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Orbifold hyperbolicity

Frédéric Campana, Lionel Darondeau and Erwan Rousseau

ABSTRACT

We define and study jet bundles in the geometric orbifold category. We show that the
usual arguments from the compact and the logarithmic settings do not all extend to
this more general framework. This is illustrated by simple examples of orbifold pairs of
general type that do not admit any global jet differential, even if some of these examples
satisfy the Green—Griffiths-Lang conjecture. This contrasts with an important result
of Demailly (Holomorphic Morse inequalities and the Green-Griffiths-Lang congjecture,
Pure Appl. Math. Q. 7 (2011), 1165-1207) proving that compact varieties of general
type always admit jet differentials. We illustrate the usefulness of the study of orbifold
jets by establishing the hyperbolicity of some orbifold surfaces, that cannot be derived
from the current techniques in Nevanlinna theory. We also conjecture that Demailly’s
theorem should hold for orbifold pairs with smooth boundary divisors under a certain
natural multiplicity condition, and provide some evidence towards it.

Introduction

0.1 Orbifold hyperbolicity

The main goal of this paper is to define and study the hyperbolicity of orbifold pairs in the spirit
of the program developed in [CamO04]. A smooth orbifold pair is a pair (X, A), where X is a
smooth projective variety and where A is a Q-divisor on X with only normal crossings and with
coefficients between 0 and 1. In analogy with ramification divisors (see below), it is very natural
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to write

with multiplicities m; in Q>; U {+o00}. The multiplicity 1 corresponds to the so-called ‘compact
case’ (empty boundary divisor). The multiplicity +o0o corresponds to the so-called ‘logarithmic
case’ (reduced boundary divisor). The canonical bundle of an orbifold pair (X, A) is the Q-line
bundle Kx + A.

The general philosophy in complex hyperbolicity is that varieties with positive canonical
bundles are (weakly) hyperbolic, in the sense that these admit no (or few) nonconstant entire
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curves. Here, we consider orbifold entire curves f: C — (X, A) i.e. entire curves f: C — X such
that f(C) ¢ |A| and mult;(f*A;) = m; for all i and all t € C with f(¢) € A;. In a modern point
of view, these curves are nothing but the morphisms (C, @) — (X, A) in the orbifold category.
But these are actually also the central objects of the Nevanlinna theory of values distribution.
These curves have hence been studied extensively since the beginning of the twentieth century.

An orbifold pair (X, A) is of general type if its canonical bundle Kx + A is big. The following
natural generalization to the orbifold category of the Green—Griffiths—Lang conjecture will be
the common thread of this paper.

CONJECTURE A. If (X, A) is an orbifold pair of general type, then there exists a proper closed
subvariety Z C X containing the images of all nonconstant orbifold entire curves f: C — (X, A).

Since the seminal works of Bloch [Blo26] and of Green and Griffiths [GG80], one successful
approach to study hyperbolicity problems in the usual (i.e. compact or logarithmic) settings is the
use of jet differentials vanishing on an ample divisor, which can be viewed as algebraic differential
equations satisfied by nonconstant entire curves (see [Dem97, DL01]). It is most natural to define
orbifold jet differentials to be the logarithmic jet differentials acting holomorphically on orbifold
entire curves (see §2 and Remark 2.9).

In the direction of the Green—Griffiths—Lang conjecture in the compact case (A = &), the
jet differential approach culminates with the following remarkable recent theorem of Demailly
[Dem11] (see also [Merl5] for the case of hypersurfaces in projective spaces).

THEOREM 0.1 (Demailly). If a variety X is of general type, it admits nonzero global jet
differentials vanishing on an ample divisor. (The converse holds too, by [CP15].)

The proof of Demailly can be adapted mutatis mutandis to hold in the logarithmic category.
A spontaneous question is hence to extend this result to the broader orbifold setting.

0.2 Main results

Using jet differentials, we provide new positive results towards the orbifold Green—Griffiths—Lang
conjecture. The control of the cohomology of orbifold jet differentials tends to be much more
difficult than in the usual (i.e. compact or logarithmic) settings. Nevertheless, for surfaces, we
show that jet differentials can be used to prove hyperbolicity results, in situations where the tools
of Nevanlinna theory (e.g. Cartan’s second main theorem) cannot be used in the current state
of the art. We combine jet differentials techniques with a generalization to the orbifold setting
of results by McQuillan [McQ98] and Bogomolov [Bog77] on curves tangent to holomorphic
foliations on projective surfaces (see §3.3). As an illustrative example, in §4, we prove the
following.

THEOREM A. On X :=P2?, let A consist of 11 lines in general position with orbifold
multiplicity 2; then the orbifold Green—Griffiths—Lang conjecture holds. More precisely, any
orbifold entire curve C — (X, A) is constant.

Note that the more negative Qx is and/or the smaller the multiplicities of A are, the less
positive Kx + A is. Hence, among surfaces, the case of P? with multiplicities 2 is particularly
challenging. In this paper we will always consider cases where Kx + | A] (the reduced part of the
canonical divisor) is not already big. If Kx + [A] is big, orbifold curves can be dealt with using
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logarithmic technics. Therefore varieties with nonpositive cotangent bundles (such as projective
spaces, Abelian varieties, K3 surfaces) will be obvious choices for X to consider in examples.

More generally, we give numerical conditions for which the Riemann—Roch approach yields
the existence of orbifold jet differentials vanishing on an ample divisor and we study various
interesting geometric settings (see §4). As an example, we have the following.

THEOREM B. Let (X, A) be a smooth orbifold surface such that K x is trivial and |A| is a smooth
ample divisor. If the orbifold multiplicity is m > 5 and if ¢1(]A])? > 10co(X), then (X, A) admits
orbifold jet differentials vanishing on an ample divisor.

Pushing further our investigations, we have realized that the naive analog of Theorem 0.1
does not hold anymore in the general orbifold setting! We show that it is actually necessary
to strengthen the general type assumption in order to get orbifold jet differentials (see §5). As
an illustrative example, we prove that on P2, if A is smooth of arbitrary degree, with orbifold
multiplicity 2, there is no nonzero global jet differential. More generally, we prove the following.

THEOREM C. On P", if A is smooth of arbitrary degree, with orbifold multiplicity m < n, there
is no nonzero global jet differential.

Given a pair (X,A) with A =5 (1—-1/m;)A; , we introduce new natural ‘higher-order’

orbifold structures on X:
AW = Z<1 k >+A
= - iy
el i
where 2 := max{z,0}.

It is then noteworthy that most known results towards Conjecture A coming from Nevanlinna
theory can be a posteriori reformulated in terms of the positivity of a pair (X, A(®) (see §1).
This confirms the naturality of these pairs (and also shows the necessity to work with rational
orbifold multiplicities).

To extend Theorem 0.1, we propose the following conjecture, for which we can provide some
evidence.

CONJECTURE B. A smooth orbifold (X,A) of dimension n > 2 with smooth boundary divisor
admits nonzero global jet differentials vanishing on an ample divisor if and only if (X, A(")) is
of general type.

The right-to-left implication should hold without the smoothness assumption on the bound-
ary divisor. It holds at least (trivially) for the graded bundle associated to the Green—Griffiths
filtration of the bundle of jet differentials (cf. Proposition 2.14 and above it for all notation):

GroEp NSr A = @ S QmAﬁ) ® S QW,A(Q) ®--© S QW,A(’C)'
Le(Zzo)": |IL]=N

In the compact setting, the proof of Theorem 0.1 relies basically on the fact that most sections
of this graded bundle actually lifts to sections of the bundle of jet differentials. This is hence a
strong indication that the boundary divisor in our conjecture could fit in this approach.

We prove the left-to-right implication for Abelian varieties (see §5.2).
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THEOREM D. Let X be an Abelian variety of dimension n > 2, and let A be a smooth ample
divisor. If (X,A) admits nonzero global jet differentials vanishing on an ample divisor then
(X, A™) is of general type.

The striking examples towards Conjecture B that we provide shed light on the impossibility
to solve the Green—Griffiths—Lang conjecture using only jet differentials, and shows again the
relevance of the orbifold framework to test the standard techniques in a broader natural setting.

0.3 The core map
To conclude this introduction, let us explain why orbifold structures arise very naturally in
studying hyperbolicity of complex projective manifolds.

Let F': Y — X be a holomorphic fibration between complex projective manifolds. Let |A] C
X be the union of all codimension one irreducible components of the locus over which the scheme-
theoretic fibre of F' is not smooth. For each component A; of |A|, let D; := ZjeJ m; ;D; j be the
union of all components of F*A; that are mapped surjectively onto A; by F'. Then one defines
the multiplicity of F' along A; by m; := m(F, A;) := inf{m, j,j € J} and the Q-divisor

A(F) == Z<1 - Wi) As.

el

The pair (X, A(F)) is called the orbifold base of the fibration F'. The fibration is said to be of
general type if its orbifold base is of general type. A manifold Y is said to be of special type (or
simply special) if there is no fibration of general type F': Y — X with dim X > 0. Equivalently
Y is special if, for any p > 1, any rank-one coherent subsheaf L C Q’;, has litaka dimension
k(Y,L) < p.

Then one has the following fundamental structure result.

THEOREM 0.2 [Cam04]. There exists a unique (up to birational equivalence) fibration, called
the core map, cx: X — C(X) such that the general fiber of cx is special, cx is constant if X is
special and cx is a fibration of general type otherwise.

This construction arises naturally in the study of the birational classification of varieties.
Conjecturally, it also describes the behavior of entire curves (or more generally the Kobayashi
metric) in general manifolds X (without any positivity assumption), as we shall now explain.
On the one hand, it is conjectured in [Cam04] that the Kobayashi pseudometric of a complex
projective manifold Y identically vanishes if and only if Y is special. On the other hand, we have
seen the natural generalization Conjecture A of the Green—Griffiths—Lang conjecture. Assuming
this Conjecture A, one obtains that (‘usual’) entire curves C — X are either contained in the
fibers of the core map or in the inverse image by the core map of a proper closed subvariety. In
particular, this would prove that if there is a Zariski dense entire curve in X, then X is special.
In other words, if dimC(X) > 0, then any nonconstant entire curve C — X is algebraically
degenerate. The varieties of general type satisfy dim C(X) = dim(X). The varieties of special
type satisfy dim C(X) = 0.

Using the above core map theorem, one can also reformulate a famous conjecture of Lang: a
smooth projective variety is Brody-hyperbolic (i.e. does not contain any entire curve) if and only
if it does not contain any special subvariety. The right-to-left implication is an easy corollary of
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the Green—Griffiths—Lang conjecture. More generally, without the hyperbolicity assumption, all
entire curves C — X should be contained in the union of the special subvarieties of X.

1. Orbifold hyperbolicity

1.1 Orbifold entire curves
Let us consider smooth orbifold pairs (X, A) for which the orbifold divisor A can be written

1
A= 1—— |A;
el
where ) ;. ; A; is a normal crossing divisor on X and where m; € Z>1 U {oo} are at first (possibly

infinite) integers. To study hyperbolicity in this setting, one shall define orbifold entire curves.
Two definitions could be considered.

DEFINITION 1.1. An orbifold entire curve is a (nonconstant) entire curve f: C — X such that
f(C) ¢ |A| and such that for all ¢ € I and for all t € C with f(¢) € A; we have the following.
Divisible orbifold curves: the multiplicity mult,(f*A;) at ¢ is a multiple of m;.

Geometric orbifold curves: the multiplicity mult,(f*A;) at ¢ is at least m;.

The first definition fits well with the category of orbifolds in the stacky sense (or divisible
orbifolds) but is usually unsuitable for applications to hyperbolicity questions as we shall now
illustrate.

