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SUMMARY

An observation approach is proposed for determining the
poses of the active/constrained wrench and the unified statics
of some limited-DOF parallel manipulators (PMs) are studied
systematically. First, a general PM model is constructed,
and the unified inverse displacement is analyzed. Second,
various types of acceptable legs are synthesized; the poses
of the active/constrained wrench exerted on the various
acceptable legs are determined by the observation approach.
Third, a unified 6 x 6 Jacobina matrix and a unified statics
equation are derived for solving active/constrained wrench
of many limited-DOF PMs. Finally, two PMs are presented
to illustrate this approach.

KEYWORDS: Parallel manipulators; Robot dynamics;
Kinematics; Statics; Constraint wrench.

Nomenclatures

B, m base and platform

ri active limb and its length (i = 1,2,...,n)
l;, L; sides of m and B

P, prismatic joint and the revolute joint

U,Ss universal joint and spherical joint

0,0 center point of m and B

a;, A; vertices of m and B

e, E the distances from qg; to o and from A; to O
{m} coordinate o-xyz fixed on m

{B} coordinate O-XYZ fixed on B

F concentrated force exerted on m at o

T concentrated torque exerted on m at o

n the number of independent pose parameters of m
0; independent pose parameters of m

F,;, T, active forces and active torques exerted on r;

F.;, T constrained forces and torques exerted on r;

X1, Xm, X, direction cosine between x and X, x and Y, x and Z
Vi, Ym, Yn direction cosine between y and X, y and Y, y and Z
21, Zm» Zn direction cosine between zand X, zand Y, z and Z
o, B,y  Euler angles of m about (X,, Y1, X»), respectively
X,, Y,, Z, the position components of 0 in By

M the number of degree of freedom

8, T; the unit vector of F,; and T ,;
cj, by the unit vector of F; and T o
I, L parallel constraint and perpendicular constraint

b 31/2
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1. Introduction

Some limited-DOF (degree of freedom) parallel manipu-
lators (PMs) have attracted much attention due to their
relative high stiffness, simple structure, easy to control
and have been used in many practical applications.!™® In
order to determine the stress and precision and to select
proper actuators, their active/constrained wrench must be
solved.'™ In dynamics analysis, Huang et al.?> solved the
active forces of some PMs by the virtual parallel mechanism.
Lu et al.? solved active forces of some limited-DOF PMs by
a virtual serial mechanism and the principle of virtual work.
Dasgupta and Mruthyunjaya* proposed a Newton—Euler
formulation approach for the inverse dynamics of PMs.
Tsai® solved the inverse dynamics of a Stewart-Gough
PM by principle of virtual work. Gallardo et al.® analyzed
dynamics of PMs by screw theory. On the basis of a Stewart
platform, Dai and Huang’ studied mobility of some over
constrained PMs. Zhao et al.® studied the statics of some
PMs by combining screw theory with virtual power theory. Di
Gregorio’ studied statics of a 3-UPU PM with three rotations.
Kong and Gosselin!® determined the pose of constrained
wrench of some PMs using screw theory. Lu and Hu solved
active/constrained forces of some PMs using Newton—Euler
formulation approach and CAD variation geometry.!!™13
Zhao and Dai et al.'*'7 studied the kinematics/dynamics
of PMs using the approach of the geometry and constraint
analysis. Other researchers'®2° studied the kinematics/
dynamics of PMs using the vector analytic approach and
Lagrange equations. Although each of these approaches has
its merits, they are relative complicated and not easily to
apply to solve the constrained wrench of some limited-DOF
PMs with redundant and/or common constraints. Therefore,
it is a significant issue to develop a simple, intuition and
easily to learn approach for solving constrained wrench
of some limited-DOF PMs and analyzing their unified
statics.

This paper focuses on an observation approach for
determining the poses of the active/constrained wrench
of various limited-DOF PMs and studies their unified
statics. Two PMs are presented to illustrate this approach.
The results of study show that the proposed approach
is simple, intuition and easy to determine the poses
of the various active/constrained wrenches and to
solve active/constrained wrench of many limited-DOF
PMs.
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(@)

Fig. 1. A general PM with n active legs (a) and its force situa-
tion (b).

