Let p be a singular point of a vector field X on a compact manifold.
Assume that there is a homoclinic orbit I' associated to p.
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Then there are vector fields Y arbitrarily C'-close to X having a periodic orbit y
arbitrarily close to I' and such that

e Ind(y) =Ind(p), if SV(p) <0,
e Ind(y) =Ind(p) — 1, if SV(p) > 0.

5.2. Generic properties of flows

We also need some results on chain transitive and robustly chain transitive sets for
C!-generic vector fields, which we summarize in the following lemma.

An invariant compact set A of a vector field X is a robustly chain transitive set if there
are a Cl-neighborhood U of X and a neighborhood V of A such that

e for every Y € U, the maximal invariant set Ay =g ¢>ly (V) is a chain transitive
compact set, and

o A= Ayx.

The neighborhood V is called an isolating neighborhood of A, and Ay is the
continuation of A for Y. Notice that the map Y +— Ay is upper semi-continuous.

Lemma 5.2. There exists a residual set Ry C X1(M) such that, for any X € R1 and any
chain transitive set A of X, the following three properties are satisfied.

e X is Kupka—Smale.

o If there exists a periodic orbit Orb(x) C A, then A is contained in the homoclinic
class of x. As a consequence, if A is robustly chain transitive and V an isolating
neighborhood of A, then A is the homoclinic class of x relative to 'V (i.e., the closure
of the homoclinic orbits of x which are contained in V).

e [f there exist X, > X, x, € Per(X,,) with Ind(x,) =1 and x, — x € A, then there exists
yn € Per(X) with Ind(y,) =1 such that y, — y € A. As a consequence, if A is an
attractor, then there exists a periodic orbit Orb(yg) C A of X with Ind(yg) =1.

(The first property is the classical Kupka—Smale theorem. The second and the third
properties are straightforward adaptations for flows of the results in [5, Corollaire 1.11]
and [38, Lemma 3.5], respectively.)

By using the connecting lemma for pseudo-orbits proved in [5], we have that, for
any X € R1, any chain transitive attractor A of X is a homoclinic class and it varies
continuously in the vector field; i.e., for any X,, — X, we have

lim Ay, = A,
F

where limg is the Hausdorfl limit.

5.3. The linear Poincaré flow

Given a vector field X on a Riemannian manifold M, we denote by N its normal bundle,
defined on M \ Sing(X): the fiber NX(x) is the orthogonal subspace of X(x) in T, M.
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The flow of X defines a natural flow on N, denoted by ¥;X, as follows: the linear
map th :N¥(x) > NX (qth (x)) is the composition of the differential q)tX ‘N¥(x) > T&(x)M
followed by the linear projection Tyx oM — NX(¢X(x)) parallel to the direction of the
vector X(¢X (x)).

Given an invariant set A of X and T > 0, we say that A has a T-dominated splitting
with respect to (shortly w.r.t.) the linear Poincaré flow if there is a y*-invariant
continuous splitting NX| 4 = E1 @ Ea, where A’ denotes A \ Sing(X), such that, for
any x € A’, we have

197 ey o WX 7y oy | < 1/2-

In this case, we say that E7 is dominated by E2, and we write E1® _E».
An invariant bundle E; on A’ is called contracting if there are constants C > 0 and
A < 0 such that, for any > 0 and x € A’, we have

X 2y ol < Ce™.

The following remark summarizes some properties of dominated splittings that we will
use.

Remark 5.3. e The dominated splitting is unique (when it exists) if we fix the
dimension of the bundles: for every i € {1, ...,d — 2} and x € M \ Sing(X), there is at
most one T-dominated splitting NX = E®_F w.r.t. the linear Poincaré flow of X on
the orbit of x, with dim(E) =i.

e For every T > 0, the existence of a T-dominated splitting is a closed property in the
following sense.

Let x, be a sequence of regular points of vector fields X, and assume that the
sequence X, converges to a vector field X for the Cl-topology, and that x, converges
to a regular point x of X.