Examples constructed in [Cam05] consist in smooth and simply connected projective sur-
faces S admitting a fibration g: S — P! of general type. In the divisible orbifold category, the
orbifold base of these fibrations is defined using ged instead of inf in the computation of the fibre
multiplicities. Although the multiple fibres consist of several components, they are constructed
in such way that the ‘divisible’ orbifold base is trivial (i.e. there are no ‘divisible’ multiple fibres).
Indeed, some components have multiplicity 2, while others have multiplicity 3 (this would be
impossible for elliptic fibrations).

Recall that there is no nonconstant orbifold entire curve C — C' (for both definitions) with
values in an orbifold curve (C,A) of general type (the orbifold curve is said hyperbolic, see
Corollary 3.6 for a proof). An idea to study the hyperbolicity of the surface S above is thus to
look at the composed maps of the entire curves f: C — S with the fibration g.

— Working in the category of divisible orbifolds, the curves go f: C — P! will certainly be
orbifold for the (here trivial) orbifold structure induced by the fibration, but we do not get
any restriction on f.

— However, working in the category of geometric orbifolds, the curves go f: C — P! will
be orbifold for the general type orbifold curve (P', A(g)). By hyperbolicity of the base,
one obtains the expected algebraic degeneracy of any entire curve f in the fibers of the
fibration g.

More generally, without assumption on the dimension, one obtains easily algebraic
degeneracy (in the fibers of the fibration) for all fibrations of general type on a curve (see
[Cam05]).

According to these considerations, in all this paper we will consider orbifold curves only in
the sense of the second definition. Using this definition, we can also consider rational orbifold
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multiplicities m; € Q. We will denote f: C — (X, A) an entire curve f: C — X which is orbifold
for the structure (X, A). As already mentioned in the introduction, these curves are also the
curves studied in the well-established Nevanlinna theory of values distribution.

1.2 Hyperbolicity

Let us study the question of hyperbolicity of orbifold pairs (X, A). Namely, we want to study the
geometry of entire curves f: C — (X, A) and obtain some results towards Conjecture A. Almost
all known results in this direction come from Nevanlinna theory, more precisely from truncated
second main theorems.

Projective spaces. The first striking result, due to Cartan ([Car28] and [Kob98, Corollary
3.B.46]), can be reformulated in the following way in our terminology.

THEOREM 1.2 (Cartan). Let Hy, ..., H. be ¢ hyperplanes in general position in P" and consider
the orbifold divisor A := >>5_ (1 — 1/m;)H,. If (P", A(™) is of general type, then every orbifold
entire curve f: C — (P™, A) is linearly degenerate.

Note that the positivity condition involved in the statement is a strengthening of the
assumption of general type. It is typical of the kind of positivity conditions that we will
encounter.

Several generalizations of Cartan’s theorem have been obtained (see for example [Ru09])
but applications to orbifolds are not so useful because of bad truncation levels. Very recently a
second main theorem with truncation level one has been obtained in [HVX19], which implies the
following.

THEOREM 1.3. Let H be a generic hypersurface of degree d > 15(5n + 1)n". If m > d then every
orbifold entire curve f: C — (P", (1 — 1/m)H) is algebraically degenerate.

We see that in these results one needs either many components or high lower bounds on
multiplicities. One of the goals of this work is to develop techniques which will enable us to obtain
statements on orbifold entire curves without such strong conditions. Moreover, once algebraic
degeneracy of orbifold entire curves is established, it is sometimes possible to look at stronger
statements such as hyperbolicity, i.e. nonexistence of nonconstant orbifold entire curves. This is
illustrated by the following result.

THEOREM 1.4 [Roul0, Corollary 4.9]. Let Hy,...,H. be ¢ general hypersurfaces of degrees d;
in P" and consider the orbifold divisor A := % (1 —1/m;)H;. If ¢ (1 — 1/m;)d; > 2n, then
every orbifold entire curve f: C — (P™ A) contained in an algebraic curve is constant.

Let us return to Theorem A, where we consider 11 lines in general position in P?, with
multiplicities 2. In this case, Kp2 + A®) = Kp2 < 0, so the theorem of Cartan cannot be applied.
However, once one knows algebraic degeneracy of entire curves (this is done in Corollary 4.3),
Theorem 1.4 yields even the hyperbolicity of the pair (cf. Corollary 4.5).

Abelian varieties. After Cartan, one important result in the same direction is the truncated
second main theorem on (semi-)Abelian varieties due to works of Noguchi, Winkelmann and
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Yamanoi. In particular, one obtains the following confirmation of Conjecture A (see for example
[Yam04b]).

THEOREM 1.5. Let A be an Abelian variety, let D be a smooth ample divisor and let m > 1.
Then every orbifold entire curve f: C — (A, (1 — 1/m)D) is algebraically degenerate.

Quotients of bounded symmetric domains. A last class of examples is given by quotients of
bounded symmetric domains. Let D be a bounded symmetric domain such that the Bergman
metric has holomorphic sectional curvature bounded from above by —1/v, and let I' < Aut(D)
be a neat arithmetic subgroup. Then X := D/I" is a smooth quasi-projective algebraic variety
and admits a smooth toroidal compactification X with normal crossings boundary H. In this
setting, Aihara and Noguchi have obtained the following result [AN91].

THEOREM 1.6. If K+ + (1 —y/m)H is big, then every orbifold entire curve

e (x-2)n)

is algebraically degenerate.

2. Orbifold jet bundles

Let us now provide more detail on the definition of orbifold jet differentials. For the logarithmic
cotangent bundle we refer to Noguchi [Nog86] and for the logarithmic jet bundles we refer to
Dethloff and Lu [DLO1].

2.1 Adapted coverings
We consider smooth orbifold pairs (X, A). Such pairs are studied using their orbifold cotangent
bundles [CP15]. Following the presentation used notably in [Clal7], it is natural to define these
bundles on certain Galois coverings, the ramification of which is partially supported on A.

An orbifold divisor A can be written uniquely

(-2

il

where Zz‘e ; A; is a normal crossing divisor on X and where for each i € I, m; = a;/b;, for integers
a; > b; > 0 that are coprime if b; > 0. If b; = 0, by convention a; = 1.

A Galois covering 7: Y — X from a smooth projective (connected) variety Y will be termed
adapted for the pair (X, A) if:

— for any component A; of |A], we have 7*A; = p;D;, where p; is an integer multiple of a;
and D; is a simple normal crossing divisor;

— the support of 7*A + Ram(7) has only normal crossings, and the support of the branch
locus of 7 has only normal crossings.

There always exists such an adapted covering [Laz04, Proposition 4.1.12].
We remark that if a covering is adapted for a divisor ). ;(1 —b;/a;)A; , it is adapted for
any divisor >, ;(1 — b} /a;)A; with @} | a;. In particular, one could use a presentation of orbifold
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pairs with a; and b; nonnecessarily relatively prime. In what follows, we will not make this
assumption anymore. It is sometimes also convenient to allow a; = b;.
For k € NU {00}, it will be useful to denote

AW = Z<1 h >+A
= - 2
icl i

where 21 := max{z,0}. As we shall soon illustrate, the ‘multiplicities’ (m; — k)* € Z>o U {0}
appearing in the numerators of A®) shall be interpreted geometrically as the minimal multi-
plicities of the kth derivative of an orbifold curve along the components A; (see Definition 1.1).
However, the orbifold multiplicity of A®) along A; is m;/ min(k, m;).

By what we have already said, if 7 is an adapted covering for the pair (X, A), it is adapted for
all the pairs (X, A®)). Note that A() = A is the original orbifold divisor, that A = 3./ A,
contains the support [A[ =37, ;. .., A;of A (round-up), and that A =3 pi—o Qi is the
logarithmic part of A (round-down).

Let m: Y — X be a A-adapted covering. For any point y € Y, there exists an open neighbor-
hood U > y invariant under the isotropy group of y in Aut(7), equipped with centered coordinates
wj such that 7(U) has coordinates z; centered in 7(y) and

m(wi, ... wy) = (... 20,

where p; is an integer multiple of the coefficient a; of (z; = 0). Here, by convention, if z; is not
involved in the local definition of A, then a; = b; = 1.

2.2 The orbifold cotangent bundle
If all multiplicities are infinite (A = A(O)), for any A-adapted covering 7: Y — X, we denote

Qra =71 Qx(log A).

Then the argument of [Clal7, §2.2] can be directly adapted to nonstrictly adapted coverings to
define the orbifold cotangent bundle to be the vector bundle Q2 A fitting in the following short
exact sequence:

0— QTBA — Qﬂ',A(O) = @ Oﬂ*Ai/mi — 0. (1)

i€l m;<oco

Here the quotient is the composition of the pullback of the residue map

mres: " Qx (log A(O)) — @ Or=n,

i€l m;<oo

with the quotients Oz«a, = O, /m, [Clal?, §2.2].
Alternatively, the sheaf of orbifold differential forms adapted to 7: Y — (X, A) is the
subsheaf Qr A C QA locally generated (in coordinates as above) by the elements

Wl M (dz ) 25) = wy TV Ay,
Accordingly, €2 @) is the subsheaf locally generated by the elements

w?lin(j’mi)pi/miﬂ*(dzi/zi) = w;pi(lfj/miﬁﬂ*(dzi).
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For any j > 1, one has the inclusion of sheaves
Q,; Ae) © QA+ © QA € O ja) €2 a0-

The orbifold tangent bundle 0 A is defined to be the dual of Q A, locally generated by the

elements
wfi“*/m%*(;%).

Clearly, for any j > 1, one has the inclusion of sheaves

\ \Y \Y \Y% \Y%
Qa0 S Q7 ja] € QA € Qp aG+) S O Ao

2.3 Orbifold jet differentials
We will now define orbifold jet differentials of order k, that generalize orbifold symmetric
differentials and coincide with these at order 1.

In a local trivialization as above, the coordinate system z; induce jet-coordinates d’ z; on J; X
corresponding to the Taylor expansion of germs of holomorphic curves C — X (note that many
authors use the normalization where jet-coordinates behave as derivatives but it is preferable to
rather consider the normalization where these behave as Taylor coefficients).

DEFINITION 2.1. The sheaf of orbifold jet differentials of order k is the sheaf of Oy-algebras
generated in local coordinates as above by the elements
wi_pi(l_j/mi)+ﬂ*(dj2i),

for 1 <i<dim(X)and 1 <j < k.

Note that for a change of (centered) local adapted coordinates w <> w on Y, for any
i with m; > 1, up to reordering of the coordinates, one can assume that D; = (w; =0) =
(w; = 0). Hence there is a function ¢;: C" — C with ¢;(0) # 0 such that w; = w;p;(7(w)) and
zi = Zi(pi(2))Pi. One can then check that our definition in local coordinates indeed makes sense,
since a simple computation yields

k fo— J

~pi(1=k/mi) T s ok Z d ) T(W) - pi(Lk/mi) T s

Wi H(d7z) (s o m(w))Pi(1=k/mi)* i T (d'%) .
J= pole order <p;(1—j/m;)*

with no pole in 7* Jp X

The sheaf of orbifold jet differentials of order k is naturally a sheaf of graded algebras
whose graded pieces are denoted Ej n$r A, the sheaf of orbifold jet differentials of order k and
of weighted degree N. Explicitly, Ey nQr a is the locally free subsheaf of 7*Ej yQx (log|A|)
generated in local coordinates as above by elements

dim(X ) )
T dlzz ;1 * dkzz Qg
pl Tpi(=1/my) T pi(1—Fk/m;) T g
i=1 w;

such that ||« := Zw jaij = N. As an example, one has Ej yQr A = SNQmA.
It is clear from Definition 2.1 that orbifold jet differentials are logarithmic jet differentials w €
7 B NQx (log(|A])) satisfying certain cancelations along D := ;. - (pi/m;)D;, as shown
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by the following rewriting of the former elements
dim(X) . _
H wl(m/mi)(ai,l min(mi,1)++ai k mm(miak))ﬂ_*(dzi/zi)@i,l o (dP ) )k
i=1

Note that the direct image of the sheaf of Aut(r)-invariant sections of Ej v A
EpnQx.a = (B, v Qe a) ™) C By vQx (log|Al),

which is a subsheaf of logarithmic jet differentials, does not depend on the choice of 7. Explicitly,
Ej nQx A is the locally free subsheaf of Ej, v x (log|A|) generated in local coordinates as above
by elements

dim(X)

H 2 [(a,1 min(m;,1)+-+oy  min(m;,k)) /m;] (dZi/Zi)ai‘l . (dei/Zi)ai’k.
=1

2.4 Orbifold jet spaces
Next, we define the jet spaces, which have the crucial property that every orbifold entire curve
lifts to the orbifold jet spaces, in a suitable sense.

