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Abstract

Paraconformal or GL(2, R) geometry on an n-dimensional manifold M is defined by a
field of rational normal curves of degree n — 1 in the projectivised cotangent bundle P7* M.
Such geometry is known to arise on solution spaces of ODEs with vanishing Wiinschmann
(Doubrov—Wilczynski) invariants. In this paper we discuss yet another natural source of
GL(2,R) structures, namely dispersionless integrable hierarchies of PDEs such as the
dispersionless Kadomtsev—Petviashvili (dKP) hierarchy. In the latter context, GL(2, R)
structures coincide with the characteristic variety (principal symbol) of the hierarchy.

Dispersionless hierarchies provide explicit examples of particularly interesting classes
of involutive GL(2, R) structures studied in the literature. Thus, we obtain torsion-free
GL (2, R) structures of Bryant [5] that appeared in the context of exotic holonomy in dimen-
sion four, as well as totally geodesic GL(2, R) structures of Krynski [33]. The latter possess
a compatible affine connection (with torsion) and a two-parameter family of totally geodesic
o-manifolds (coming from the dispersionless Lax equations), which makes them a natural
generalisation of the Einstein—Weyl geometry.

Our main result states that involutive GL (2, R) structures are governed by a dispersion-
less integrable system whose general local solution depends on 2n — 4 arbitrary functions
of 3 variables. This establishes integrability of the system of Wiinschmann conditions.

2010 Mathematics Subject Classification: 35Q51; 37K10; 37K25; 53A40; 53B05;
53B50; 53C26; 53C80

1. Introduction
1-1. GL(2,R) geometry

On an n-dimensional manifold M, a GL(2, R) geometry (also known as paraconformal
geometry [12], a rational normal structure [7], or a special case of the cone structure [21])
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is defined by a field of rational normal curves of degree n — 1 in the projectivised cotangent
bundle PT*M. Equivalently, it can be viewed as a field of 1-forms w(X) polynomial of
degree n — 1 in A,

w(h) =wg+ Ao+ -+ 2" o, (I-1)

where w; is a basis of 1-forms (a coframe) on M. The parameter A and the 1-form w (1) are
defined up to transformations A — (aA +b)/(cA +d), w(r) — r(ch +d)"'w()), where
a, b, c, d, r are arbitrary smooth functions on M such that ad — bc # 0, r # 0. Without any
loss of generality we can assume ad — bc = 1.

Conventionally, a GL(2, R) geometry is defined by a field of rational normal curves in
the projectivised tangent bundle PT M. Our choice of the cotangent bundle is motivated by
the fact that characteristic varieties of PDEs, which will be our main source of GL(2, R)
structures, are subvarieties of PT*M. In any case, both pictures are projectively dual: the
equation w(A) = 0 defines a one-parameter family of hyperplanes that osculate a dual ratio-
nal normal curve @(1) C PT M. Below we discuss some of the most natural occurrences of
GL(2, R) structures.

Poisson geometry: given a generic pair of compatible Poisson bivectors 1, 1, of Kronecker
type on an odd-dimensional manifold N**!, there is a canonical GL(2, R) structure on
the base M**! (leaf space) of the corresponding action foliation (see [47]). As shown by
Gelfand and Zakharevich such structures, also known as Veronese webs, arise in the theory
of bi-Hamiltonian integrable systems [20].

Exotic holonomy: it was observed by Bryant in [5] that, in four dimensions, there exist
torsion-free affine connections whose holonomy group is the irreducible representation of
GL(2,R). Such connections give rise to canonically defined parallel GL(2, R) structures.
Historically, this was the first example of an ‘exotic’ holonomy not appearing on the Berger
list [3], we refer to [6, 39] for the development of the holonomy problem.

Submanifolds in Grassmannians: let M be a submanifold of the Grassmannian Gr(k, n).
The flat Segre structure of Gr(k,n) induces on M a generalised conformal structure.
Particular instances of this construction result in a GL (2, R) geometry on M.

Thus, let M* be a fourfold in the Grassmannian Gr(3, 5). The flat Segre structure of
Gr(3,5) induces a field of twisted cubics on PT M*, that is, a GL(2, R) structure on
M*. These structures were investigated in [11] in the context of integrability in Grassmann
geometries.