If there is a T-dominated splitting E,@® _F, w.r.t. the linear Poincaré flow of X,, on
the orbit of x, and dim(E,) =i, then there is a T-dominated splitting E®_F w.r.t.
the linear Poincaré flow of X on the orbit of x, with dim(E) =i.

Furthermore, E(x) and F(x) are the limits of the E, (x,) and F,(x;,), respectively.

5.4. Hyperbolic properties of the linear Poincaré flow, far from tangencies

For the vector fields far away from tangency, we have the following lemma about the
uniform dominated splitting on the periodic orbits. One can read [10,33,37] for more
details.

Denote

HTWM)={X e Xl(M) : X has a homoclinic tangency}.

Lemma 5.4. Let X € X1 (M) \ HT(M). Then there exist a cl neighborhood U of X and
a constant T > 0 such that, for every Y €e U and x € Per(Y), there exists a T-dominated
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splitting
Y Y Y
NOrby(x) =E €B<F

w.r.t. the linear Poincaré flow lﬂtY, where dimEY = Ind(x).

Thus we have the following lemma about the uniform dominated splitting on robustly
chain transitive sets.

Lemma 5.5. Let A be a singular robustly chain transitive set of X € X1 (M) \ HT(M), let
V be an isolating neighborhood of A, and let Uy be a C-neighborhood of X, where the
continuation Ay is defined for Y € Ug.

Let pe A be a hyperbolic singularity with SV(p) # 0. Then there exist a C!
neighborhood U of X and a constant T > 0 such that, for every Y e U and x € Per(Y) with
Orby(x) C Ay, there exists a T-dominated splitting

Y Y Y
NOrby(x) =E ®<F

w.r.t. the linear Poincaré flow 1//ty, where the dimension of EY is Ind(p) when SV(p) <0,
or Ind(p) — 1 when SV (p) > 0.

Proof. Let U C Uy and T be given by Lemma 5.4. By decreasing U if necessary, we
may assume that the index of p and the sign of SV(p) are fixed in Y. Take Y € U and
x € Per(Y) with Orby(x) C Ay.

Notice that x is the limit of hyperbolic periodic point x, of vector fields ¥, converging
to Y in the C'-topology. So, by using Remark 5.3, we only need to consider the case
where the orbit Orby(x) is hyperbolic. Moreover, once more using Remark 5.3 and the
fact that the hyperbolic periodic orbits vary continuously with the vector field, we also
can assume that Y is Kupka—Smale.

By using the connecting lemma for pseudo-orbits (see [5, Théoreme 1.2]), we can
C!-approximate Y by a sequence of X, € U exhibiting a homoclinic orbit I}, C V of the
singularity p" (continuation of p). Notice that I3, is contained in Ayx,, because V is an
isolating neighborhood of A. We denote by x" the continuation of the periodic point x
for X,,.

Let i denote Ind(p) when SV(p) < 0, and Ind(p) — 1 when SV(p) > 0. Then, by
Theorem 5.1, there exists Y, € U arbitrarily C! close to X, which has a hyperbolic
periodic orbit Orby, (y,) arbitrarily close to I}, with index i. Notice that the orbit of y, is
contained in V and Y,, € U so that y, € Ay,.

With another arbitrarily C!-small perturbation, we can get Z, € R1 N U, where R is
the residual subset stated in Lemma 5.2. We denote by x% and y%ﬂ the continuations of
or Z, of x* and y,, respectively.

Thus, by Lemma 5.2, Az, is the relative homoclinic class of yf" in V. This implies that
x%n is the limit of the periodic points contained in Az, and whose index is i.
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Then, by definition of U, and by using Remark 5.3, there exists a T-dominated
splitting

Zn _ Zn
Norby, oy =E7"®F

on Orbg, (x%) w.r.t. the linear Poincaré flow 1/;,2 " where the dimension of E%" is i.