DEFINITION 2.2. The orbifold jet space is defined as J(m, A) := Spec @y Ep N Qr.A-
In local adapted coordinates (w1, ..., w,) on U C Y,
Je(m, A)|y = U x Spec (C [w;pi(l_j/mi)+7r*(djzi)]) ~ [ x C™,

The space Ji(m, A) is the total space of a fiber bundle over X, with the natural projection,
but for k > 1 it is not a vector bundle. It is a subsheaf of 7*.J, X. For any two integers k > £,
the restriction of the projection 7*Jp X — 7*J; X to Ji(m, A) yields a natural surjective map
Jp(m, A) = Jy(m, A). For k = 1, of course, Ji(m, A) = Q¥ A is the orbifold tangent bundle.

Let f: (D,0) — (X, z) be a germ of holomorphic curve and let 7: Y — X be an adapted
covering for (X, A). We can construct a Riemann surface V' with a proper surjective holomorphic
map p: V — D such that there is a holomorphic lifting g: V' — Y of f as follows.

V ! Y
-,
D — (X,A)

Let ¢ be a coordinate on D. Then we can lift the vector field 9/0t as a meromorphic vector
field on V', which we still denote 9/9t. Then (9/0t, ..., (1/k!) (0% /0t*)) is a meromorphic section
of Ji(V) and we can consider (7 o ¢).(3/0t, ..., (1/k!) (0¥ /0t*)) to define a meromorphic lifting
35(9): V =5 J(Y) --» m*Ji(X). In a local trivialization of 7*Jy,(X) around 7! (x):

Ji(g) = (g, f o py..., fF o p).

Hence j;(g): V — 7*Jy(X) is actually holomorphic.
Recall that a holomorphic curve f: D — X is termed orbifold for the pair (X, A) if f(D) ¢
|A] and if for ¢ € D such that f(¢) € A;, mult,(f*A;) = m;.
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ProprosITION 2.3. f: (D,0) — (X, x) be a germ of holomorphic curve. The following statements
are equivalent.

(i) The curve f is orbifold for the pair (X, A).
(ii) For any (for one) commutative diagram (x) and for any orbifold form w € H°(U,Q; o) on
U D g(V), the meromorphic function (g*w/p* dt) is holomorphic.
(iii) For any (for one) commutative diagram (%), one has for any (for some) k > 1

Ji(9) € Ji(m, A).

Proof. The problem being local, we can reduce to the following situation

g
ueED —Dsw

o, b

teD ——D>z

where f(t) = t%p(t) with p(0) # 0, g(u) = uPe(u) with 1(0) # 0, and p(u) = u", T(w) = wP. In
particular, we have ar = Gp.
A section w of Q A is locally of the form

w = w PAYM ey = puw®/m™=1 gy,

with 1 < m < oo. One infers that g*w vanishes at order B((p/m)—1)+(6—1)= (a/m)
r — 1. Therefore g*w/p* dt is holomorphic if and only if o > m. This proves the equivalence of
(i) and (ii).

Now we prove the equivalence between (i) and (iii) for a fixed diagram (*). Recall that by
definition, j;(g) belongs to Ji(m, A) if and only if w(j;(g)) is holomorphic for all jet differentials
w. Such a jet differential being locally of the form

7= dz 1 7 dF 2 Ok
Z Qo <wp(1_1/m)+ > o <wp(1_k/m)+ ) ,
it is necessary and sufficient to check the holomorphicity of

T d) z

(i* — ! (k)
w](]kz(g»_ (wp(l—j/m)Jr)(g’f Opv"‘7f Op)
When m = oo, one has a standard logarithmic derivative:

) o (4)
)

It coincides with g*w;/p* dt for j = 1. The vanishing order 7((a — j) — «) is indeed nonnegative
if and only if o = oo.

When m is finite, if j > m, there is nothing to check. Else, a straightforward computation
shows that

@D op P! ((p/)jf(j) o p) <g*w1)”

~ g Oim = i = \(gyr@og) \pdt

w;(7k(9))
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(note that j < m < p). In particular, for j = 1, by commutativity of (x) one has

w1(ji(g)) = g wi/p" dt.

More generally, since (p/)?f) op and (¢')’n9) o g appear both in the development of the
jth derivative of fop=mog, these have the same vanishing order. Therefore w;(j;(g)) is
holomorphic if and only if (g*w;/p* dt) is holomorphic. O

Note that, conversely, any point of Ji (7, A) can be obtained as j;(g) for some diagram (x).
Hence, we record the following natural fact, for completeness.

ProprosITION 2.4 (Differentials of orbifold morphisms). Let p: (X, A) — (X', A’) be an orbifold
morphism (see [Caml11]). Then for any commutative diagram,

@
Y Y’

-k

(X,A) — = (X', A)

where the vertical maps are adapted coverings, there is a canonical map @.: Ji(m, A) —
Ji(n', A), coinciding with the (lift of the) kth differential of ¢ outside of A. At a point
corresponding to the kth jet of a diagram

Vv ! Y
Hl)p# <X,i;>

it is locally given by
(9:F 0 ps- s [P op) = (pog, (w0 f) op,....(wo ) op).
Proof. The morphism @ o f: D — (X', A’) is orbifold. O

Remark 2.5. This allows one to define the pullback of orbifold jet differentials by orbifold
morphisms, in the obvious way.

Proposition 2.3 allows one to evaluate jet differentials on orbifold curves, or on their
holomorphic liftings, as follows.

DEFINITION 2.6. Let (X, A) be a smooth orbifold pair and let 7: ¥ — X be an adapted cov-
ering. For a holomorphic lifting g of an orbifold entire curve as in (%), and a global orbifold jet
differential P € HO(Y, Eix nQr.a), we denote by g* P the holomorphic function

g"P:=P(j3(9)): V — C.

Remark 2.7. Note that if f: C — (X, A) is an orbifold entire curve and if P € HY(X, Ex yQx.A)
is a global orbifold jet differential defined on X, for any diagram (%), the function g*(7*P) is
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constant in the fibers of p. We hence get a holomorphic function f*P: C — C, that moreover
does not depend on the diagram (x). It is of course nothing but f*P = P(jr(f)).

Remark 2.8. Beware that, as an example, we will from now on denote plainly by g*w the function
that was until now denoted by (g*w/p* dt).

Remark 2.9. Working with rational orbifold multiplicities, it is natural to work in the slightly
larger category of orbifold correspondences, defined below, to still define orbifold jet differentials

as logarithmic jet differentials acting holomorphically on ‘orbifold entire curves’.

DEFINITION 2.10. An orbifold correspondence f: C = (X, A) is an orbifold diagram

g

1% (X, A7)
e
(€, Ap) (X, 4)

such that g*(A" — A) > p*A,, where (C,A,) is the orbifold base of a covering p of C.

Example 2.11. Taking A’ = A, one recovers the familiar orbifold entire curves.

Ezample 2.12. Taking A = (1 —b/a)A; CP' and A’=(1-1/a)A;, one recovers the
‘multivalued function’ fi: ¢t — t*® by taking p the cyclic cover of order b and g1 : t — t*. Indeed
(A"—=A)=(1/a)(b—1)s0o g"(A' = A) = (b—1) = p*A,.

Ezample 2.13. More generally, for rationals a’ /b’ > a/b, one recovers the ‘multivalued functions’
fi:t— t¥/Y by taking A’ = (1 — b/ab’) A1, p the cyclic cover of order b and gy : t — t*. Indeed
(A" = A) = (b/ab ) (b —1) so g*(A" = A) = (V) — 1) = p*A,.

Diagram (x) and Definition 2.10 being really in the same spirit, all the work of this paper
could be extended to the category of orbifold correspondences.

2.5 Filtration of jet differential bundles

For each ¢ = 1,...,k, one can define a weighted degree |-||; on (Zx0)"** by
q n
eij)llg =D jouy.
j=1i=1
For ¢ =k, it corresponds to the usual weighted degree ||-||. It induces a weighted degree on

meromorphic sections of 7*Ej, ny§)x using the formula

> wa(w) [T (722) ™| = min(lally: ue % 0).

q
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PROPOSITION 2.14 (Green-Griffiths filtration). There is a natural filtration of Ej NSz A
induced by the weighted degrees ||-||x—1 ..., ||-|[1, with associated graded bundle

Gre B nQrn = P SUQ A ® S A @ ®SFQ A
0e(Zz0)*: ||E]=N

Proof. We proceed by induction on the length of tensor products in the summand: we will prove
that there is a natural filtration of Ej y{; A induced by the weighted degrees ||-||x—1 ..., |||lp,
with associated graded bundle

¢ ¢
GENUaA= B Epvptybt,Qra ® ST p) @+ @ SHQ 0.
ply+-+kl <N

Since F1 ¢Qr A = SEQ,,,A, the sought statement corresponds indeed to the case p = 1.
The weighted degree ||-||x—1 induces a descending filtration by subbundles

Ek—l,NQw,A =2, C--C F]:U_Jrl C F/i”_1 c---C F]?_l = Ek,NQw,A

of B nQr A, with
FP = {w € BunQna [ llwllk-1 > w}.

Note that these are indeed subbundles because in a coordinate change, the weighted degree
|||lk—1 can only increase. This is an easy corollary of the upper-triangularity of the Faa di Bruno
formula.

We claim that the graded pieces are

ﬂuﬂﬁﬁ%{o g pr

Ek—l,wQW,A ® S kQﬂ.’A(k) if w=N — kly,

and the announced result follows. The proof of the claim is standard. Let us simply point out
that it relies on the simple observation that if one mods out by jet-coordinates of order less
than k, d*(¢ o z) = (¢' 0 2)d*z; hence, in the filtration, polynomials in jet-coordinates of order
k behave under coordinates changes ¢ in the exact same way as symmetric differential forms

(i.e. polynomials in jet-coordinates of order 1) do. Here the slight subtlety is that we consider
—pi(1—k/mi)*

i 7* d*z; for the pair
pi(1=1/mi) dz; for the pair

i (1—k/my)t
(X,A) but rather the same as the pole order of the 1st jet-coordinate w; pil=k/mi)T dz; for

the pair (X, A®) (cf. Definition 2.1). O

orbifold jet differentials: the pole order of a kth jet coordinate w

(X, A) is not the same as the pole order of the 1st jet-coordinate w;

Remark 2.15. Notice that for k >> 1, one has A*) = A(®) the logarithmic part of A.