2. Common Technology for Solving Active/
Constrained Wrench

2.1. A general PM and its inverse kinematics

A general PM with n linear/rotational actuators includes a
fixed base B, a moving platform m, and n active limbs r;
(i=1,2,...,n), which connect m at a; with B at A; (see
Fig. 1a). Each of active limbs r; may be composed of a linear
actuator or a rotational actuator. Each of active limbs »; may
be composed of some serial links connected by various joints.
Let {m} be a coordinate frame o-xyz fixed on m at o; { B} be
a coordinate frame O-XYZ fixed on B at O; | be a parallel
constraint; and L be a perpendicular constraint.

Before analyzing statics of PMs, the positions of the joints
A; on B and the joints a; on m must be determined. The
position vectors of A; of B in {B} are represented by A; and
the position vectors of @; of m in {m} and {B} are represented

by "a; and a;, respectively, as follows: -
X ai Xai Xai
Ai=|Ya |, "ai=|Yu |, ai=| Yy
Zai Zai Zai
Xy Xo (1)
R,ﬁ =|(Xm Ym Zm|,0= Y, s
Xn Yn  Zn Z,

B
a; =R, "a; +o,

where R2 is a rotation transformation matrix from {m}
to {B}; o is a vector of point 0 on m in B; (X,Y,Z,)
are the components of o. The constraint equations of
(X15 Xins Xns Vs Yims> Yn» 2Us Zms Zn) 1N Rfl can be obtained in
refs. [1, 2]. When each of active legs r;(i = 1,2, ...,n) of
the PM is linear leg, r; and its unit vector §; and the vector
e; of the line ¢; can be solved as follows:

€ix
ri=la;—Ail, e =|e,|=a —o,
€iz )
61x Xai XAI
31 = 51} = r_ Ya1 YAl
812 ' Za,- ZA!
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When a active leg includes a link g; and a linear active leg
ri, two ends of a link g; are connected to platform m at a; and
to the one end of r; at point d;, respectively; and the other
end of r; is connected to the base B at point A;. Thus, r;, its
unit vector §;, and the vector e; of the line ¢; can be solved
as follows:

1 Xdi—XAi

rp=d; — A;l, 51':7 Yo, =Yai |, e =d;—o.
| Zy—Zai

(3)

Let o, B, y be three Euler angles of m, and ¢ be one
of a, B, y. Set s, =sing, ¢, = cosg, and t, = tan¢. Let
6;(i =1,...,n < 6) be n independent position-orientation
parameters of the platform, 6; € (X,, Y,, Z,, o, B, 1). On
the basis of the structure constraints of PMs, 6; can be
determined by the 6-n constrained equations. The extensions
and the vectors r; of active legs r;, the unit vector §;
of r;, and the vector e; can be represented by 6;. Each
of (X7, Xim» Xns Vi, Ym» Yns 20> Zm»> Zn) has been represented by
(o, B, y) in ref. [11] corresponding to the 12 different Euler
rotational orders.

The inverse velocity v;, of limited-DOF PM can be
expressed in ref. [11] as below

Vin = (JOZ)}’IX6V1

Vip =

“

where J, is the n x 6 Jacobian matrix, V is general velocity
of m, and v and @ are linear and angular velocities of m.

2.2. Active/constrained wrench of PMs

When ignoring the friction of all the joints in a PM, the
whole workloads can be simplified as a wrench (F,T)
applied onto m at the central point o. It includes the inertia
wrench and the gravity of the platform, and inertia wrench
and the gravity of the active legs, which can be mapped
into a part of the whole workload, and the external working
wrench (such as machining or operating wrench of tool, and
damping wrench of end effector). F is a concentrated force
and T is a concentrated torque. (F, T) are balanced by
an active wrench (F,, T,) and a constrained wrench (F.,
T.) (see Fig. 1b). Here, F, includes n active wrenches

F, (i =1,...,n), where F, can active force and torque,
F. includes n, constrained forces F.;(j =1,...,n1); T,
includes n, constrained torques T (k =1,...,n;). The

equation n; + np + n = 6 is satisfied.

In the limited-dof PMs, there are various possible active
legs connected by various serial joints (see Table I). Some
of them may be composed of some multi-DOF joints, such
as spherical joint S, universal joint U, and cylindrical joint
C. In order to determine the geometric constraints of the
constrained wrench, an equivalent constrained leg r, has to
be constructed by replacing S with three uncoplanar and
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Table I. Possible serial structure of active leg for PMs.