As Z, converges to Y and x% converges to x, we conclude, by Remark 5.3, that the
orbits of x for ¥ admit a T-dominated splitting EY@®_FY with dim(E") =i, concluding
the proof. |

5.5. Homoclinic tangencies for robust attractors with different indices of
singularities
The aim of this section is the proof of Theorem B. We argue by contradiction, assuming
that there exists a non-empty Cl-open set U of vector fields far from tangencies, that is,
U c X M)\ HT(M), and an open set V C M such that, for every X € U, the following
hold.

e The maximal invariant set Ay of X in V is a chain transitive attractor.;

e Ax contains two hyperbolic singular points, p‘f and pg , whose indices satisfy
i1 :=Ind(pY) > Ind(p3) =: io.

e The saddle value of p)f does not vanish for X € U, and its sign does not depend on
Xel.

We denote i = i7 if the saddle value of p)f is negative, and i = i1 — 1 if it is positive, for
X € U. Notice that ia < i, by hypothesis.

For X € U, we denote by A*X the upper bound of the real part of the eigenvalues of X
at p‘g . We denote by W”"(p‘g) the strong unstable manifold associated to the sum E** (pg )
of the generalized eigenspaces associated to eigenvalues with real part equal to A“X,

We denote by E* )2( ) the stable space of pg , that is, the subspace of Tp>2(M
corresponding to the eigenvalues with negative real part.

The next step is the following lemma.

Lemma 5.6. There is X € U and there is a homoclinic orbit I' associated to pg such
that

o I is contained in W””(pg), and

e there are smooth local coordinates ¢ : Og — R? in a neighborhood Oq of pg such that
©«(X) is a linear vector field.

Proof. First, notice the following claim.

Claim 4. For every X € U, the stable manifold Ws(pg) contains a reqular orbit in Ax. In
other words,

WE () N Ax # ().
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Proof. We notice that, as Ay is chain recurrent, there are closed e-pseudo orbits of Ay,
for € > 0 arbitrarily small, having a point arbitrarily close to p)2( . The upper limit for the
Hausdorff topology of these pseudo-orbits contains a regular point in W* § )N Ax. O

Consider a Kupka—Smale vector field ¥ € U. The unstable manifold W”(pg) (hence
a fortiori W"(p})) is contained in the attractor Ay.

As Ay is chain transitive, contains points in W””(pg) and of Ws(pg), and Y is
Kupka—Smale, the connecting lemma for pseudo-orbits in [5] allows us to get a small
perturbation Z € U of Y having a homoclinic orbit I contained in W””(p%). Now,
an extra Cl-small perturbation X of Z allows us to linearize the vector field in the
neighborhood of the singular point, preserving the homoclinic orbit. O

We fix a compact neighborhood 07 of pff , contained in the interior of Og. We denote
by P C R? the vector subspace which is tangent to the image by ¢, of E* (pg) @ E" (p%( ).
Notice that P is invariant by the linear vector field ¢, (X). We denote P = ¢~ 1(P) N Op:
it is a submanifold of M contained in O1, tangent at p)é to Ef (p‘g) @ E™ (17)2(), and tangent
to X.

Lemma 5.7. With the notation above, there is a sequence of wvector fields X, € U
satisfying the following properties:

e the sequence X, converges to X in the Cl-topology;

e X,(x) =X(x) for xe€ O1;

e X, has a periodic orbit vy, such that y, N P contains a point x, such that
limy,—s 00 X5 = p‘g

Idea of the proof. The proof consists in performing a small perturbation of the
homoclinic orbit I', in a neighborhood of a point p™ e I' NP N 1”0“6(})"2()7 and of a point
pe ' NPNW (p¥) (where Wi (pX) and W3 (p§) denote the connected components of
wu (p)z( ) NP and W* (p}2( ) N P containing p’é ). The perturbation consists in pushing I" in a
direction tangent to P, turning I in a periodic orbit.

More precisely, we denote I}, and I/ the connected components of I" N W;, . (p%() and
rn W;:)”C(pg), and Iy =T\ (I3}, U 4. Then the periodic orbit y, of X, consists in the
union of the segment Iy and a segment in P joining the extremities of IT(. O

We denote by o, the segment of y, N P N 01 containing the point x,. Notice that o, is
an orbit segment of X,, but also an orbit segment of X, as X and X, coincide on O1.