Similarly, let A(3) be the Grassmannian of 3-dimensional Lagrangian subspaces of a 6-
dimensional symplectic space. Given a hypersurface M> C A(3), the flat Veronese structure
of A(3) induces a GL(2, R) structure on M>. Such structures were discussed in [17, 42] in
the context of integrability of dispersionless Hirota type equations.

Algebraic geometry: given a compact complex surface X and a rational curve C C X with
the normal bundle v >~ O(n), the results of Kodaira [35] show that there is a complex-
analytic (n 4 1)-dimensional moduli space M consisting of deformations of C, which
carries a canonical G L (2, R) structure. This was studied in detail by Hitchin [26] for n =2
(using E. Cartan’s work on Einstein-Weyl geometry) and by Bryant [5] for n = 3. The case
of general n was discussed by Dunajski, Tod [12] and Krynski [33]. The construction gen-
eralises to the case when X is a holomorphic contact 3-fold and C C X is a contact rational
curve with the normal bundle v >Om — 1) @ O(n — 1) [5, 12, 7].

https://doi.org/10.1017/50305004119000355 Published online by Cambridge University Press


https://doi.org/10.1017/S0305004119000355

Dispersionless integrable hierarchies and GL(2, R) geometry 131

Ordinary differential equations: for every scalar (higher order) ODE with vanishing Wiin-
schmann (Doubrov-Wilczynski) invariants, the space M of its solutions is canonically
endowed with a GL(2, R) structure. ODEs of this type have been thoroughly investigated
in the literature, see e.g. [10, 12, 14, 22, 33, 40] and references therein.

Dispersionless integrable hierarchies: given a dispersionless integrable hierarchy of PDEs,
it will be demonstrated in this paper that the corresponding characteristic variety (zero locus
of the principal symbol) determines canonically a GL(2, R) structure on every solution.
In a somewhat different language examples of this type appeared in [13, 33], although the
observation that these structures coincide with the characteristic variety is apparently new.
We will show that the GL (2, R) structures appearing on solutions to integrable hierarchies
are not arbitrary, and must satisfy an important property of involutivity.

1-2. Involutive GL(2, R) structures and dispersionless hierarchies

For every x € M, the equation w(X) =0 defines a 1-parameter family of hyperplanes in
T M parametrised by A; these are known as «-hyperplanes. A codimension one submanifold
of M is said to be an a-manifold if its tangent spaces are «-hyperplanes [33].

Definition. A GL(2, R) structure is said to be involutive [7] or a-integrable [33] if every
o-hyperplane is tangential to some -manifold.

We will relate different approaches to involutivity in Section 3-4. One can show that
a-manifolds of an involutive GL (2, R) structure depend on 1 arbitrary function of 1 vari-
able (Section 3-3). These manifolds are governed by the so-called ‘eikonal” system (see the
review [43] for a general discussion). The existence of «-manifolds suggests that involutive
G L(2, R) structures are amenable to twistor-theoretic methods, cf. [21].

In particular, GL(2, R) structures that arise on solution spaces of ODEs with van-
ishing Wiinschmann invariants are involutive. It was shown in [33] that conversely,
every involutive (a-integrable) GL(2, R) structure can be obtained from an ODE of
this type. Four-dimensional involutive GL(2, R) structures were extensively studied in
[5] in the context of exotic holonomy. These investigations were developed further in
(10, 12, 14, 22, 40].

Our main observation is that involutive GL(2, R) structures are induced, as character-
istic varieties, on solutions to dispersionless integrable hierarchies of PDEs. Moreover,
«o-manifolds can be obtained as projections of integral manifolds of the associated disper-
sionless Lax equations.

The following example is based on [14, 33, 47]. Equations of the Veronese web hierarchy
have the form

(ci — cjuguij + (¢j — ci)uiujr + (e — ci)ujuix =0, (1-2)

one equation for every triple (i, j, k) of distinct indices. Here u is a function on the n-
dimensional manifold M with local coordinates x!, ..., x", coefficients ¢; are pairwise
distinct constants, and u; = u,: denote partial derivatives.