Various possible serial structure of active legs

UPU UPRR UPPP UPC UUR
URPR URC URU UCpP CPU
CCR CRRR CRRP CRPP CRPR
RRPU RRPRR RRPPP RRPC RRUR
RRRPR RRRC RRRU RRCP PPPU
PPCR PPRRR PPRRP PPRPP PPRPR
RPPPP RPPC RPUR RPUP RPCR
RPRU RPCP PRPU PRPRR PRPPP
PRRRP PRRPP PRRPR PRRC PRRU
SRR SRP SpPp SPR UPR
UUP UCR URRR URRP URPP
CPRR CPPP CPC CUR CUP
CRC CRU CCP US CS
RRUP RRCR RRRRR RRRRP RRRPP
PPPRR PPPPP PPPC PPUR PPUP
PPRC PPRU PPCP RPPU RPPRR
RPRRR RPRRP RPRPP RPRPR RPRC
PRPC PRUR PRUP PRCR PRRRR
PRCP SU SRR SpPp SC
PRRR RPU PRU RPRR PRRR
RRPR RRRP PS SP

S-spherical joint, U-universal joint, C-cylindrical joint, P-
prismatic joint, R-revolute joint

intersecting revolute joints, U with two crossed revolute
joints, and C with a prismatic joint and a revolute joint,
respectively.

Since the constrained wrench (F., T.) do not do any
power during the movement of the PM, if there is
F., the following geometric constrains 1 and 2 must
be satisfied. Otherwise, there is no F,.. if there is T,
the following geometric constrain 3 must be satisfied.
Otherwise, there is no T .. The three geometric constrains of
(F., T.) can be determined by the observation approach as
follows:

(1) Let v,, be a velocity along prismatic joint P in
equivalent constrained leg r.; thus, F.;v,. = 0 must be
satisfied, i.e. F.; L P. Thus, each of constrained forces
F_.; must be perpendicular to all the prismatic joints
inr,.

(2) Let R, be a unit vector of revolute joint R in r,, and let
p. x F.beatorque of F; about R, R, (p, x F.j) =0
must be satisfied. Thus, each of constrained forces F;
must intersect or be parallel with all the revolute joints
in r,. If active leg includes spherical joint S, F.; must
intersect with S.

(3) Let @, be an angular velocity aboutRinr,, T ;4 @, = 0
must be satisfied, i.e. T+ L R.Thus, each of constrained
torques T must be perpendicular to all the revolute
joints in 7,.

Since the constrained force/torque do not do any work when
movement of m, there are

chcj~v+(chpjxcj)-w=0 (G=1,...,np), 5
TTka-wZO (k:l,...,ng). (6)
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When F_; and T;; are deleted from Egs. (5) and (6), it
leads to

e (pyxen' ]

T T
Co1 (pnl X €p1)

0 4ny =JcV, Jo = ,  (7a
(n1+n2) c c 0,3 c’lI‘ (7a)
| 013 022 _

where J. is a (6 —n) x 6 constrained wrench Jacobian
matrix.
From Egs. (4) and (7a), it leads to

Vin ] hmzvﬂ.am

v, =Jex6V, v :|:
' ) ' 06—n)x1 Je

LetF, =[F,, ..., FyuFe, ..., Fon,Tr,s ..., Ten,]T. On the
basis of the principle of virtual work, it leads to
F1*
Flv, + V=0 8)
T 6x1

Substituting Eq. (7b) into Eq. (8), it leads to

F
a:-JjT[] | ©)
( 6 6) T -

2.3. Determination of pose of constrained wrench in some
accepted active legs

A key issue to solve the active/constrained wrenches is
to determine their poses by the observation approach
corresponding to different active legs. Some accepted
active legs with linear/rotational actuator are constructed
(see Fig. 2) for some 3-DOF PMs (such as 3SPR,
3RPS, 3RRPRR, 3UPU, 2UPU+SPR, 3UPRR, 3RPRU,
3RSR, and 3RPUR), for some 4-DOF PMs (such
as 2UPS+2SPR, 2UPS+42UPU, 4UPU, 3SPU+UPR,
3SPU+SP, 3SPU+PRRR, and 3SPU+RPRR), and for
some 5-DOF PMs (such as 4SPS+SPR, 4SPS+UPU, and
4SPS+URPR). When given the structure constraints of
each accepted active leg, based on the three geometric
constraints of (F., T.) in the Section 2.2, and the poses
of active/constrained wrench in these accepted active legs
can be determined by the observation approach (see Fig. 2).
Here, R; (j =1,2,3,4) and R; are the revolute joints and
their unit vector; r is the extension of active leg r;; F, and
& are an active force and its unit vector; T, and 7 are an
active torque and its unit vector; F. and ¢ are a constrained
force and its unit vector; T, and ¢ are a constrained torque
and its unit vector; T, is a constrained torque produced
by F.; a is the one end of active leg for connect with
m; A is the other end of active leg for connect with B; g
and g are an auxiliary link and its vector in {B}. When
these accepted active legs are used to synthesize various