Lemma 5.5 provides a Cl-neighborhood U; C U of X and a constant T such that,
for every Y € U1 and every periodic orbit y C V of Y, there is a T-dominated splitting
NY|y = E"®_FY w.r.t. the Poincaré flow of Y over y, such that dim(EY) = .

Hence, for n large enough, there is a T-dominated splitting N*» ly, =E"®_F" w.r.t. the
Poincaré flow of X,, over y,, such that dim(E") = .

The next lemma concludes the proof of Theorem B.

Lemma 5.8. With the notation above, there is ng such that, for any n > ng, if
NX"|yn = E"®_F" is a dominated splitting w.r.t. the Poincaré flow of X, over yn, then
dim(E") < ia < i, where i is the index of p%(.
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Proof. This lemma is proved by the same argument as in [16, Lemma 4.3], which is also
very similar to that for [35, Proposition 4.1]. Let us just sketch this argument here.

We argue by contradiction, assuming that there is j > is such that (up to extract a
subsequence) all the splittings NX|,, = E"®_F" satisfy dim(E") = .

Notice that over o, the splittings are all invariant by the Poincaré flow of X, and are
T-dominated for the Poincaré flow of X, because X, = X on O1. We denote by ¢;, @;, and
Yy the flow, its derivative, and its Poincaré flow for X (and X,,) in restriction to O1.

Let y, and gz, denote the first and last extremity of the orbit segments o,.
By considering a subsequence one may assume that y, and z, converge to points
ye Ws(pg) \ {pg }and z € W”“(p}z() \ {p’é }. Furthermore, there is a sequence t, > 0 tending
to infinity such that

e the Cl-distance between the orbit segments ¢[0,2:,1(v») and @(0,2,,1(y) tends to 0, and
e the Cl-distance between the orbit segments ¢r—2,.01(z») and ¢j—2;,.01(z) tends to 0.

We consider the points a, = ¢;,(y,) and b, = ¢—;,(zn).
We first want to understand v, (b,) : NX(b,) — BX(zp).

Claim 5. The projection D5 (b,) of E* )2() on NX(by) parallel to X(b,) is contained in an
arbitrarily small cone around E"™(by), for n large enough.

Ingredients of the proof. The orbit segment ¢o,,1(b,) is almost tangent to the
E““(pg) direction. The derivative &, (b,) leaves invariant the stable direction E* )2()7
and it induces a uniform contraction. Finally, dim(E* (pg)) =ip < dim(E"(by)). O

Let s, > 0 such that ¢y, (a,) = b,. Consider
D;(an) = 1/’*3‘,, (D:l(bn)) and D;l(yn) = wfs,,ft,, (D;l(bn))

Because of the dominated splitting E"@®_F", negative iteration by iy preserves a
small cone in NX around E". As a consequence, D; (y,) and Dj(a,) are contained in an
arbitrarily small cone around E"(y,) and E"(a,), respectively.

Claim 6. Dj(y,) and Dj(ay) are tangent to P.

Proof. D;(b,) is tangent to P, the space P is invariant by ¥_,,, and D;(a,) is the
projection of ¥_g (D5 (b,)) on N*(a,) parallel to X(a,) which is tangent to P. The case of
D3 (y,) is identical. O

Now, dim D; (y,) = i2, and X(y,) is almost tangent to Ex(p)z(). This implies that D3 (y,)
contains a unit vector v, which is almost orthogonal to E* (p)2( ). This implies that v, has a
large component in the E** (p)zf ) direction.

One deduces that the rate of expansion on the vector v, of v, : D (y,) — D;j(ay) is
close to (A%u)™, i.e., almost the largest possible. This contradicts the fact that ,(v,)
remains in a small cone around E"(¢;(y,)) for ¢ € [0, #,]. This contradiction concludes the
proof. O
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5.6. Existence of a strong stable direction for a robust singular attractor

The aim of this section is the proof of Theorem C.