The term ‘hierarchy’ refers to the fact that the overdetermined system (1-2) is in involution
for every n so that any two equations can be viewed as Lie—Bicklund symmetries of each
other: if we take two different triples and unite the indices, then the system of equations of
type (1-2) corresponding to all sub-triples of the union is compatible.
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The characteristic variety of system (1-2) is defined by a system of quadrics,
(ci —cpugpipj~+ (c; —cu;pjpi + (ck — c)ujpipr =0,

which specify a rational normal curve in P7*M parametrised as p; = u; /(A — ¢;) (the ideal
of a rational normal curve is generated by quadrics, see e.g. [25]). Explicitly,

u;

w(l) = pidx' = Z dx'; (1-3)

A— Ci

note that expression (1-3) takes form (1-1) on clearing the denominators (since only the
conformal class of w(X) is essential we will not make a distinction in what follows).
This supplies M with a GL(2, R) geometry which depends on the solution u (other-
wise said: GL(2, R) geometry on the solution u considered as a submanifold graph(u)

C M x R).
System (1-2) is equivalent to the commutativity conditions of the following vector fields
(A=const),
A—cCru;j .
0y — —— 0y, l<j<n.
A— Cj U

Such A-dependent vector fields are said to define a dispersionless Lax representation for
system (1-2). Note that these vector fields are annihilated by w(A). Their integral manifolds
supply M with a two-parameter family of «-manifolds. Thus, GL(2, R) structure (1-3) is
involutive. Equivalently, the commutativity of these vector fields can be interpreted as the
involutivity of the corresponding corank 2 vector distribution on the (n + 1)-dimensional
manifold M with coordinates x', ..., x", A, known as the correspondence space. The
(complexified) space of integral manifolds of this distribution plays important role in the
twistor-theoretic approach to the Veronese web hierarchy.

In Section 2 we provide further examples of involutive G L(2, R) structures supported on
solutions to other well-known dispersionless integrable hierarchies. As it was rightly pointed
out by the referee of this paper, the involutivity of GL(2, R) structures defined by character-
istic varieties of integrable hierarchies is a manifestation of a general phenomenon known as
the ‘integrability of characteristics’ [19, 23, 43]. This is a feature of any compatible system,
hence the integrability of a dispersionless equation is not characterized by the involutivity
(x-integrability) of the corresponding G L(2, R) structures. The integrability is recovered by
the canonical connections that we discuss next.

1-3. Affine connections associated with involutive G L(2, R) structures

There are several types of canonical connections defined on the tangent bundle of a man-
ifold M that can be naturally associated with a GL(2, R) structure on M. Recall that an
affine connection V is said to be compatible with a GL(2, R) structure (paraconformal or
G L(2, R) connection), if for every ve T M

V, w (1) € span{w (1), »' (1)), (1-4)

where prime denotes differentiation by X, see [33]. Condition (1-4) means that the par-
allel transport defined by V preserves rational normal cones of the GL(2, R) structure.
Equivalently, identifying quadratic equations from the ideal of the rational normal curve
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w(X) with symmetric bivectors g; on M and denoting g = span(g,), we can represent (1-4)
as V, g =g Vv#DO.

Condition (1-4) alone does not specify V uniquely: for this, additional constraints should
be imposed. In what follows we discuss four types of canonical connections associated with
involutive G L(2, R) structures, of which the first two are based on the previous works and
do not exist universally, while the other two are new and exist for all dispersionless inte-
grable hierarchies studied so far (let us stress that there exist no general theory or complete
description of such hierarchies). We use the convention V0, = Fj-k 0;.

Torsion-free GL(2, R) connection in 4D

Torsion-free GL(2, R) connections can only exist in four dimensions. Indeed, based
on the Berger criteria, it was shown in [5] that there exist no non-trivial torsion-free
GL(2,R) connections in higher dimensions. On the contrary, in four dimensions, invo-
lutivity of a GL(2, R) structure is equivalent to the existence of a torsion-free GL(2, R)
connection.