https://doi.org/10.1017/S0263574711000634

336 Unified analysis of statics of some limited-DOF parallel manipulators
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R_;_LI'

RgJ_r
(AQ~F.yo=T,
Q |
R LR, £ “Ryd=c N\ F

(d) A UPU I-type active

(c) ARRPRR-type active
leg with a linear actuator

(b) ARPS-type active leg
leg with a linear actuator

(a) A SPR-type active leg
with a linear actuator

with a linear actuator
Ry || Ry-

Ry|Ry -
: P

Rylr R;s|IR;
4 Ry 1Ry
T,
R,=1 T,
U A
Rl -

(h) AUPU IV -type active

(8) ARPS-type active leg
leg with a rotational actuator

(f) AUPU IlI-type active leg
with a rotational actuator

(e) AUPU II-type active leg
with a linear actuator

with a linear actuator

(1)AUPUV -type active leg

with a rotational actuator

(J) AUPRR I-type active
leg with a linear actuator

Ry 1R, a, Rs

R;JJ'
Rolr o c=0*R; rP
P r = rle;
Foi rle

o2

U, A T'=6-(QA~F.5) Ry, Ry, Ry
R, = R; x=a €=y
Fa F,

et

RL_LRZ !

(m) A UPR-type active leg
with a linear actuator

R:‘, a
Ry IR

1Ry
I'J_Rz
Rz le =t
U.A
Ry

R 3=C

(@) A UPR-type active leg
with a linear actuator

(n) A SP-type active leg
with a linear actuator

Q e F.
RIXR3:C’/ a R;

Ry<Ry=g glR
Ri 1R, glR,
d T (aQ*F.)g
Rzl_f"
R “ r ne
Ta =R,
Ry
0 ar

(1) ARPRR-type active
leg with a rotational

(k) AUPRR I-type active leg
with a rotational actuator

(0) ARPRR-type active leg
with a linear actuator

(s) ARSR- active leg
with a rotational actuator

Fig. 2. Force situations of the 21 types active legs with given structure constraints.

https://doi.org/10.1017/50263574711000634 Published online by Cambridge University Press

(1) ARPRU-type active leg
with a linear actuator

(P) AURPR-type active leg
with a linear actuator

(t) ARPUR-activeleg (y) A UPU IIV- active leg
with a linear actuator

with a linear actuator


https://doi.org/10.1017/S0263574711000634

Unified analysis of statics of some limited-DOF parallel manipulators 337

limited-DOF PMs, the active/constrained wrench of these
PMs can be solved.

3. A 3RRPRR PM

3.1. The structure of the 3RRPRR PM and its geometric
constraints

A 3RRPRR PM includes a moving platform m, a fixed base B,
and 3 RRPRR-type active legs with the linear actuator (see
Fig. 3a). Here, m is an equilateral ternary links with three
vertices a; (i = 1, 2, 3) and three sides /; and a central point
0; B is an equilateral ternary link with three vertices A; and
three sides L; and a central point O. Each of RRPRR-type
active legs connects m with B by two intercrossed revolute
joints Rs3; and Ry4; at a;, an active leg r; with a prismatic
joint P, and two intercrossed revolute joints Rj; and Ry; at
A;. In structure, some geometric constraints (Ry; 1 Ry;, Ry;
coincident with a line A; O, Rs; L Ry, Ryi L m, Ry; L 1;,
R3; L ri,and Ry; || R3;) are satisfied. Under these geometric
constraints, the 3RRPRR PM has three planes P;(Oa,a; A;),
including 7; and a line a, O, which is perpendicular to m at
point a,. Under the geometric constraints (R3; L a,0, Ry; ||
R3;, Ryi L A;O, Ry L1y, and R3; L r;), some geometric
constraints (Ry; 1L Aa,Oa;, R3; 1. AOa;A;,ie., Ry L P;)
are satisfied. Obviously, under these geometric constraints,
P; 1 m is satisfied.