2.6 Euler characteristic of the Green—Griffiths bundle
Following Green and Griffiths, we now use the graduation obtained in Proposition 2.14 and the
Riemann-Roch formula to compute the Euler characteristic of Ej y€r A.

PROPOSITION 2.16. The Euler characteristic of Ej, n§): o has the asymptotic expansion in N,
for fixed k:
N(k+1)n—1

KN ((k + Ln — 1)

X(Bin ) = ¢ Xe(m, A) + O(NU+n=2)
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where

Z Squ (QW,A(1>) o Sqx (Qn-,A(k))

xe(m &) = (=1)° 1o Jod

qeNk: [gl=n
Proof. We follow in spirit Green and Griffiths [GG80, Proposition 1.10]. By Proposition 2.14

chEy nQen = Y ch(S"Q 20) ch(S?Q ae) -+ ch(SHQ )
lell=N

For i =1,...,k, the orbifold cotangent bundle €2, ¢ is a vector bundle of rank n. Let /\( ) .

Aﬁf) be a set of Chern roots for it. In terms of these Chern roots, we get
k n )
hEna= Y ew <Z 3 xi,jAg,”).
PO > j=rimi =N i=1j=1
Using the sum-integral formula yields
ch Ep NQr A = Nk”_l/ exp(ZZNa:” ) dw—|—O(Nk" 2)
Y Yy =1 i=1 j=1

Expanding the exponential

z) n
ch Ek NQﬂ- A= N(k+1)n1/ (Zz 1 Z -1 J?ZJ j )

) , dw + O(N =2y,
> i 12 —piwi =1 n:

Rescaling

+ O(N(k+1)n_2).

ch Ek; NQ A= N(k+1)n—1/ (Ez 12 11317] /z)
| | )LD TR n! (kl)n

Using multinomial formula, one gets

ch Ek,mQﬂVA
_ N(k+1)n_1 Z ()\g_l))‘h,l . ()\,Slk))‘ﬂc,n / .%'(ihll B .fCann dw
S 12 Qg e o2 kg SEL ST =1 q1! Q! (KD

+ O(N(k+1)n_2).

For any ¢ values with ) ¢; ; = n, by calculus

q1,1 dk,n

/ 3311_“ kin dw:;
SEY =1 @1l ! ((k+1)n—1)!

Factorizing

N (k+1)n—1
(W) (0 + D= 1)

1 k
Z ()\g ))QLI e ()\1(1 ))Qk,n + O(N(k-Fl)n—Q)‘

ch Ek,NQW,A = 12X @ .. o2 kg

qi,j ="
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By plain linear algebra manipulations, one then gets

N Z hg AD) -+ g, (AR)
(k:!)”((k;+1)n_ 1)! 5 19t ... kar

q;=n

ch By NQra = + O(N(k-‘rl)n—Q)’

where hg is the gth complete symmetric function. It remains to note that a definition of Segre
classes is

Sq(Qra) = (—1)hg (A1),

This proves the sought formula for the asymptotic Euler characteristic, by the Riemann—Roch
theorem. 0

For large jet orders, the asymptotic Euler characteristic is controlled by the canonical bundle
of the logarithmic part of A.

PROPOSITION 2.17. For an adapted covering w: Y — (X, A) of a smooth orbifold pair,

(Kx + Al

n!

Xk(m, A) = (log k)™ + O((log k)" 1).

Proof. We follow again Green and Griffiths [GG80], with some slight modifications. Recall that
one can fix some i such that A® coincides with A for p > i. Then

3 g1 (e A+ Sqi (U A)

19t ... kax
1t gp=n

- ¥ <8q1 (Qr am) 5, (2 A)) 3 Sgip1 (S Ale)) *+ Sgy (QW,A(OO))>

191 ... 4% (Z + 1)‘1i+1 ek

Q+-+qg+q=n Qit1++qr=q

Reasoning in the exact same way as in [GG80], we have

3 S (L a) 5. (R A0))

191 ... kax
Q1+t a=n
S (e A)) 84,2 a)) [ (log k)4 _
- X <( ) (@, )T + O((log k) 1)).
a1+ +aitg=n ¢
o(1)
Hence, keeping only the term in (log k)™ (for which ¢; = --- = ¢; = 0),
Sq1 (L aw) -+ 8q, (Qr aw) — (log k)™ _
0" > e : o S (9 A" + O((l0m 1) ).
g1t +ap=n '
This finishes the proof. O

Remark 2.18. Note that, in contrast with the compact setting and the logarithmic setting, here
the condition (Kx + A()™ > 0 does not coincide with the condition of orbifold general type,
since e.g. it reduces to (Kx)" > 0 when A # 0 but A(®) = 0. This tends to show that in order to
treat the orbifold Green—Griffiths conjecture one should also deal with higher-order cohomology
spaces.
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3. Tautological inequalities and vanishing theorems

3.1 Nevanlinna theory and the tautological inequality

We first recall useful results of Nevanlinna theory, following the point of view of Yamanoi in
[YamO04a] (see also the more recent [Yam15, PS14]). As we shall show below, the orbifold setting
fits perfectly with this point of view (cf. Theorem 3.5). Let Y be a smooth projective manifold. We
consider holomorphic curves g: V' — Y, where V is a Riemann surface with a proper surjective
holomorphic map p: V' — C (which may be the identity) as follows.

%4
l , (2)
C

Let ¢ be the standard complex coordinate on C and recall that we denote by 0/0t the
meromorphic lifting to V' of the vector field 0/0t.

For a real 7 > 0, let V(r) := {v € V [|p(v)| < r}. Recall the main Nevanlinna functions. For
an effective divisor D := (¢ = 0) on Y, and a hermitian metric ||| on O(D):

(a) the proximity function to D of g is defined as

1 / 1
my(r,D) == ——— log™* - p*dt;
o D)= 5 dea vy Toodl

(b) the counting function of D is defined as

>

ueV(s)

ordy g*D) ﬁ;
s

(¢) the truncated counting function of D is defined as

* 1 " . * ds
Ni(r,g"D) := degp/l < ezv%)nrnm{l,ordug D})S.

Lastly, for a line bundle L on Y, the height function of g with respect to L is defined as

T,(r L) = delgp/lr </V(S) g*cl(L)ﬂs +0(1).

Recall that the height function enjoys boundedness, additivity and functoriality properties.
The Nevanlinna functions are related by the following fundamental result.

THEOREM 3.1 (First main theorem). Assume that g(V') ¢ Supp D. One has
Ty(r,O(D)) = N(r,g" D) + mg(r, D) + O(1).

Let us next recall the classical lemma on logarithmic derivatives.
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THEOREM 3.2 [Nog85, Yam04a|. Let £ be a meromorphic function on V considered as a
holomorphic function V. — P!. Then for any £ > 1, one has

v
1 / Jog™ (9°/0t°)¢
2w degp Jav(r) 3

The symbol || means that the inequality holds for r > 0 outside a set of finite linear measure and
log™ 2 = max{log z,0}.

‘ 0" dt < O(log* Te(r, [o0])) + O(logr) ||

A geometrical consequence of the lemma on logarithmic derivatives is McQuillan’s ‘tautolog-
ical inequality’. In the nonorbifold setting, let gj;; denote the canonical lifting of a nonconstant
holomorphic map ¢g: V' — Y to P(Qy). From Vojta [Vojl1l, Theorem 29.6] (see also [PS14]), in
the classical setting (without boundary).

THEOREM 3.3 (Tautological inequality). For an ample line bundle A — Y, one has
T9[1] (r, OIP(QY)(1>) < N(r, Ram(p)) + O(lOng Tg(rv A)) +O(logr) |

We will now extend this classical result to the orbifold setting. Let (X, A) be a smooth orbifold
pair and let 7: Y — X be a A-adapted Galois covering. We consider holomorphic liftings g: V —
Y of orbifold entire curves f: C — (X, A), where V is a Riemann surface with a proper surjective
holomorphic map p: V' — C. Namely the curves f and g fit in the following commutative diagram:

v— sy
l” l (3)
c —L (x, )

According to Proposition 2.3, using this diagram, one can then define jf(g): V — Ji(7,A) =
Q3 A and thus sV — P(2r,a). We fix this notation for later use. Recall also that g*P refers
to the holomorphic function introduced in Definition 2.6.

Viewing any jet differential as a polynomial in the orbifold jet coordinates with holomorphic
coefficients, one obtains the following important intermediate result.

COROLLARY 3.4 (Lemma on logarithmic derivatives for orbifold jet differentials). Let
P e H)Y, EnSQra)

be an orbifold jet differential. Let A — X be an ample line bundle. If g* P # 0, then one has

1

— log™|g*P| - p* dt < O(log™ T, (r,7*A)) + O(log r .
o R (105" T,(r, 7 A4)) + Oflogr) |

Proof. We refer to the proof of Theorem A7.5.4 in [Ru01], which can easily be adapted. In order
to use Theorem 3.2, recall that the orbifold jet coordinates of g are obtained by applying 9 /0t¢
to m o g coordinatewise. U

A key feature of the orbifold tautological inequality is that, using the orbifold cotangent
bundle instead of the usual cotangent bundle, one is able to get rid of the ramification term
N(r,Ram(p)) for the maps ¢g stemming from orbifold entire curves.
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THEOREM 3.5 (Orbifold tautological inequality). Let g: V' — Y be the holomorphic lifting of
an orbifold entire curve f: C — (X, A). For an ample line bundle A — X, one has

Ty (1, Op(a,, ) (1)) < O(log™ Ty (r, 7" A)) + Ologr) |-

Qﬂ',A
Proof. We follow the approach used by Vojta [Voj11], to which we refer for the geometric interpre-
tation of the proof. The rough idea is to see the integral in the lemma on logarithmic derivatives
for jet differentials as a proximity function to infinity, in an appropriate compactification. Let
S be the total space of Q¥ A and let S =P(Q; A & Oy). Let [oo] denote the divisor S\ S. Let
p: P — S be the blow-up of S along the image [0] of the zero section, let E denote its exceptional
divisor and let ¢: P — P(Q; A ). There is a lifting gfl] of g in P(2r A ® Oy) and a lifting ¢ to P.
To sum up, one has the following commutative diagram.

P

I

One then has (cf. [Voj11] for more details)
P Or(q, a50y)(1) = " Op(q, A)(1) ® O(E) = ¢"O([o0]) ® O(E).

Hence
Ty (1, Op(, 2) (1) = Ts(7, 4" Op(a, 1) (1) + O(1) = Tye, (1, [00]) = Ty(r, E) + O(1).

Now, since g is nonconstant, ¢(V') ¢ E, and Ty(r, E) is bounded from below. It remains to control

Tgﬁ] (r, [00]), using the first main theorem. By the lemma on logarithmic derivatives, Mo, (r, [00])

is bounded from above by O(log™ T,(r,7*A)) 4+ O(logr). Lastly, since g is the holomorphic
lifting of an orbifold curve, the map gfl] is holomorphic (cf. Proposition 2.3), and therefore

Ng[ol] (r,[0c]) = 0. This ends the proof. O

As an immediate corollary, one recovers the hyperbolicity of orbifold curves of general type.

COROLLARY 3.6. Let (X, A) be a smooth orbifold curve and let A — X be an ample line bundle.
For any orbifold entire curve f: C — (X, A), one has

Ti(r, Kx + A) < O(log™ Ty(r, A)) + O(logr) ||
In particular, if Kx + A = A > 0 then there is no entire curve f: C — (X, A).