Since GL(2, R) structures coming from principal symbols of dispersionless integrable
hierarchies are automatically involutive (due to the existence of a Lax representa-
tion), we obtain an abundance of explicit examples of torsion-free GL(2, R) connec-
tions in four dimensions parametrised by solutions to well-known integrable PDEs, see
Section 2.

For the Veronese web hierarchy, the Christoffel symbols of the torsion-free GL(2, R)
connection associated with four-dimensional GL(2, R) structure (1-3) are computed to be
equal to

2

i o Wi 1 (cikCjr + cirCjr)” uij 0 — 1cjrcji u; (uik Miz)

”__,_52:—_’ i o . —\ 1]
J#

i
i CikCilCjkCj1 U 9cijeu; \up

poo by U0 ewepy w1 cncie) g Lay e (e ua
17 k] ik k)
" 3 u; 9 CijCki u 9 CijCik Uy ik 9 Cik Uj Uy u
here ¢;j =c¢; — cj,and i, j, k, [ are pairwise distinct indices taking values 1, .. ., 4.

Totally geodesic GL(2, R) connections

A particularly interesting subclass of involutive GL(2, R) structures was introduced
by Krynski in [33]: such structures possess a GL(2, R) connection (with torsion) and
a two-parameter family of totally geodesic o-manifolds. We will refer to such struc-
tures/connections as fotally geodesic G L(2, R) structures/connections, respectively.

The requirement that V is a totally geodesic G L (2, R) connection specifies it up to trans-
formation 'y — T, + ¢;8; for a covector ¢. This freedom can be eliminated by requiring
that the torsion 7Tv is trace-free, 7;;, = 0. In what follows this will be included into the totally
geodesic condition. For G L(2, R) structures (1-3) coming from the Veronese web hierarchy,
the condition tr(Tv(-, X )) =0 is equivalent to the constraint Ty (®(X), @' (1)) € span{@(i))
used in [33].

Examples of totally geodesic GL(2, R) structures include the following:

(1) four-dimensional GL(2, R) structures arising, as characteristic varieties, on solu-
tions to various integrable hierarchies (see Appendix B). We emphasise that, in
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general, this is a merely 4-dimensional phenomenon. For instance, 5-dimensional
GL(2,R) structures associated with the dKP hierarchy do not possess totally
geodesic GL(2, R) connections;

(1) multi-dimensional G L(2, R) structures arising, as characteristic varieties, on solu-
tions to linearly degenerate integrable hierarchies (those having no 9; in the Lax
fields, such as the Veronese web hierarchy and the ‘universal’ hierarchy). The
two-parameter family of totally geodesic o-manifolds is the projection of integral
manifolds of the Lax distribution.

It was shown in [33] that totally geodesic GL(2, R) connections V satisfy the follow-
ing multi-dimensional generalized Einstein-Weyl property. Namely, the symmetrised Ricci
tensor of such V belongs to the span g of symmetric bivectors defining the dual rational
normal curve @(A): Ricy" € g. Note that in 3D this is precisely the classical Einstein-Weyl
condition.

Normal GL(2, R) connections
We call a GL(2, R) connection V normal if its torsion satisfies the following properties:

(i) Ty is trace-free: tr(Tv(-, X)) =0 VX;
(ii) Ty preserves a-hyperplanes as a (2,1)-map: X, Y c o(M)* = Ty(X,Y) e o(M)*.

Every totally geodesic GL(2, R) connection is necessarily normal, although the con-
verse is not true in general. It turns out that for all hierarchies we investigated, the normal
GL(2, R) connection exists, and is unique (we point out that there are no totally geodesic
connections associated with higher-dimensional G L(2, R) structures coming from the dKP
and the Adler-Shabat hierarchies, starting from dimension 5). The importance of nor-
mal GL(2,R) connections lies in the fact that every such V satisfies the generalized
Einstein-Weyl property.

The totally geodesic (and thus normal) GL(2, R) connection associated with GL(2, R)
structure (1-3) of the Veronese web hierarchy is given by the formula

Ujk i Ujk i,
VjakZ(—+¢j) o, or ij=<_+¢j) ak’
Uk Uk

here the covector ¢; is still arbitrary [33]. It can be fixed uniquely by requiring the torsion
to be trace-free:

1 Uk
¢;=— =
n—14~—~ u

k#j

A canonical projective connection

There exists yet another class of affine connections associated with involutive GL(2, R)
structures, namely, torsion-free connections possessing a two-parameter family of totally
geodesic a-manifolds; note that they do not preserve the GL (2, R) structure in general.