3.2. Inverse displacement kinematics
From Eq. (1), "a;, a; and A;(i = 1,2, 3) can be derived as
follows:!!

b 0 —b
ma] = g —1 ,ma2 — e ) ma3 - g _1 ’
0 0 (10a)
= = = a
b 0 —b
a=El ozl ela=E|
1 = 2 ) 2 = 4 3= 2
. [ bex; — ey +2X, ey + Xo
a1=§ bexy —eym +2Y, | ,ay=| eymn + Y, |,
bex, — ey, +27Z, ev, + 7,
. [ —bex; — ey, + 2X,
as = E —bex,, — ey, + 2Y,
—bex, — ey, + 2Z,
(10b)

where e is the distance from a; to o (i =1, 2, 3), E is the
distance from A; to O, and b = 3'/2.

Corresponding to XYX rotational orders of the platform in
ref. [11], (X7, Xy Xny Yis Yim» Yu» 205 Zms Zn) €an be represented
by (a, B, y) as follows:

X] = Cg, Xm = SaSB, Xn = —CySg,
Y = S)S Ym = CaCyp — SaCBSA
P poe (10c)
Yn = SoCa + CaCpSyr, 2 = CpSg,
Zm = —CaSxn — SqCBCA,  Zn = —SaSp + CaCBCH.
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Fig. 3. (Colour online) The 3RRPRR PM and its force situation.

From P; 1. m (i =1, 2, 3) of the 3RRPRR PM, the three
equations of plane P;(Oa,a; A;) are derived as follows:

Xai—Xat Yar —Ya Zai—Za
X,,] Yal Zal
e Zm Zn
%(b)C/ _y/)+X0 %(b-xm _ym)+Yo %(bxn _yn)+Zo
= bE)/2 —E/2 0
2l Zm Zn
=0,
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Xao—Xar Yoo =Yoo Zar—Zan
Xa2 Yoo Zao
2] Zm Zn
ey +X, eyn+Y ey+2Z,
= 0 E 0 =0,
21 Zm Zn
Xaz—Xaz Yas —Yaz Zaz— Zaz
Xa3 Yu3 Za3
2] Zm Zn
—5bx; +y)+Xo —50x0 +ym) + Yo —50bxy +y)+ Z,
- —bE)2 —E)2 0
2] Zm Zn
=0.

(11a)
Three plane equations are simplified as follows:

be(znxl - len) - e(ylzn - Zlyn)
+2X,20 — 2Zoz71 + 3e(2nXm — ZmXn)
+be(Zmyn — Znym) +2b(Y,2, — Zozm) = 0,
20721 — XoZn
= e(zny1 — Y12n) X be(znx; — z1%n) + €(V12Zn — 21n)
—2X02n + 272,271 — 3€(20 X — ZmXn)

+be(Zmyn - Znym) + 2b(Y0ZVL - Zozm) =0.
(11b)
From Egs. (2) and (11b), it leads to

ey, — €X] + 2Y()Zn - ZZ()Zm = O, Z()Zl - X()Zn = —€Xpy,

eXy — 3eyl + 2X0Zn — ZZoZ[ = O’ Xm = V. (11C)
From Egs. (2) and (11c), it leads to
Z%n = yy%a le = x,%,
X, o Zontrin  2ZoinFrCa =) (119)
Zn 2Zn

From Egs. (2) and (11c¢), it leads to (—CaS5)2 = (cysﬂ)z, ie,
o = y. Next, from Egs. (10c) and (11d), it leads to

_ (Zoca + esa)sﬂ

X
’ —s2 4+ c2cp (110)
v — Zosace(1 +cp) + e(cﬂ -2+ siclg)/z €
o —s2 4+ c3cp )

The formulae for solving r; are derived from Egs. (2), (3),
(10), and (11) as follows:

1’22 =D +2e(yi1Xo + ynYo + ynZo) — 2E(eym + Yo),
D=X24Y2+7Z2+E*+¢,
r? =D+ EY, —bEX, +be(x; Xy + xu Y, + x,Z,)
_e(leO +me0 +ynzo)
+eE(by; + bx,, — 3x1 — ym)/2,
ri =D+ EY,+bEX, — be(x; Xy + xnYo + X, Z5)
- 6()’1Xo + meO + ynZo) — ek
X(b}’z + bxm + 3)61 + ym)/z