Proof. For curves, the projection p: P(Q; o) — Y is an isomorphism and O(1) = p*Q, A =
p**(Kx + A). Therefore by Theorem 3.5 one has

T¢(r, Kx + A) < O(log™ Ty(r, A)) + O(logr) ||
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Therefore f extends to an orbifold morphism f: (P!, D) — (X,A) where D is necessarily sup-

ported at infinity. We have that deg(Kp: + D) < 0 and thus f has to be constant by the
Riemann-Hurwitz formula. O

3.2 A vanishing theorem for orbifold jet differentials
Another immediate application of the tautological inequality is the following vanishing theorem
for orbifold symmetric differentials vanishing on an ample divisor.

COROLLARY 3.7. Let (X,A) be a smooth orbifold pair, and let m: Y — X be an adapted cov-
ering. If P € H(Y,S'Q, n ® 7*AV) is a global orbifold symmetric differential vanishing on an
ample divisor A — X, then for any holomorphic lifting g: V' — Y of an orbifold entire curve
f: C— (X,A) one has g*P = 0.

Proof. Considering the projectivization p: P(€2; o) — Y, the symmetric differential P can be

seen as a global section P € HY(P(Qr.a), L), where £ := Op(q, A)(0) @ p*(7*AY). Let gy be the

lifting to P(2ra) of g (such that g =po gp)). Should g*P = ]5(9[1]) not vanish, then, by the

boundedness, additivity and functoriality properties of the height function, one would get that
Tg[l] (Tv ﬁ) = Tg[l] (T‘, O(l)) - Tg(T, ﬂ-*A)

is bounded from below. Theorem 3.5 then implies that T¢(r, A) = T,(r,7*A) = O(logr). There-
fore f extends to an orbifold morphism f: (P!, D) — (X, A) where D is necessarily supported
at infinity. Since deg(Kp1 + D) < 0, g* P has to vanish, a contradiction. O

We shall now extend this result to higher-order jet differentials. Let us first settle the case
of orbifold curves, in which the existence of orbifold jet differentials gives us an even stronger
conclusion.

LEMMA 3.8. If an orbifold pair (X, A) is not of general type, then
H(Y, Ep NQrn @ T AY) = {0},
for any adapted covering w: Y — X, for allk > 1 and N > 1, for any ample line bundle A — X.

Proof. Recall the graduation obtained from the Green—Griffiths filtration

Grade B NQr A ® AV = GB SzlﬁmA ® SmeA@) Q- ® SszmAUs) ®r*AY,
[ell=N

and remark that for j =1,...,k, one has SZJ'QRA(J-) C S50 A € (Qr,a)%%. Recall also from
[CP15] that if for some integer ¢ > 0 and some ample line bundle A, the vector bundle (27 A)%? ®
7*AY has a nonzero global section, then the pair (X, A) is of general type. One infers that under
the assumption of the lemma, for any ¢, the graded bundle Grade Ej, 0z A ® 7°AY has no global
section. This fact holds a fortiori for the bundle Ej nv{1; A ® AV itself. O

COROLLARY 3.9. If an orbifold curve (X, A) admits a nonconstant orbifold entire curve f: C —
(X, A), then
H(Y, Ep nQrp @ T AY) = {0},

for any adapted covering w: Y — X, for all k > 1 and N > 1, for any ample line bundle A — X.
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Proof. From [CW09] we have that (X, A) contains an orbifold entire curve f: C — (X, A) if and
only if deg(Kx + A) < 0. Therefore, if an orbifold curve (X, A) admits a nonconstant orbifold

entire curve f: C — (X, A) then (X,A) is not of general type and the previous lemma gives
HOY, By nQra @ T AY) = {0}. O

Now, we can extend the fundamental vanishing theorem of the jet differentials theory to the
orbifold setting.

THEOREM 3.10. Let (X, A) be a smooth orbifold pair, and let 7: Y — X be an adapted cov-
ering. If P € HO(Y, Ep NQr A @ T AY) is a global orbifold jet differential vanishing on an ample
divisor A — X, then for any holomorphic lifting g: V' — Y of an orbifold entire curve, one has
g*P=0.

Proof. We follow the classical proof (see for example [Ru01, Theorem A7.5.5]). Let us show
that f extends to a rational curve. Then, one gets an orbifold morphism f: (P!, D) — (X, A),
where D is necessarily supported at infinity, together with a holomorphic lifting g. According
to Remark 2.5, the jet differential P then pullbacks to a jet differential on (P!, D). Now, by
construction, (P, D) admits an (orbifold) entire curve. By Corollary 3.9, it follows that the
pullback of P (and therefore g* P) vanishes identically.

To show that f extends to a rational curve, by a classical result, it suffices to establish that
Ty(r, A) = O(logr), or equivalently that Ty(r,7*A) = O(logr).

Since P vanishes on A, viewing ¢*P as a holomorphic function V' — P!, one has

Ty(r,m*A) < O(Ty«p(r,[00])).

Now, recall from Definition 2.6 that the function ¢g*P: V — C is holomorphic. Hence, one
has Ny p ] = 0. Furthermore, applying Corollary 3.4, one obtains that the proximity function
to infinity of ¢* P satisfies

mg+p(r, [00]) = O(log™ Ty(r, 7" A)) + O(logr) ||

Therefore, one has
Ty(r,m*A) < O(log™ T,y(r,m*A)) + O(log ).
It follows that T,(r,7*A) = O(logr), which ends the proof. O

A second version of the vanishing theorem, expressed directly on X, is the following.

COROLLARY 3.11. If P € HY(X, Ex nQx,a ® AY) is a global orbifold jet differential vanishing
on an ample divisor A — X, then for any orbifold entire curve f: C — (X, A) one has f*P = 0.

Proof. 1t follows at once from Remark 2.7 and from Theorem 3.10. 0

3.3 Orbifold curves tangent to holomorphic foliations

In this section, we will extend to the orbifold setting McQuillan’s degeneracy results for entire
curves tangent to foliations on surfaces of general type [McQ98| (see also [EG03] for the
logarithmic setting and [PS14] for related results in the setting of parabolic Riemann surfaces).

THEOREM 3.12. Let (X,A) be a smooth orbifold surface of general type with a holomorphic
foliation F. Any orbifold entire curve tangent to F is algebraically degenerate.
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Let D :=[A] and f;): C — P(Qx(log D)) be the lifting of f. We shall use the following
tautological inequality due to McQuillan (see [Vojll]):

Ty (r,O(1)) < Ni(r, f*D) + O(log™ Ty (r, A)) + O(logr) ||, (4)

where A is an ample line bundle on X.

Let us recall the construction of Ahlfors currents associated to entire curves. Let n € A%(X)
be a 2-form. Let T;.(n) := Tt (1) /T (r). This defines a family of positive currents of bounded
mass from which one can extract a closed positive current 7" := lim, 7. .

Proof. We suppose that f: C — (X,A) is a Zariski-dense orbifold curve. Let us prove that

thus contradicting that (X, A) is of general type.

Let S € P(Q2x(log D)) be the surface induced by the foliation F and let 7: § — X be the
projection. We know that S contains f (C) and, supposing that S dominates X, S is equipped
with a foliation Fy. After some blow ups, we obtain a foliated smooth surface (Sy,, Dy, Fin) —
(S, 7~ YD), Fo), i-e. Sy, is smooth, D,, is normal crossing and J,,, has reduced singularities. Let
D,, = C + B where C'is the invariant part of D,, by F,,. We have an exact sequence

0—N*(C)—Tg (logDp) — Kr,,(B).Z; — 0,

where Tz is an ideal supported on the singularity set Z of F,,.
Now, we apply the logarithmic tautological inequality (4) which gives

Ty (1, L) < Ni(r, f, D) + O(log™ Ty (r, A) +logr) |,

where L = Op(q(log D,n)) (1), fm and fi ) are the lifts of f.
We have

Ly =p K7, (B) @ O(=Ep),

where L)y denotes the restriction of L to the graph Y of the foliation, p: Y — Sy, the projection
and E,, is the exceptional divisor.
Therefore we obtain

hence
Tyxx+0(r) < Ni(r, f*D) + Ty, , (v, Em) + Ty, (r, N*(C)) + O(log ™" Ty (r, A) + logr) |-
Since f is an orbifold curve, we have
m; N1 (7“, f*Az) < N(T’, f*AZ) < Tf(r, Az)
This gives
T(Kx +A) <T)(En) + TN (C)),

where T is the current associated to fmp-

To finish the proof, we shall now use the two following results of Brunella [Bru99] (and
McQuillan [McQ98]): T,,,(N*(C)) < 0 and T,,(E,,) — 0 as m — oo i.e. performing infinitely
many blow ups. O
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Let us say that a holomorphic foliation F on X is a A-foliation if 7*F is a subsheaf of the
orbifold tangent bundle Ty A := Q¥ A.

THEOREM 3.13. Let (X, A) be a smooth orbifold surface of general type with a A-holomorphic
foliation F with reduced singularities, then any (orbifold or not) entire curve tangent to F is
algebraically degenerate.

Proof. We suppose that f: C — X is a Zariski-dense curve tangent to F. We have the exact
sequence 0 — F — Tx — N. We have T(Kz) < 0 by a result of McQuillan (see [Bru99]). We
also have T(N*(A)) < T(N*(JA])) < 0 by the already mentioned result of Brunella. Therefore
we obtain, T(Kx + A) = T(Kx + N*(A)) < 0, giving a contradiction. O

COROLLARY 3.14. Let (X, A) be a canonical orbifold surface of general type (i.e. the pair (X, A)
has canonical singularities). If F is a A-holomorphic foliation then any entire curve tangent to
F is algebraically degenerate.

Proof. By Seidenberg’s theorem we can do some blow ups such that on X the induced foliation
F has only reduced singularities. Let us denote by A the strict transform of A. Then (X , A) is
a smooth orbifold of general type thanks to the hypothesis that (X, A) is canonical. Therefore
we can apply Theorem 3.13 to finish the proof. ]

4. Existence of orbifold jet differentials on varieties of general type

4.1 Order-one jet differentials
An immediate application of Theorem 3.12 is the following result (see also [Roul0]).

THEOREM 4.1. Let (X, A) be a smooth orbifold surface of general type. If one has

H(X, @SV xa® LY) # {0},
N>1

for some ample line bundle L on X, then there exists a proper closed subvariety Z C X such
that every nonconstant orbifold entire curve f: C — (X, A) satisfies f(C) C Z.

Proof. Suppose there is a nontrivial section s € H° (X, @N%SNQ)(A ® LV). Then by Corollary
3.11, any entire orbifold curve f: C — (X, A) satisfies f*s = 0. In other words, f is tangent
to the (multi-)foliation defined by s. Then the same proof as in Theorem 3.12 implies that
f is algebraically degenerate and f extends to a morphism f: (P! A’) — (X,A), such that
deg(Kp1 ary) < 0. Theorem 6.6 in [Roul0] gives that there are only finitely many such curves in
X, since (X, A) is of general type. This finite set defines a proper algebraic subset Z C X. O

As a consequence, one obtains the following orbifold version of results of Bogomolov and
McQuillan [McQ98] (see also [Roul2]).

THEOREM 4.2. A smooth orbifold surface of general type (X, A) such that
xi(m, A) = (e1(Q,a)? = e2(2r,n)) > 0

satisfies the orbifold Green—Griffiths—Lang Conjecture A.
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Proof. By Riemann-Roch, if x1(m, A) = (¢1(Qr.a)* — c2(Qr,a)) > 0 then
3

3

WO(Y, 8™ p) + BA(Y, 8™ n) = ——(c1(Qr,0)? = c2(2ra)) + O(m?).

=]

Moreover, by duality,
H*(Y,8™Q, ) = H (Y, Ky @ S"Qrn ® O(—m - m*(Kx + A)).
Since Kx + A is big, for sufficiently large m, m - 7*(Kx + A) — Ky is effective. Then
H*(Y,8™Qp n) — HO(Y,S™Qr ).