For GL(2, R) structures defined by the characteristic varieties of dispersionless hierar-
chies, the two-parameter family of totally geodesic o-manifolds come from projections of
integral manifolds of the corresponding dispersionless Lax equations.

The requirement that V is a torsion-free connection with a two-parameter family of
totally geodesic «-manifolds specifies it uniquely up to projective equivalence, Ffik —
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F;k + ;8 + ¢k8;, for a 1-form ¢. Thus, we obtain a canonically defined totally geodesic
projective connection.

For the involutive GL(2, R) structure (1-3) of the Veronese web hierarchy, an affine
representative of this projective connection is computed to be equal to

i (0; 0
V0 = 2 (—’+—k).
2 \uj  ug

On every solution, geodesics of this projective connection (considered as unparametrised
curves) can be obtained by intersecting n — 2 generic totally geodesic «-manifolds.

1-4. Summary of the main results

In Section 2 we provide further explicit examples of involutive GL(2, R) structures
given by characteristic varieties of various dispersionless integrable hierarchies, namely the
dKP hierarchy, the ‘universal’ hierarchy of Martinez—Alonso and Shabat, and the consis-
tent Adler-Shabat triples. In each case we calculate Christoffel’s symbols of the canonical
connections discussed in Section 1-3 (these results are relegated to Appendix B).

Section 3 contains the main results of the paper. In Theorem 1 we demonstrate that the
general involutive GL (2, R) structure can be brought to the normal form

n

w(k)zzxiiﬁdx", (1-5)

i=1 Vi

which can be reduced to (1-1) by clearing denominators. Here the functions u# and v satisfy
a system of second-order PDEs, 2 equations for each quadruple of indices 1 <i < j <k <

[ <n:
2u;j — (a; i 2up —
& (ai—a_,-)<ak—az)< wy —@ta)vy | 2 (""”’)”k’):o, (1-6)
(jkl) uiu; Ui
20 — (b +b)ui; Qv — (b + b
& (b —b;) (b — b)) ( vij — (bi +bj)u;j n v — (b + I)Mkz) —0. 17
(kD) iv; VeV

where a; = u; /v;, b; =v;/u;, and & denotes cyclic summation over the indicated indices.

In Theorem 2 we prove that overdetermined system (1-6), (1-7) is in involution, and its
characteristic variety is the tangential variety of the rational normal curve w(A) given by
(1-5). Since the degree of the tangential variety equals 2n — 4, we conclude that general
involutive G L(2, R) structures depend (modulo diffeomorphisms) on 2n — 4 arbitrary func-
tions of 3 variables. For n = 4 this reproduces the count in [5]; we also refer to [34] for an
alternative PDE system governing involutive G L(2, R) structures for n = 4. For general n,
the functional freedom of 2n — 4 arbitrary functions of 3 variables was announced by Robert
Bryant in a series of talks in the early 2000s [7] (we thank him for sending us the slides),
but no proofs have appeared. Our proof is based on the formal theory of PDEs developed in
recent years.

Finally, in Theorem 3 we show that equations (1-6),(1-7) governing general involutive
G L(2, R) structures constitute a dispersionless integrable hierarchy with Lax representation
in parameter-dependent vector fields.
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It was shown in [33] that involutive GL(2, R) structures are in one-to-one correspon-
dence with ODEs having vanishing Wiinschmann invariants. Thus, integrability of system
(1-6), (1-7) implies integrability of the Wiinschmann conditions.

Our considerations are local. All results on the functional freedom in the general solution
referring to the Cartan—Kihler theorem hold in the analytic or formal categories.

2. Examples of involutive GL(2, R) structures

In this section we give further examples of involutive G L (2, R) structures arising on solu-
tions of various dispersionless integrable hierarchies. Our main observation is that GL(2, R)
structures discussed in a similar context by Dunajski and Krynski in [13, 33] are nothing
but characteristic varieties of the corresponding PDEs. This makes the construction entirely
explicit and intrinsic.