The proof uses many arguments in other papers, some of them expressed in other
context. For this reason, we will not always presents all the details.

Let Ry be the residual set in X1(M) given in Lemma 5.2. Consider a vector field
X € R1, an attracting region V of X, and assume that the maximal invariant set A C V is
a robustly chain transitive attractor of X which contains a singularity p of index 2 (and
possibly other singularities).

We fix an open neighborhood U of X such that V is an attracting region for
every Y € U and the maximal invariant set of ¥ in V is a chain transitive attractor.
By shrinking U if necessary, one may assume that the singularities of ¥ € U are all
hyperbolic and vary continuously with Y.

5.6.1. No index 1 singularities. First notice that, according to [16,35], the attractor
A is not the whole manifold; that is, X is not robustly chain transitive. Hence A is not
Lyapunov stable for the negative times of the flow.

The first step is to show the following.

Lemma 5.9. For every Y € U and any singularity p € Sing(X), one has Ind(p) > 2.

Proof. This is a simple consequence of Hayashi’s connecting lemma, already used in
[30, Theorem EJ: if p is a singularity of index 1 then its stable manifold consists in p
and two regular orbits. As the attractor is not Lyapunov stable for the negative times,
a small perturbation of the vector field make each of these regular orbits go out of V,
implying that A cannot accumulate on them. That is impossible, as we have shown in
the proof of Lemma 5.6. O

5.6.2. Dominated splitting for the Poincaré flow. By using the method in [7], one
can prove the following lemma.

Lemma 5.10. There exists a C* neighborhood (already denoted by U) of X in XY (M)
and T > 0 such that, for any Y € R1 NU, there exists a T-dominated splitting

Y Y Y
NAy—Sing(Y) =E@_F (5.2)
w.r.t. the linear Poincaré flow zp,Y.

Consider the set I(Y) of integers i such that there is a T-dominated splitting EY@_FY
w.r.t. ¥ with dim(EY) = i. This set varies semi-upper continuously with Y: if ¥ has no
T-dominated splitting with dim(EY) =i, then (by using Remark 5.3 and the fact that the
periodic orbits of ¥ € R1 NU are dense in Ay) there is a periodic orbit y of ¥ which
does not admit a dominated splitting E®_F with dim(E) = i; this property holds for the
continuation of y in a small neighborhood of Y, proving the semi-continuity.

As a consequence, we get the following lemma.

Lemma 5.11. There are open subsets Ui CU, i€ {1, ...,d — 2} such that
e U, U; is dense in U, and,
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e for any Y e Ui N Ry, there exists a T-dominated splitting
Y Y Y
NAy—Sing(Y) =E&®_F (5.3)
w.r.t. the linear Poincaré flow IlftY, with dim(EY) = i.

Furthermore, the following lemma holds.

Lemma 5.12. For every (not necessarily generic) Y € U;, every periodic orbit y C Ay
admits a T-dominated splitting E®_F w.r.t. the linear Poincaré flow over y, with
dim(EY) = i.

Proof. Just consider Y, € R1 NU; such that Y, tends to Y and each Y, has a periodic
orbit y, which tends to y. Then the dominated splitting associated to Y, induces the
stated dominated splitting on y, by Remark 5.3. |

5.6.3. The dimension of EY is 1.

Lemma 5.13. With the notation of the previous section, for every i > 1, the open set U;
18 empty.

Proof. The proof is very similar to the argument of the proof of Theorem B. Assuming
that U; # 0, we consider Y € R1 NU;. Let p € Ay be a singularity of index 2. By a
small perturbation of Y ,we create a homoclinic orbit contained in the strong unstable
manifold of p. Keeping this homoclinic orbit, a new perturbation linearizes Y in the
neighborhood of the singularity (that is exactly Lemma 5.6).

Then small extra perturbations Y (keeping the linearization of Y in the neighborhood
of p) create a vector field Y, € U; having a periodic orbit y, which contains a segment in
the strong unstable plane passing arbitrarily close to the singularity (see Lemma 5.7).