This implies that

3
m
WY, 5" n) 2 3(01(%&2 — 2(Qr,a)) + O(m?).
Therefore the orbifold cotangent bundle Q A is big and (X,A) satisfies the hypothesis of
Theorem 4.1. ]

An interesting application of the preceding result is the following one, already discussed in
the introduction.

COROLLARY 4.3. Let X =P? and A = Yo (1 — %)Ll where L; are lines in general position. If
¢ > 11 then (X, A) satisfies Conjecture A.

More generally, we obtain the following result.

COROLLARY 4.4. Let A be an orbifold divisor on P? with orbifold multiplicities m; > 2. If A
has either:

— at least 4 components of degree at least 11;

— at least 5 components of degree at least 6;

— at least 6 components of degree at least 4;

— at least 7 components of degree at least 3;

— at least 8 components of degree at least 2;

— or at least 11 components (of arbitrary degrees),

then (P2, A) satisfies Conjecture A.

Proof. Considering the conjecture and the definition of orbifold curves, one can always remove
some components (i.e. take m; = 1), and one can always assume that all remaining orbifold mul-
tiplicities are equal to 2. Let us thus consider an orbifold divisor with ¢ components, of respective
degrees dy, . .., d., having all orbifold multiplicity 2. By Theorem 4.2, it is then sufficient to prove
that the orbifold pairs under consideration are of general type and satisfy x1 = s2(2r,a) > 0.
Namely, these have to satisfy dy + - -+ + d. > 6 and

21@@ di Z1<z‘<g<c didj - 21@'@ dzg
9 + A > 0.

x1 = deg(n) (6 —3

The first condition is clearly satisfied. The partial second derivative with respect to d; of the
second expression is (—1/2), whence it is a concave function. Let d,,, be the minimum of the d;
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and djs their maximum. On the convex set {d,, < d; < dp/Vi} C R the minimum of the concave
function under consideration is attained in an extremal point. At this point, ¢, of the d; have
the value d,,, and the others have the value dj;. The minimum value is then

dm d d? dmd d?
6 — 3cm7 —3(c— cm)TM + em(em — 3)§m + em(c—cm) 4M + (c—em)(c—cem — 3)?M

Moreover, the derivative of this value with respect to dj; must be nonnegative, and the derivative
with respect to d,, must be nonpositive, namely

-3 dm dM
— . - — — ] >
(c cm)< 5 + e, 1 + (¢ —cm —3) 1 > >0

and

-3 dpm dym
R — — — — 1 <0.
cm< 5 + (em — 3) 1 + (¢ —cm) 1 ) <0

One infers that if ¢,, & {0,c} then

3 -3 dm dM -3 dm dM
4(dm dr) <2+cm4+(c Cm 3)4) (2+(cm 3)4+(c cm)4>/0

Therefore d,, = djp;. Hence, in any case, the minimum is attained in a point where all degrees
are equal. We can thus assume that all degrees are d. Then

x1 = deg(m) (6 = %d + C(CSB)d2>.

It remains to check that this polynomial in d has a positive leading coefficients for ¢ > 4, that
its discriminant is negative for ¢ > 12, and to compute the largest root for 4 < ¢ < 12. These are
easy computations. O

Up to passing to general hypersurfaces, we can strengthen the conclusion of Corollary 4.4
using Theorem 1.4, since in all the considered cases > (1 —1/m;)d; > 4.

COROLLARY 4.5. If A is a general orbifold divisor on P? satisfying the same assumptions, then
all orbifold entire curves C — (P2, A) are constant.

Proof. By Corollary 4.4, all orbifold entire curves C — (P?, A) are contained in algebraic curves.
Therefore, by Theorem 1.4, these are constant. ]

4.2 Existence of orbifold jet differentials on surfaces
We will now consider higher-order jet differentials. We shall use the following vanishing theorem
for orbifold tensors recently obtained by Guenancia and Paun.

THEOREM 4.6 [GP16]. Consider an adapted covering 7: Y — (X, A) of a smooth orbifold pair
with Kx + A ample. For all r > s one has

HO(Y, (% A)®" @ (Qr,a)®°) = {0}

This result allows us to use the Riemann—Roch approach on surfaces.
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COROLLARY 4.7. Consider an adapted covering 7: Y — (X, A) of a smooth orbifold surface of
general type. For each integer k such that Kx + A®) is ample,

dim HO(Y, Ex N n) = X(ExnQra).
N>1

Proof. Since we are in the surface case, it is sufficient to prove that for large N,
H*(Y, By, nQra) = {0}
We use the graduation induced by the Green—Griffiths filtration

Grade Bp nQra = ) Qa0 ® S2Q p@ @+ @ S*Q \w).
lell=N

This shows that it is actually sufficient to prove that for all £ € N¥ with [|¢|| = N
H2(Y, 590, x) @ 529, A @ - @ S5, xm) = {0}.

Using Serre duality, this is equivalent to

HO(Y,5Q7 A0y ® S2Q7 p2 @+ ® S%QY \09 @ O(Ky)) = {0}.
Now, we remark that we have an injection

SUQY A ® SPQY Ao @ ® SHEQYL iy = (Y a0)
On the other hand, choosing p such that p - 7*(Kx + A(’“)) — Ky > 0, we obtain
O(Ky) — O(p-m*(Kx + AM)) — (2 aw) .
From Theorem 4.6, we see that
SUQY A1) ® SPQY A @ ® S\ @ O(Ky) = (L aw) @ (2 a0 ¥

has no global sections as soon as |¢| > 2p. Since |[¢| > N/k, this is achieved as soon as N is large
enough. O

4.3 Projective plane
We derive the following result on P2, for smooth boundary divisors.

PROPOSITION 4.8. Every entire curve f: C — P? which ramifies over a smooth curve C of degree
d > 12 with sufficiently high order (> amin depending on d as indicated in Table 1) satisfies an
algebraic differential equation of order 2.

TABLE 1. Minimal ramification orders for Proposition 4.8.

d Gmin d Gmin d Gmin d Gmin

12 107 16 19 20-21 12 31-38 8
13 44 17 16 22-23 11 39-60 7
14 29 18 15 24-25 10 61-245 6
15 22 19 13 26-30 9 24600 )

1689

https://doi.org/10.1112/50010437X20007265 Published online by Cambridge University Press


https://doi.org/10.1112/S0010437X20007265

F. CAMPANA ET AL.

Proof. If a > 2d/(d — 3) then Kp2 + A® > 0, which allows us to apply Corollary 4.7. Now, for
k =2, a > 2, Proposition 2.16 yields

N° deg(m)
1920 a2
The result follows. O

X(EQ,NQW,A) —

((48 — 27d + 2d*)a® — 12(d — 3)da + 12d*) + O(N*).

Remark 4.9. By Proposition 5.1 below, jet order 2 is minimal for orbifold surfaces with smooth
boundaries.

Remark 4.10. We have seen the asymptotic formula

N(k+1)n71 CI(QW’A(OO))n
(K)n((k+ 1)n —1)! < n!

x(Bi v ) = (o) +O((log )"~ ) + OV 12

Since ¢2(P?) > 0, this Euler characteristic is always positive for k large enough. However, it is
impossible to guarantee Kx + A®) > 0 for such asymptotic jet orders k.

4.4 Surfaces with trivial canonical bundle
We shall now implement the Riemann—Roch approach in the interesting case of orbifold surfaces
when the ambient surface has trivial canonical bundle.

THEOREM 4.11. If (X, A) is a smooth orbifold surface with Kx = 0, A ample and xj(m, A) > 0
then for any ample line bundle L — X,

a° (@ EpnQra ® Lv) # {0}.

N>1

Proof. The case k = 1 follows at once from Proposition 2.16 and Corollary 4.7.
Assume now that xi(m, A) > 0 for & > 1. Since

HY(®ON>1Ep1 NQa @ LY) — HY(Ons1 B nQra @ LY),

reasoning by induction, one can moreover assume that yg_i(m, A) < 0. We then claim that
Kx 4+ A® >0, and the result follows by Corollary 4.7.
Indeed, if not, then Kx + A®) =0, i.e. A®) = & and

k—1
s1( WAU $1( am)  52( Am)) s9(x)
(m, A) = xp_1(m, A) +; ; 5 = e (m A) + =
But by the classification of surfaces with trivial canonical bundle, s2(Q2x) = —c2(X) < 0 and
this yields a contradiction, since then 0 < xx(m, A) < xp—1(m,A) < 0. O

COROLLARY 4.12. Let (X,A) be a smooth orbifold surface such that Kx is trivial and |A| is
a smooth ample divisor. If the orbifold multiplicity is m > 5 and if ¢1(]A])? > 10co(X) then for
any ample line bundle L — X,

H( @ Bunea® L) # {0}

k,N>1
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Proof. Recall that for k big enough, the positivity of the Euler characteristic is given by the
positivity of the coefficient

> S0 (e am)  5g (Qraw)

xe(m &) = (=1)° 1o ot

qeNk: |gl=n
Now, from the residue short exact sequence

(1 —ci(Di))
(1 —ci(Di)/mi)

s(2ra) = s(0) ]

i
If X is a surface with trivial canonical bundle, a formal computation yields that for k& > m;, for
all i:

wmd) == ¥ (4 )aw)

1<k

Y (X F Y Daboam)

= . : 2
i<tz “2<j1<my, 2<J2<mz‘2‘7

N D L

, = 172
o 21 <jesSmy J1J

Recall that c2(X) > 0. In the one-component case one gets

1 m—1 m
Xk(m, A) > < Z 0 — (2771)>61(D)2 — FCQ(X).
21 <jr<m 7172
A numerical exploration shows that the coefficient c,, of ¢1(D)? becomes positive for m > 5 and

that then 72/(6¢c,,) < 10. O

Remark 4.13. The same proof shows that the result also holds, e.g. if |A| has several components
A; with multiplicities m; = 2 such that

c1(D)? — Z?m(Di)? > 47;2@()().

(Anticipating the next section, notice that this of course never holds in the one-component
case.)

5. Non-existence of orbifold jet differentials on varieties of general type

The following results give evidence in support of Conjecture B.

5.1 Projective spaces

We start with P", with a suitable smooth boundary divisor, giving examples of orb-
ifolds of general type without any mnonzero global jet differentials. To see this, we first
establish the following vanishing theorem for orbifold jet differentials, in the spirit of
Diverio [Div08].
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PROPOSITION 5.1. Take X =P" and A = (1 —1/m)H, for a smooth hypersurface H of degree
d > 3. If m < n, then for any adapted covering m: Y — (X, A), for k > 1 and for N > 1, one has
HO(Y, Ex NQr.a) = {0}. This vanishing holds without the assumption m < n when k < n.

Proof. Suppose that for some k and N, H'(Y, Eir Q) # 0. Then one infers from Proposition
2.14 that for some (1, ..., ¢, with |[{]| = N

S0 A ® S A © - @ SHQ A

has some nonzero global sections. Note that {1, A () = 7*{pn. Since Q¥» is globally generated,
one obtains nonzero global sections of

SelﬁmA(n R SEPQW,A(M

for the largest p < k such that p < m (i.e. for which AP > Al>®) = &),

We remark that a nonzero section o of Ej, ny{1; A can be made invariant to yield a nonzero
section of Ej 4n€x A, where g is the order of the Galois group of the covering 7: Y — (X, A).
It is obtained by taking the pushforward along 7 of the product of the Galois conjugates of o,
which are all nonzero. Applying this result for £ = 1, one deduces the existence of some nonzero
global sections of

S A @ @8I A C S Qpn(log H) @ -+ @ S92 Qpn (log H).