We mainly focus on GL(2, R) geometry in four dimensions, defined by the first three
equations of the corresponding hierarchies. Higher-dimensional generalisations are then
obtained by adding higher flows (with higher time variables). Christoffel’s symbols of the
canonical connections associated with these examples are presented in Appendix B.

2-1. GL(2, R) structures via dKP hierarchy
The first three equations of the dKP hierarchy have the form

Uyt —Uyy — UxUyxx = 0,
Uyr — Uy — Uxlyy — Uyllyy =0, 2-1)
2 _
Wy — Uy + U — Uyl =0,

Here u is a function on the 4-dimensional manifold M with local coordinates x, y, ¢, z. The
characteristic variety of this system is the intersection of three quadrics,

pxpi — Py —uxp; =0,
PiPz— PyPr — Uy pePy — Uy p2 =0, (2-2)
pyp:— P uipi —uypipy =0,

which specify a rational normal curve (twisted cubic) in P7T*M parametrised as
pe=1, py=AX, p =A%+ u,, pZ=A3+2ux)\+uy,
so that
w() =dx +rdy + (W +u)dt + (W + 2u ) +u,)dz.

This supplies M with a GL(2, R) geometry which depends on the solution u#. The occur-
rence of a rational normal curve in the theory of dKP hierarchy was also noted in [28] in
the context of coisotropic deformations of algebraic curves. Equations (2-1) are equivalent
to the commutativity conditions of the following vector fields,

3y - M)x + uxxa,\,
al - ()"2 + ux)ax + ()\uxx + uxy)a)\a (23)
az - ()"3 + zux)V + uy)ax + ()Vzuxx + )‘uxy + Uyt + uxuxx)a)n

which constitute a dispersionless Lax representation. These vector fields live in the extended
5-dimensional space M with coordinates x, y, t, z, A; note the explicit presence of ;.
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Projecting integral manifolds of these vector fields from M to M we obtain a two-
parameter family of «-manifolds of the corresponding G L (2, R) structure, thus establishing
its involutivity.

Higher-dimensional generalisation of this construction can be obtained by taking higher
flows of the dKP hierarchy,

i J
Ui jp1—Ujiy1 + E Wi jUjx — E ujugp =0, 1<i<j,
k=1 k=1

see e.g. [27]. For (i, j) = (1, 2), (1, 3) and (2, 3) this reproduces equations (2-1). Here we

use the notation u = u(x', x2, x3, x*, ...) where x' =x, x>’=y, x*=1t, x*=z, etc, and

subscripts of u# denote partial derivatives. The corresponding characteristic variety is the
intersection of quadrics,

i J
PiPj+1 — PjPi+1+ Z Ui—kPjPrk — Z uj—pipe=0.
k=1 k=1

It defines a rational normal curve; setting p; = | we can parametrise it recurrently as

i—1

Piv1 =Ap; + Zui—kl’k, i>1.
=1

Explicitly, this gives
pi=1, pp=2A, p3=kz+u1, p4=A3+2u1A+u2, p5=)»4+3u1)»2+2u2)»+u3+uf,
etc. The dispersionless Lax representation of the dKP hierarchy is given by a family of
involutive parameter-dependent vector fields

i-1

X; =0 — M — D iy +u1;dy, 0> 1.

k=1

2-2. GL(2, R) structures via the universal hierarchy
The first three equations of the universal hierarchy of Martinez—Alonso and Shabat [38]

have the form

Uyy — Uyy + Uyl — Uy, =0,
Uxz — Uyy + Ut — tytty, =0, (24)
uyz — Uy + utuxy - uyux[ - 0