12)

When given («, 8, Z,), r;(i = 1,2, 3) can be represented by
(o, B, Z,) from Egs. (11e) and (12).
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3.3. Active force and constrained force and torque
A loop equation of O A;a;o0 can be expressed as

OA, + A,a; = 00 + oa;. (13a)

Differentiating both sides of Eq. (13a) with respect to time,
it leads to

i — A
@A
la; — A;l

(13b)

vridi +wr X1 = v+ X e,
e, =a; —o,

where v,; is the input velocity of r; and ®,; is the angular
velocity vector of 7;.
Dot multiplying both side of Eq. (13b) by 4;, it leads to

Vi = [5,T (e; x 55)T]V,

(13c¢)
Vin = Javs Vin = [vrl [2%]

Ur3 ]T-

On the basis of the force situation of the RRPRR-type active
leg with a linear actuator, the force situation of the 3RRPRR
PM is determined (see Fig. 3b). From Egs. (7b), (9) and (13c¢),
the active and constrained forces can be solved as follows:

_int[F
[For Faoo Fuz Fa Fo Fa ]T = _(J6>16) |: ’
6x1

T
Jo
J6><6 = |: :| s Ja =

81 (e; x 8T

8 (2 x8)" |,

Je (13d)
83 (e3 x 83)"
¢l (p; x )T
Jo=1 ¢ (pyxe)T
C; (p3 x )’
Three constrained torques T',; are solved as
T, =[Fic; x(A; — Q)]-4;. (13e)

All relevant items in Eq. (13d) can be derived as follows:
From Egs. (10c) and (11c), it leads to

X| =Cp, Xy = SaSg,  Xn = —CaSp,

Vi = SaSg,  Ym =C2—52cp, Yo = —SaCu(l +cp),

2 =caSps m = SaCall +¢p), = =55+ ciep.
(14a)

The unit vectors R ;; of revolute joints Rj; (j = 1,2,3,4;i =
1, 2, 3) are determined as follows:

| b 0 ) —b
RHZE 1|, Rp=|1]/, R13—§ -1,
0 0 0
2 (14b)
Riy=Rp=Rpz=|2zm |,
Zn
Ry; = R3;, Ry =Rz, Rxp=Rsp.
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An equation of axis of Ry; is expressed as

(x_Xai)/le(y_Yai)/Zm =(Z_Zai)/zn- (14¢)

When z = 0, from Eq. (14c¢), three intersected points Q; of
R4; and O A; in {B} are derived as follows:

1 —Za1z21 + Xa12n
01 =—

- —Zazm + Ya1za
" 0
—(bex, — ey, +2Z,)z; + (bex; — ey; +2X,)zn
= 2 —(bex, — ey, +2Z,)zm + (bex,, — eym + 2Y,)z, |,
0
! —Zp2 + Xa2n
0> = ; —Za22m + Yooz
0
—(eyn + Zy)z + (eyr + Xo)zn
= —(eyn + Zo)zm + (eym + Yo)zn |,
0
| —Za3zu + Xaza
03 = = —Za3zm + Ya32n

0
(bexn + ey, — 2Z0)Zl + (_bexl —ey + 2X0)Zn
(bexn + €yn — 2Zo)zm + (_bexm — €Ym + 2Y0)Zn
0

Zn

(144d)
The unit vector §; of r;, the vector e; of the line ¢;, the unit
vector ¢; of constrained force F;, and the arm vector p; of
F.; to o can be solved as follows:

Ry x §;
G=Ry=—200 o0 —0 (=123,
' z Ry % §;] 0 =0 ¢ :
ZoCySp +rsasg
—s24clcp
0= | —Zocase(1+cp)+ r(cﬁ — cg + sécﬂ)/Z
—s2 4 clcp
o
(14e)

When given («, 8, Z,), 0, Q;, §;, e;, ¢;, and p; can be solved
from Egs. (11e), (12), (13b), and (14a)—(e).