Finally, Lemma 5.8 implies that the periodic orbits y, do not admit a T-dominated
splitting E®_F w.r.t. the linear Poincaré flow over y,, with dim(EY) =i > Ind(p). This
contradicts Lemma 5.12. ]

Corollary 5.14. Every Y € R1 NU admits a T-dominated splitting
Y Y Y
NAyfsing(Y) = E ®<F (54)
w.r.t. the linear Poincaré flow w,Y, with dim(EY) = 1.

Proof. Lemma 5.13 implies that Y can be approximated by Y, € U;. However, Y € R
is a continuity point of the map Z +— Az. Then Ay inherits the T-dominated splitting of
the Y. O

Corollary 5.14 means that U = U .

5.6.4. Strong stable direction at the singular points. Given a hyperbolic
singularity ¢ of non-zero index of a vector field X, we denote by A*(g) < 0 the infimum
of the real part of the eigenvalues of D,X. We denote by E*(q) C T,M the sum of the
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(generalized) eigenspaces associated to the eigenvalues whose real part is A%, and we call
it the strong stable space of q.

We denote by W*(gq) the strong stable manifold of ¢ tangent to E**(g).

The aim of this section is to prove the following lemma.

Lemma 5.15. For every Y € U, and for every singular point q € Sing(X), the dimension
of E*(q) is 1.

Proof. Assume, arguing by contradiction, that there is Y € U with a singularity ¢ such
that dim(E*(¢)) > 2. If some of the corresponding eigenvalues are complex, then this
property holds in a neighborhood of Y. Otherwise, there is real negative eigenvalue
with multiplicity at least 2. A small perturbation of Y creates a complex strong stable
eigenvalue. Hence in both cases, one may assume that ¥ € Ry NU and that g has a
complex strong stable eigenvalue.

As Y belongs to R1, there are periodic orbits passing arbitrarily close to ¢, and hence
close to some point z € W¥(gq). Hence, there are periodic orbits y, containing segment o,
whose C! distance to the segments qb[Y_ n.0] (z) tends to 0. Let z, be the extremity of oy,.

As Y e R1 NU =U, the attractor Ay admits a dominated splitting E@®_F on
Ay \ Sing(Y) for the linear Poincaré flow, with dim(E) = 1.

Recall that Y admits a (non-unique) invariant strong stable foliation in a
neighborhood of g. We denote by E*(z) the tangent space of this foliation at z, for z
in a neighborhood of ¢. Furthermore, there is a negatively invariant cone field around
the strong stable direction E*.

As Y is almost tangent to the unstable space on the whole segment o,, one gets
that the strong stable space E*(z) makes a bounded angle with NY(z) for every z € o,,.
Let D"“(z) denote the projection of E“(s) on NY(z) parallel to Y(z). This projection is
injective, and its minimal norm (that is the inverse of the norm of its inverse) is larger
than an uniform constant. The dimension of D"(z) is equal to the dimension of E“*(q),
and hence is, by assumption, at least 2.

Consider F(z,). It is a vectorial subspace of N¥ (z,) of dimension n — 2. Then

dim F(z,) N D*(zn) 2 1.

Consider a vector v € F(z,) N D*(z,), and let u € E*(z,) whose projection is v. Now,
wzt(v) is the projection on NY (¢_;(z,)) of dﬁft(u), for t € [0, n]. So the rates of expansion
of v for yY , and of u for oY , are in a bounded ratio, on o,; as a consequence, this
expansion is the largest possible, corresponding to —A%. This contradicts the fact that
v € F(z,) (the vectors of F(z,) are dominated by those of E(z,) for negative iterations). O

Lemma 5.16. Given any Y €U and g € Sing(Y), there is no homoclinic orbit in W5 (q);
in other words,

W(g) N W'(q) = {q}.