Here u is a function on the 4-dimensional manifold M with local coordinates x, y, ¢, z. The
characteristic variety of this system is the intersection of three quadrics,

pxPi — Py +uypr —u pep, =0,
PiP:— PyPi +u Py — uxpxpr =0,
PyPz: — pfz +utpxpy — Uy Px Pt :O,

which specify a rational normal curve in PT*M parametrised as

pe=1, py=A—u,, p,:)»z—ux)n—uy, pZ=A3—uxA2—uyk—u,,
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so that

w() =dx + (. —u)dy + 7 —uch —uy)di + (A — u k> —uyh — u,)dz.
Equations (2-4) are equivalent to the commutativity conditions of the following vector fields,

ay - ()" - ux)ax,
& — (A* — uxh — uy) 0y,
3, — (A3 —u A —uyh — u,)dy,

which constitute a dispersionless Lax representation. Note the absence of d;, which indicates

a close similarity with the Veronese web hierarchy. Integral manifolds of these vector fields

provide a two-parameter family of «-manifolds of the corresponding G L (2, R) structure.
This has a straightforward higher-dimensional generalisation: the equations are

Wi jpr — Ui jtujuy; —uiuy =0, 0<i<j<n;

the GL(2, R) structure is given by

w(l) = Z(xf—' — AT = — ) dy

i=1
the Lax representation is

X, =0y — (! = TP u;_1)0a, 1<i<n.
Considered altogether, these equations form an integrable hierarchy.

2-3. GL(2, R) structures via Adler-Shabat triples

Further examples of GL(2, R) structures arise as characteristic varieties on solutions to
triples of consistent 3D second-order PDEs discussed by Adler and Shabat in [1],

Upz = f(ul, U, Uz, U2, U13),
Uy = g(uy, Uy, Uy, Uy, Uia), (2-5)
uss =hQuy, us, us, U1z, Uia),

where u is a function on the 4-dimensional manifold M with local coordinates x!, ..., x*.

Note that system (1-2) belongs to class (2-5). As yet another example of this type let us
consider the system

Up=——", Up=—""""—", Uy=—""—. (2-6)

Its characteristic variety is defined by a system of quadrics,

PiP2— P1P3 P1P2 — P1Pa P1P3 — P1Pa
?mp3=——" Ppr=— ", P3pp=—T—"—",

Uy, — U3z Uy — Uy Uz — Uy
which specify a rational normal curve in PT*M parametrised as p; =1, p; =1/(A —u;),
so that
1

1
1) =dx! dx? dx®
w() x+)\.—l/l2x+)n—bt3 x+)\.—l/l4

dx*.
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System (2-6) is equivalent to the conditions of commutativity of the following vector fields,

1 1 1
B + B+ —2 5. B+ B+ — 8, Bt Bt + —1

85
u2_)\, l/lz—)\, M3—)» M3—)\ M4—)\, l/t4—)\.)L

note the explicit presence of d;. Projecting their integral manifolds from the extended space
M to M we obtain a two-parameter family of «-manifolds of the corresponding GL(2, R)
structure.

This has a straightforward higher-dimensional generalization: the equations are

(Wi —ujuj=uy —u;, l<i<j=<n;

the GL(2, R) structure is given by

n 1 ‘
A =dx! dx';
w(A) x+;k—ui X

the Lax representation is

1 Uy
X, =0y — —0 —
)\.—M,' A—u[

0., 1l<i<n.
Considered altogether, these equations form an integrable hierarchy.

3. General involutive GL(2, R) structures

In this section we demonstrate that general involutive G L(2, R) structures are governed
by a dispersionless integrable hierarchy and derive the corresponding Lax system describing
o-manifolds.

3-1. Parametrisation of involutive G L(2, R) structures

We begin by encoding all involutive structures in a simple ansatz.

THEOREM 1. Every involutive GL(2, R) structure can be locally represented by formula
(1-5), which upon clearing the denominators takes the form

a)(k):i[n (A— Z—j) ]uidxi. 31

i=1 i

Here u and v are functions of (x', ..., x") and subscripts denote partial derivatives: u; =
Uyi, V; =vy. The functions u and v must satisfy a system of PDEs (1-6), (1-7) coming from
the integrability condition dw (X)) A w (L) =0.