The bundle on the right is a product of symmetric powers of the logarithmic cotangent bun-
dle of a hypersurface in P, with less than n factors. By the Pieri rule, all partitions in its
direct sum decomposition into Schur powers have therefore less than n parts. This yields the
sought contradiction, since these Schur powers have no sections, by the vanishing theorem of
Briickmann-Rackwitz [BRI0] (see [Div08, Div09]). O

Ezample 5.2. Take X =P? and A = (1 — 1/2)C, where C is a smooth curve of degree d > 7. It is
a pair with ample canonical bundle such that H° (Y, @k,N>1Ek,NQTr,A) = {0}, for any adapted
covering m: Y — (X, A).

5.2 Abelian varieties
Let A be an Abelian variety of dimension n > 2 and let D be a smooth divisor on A. We start
again by proving a vanishing theorem for the logarithmic cotangent bundle.

PROPOSITION 5.3. One has
H°(A, 87 (Qu(log D)) @ LY) # {0}
for an ample line bundle L — A if and only if S*(Q4(log D)) = (K a(log D)),

Proof. Let us first observe that Q4 (log D) is nef. Since €4 is globally generated, one is reduced
to verify the nefness over D. On D, one has the following short exact sequence:

0— QD HQA(IOgD)‘D — OD — 0.

Here, as a quotient of Q4|p, the vector bundle Qp is nef. Thus, as an extension of nef vector
bundles, 24 (log D)|p is nef.
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Consider a partition A, and recall (e.g. [Dem88, Man94|) that the Schur bundle Sy (24 (log D))
is then the direct image of a nef line bundle .Z on the flag bundle associated to A. Namely,
let 1 <j1 <jo<--+<jm<n be the jumps of A, for a certain m < n (i.e. \j > \jj1 < i €
{j1,---,Jm}), and let F' be the bundle of flags of subspaces with codimension ji, ..., in the
fibers of Q4(log D). Let U% ... UJm+! be the universal subbundles of codimension jy < j; <

. < Jm € Jm+1 on F, where by convention jp := 0 and j;,4+1 := n. Then

m
L = Q) det(Ur=1 JUTr) SN
p=1
We will now study the bigness of .. To prove that .Z is not big, it is sufficient to observe that
the Segre number s, (%) is zero. Using the Gysin formula from [DP17, Proposition 1.2] for the
flag bundle F' — A (we transform a little bit), one gets the following expression for s, (.%):

(1) [t - 1)
X (()\ltl + .. + )\nt H ]p+1 ]p+1)_jP H (tl — t]) H tisl/ti (QA(]Og D))),
=1 1<i<j<n 1<i<n

where for a monomial m and a Laurent series P in the formal variables t1,. .., t,, [m](P) means
the coefficient of m in P.
Now, the residue exact sequence on A reads as follows:

0— Q4 — Qa(logD) — Op — 0.
Therefore, by the Whitney sum formula, we obtain the equality of total Segre classes:
5(Qa(log D)) = s(Q24) - s(Op) = 5(Q24) - c(O(=D)).

The last equality follows again from the Whitney sum formula applied on the short exact sequence
0— Os(—D) — Og — Op — 0. The bundle Q4 being trivial we obtain s(Q4(log D)) =1 —
c1(D). Replacing in the above expression, the number s,,(-¢) becomes

(=1)"[t7 - - 1) (()\1151 + e Antn)"” H(tjpﬂ et ) T H (ti — ;) H (ti — CI(D))>~

p=1 1<i<j<n 1<i<n
This coefficient is clearly a linear combination of 1,...,¢1(D)™ but, for dimensional reasons, the
only such number that is nonzero on A is ¢1(D)". In other words

m

sn( L) = [t} - 1) <(>\1t1 + 4 Antn) H 1ty )T H (ti — tj))cl(D>n-

p=1 1<i<j<n

The degree of the polynomial under consideration is n(n +1)/2 — >3 (jp+1 — Jp)Jp- As a con-
sequence, if Zg;l(jpﬂ — Jp)ip > 0, the coefficient of ¢ -- -t} is 0. To conclude, it remains to
observe that Z;n:1(jp+1 — Jp)Jp = 0if and only if S3(Q24 log D) is a tensor power of the canonical
bundle (i.e. j1 =n = jm+1)-

Now, since . is relatively ample and p,.Z = S*Q4(log D), where p: F — A,

3L ample, H(A, 54 (log D) @ LY) #0 — £ big.

The only if direction follows directly from the fact that (A, D) is of log general type. O
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Remark 5.4. Note that in general the bigness of .Z is not equivalent to the bigness of the Serre
line bundle on P(Sy(Q4(log D))). The first one is related to the sections of S™*Q4(log D) which
is only a direct factor in S™(S*Q4(log D)) and also these line bundles could lie on bases with
different dimensions. It is clear that if A has n parts, S*(Q4(log D)) is big. Indeed,

S (Qa(log D)) = (Ka(log D))#* @ SOt =AnmAn-172n)(0 (log D)),
which is the product of a big line bundle by a nef vector bundle.

As an immediate corollary, we obtain examples of orbifolds of general type satisfying the
Green—Griffiths—Lang Conjecture A without any nonzero global jet differentials vanishing on an
ample divisor.

COROLLARY 5.5. Let A be an Abelian variety of dimension n > 2 and D a smooth ample divisor
on A. Then, for any 1 < m < n, the orbifold (A, (1 — 1/m)D) satisfies the Green—Griffiths—Lang
Conjecture A but has no nonzero global jet differentials vanishing on an ample divisor.

Proof. By Theorem 1.5, (A, A) := (A, (1 — 1/m)D) satisfies Conjecture A.

Let m: Y — (A, A) be an adapted covering for the pair (A, A). Suppose that for some k and
N, H)(Y, B NQra @ 7 LY) # 0 for some ample line bundle L. Then, since m < n, one infers
from Proposition 2.14 and from the triviality of , A = 724 that for some £y,..., 6,

S A ® @ 8T py @ TLY
has some nonzero global sections. This would imply that
SQKIQA(IOg D) R ® ngn_lgA(log D) 2 (Lgnfl)v

has nonzero global sections (g := |Aut(n)|)). Combined with the previous proposition, this yields
a contradiction because according to the Pieri rule S91Q(logD) ® - - ® S9-1Q4(log D) ®
(L9" ")V is the direct sum of some Schur powers S* (€ (log D)) ® (L9" ")V for partitions A with
at most n — 1 parts. ]

Remark 5.6. Let us recall that the key tool for obtaining the degeneracy of orbifold entire curves
in Theorem 1.5 is Nevanlinna theory: more precisely, in [Yam04b] Yamanoi establishes a remark-
able second main theorem with the best truncation level one. Combined with a hypothesis of
ramification (as in the definition of orbifold entire curves), one immediately gets the application
to the orbifold setting. It is noteworthy that the proof of Yamanoi uses jet bundles and lifts of
entire curves to jets spaces (but does not involve jet differentials vanishing on an ample divi-
sor!). Earlier works by Siu and Yeung [SY03] use meromorphic jet differentials to establish a
second main theorem with truncation level depending on the boundary divisor. In applications,
especially in the orbifold setting, obtaining the lowest truncation level is very important.

5.3 Kummer and ‘general’ K3 surfaces
We now show that the vanishing of orbifold jet differentials for Abelian surfaces gives a similar
conclusion for Kummer K3 surfaces and for ‘general’ K3 surfaces equipped with big and nef
smooth divisors.

We first describe the situation and data relevant to the case of Kummer surfaces.
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Let pg: Ag — Sp be the double cover from an Abelian surface Ay onto its associated Kummer
quotient surface Sy. Let Dy C Sy be a smooth irreducible ample divisor on Sy which avoids its 16
singular points. Let a: A — Ay (respectively 5 : S — Spy) be the blow-up of the 16 corresponding
points on Ag (respectively Sp), and p: A — S the induced double cover. Let D C S the inverse
image of Dy in S, and Dj C Ay, D’ C A its inverse images there. Write Ay := (1 — %)Dg, and
similarly for its inverse images A, Af,, A’ on S, Ag, A.

Let mp: Yo — Sy be a cover adapted to (Sp, Ap), so chosen that its ramification locus avoids
the 16 singular points of Sy. By base-changing with the relevant covers or blow-ups, we obtain
covers m: Y — S, m(: Yy — Ag, 7’ Y — A’ respectively adapted to (S, A), (Ap, Af) and (A4, A").
To simplify notation, we still denote with 3: Y — Yy, p: Y — Y, a: Y/ — Y| the maps induced
by these base-changes.

For each k, N > 0, we thus also get natural injective sheaf maps: p*: Ep nQr A — Ep N A
and a*: Fj, NQ%’ Ay = Er nQr ar which are isomorphic outside of the inverse images of the 16
singular points of Sp.

We now denote by Hy a very ample line bundle on Sy, and H, H', H|) its inverse images on
S, A, Ap.

PROPOSITION 5.7. The notations being as above, let B be an ample line bundle on S, and By
its inverse image on Y. Then for any k, N > 0, H'(Y, Ex NQr a ® By') = {0}.

Proof. The natural map
p* HO(Y, By nQra @ By') — HO(Y', By nQuw v @ " (By )
is obviously injective, and by Hartogs’ theorem, the natural map
o*: HO(YY, B nQy ay © B'y') = H(Y!, B nQ 4 @ 0¥ (B 1))

is isomorphic, for any ample line bundle Bj, on Ay (its inverse image on Y being written in the
same way). From the (proof of the) preceding Corollary 5.5, we know that HY(Y(, Ep nQr Ap ®
B’al) = {0}. This implies the claimed vanishing, since k.a*(B’g) — p*(B) is effective, for k big
enough. ]

We now consider the preceding orbifold pair (S, A), together with a marking for H?(S,Z).
Notice that the class [D] of D = 2A in H?(S,Z) is what is called a ‘pseudo-polarization’ (i.e.
a big and nef class) in [Bea85]. Associated to the pair (S, [D]) is a (nonseparated) fine moduli
space of marked projective K3 surfaces (S, [Dy]),t € T. Let f: ¥ — T be the associated family
of K3 surfaces, together with the line bundle D’ on ¥/ inducing Dy on Sy, for each ¢ € T" (base-
changing from T to P(f.(D)) :=T"), indicated with a ‘prime’ superscript. The map f’ being
locally projective, we can (locally) construct a simultaneous cover 7’: )’ — ¥/ adapted to D’.
We now consider the direct image sheaves & v := (f' o 7')*(Ex NQp, AL ® B~1), for B relatively
ample on ), and A/, := % -D'. By the preceding Proposition 5.7, these sheaves all vanish for
t =0, with (S, A);—p our initial Kummer orbifold pair. We thus deduce that these sheaves all
vanish for ¢ ‘general’ in T” (that is, outside of a countable union of proper Zariski closed subsets
of T").

Remark 5.8. One can of course wonder whether this result holds for all pairs (S, % - D) with S an
arbitrary K3 surface and D an ample smooth divisor, or even for (X,1/m - D) for X projective
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with Kx trivial, D smooth ample, and m < n := dim(X). For the ‘general’ member of the known
families of Hyperkéhler manifolds, the preceding argument can probably be adapted, but it would
be more interesting to have an intrinsic, deformation-free, argument.

Remark 5.9. Example 5.2, Corollary 5.5 and Proposition 5.7 show clearly that in the general orb-
ifold situation, one cannot expect to fully establish the Green—Griffiths—Lang conjecture by using
only the approach of jet bundles. Corollary 5.5 proves the left-to-right direction of Conjecture B
for Abelian varieties.