Proof. The proof is by contradiction. Assuming that Y has an homoclinic orbit I" in
W*(g), we perform a perturbation preserving this homoclinic orbit, and linearizing Y
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in the neighborhood of g. Then the proof follows the same argument as the proof
of Theorem B and Lemma 5.13, but for negative times of the flow, leading to a
contradiction with the fact that dim(F¥) =d — 2 > dim(E“(g)). O

As a direct corollary, one gets the following.

Corollary 5.17. For any vector field Y € R1 NU and g € Sing(Y), one has
W (q) N Ay = {q}.

Proof. As Y is Kupka—Smale and Ay is chain recurrent, if W**(g) N Ay contains
a regular orbit then the connecting lemma for pseudo-orbits allows us to create a
homoclinic orbit of g contained in W*(g), contradicting Lemma 5.16. |

5.6.5. Extension of the bundles EY and FY @ RY to the singularity. Consider
a vector field ¥ € R; NU. Changing the Riemannian metric on M if necessary, one
may assume that, for every ¢ € Sing(Y), the strong stable space E**(q) is orthogonal to
the sum G(g) of all the generalized eigenspaces corresponding to the other eigenvalues.
Notice that the splitting E**(g) & G(g) is dominated.

Corollary 5.17 implies that, for any singular point ¢ of Y, and any small cone around
G(q), the vector Y(z) is contained in that cone for z close enough to g. This implies that
E*(gq) is almost orthogonal to Y(z) for z close to g. More precisely, E**(g) is contained in
all the possible limits of N¥(z) when z € Ay tends to g. As a consequence, one gets the
following lemma.

Lemma 5.18. The bundle EY defined on Ay \ Sing(Y) extends continuously at every
singular point g € Ay by

E'(q) =E*(g).
Furthermore, the linear Poincaré flow ¥ extends continuously on E**(q) by
Ve =P |pn(g)-

Notice that the bundle G¥ =RY @ FY, defined on Ay \ Sing(Y), is invariant by the flow
@Y. One gets the following.

Lemma 5.19. The bundle G¥ =RY @ FY defined on Ay \ Sing(Y) extends continuously
at every singular point g € Ay by

G¥ () = G(g).

Furthermore, this bundle is ®Y -invariant.

5.6.6. The uniform contraction of the bundle EY for ¥¥. The aim of this section is
to prove the following lemma.

Lemma 5.20. For any Y € R1 NU, the bundle EY is uniformly contracted by the linear
Poincaré flow y¥.
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Proof. The proof is an adaptation of the argument in [25] using his ergodic closing
lemma for proving that robustly transitive diffeomorphisms on surfaces are Anosov. The
same argument has been already used in [7] for getting the volume hyperbolicity of
robustly transitive diffeomorphisms in higher dimensions. The difficulty here is that we
deal with singular flows. This adaptation has already been used in [16] in the context of
star flows (see also [36]).

We argue by contradiction, assuming that the bundle EY is not uniformly contracted
by the linear Poincaré flow v .

We consider ¥ as a continuous linear cocycle over the flow ¢¥. For every z € Ay, we
denote v(z) to be a unit vector directing EY (z) and we denote a(z) = log(||1//f(v(z) .

As EY is not uniformly contracted, there is a ¢Y-invariant probability measure u
supported on Ay and such that

/ a(z)du(z) = 0.
Ay

We consider a disintegration of u in ergodic measure. As a consequence, we get that
there is an ergodic measure v supported on Ay satisfying

/ a(z)du(z) = 0.
Ay

Notice that v cannot be supported on a singular point g, because EY(q) = E*(q) is
uniformly contracted, and hence it is supported on regular orbits. More precisely,
v-almost every point spends an arbitrarily large fraction of time out of a small
neighborhood of the singularities.

Now, Mané’s ergodic closing lemma asserts that v-almost every point x is well
closable, i.e., there is Y’ arbitrarily C'-close to Y, such that the orbit y of x for Y’ is
periodic; furthermore, (]b,Y ' (x) remains arbitrarily close to ¢tY (x) for 0 <t < m(x,Y"), where
7 (x, Y is the period of x for Y.