4. The 2SPS+2SPR PM

4.1. The 2SPS+2SPR PM and its geometric constraints

A 2SPS+2SPR PM (see Fig. 4a) has 4 DOFs, ie.,n = M =
4.Itincludes a platform m, a base B, and four linear active legs
ri(i = 1,2, 3, 4)with linear actuator for connecting m with B.
In order to avoid the singularity of mechanism, the shape of B
and m should be a square and a rectangle, respectively. Here,
two SPS-type limbs connect m at a; with B at A;(i = 1, 4),
and two SPR-type active limbs connect m at a; with B at
A;i(i =2,3).
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Fig. 4. The 2SPS+2SPR PM (a) and its forces situation (b).

4.2. Inverse displacement kinematics
From Eq. (2), "a;, A; and a;(i = 1, 2, 3, 4) can be derived
as follows:

[ [ =1
g _ 1|, wy _ 1|, mg _ 1|
a1_2 2 0> a2—2 2 | az—z 2 s
0 0 0
—I
a =7 —b |,
0
L ! L] |7
Al == _1 ) A2 == 1 ) A3 == )
2 2 2
0 0 0
L —1
A4 = 5 —1 N
0
(15a)
: [ il — yil +2X, |
a; = E xmll _ym12+2Y0 )
xnll - ynl2 + 2Zo
1 xlll + y112 + 2X0
a,; = E xmll + ymIZ + 2Y0 ’
nl nl2 + 22,
1 1+ Yul2 + 1 (15b)
| —xlll + yllz + 2X0
as = E _xmll + yle + 2Y0 ’
_xnll + YnC2 + 2Zo
1 —xlll — y112 + 2X0
as = 5 _xmll - ymIZ +2Y,
_xnll - anZ + ZZ()

In the 2SPS+-2SPR PM, there are two geometric constrains
(r, L ey and r3 L e3). From them, two geometric constraint
equations are derived as follows:

aA; - aa;
xily + yil, +2X, — L xily = yily
=3 Xt + Yl +2Y, — L Xmly — ymla | =0,
Xuly + ynlo + 22, Xnlt — ynla
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a3A3 caray
1 —xily + yilp +2X, + L xily + yil
= 5 —Xmly + ymly +2Y, — L Xmly + ymly | =0.
_xnll + ynZZ + 2Z() xnll + anZ

(16a)
From (16a), it leads to

Li(Xox; + Yoxpm + Zoxn) — El1x, + le)’z/z =0,
I} — Llyx; — I3 = 2L(Xoyi + Yoym + Zoyn) + Ly = 0.
(16b)

From (16b), it leads to

bxm +2Zozi Lhyiym  lixw(h — Lx;)

Zn anl anz )
1[2Z,z — bhx Lixi(ly —2Ex Ll

0:_[ 2z+11(1 z)+ 2y’]+E.
2 Zn l2zn llzn

’

1
X()ZE
Y,

(16¢)

Corresponding to XYX rotational orders of the platform in
ref. [10], (x; Xm Xn Y1 Ym Yu 2 Zm Zn) can be represented
by (a, B, y) as the same as Eq. (10c). From Egs. (10c) and
(16¢), it leads to

spllasa+2Z,c5.—Ls(coci _Sacﬂsk)%_sa (1 —LCﬁ)%]

2(cacpcr—Sasi) ’
_ _ / _ I 220 (16d)
2Z,(casrtsacper)—lcg+ep(ly Lc,g),2 +Lsgs;, 7 LE

0=

Y, = 2(caCper—Sasy)
From Egs. (2), (3), (10c), (15a), (15b), and (16b), r;(i =
1,2, 3,4) can be derived as follows:

m=L2+X;+Y}+7Z;

+L(11xm - l2ym —Xo+Y,)+ (315 - 112)/4’
rs=L2+X;+Y}+ 7]

—L(hx + by + X, + Y,) + (31F — 13) /4,
rs=L2+X;+Y}+7Z]

+L(Lby — lixi + X, — Y,) + (317 — 13) /4,
r=L2+X;+Y}+ 7]

—L(Lym + hxm — Xo — Yo) + (313 — I7) /4.

a7

From Egs. (10c) and (16d), r; (i =1,2,3,4) can be
represented by (o, 8, v, Z,).