Remark 5.10. Corollaries 4.3 and 5.5 also illustrate that Nevanlinna theory and the theory of
orbifold jet differentials introduced in this paper produce positive complementary results towards
the orbifold Green—Griffiths—Lang conjecture.

ACKNOWLEDGEMENTS

E.R. would like to thank Mihai Paun and Nessim Sibony for fruitful discussions related to this
article. The authors would like to thank Jean-Pierre Demailly for pointing out that we were not
considering enough morphisms in the case of rational orbifold multiplicities. This remark has led
to Definition 2.10.

REFERENCES

AN91 Y. Aihara and J. Noguchi, Value distribution of meromorphic mappings into compactified locally
symmetric spaces, Kodai Math. J. 14 (1991), 320-334; MR 1131916.

Bea85 A. Beauville, Application auz espaces de modules, in Géométrie des surfaces K3 : modules et
périodes, Astérisque, vol. 126 (Société mathématique de France, 1985), 1-193; MR 785231.
Blo26 A. Bloch, Sur les systemes de fonctions uniformes satisfaisant a I’équation d’une variété

algébrique dont lirrégularité dépasse la dimension, J. de Math. 5 (1926), 19-66.

Bog77 F. Bogomolov, Families of curves on a surface of general type, Dokl. Akad. Nauk SSSR 236
(1977), 1041-1044.

BR90 P. Briickmann and H.-G. Rackwitz, T-symmetrical tensor forms on complete intersections,
Math. Ann. 288 (1990), 627-635.

Bru99 M. Brunella, Courbes entiéres et feuilletages holomorphes, Enseign. Math. (2) 45 (1999),
195-216.

Cam04  F. Campana, Orbifolds, special varieties and classification theory, Ann. Inst. Fourier (Grenoble)
54 (2004), 499-630.

Cam05 F. Campana, Fibres multiples sur les surfaces: aspects geométriques, hyperboliques et
arithmétiques, Manuscripta Math. 117 (2005), 429-461; MR 2163487.

Camll F. Campana, Orbifoldes géométriques spéciales et classification biméromorphe des variétés
kdhlériennes compactes, J. Inst. Math. Jussieu 10 (2011), 809-934.

CP15 F. Campana and M. Paun, Orbifold generic semi-positivity: an application to families of
canonically polarized manifolds, Ann. Inst. Fourier (Grenoble) 65 (2015), 835-861.

CWO09 F. Campana and J. Winkelmann, A Brody theorem for orbifolds, Manuscripta Math. 128
(2009), 195-212.

Car28 H. Cartan, Sur les systémes de fonctions holomorphes a variétés linéaires lacunaires et leurs
applications, Ann. Sci. Ec. Norm. Supér. (3) 45 (1928), 255-346; MR 1509288.
Clal7 B. Claudon, Positivité du cotangent logarithmique et conjecture de Shafarevich—Viehweg, in
Séminaire Bourbaki, Astérisque, vol. 390 (Société Mathématique de France, 2017), Exp. No.
1105, 27-63.
1696

https://doi.org/10.1112/50010437X20007265 Published online by Cambridge University Press


http://www.ams.org/mathscinet-getitem?mr=1131916
http://www.ams.org/mathscinet-getitem?mr=785231
http://www.ams.org/mathscinet-getitem?mr=2163487
http://www.ams.org/mathscinet-getitem?mr=1509288
https://doi.org/10.1112/S0010437X20007265

DP17

Dem88

Dem97

Deml1

DLO01

Div08

Div09

EGO03
GGS80

GP16

HVX19

Kob98

Laz04

Man94

McQ98

Merl5

Nog85

Nog86

PS14

Roul0

Roul2

ORBIFOLD HYPERBOLICITY

L. Darondeau and P. Pragacz, Universal Gysin formulas for flag bundles, Int. J. Math. 28
(2017), 1750077.

J.-P. Demailly, Vanishing theorems for tensor powers of an ample vector bundle, Invent. Math.
91 (1988), 203—220.

J.-P. Demailly, Algebraic criteria for Kobayashi hyperbolic projective varieties and jet differen-
tials, in Algebraic geometry, Proceedings of Symposia in Pure Mathematics, vol. 62 (American
Mathematical Society, Providence, RI, 1997), 285-360; MR 1492539.

J.-P. Demailly, Holomorphic Morse inequalities and the Green-Griffiths-Lang conjecture, Pure
Appl. Math. Q. 7 (2011), 1165-1207; Special Issue: In memory of Eckart Viehweg.

G.-E. Dethloff and S. S.-Y. Lu, Logarithmic jet bundles and applications, Osaka J. Math. 38
(2001), 185-237.

S. Diverio, Differential equations on complex projective hypersurfaces of low dimension,

Compos. Math. 144 (2008), 920-932.

S. Diverio, Ezistence of global invariant jet differentials on projective hypersurfaces of high

degree, Math. Ann. 344 (2009), 293-315.
J. El Goul, Logarithmic jets and hyperbolicity, Osaka J. Math. 40 (2003), 469-491; MR 1988702.

M. Green and P. Griffiths, Two applications of algebraic geometry to entire holomorphic
mappings, in The Chern symposium 1979 (Springer, New York, NY, 1980), 41-74.

H. Guenancia and M. Paun, Conic singularities metrics with prescribed Ricci curvature: general
cone angles along normal crossing divisors, J. Differential Geom. 103 (2016), 15-57.

D. T. Huynh, D.-V. Vu and S.-Y. Xie, Entire holomorphic curves into projective spaces
intersecting a generic hypersurface of high degree, Ann. Inst. Fourier (Grenoble) 69 (2019),
653-671.

S. Kobayashi, Hyperbolic complex spaces, Grundlehren der Mathematischen Wissenschaften
[Fundamental Principles of Mathematical Sciences], vol. 318 (Springer, Berlin,
1998).

R. Lazarsfeld, Positivity in algebraic geometry I, Ergebnisse der Mathematik und ihrer Gren-
zgebiete. 3. Folge [Results in Mathematics and Related Areas. 3rd Series], vol. 48 (Springer,
Berlin, 2004).

L. Manivel, Un théoréme d’annulation “a la Kawamata-Viehweg”, Manuscripta Math. 83
(1994), 387-404.

M. McQuillan, Diophantine approzximations and foliations, Publ. Math. Inst. Hautes Etudes
Sci. 87 (1998), 121-174; MR, 1659270.

J. Merker, Algebraic differential equations for entire holomorphic curves in projective hyper-
surfaces of general type: optimal lower degree bound, in Geometry and analysis on manifolds,
Progress in Mathematics, vol. 308 (Birkh&user/Springer, Cham, 2015), 41-142.

J. Noguchi, On the value distribution of meromorphic mappings of covering spaces over C™
into algebraic varieties, J. Math. Soc. Japan 37 (1985), 295-313.

J. Noguchi, Logarithmic jet spaces and extensions of de Franchis’ theorem, in Contributions to
several complex variables, Aspects of Mathematics E9 (Friedr. Vieweg, Braunschweig, 1986),
227-249.

M. Paun and N. Sibony, Value distribution theory for parabolic riemann surfaces, Preprint
(2014), arXiv:1403.6596.

E. Rousseau, Hyperbolicity of geometric orbifolds, Trans. Amer. Math. Soc. 362 (2010),
3799-3826.

E. Rousseau, Degeneracy of holomorphic maps via orbifolds, Bull. Soc. Math. France 140
(2012), 459-484.

1697

https://doi.org/10.1112/50010437X20007265 Published online by Cambridge University Press


http://www.ams.org/mathscinet-getitem?mr=1492539
http://www.ams.org/mathscinet-getitem?mr=1988702
http://www.ams.org/mathscinet-getitem?mr=1659270
https://arxiv.org/abs/1403.6596
https://doi.org/10.1112/S0010437X20007265

ORBIFOLD HYPERBOLICITY

Ru01 M. Ru, Nevanlinna theory and its relation to Diophantine approzimation (World Scientific,
River Edge, NJ, 2001).

Ru09 M. Ru, Holomorphic curves into algebraic varieties, Ann. Math. (2) 169 (2009), 255-267;
MR 2480605.

SY03 Y.-T. Siu and S.-K. Yeung, Addendum to: “Defects for ample divisors of Abelian varieties,
Schwarz lemma, and hyperbolic hypersurfaces of low degrees” [Amer. J. Math 119 (1997),
1139-1172; MR 1473072 (98h:82044)], Amer. J. Math. 125 (2003), 441-448.

Vojll P. Vojta, Diophantine approximation and Nevanlinna theory, in Arithmetic geometry, Lecture
Notes in Mathematics, vol. 2009 (Springer, Berlin, 2011), 111-224; MR 2757629.

Yam0O4a K. Yamanoi, Algebro-geometric version of Nevanlinna’s lemma on logarithmic derivative and
applications, Nagoya Math. J. 173 (2004), 23—63.

Yam04b K. Yamanoi, Holomorphic curves in Abelian varieties and intersections with higher codimen-

sional subvarieties, Forum Math. 16 (2004), 749-788; MR 2096686.

Yaml5 K. Yamanoi, Kobayashi hyperbolicity and higher-dimensional Nevanlinna theory, in Geometry
and analysis on manifolds, Progress in Mathematics, vol. 308 (Birkh&user/Springer, Cham,
2015), 209-273; MR 3331401.

Frédéric Campana frederic.campana®univ-lorraine.fr

Institut de Mathématiques Elie Cartan, Université de Lorraine, B.P. 70239,
54506 Vandceuvre-lés-Nancy Cedex, France

and

KIAS, 85 Hoegiro, Dongdaemungu, Seoul 130-722, South Korea

Lionel Darondeau lionel.darondeau@normalesup.org

KU Leuven, Departement Wiskunde, Celestijnenlaan 200B, 3001 Heverlee, Belgié
Current address: IMAG, Univ. Montpellier, CNRS, Montpellier, France

Erwan Rousseau erwan.rousseau@univ-amu.fr

Institut Universitaire de France & Aix Marseille Univ., CNRS, Centrale Marseille, 12M,
Marseille, France

1698

https://doi.org/10.1112/50010437X20007265 Published online by Cambridge University Press


http://www.ams.org/mathscinet-getitem?mr=2480605
http://www.ams.org/mathscinet-getitem?mr=2757629
http://www.ams.org/mathscinet-getitem?mr=2096686
http://www.ams.org/mathscinet-getitem?mr=3331401
https://doi.org/10.1112/S0010437X20007265

	Introduction
	0.1 Orbifold hyperbolicity
	0.2 Main results
	0.3 The core map

	1 Orbifold hyperbolicity
	1.1 Orbifold entire curves
	1.2 Hyperbolicity

	2 Orbifold jet bundles
	2.1 Adapted coverings
	2.2 The orbifold cotangent bundle
	2.3 Orbifold jet differentials
	2.4 Orbifold jet spaces
	2.5 Filtration of jet differential bundles
	2.6 Euler characteristic of the Green–Griffiths bundle

	3 Tautological inequalities and vanishing theorems
	3.1 Nevanlinna theory and the tautological inequality
	3.2 A vanishing theorem for orbifold jet differentials
	3.3 Orbifold curves tangent to holomorphic foliations

	4 Existence of orbifold jet differentials on varieties of general type
	4.1 Order-one jet differentials
	4.2 Existence of orbifold jet differentials on surfaces
	4.3 Projective plane
	4.4 Surfaces with trivial canonical bundle

	5 Non-existence of orbifold jet differentials on varieties of general type
	5.1 Projective spaces
	5.2 Abelian varieties
	5.3 Kummer and `general' K3 surfaces

	Acknowledgements
	References