Notice that, by Lemma 5.12 and the fact that &/ = U7, one has that y has a splitting
EY®_F" for y"'.

Claim 7. The orbit y above can be chosen such that the Lyapunov exponent of wY/ along
Y imn EY s arbitrarily close to fAY a()du(z).

Proof. For v-almost every x and any ¢ large enough, | fAy a(2)du(z) — %log ||D¢tY|
is arbitrarily small. Furthermore, x is well closable.

Furthermore, by Remark 5.3, the bundle EY (d)ty/ (x)) is arbitrarily close to EY(¢>ly(x)),
for t € [0, w(x, Y’)] such that EY(¢) (x)) is out of a small neighborhood of the singularity.
As a consequence, Ey/(qﬁty ,(x)) is arbitrarily close to EY(¢ty(x)) on an arbitrarily large
fraction of ¢ € [0, (x, Y')]. For these times, the actions of the flow 1//Y/ and ¥ are also
arbitrarily close. The actions are bounded, and abelian (because the dimension of EY
is 1). Then one may neglect the effect of the few times ¢ where ¢} (x) is very close to the
singularities, leading to the conclusion. O

EY ()

Hence, for any ¢ > 0, there are Y’ arbitrarily close to Y and a periodic orbit y of
Y’ having a Lyapunov exponent for ¢! in the E¥ direction larger than —e. An extra
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perturbation, using Franks’ lemma, creates a vector field Y” arbitrarily close to Y having
a periodic orbit y € Ay» whose Lyapunov exponent in EY" is positive (see [10] for an
adaptation of Frank’s lemma for flows). However, E " is dominated by F Y’ so that yisa
source, contradicting the fact that Ay~ is a chain transitive attractor. O

5.6.7. The partial hyperbolicity of the flow @Y. Up to now we have that every
Y € R1 NU admits a splitting

™|z, =EY ® G,
such that

e EY is one dimensional, continuous, invariant by %! on Ay \ Sing(¥), and uniformly

contracted by ¥Y;

e G¥ is continuous and @Y-invariant, and can be written GY =RY @ FY on

Ay \ Sing(Y);
e the sum EY @ FY is the normal bundle N¥ and induces a T-dominated splitting of
28

To end the proof, we need to get a ®Y-invariant stable bundle. We will briefly explain
the argument; details can be found in [16].

Choose a Riemannian metric on M such that E' and F' are orthogonal. One
writes the action of @Y on T M, for x € Ay, in an orthogonal basis whose first d — 1
vectors belong to GY and whose last vector belongs to EY. The expression of ®Y is a
block-trigonal matrix with two blocks on the diagonal, the second block being the action

of ¥ on EY:
Y _ Ax)  Cix)
®t |TXM = ( 0 Bt(x) .

We first prove that, for mnegative times, B;(x) dominates A,(x). That Iis,

lim sup, . ”‘;:8” < 0, and this limit is uniform in x. That is an easy consequence of

the facts that

e far from the singularity, the splitting EY @ FY is L-dominated, and the action on the
Y direction is almost an isometry, and,

e on a singularity ¢, EY = E*(q).

One deduces that the ratio Hg::g;” remains uniformly bounded on Ay for large ¢t > 0.

This means that the iterates by @Z, of the bundle EY keep an angle bounded from zero
with GY, leading to a @Y-invariant bundle E*Y. This bundle is uniformly contracted and
dominated by G'.

Hence we get the following lemma.

Lemma 5.21. For every Y € R1 NU, the attractor Ay admits a partially hyperbolic
splitting E>Y@®_GY, where ESY is one dimensional and uniformly contracted.

Note that the map Z +— Az is upper semi-continuous. Hence the attractor Az are
contained in an arbitrarily small neighborhood of Ay for Z close enough to Y. Hence
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the partially hyperbolic splitting w.r.t. the tangent flow @,Y on Ay can be continuously
extended on Az for the nearby vector fields Z. Hence we can get the open and dense
set O C U of vector fields Z for which Az is partially hyperbolic, ending the proof of
Theorem C.
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