4.3. Solving active and constrained forces

On the basis of the force situation of a SPR-type active
leg with a linear actuator (see Fig. 2), the force situation
of the 2SPS+2SPR PM is determined (see Fig. 5b). From
Egs. (8), (9), and (13c), a formula for solving the active and
constrained forces is expressed as

[ Fai | 81 (er x 8™
Fa 8 (e2x8)"
Fa3 . —(Jil )T |:Fi| J o 8; (6’3 X 83)T
Foa 6x6 T 6x6 8} (84 % 34)T
Feo 5 (pyxe)'
| Fes | L] (p3 x ¢3)" ]
(18)
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Fig. 5. (Colour online) The solved results of 3RRPRR and
2SPS+2SPR PMs.

The unit vector §; of r;(i =1, 2, 3,4), the vector e; of the
line ¢;, the unit vector ¢; of constrained force F;, and the
arm vector p; of F; to o can be solved as follows:

a; — A; a; —as a) —ay
T T —al “Tle—al
i 1 — Q3 2 — &4

e, =0—a;, (19)

p2:0_A2a 03:0—143» 0:[X0 Y, ZO]T-

All relevant items in Eq. (19) can be represented by
(o, B, v, Z,) and can be solved using Egs. (14a), (15a)—(15b),
(16d), and (17).

5. Examples and Expandability of the Approach

5.1. Solved examples

Set workloads: F =[—20 — 30 — 60]"kN, T = [—-30 —
30100]T kN - cm. By means of relative analytic equations
and Matlab, the active/constrained wrench of two PMs are
solved (see Fig. 5). The solved results have been verified by
their simulation mechanisms.
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In the 3RRPRR PM, when set L = 120, [ = 60 cm, and
given independent pose parameters («, 8, Z,) versus time
(see Fig. 5a). The extensions of active legs r;(i = 1, 2, 3) are
solved (see Fig. 5b). The active forces F,;, the constrained
forces F,;, and the constrained torques 7,; are solved (see
Figs. 5¢ and 5d).

In the 2SPS+2SPR PM, when set L = 100, [; = 60,
I, = 50 cm, and given the four independent pose parameters
(o, B, v, Z,) versus time (see Fig. Se); the extension of active
legs r;(i =1,2,3,4) are solved (see Fig. 5f). The active
forces F,; and the constrained forces T',; are solved (see
Fig. 5g).

5.2. The expandability of proposed approach

In dynamics analysis of the limited-DOF PMs, when some
formulae are derived for solving the Jacobian matrices and
velocity/acceleration of the piston/cylinder in the legs of
PMs, the formulae can be derived for solving the inertia
wrenches/gravity of the various legs. After that, based on the
statics Eq. (9) and Fig. 2 in Section 2.4, when the inertia
wrenches/gravity of the legs and the friction loads of the
joints are transformed into a part of the dynamic workload,
the formulae may be derived for solving the dynamic
workloads and the dynamic active/constrained wrench.

In elastic deformation analysis of the limited-DOF PMs,
the force situations of some limited-DOF PMs can be
analyzed, and the poses of the active/constrained wrench
can be determined based on the statics equation (9) and
Fig. 2 in Section 2.4. After that the elastic deformations
of active/constrained legs in these PMs can be analyzed, and
the compliance matrices of active/constrained legs can be
derived. Finally, based on 6 x 6 Jacobina matrix in Eq. (9)
and the compliance matrices of active/constrained legs, some
total stiffness matrices and the elastic deformations of some
limited-DOF PMs may be derived and analyzed.

6. Conclusions

A methodology is developed for unified statics analysis
of some limited-DOF parallel kinematic machines PMs.
A common force balanced equation and a unified 6 x 6
Jacobina matrix are derived. They can be used to solve the
active/constrained wrench of the limited-dof PMs. The 21
types of accepted active legs with linear/rotational actuator
are synthesized. Three common geometric constraints
of the constrained wrench are determined and can
be used to determine the poses of active/constrained
wrench corresponding to the 21 different accepted active
legs are determined. When these accepted active legs
are used to synthesize various limited-DOF PMs, their
active/constrained wrench can be solved.

This approach has been used to solve the active forces and
constrained forces of a 3-DOF 3RRPRR PM and a 4-DOF
2SPS+2SPR PM. The solved results are verified by their
simulation mechanisms.

The proposed approach is simple, intuition, and easy to be
used to determine the poses of the various active/constrained
wrench and to analyze unified statics of some limited-DOF
PMs. It is provide foundations for analyses of the dynamics
and the elastic deformation of various limited-DOF PMs.
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