Proof. Let (1-1) be an involutive GL(2, R) structure on n-dimensional manifold M. It is
easy to see that the space of a-manifolds is at least 2-dimensional (in fact, it is parametrised
by 1 arbitrary function of 1 variable, see Section 3-3). Choosing a 1-parameter family of
a-manifolds we obtain a (local) foliation of M. This foliation consists of integral manifolds
of an integrable distribution w(a) = 0 obtained by substituting A with some function a on
M. We can thus set w(a) = fdx for some functions f and x. Let us now choose n different
1-parameter families of o-manifolds that correspond to the choice of n functions a; such
that (a;) = fidx" (no summation). We will use x’ as a local coordinate system on M".
Note that although one can always set, say, f; = 1 by using conformal freedom in w, it is not
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always possible to eliminate all f; simultaneously. Taking into account that w is polynomial
(of degree n — 1) in A, the above conditions fix w uniquely:

o =Y [I1

i=1 i

]f,-dxf.

aj
Let us choose two extra 1-parameter families of «-manifolds such that w(a,41) = f,41du

and w(a,42) = fui2dv (here u, v are precisely the functions that will appear later in formula
(1-5)). Explicitly, this gives

dnt1 —aj ayyo — a;
17— =rfaw H]]=—2=fow (32)
C a4 —daj C j
J# J#i

The first of these relations allows one to rewrite w as

00 = oo 30 [ [T -2 Jua. (33)

o1 i Gl T4
Taking the ratio of relations (3-2) we obtain

1—[ apy1 —aj S+ 1

- 9
Any2 —Aj  far2 Vi

J#
which is equivalent to

n
Qpyp2 — 4 U §— S An+y2 — di

’

e A Jov2 (] @nr —

Solving the last relation for a; and substituting the result into (3-3) yields

u
" )‘«_an+2_s()"_an+l)v_:i| ;
u;ax

00 =fin 3 [T1 -

a —da
i—1 i n+1 n+2

Using the linear-fractional freedom in A (sending @, and a, 1, to co and 0, respectively),
as well as the conformal freedom in w, we can reduce the last expression to form (3-1).

Calculating the integrability condition dw(A) A @(A) =0 (it is more convenient to use
(1-5) for this purpose) and collecting coefficients at dx’ A dx’/ A dx* we obtain

e (11 = (1 Coama (11
u; ()Lfak Afaj>)\"+ u; ()Lfa; )Lfak>)xl+ uy r—aj; A—a;

Here A; = A, (A is viewed as a function of x), and

g, Giai A A Lai—a A A L ak—aj A A
Sl]k = Uij uiuj (A—a; + A—a/> + ik g (A—a; + A—ak) +u1k ujuy (A—a/ + A—ak>

o aj—a; Aa; Aaj ai—a; [ Ma; Aag ) V., BT Aaj Aag
U uiu A—a; r—aj uiUy A—a; A—ay Jk g r—aj A—ay

) it Sy =0. (34)

— Vik

System (1-6), (1-7) governing general involutive G L (2, R) structures results on elimination
of the derivatives of A from equations (3-4). This can be done as follows. Let us denote 7;
the left-hand side of (3-4). Taking 4 distinct indices i # j # k # [ one can verify that there
are only two non-trivial linear combinations, namely

Tiij + Tiji + Tix + T
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and

Ty +

! Tiji + ! T + ! T
A—al )»—ak ijl ilk Jjkls

A—a j A — a;

that do not contain derivatives of A. The first linear combination is equal to zero identically,
while the second combination vanishes (identically in A) if and only if relations (1-6) and
(1-7) are satisfied, namely the following expression must vanish:

2uij — (a; +aj)vi;  2uy — (ax +a)vy
Eiju= (%)(ai —aj)(ar —ap) ( ! AL A ,
J

Uiu; Ul

as well as similar expressions obtained by interchanging u and v,

2v;; — (b; +b)u;;  2vy — (b + b)u
B;u:(%(bi—b‘j)(bk—bz)( 1= ik by 2o = Gt ) "’),
J

V;V; Vi Uy
recall that a; = M,’/U,‘, b,’ = 'U,'/I/li.

Although system (1-6),(1-7) formally consists of 2() equations, only 2(";2) of them
are linearly independent. Indeed, we can restrict to equations Ey; =0 and Fjy; =0 for
3 <k <! < n since all other equations are their linear combinations: denoting o;; =a; — a

we have

J

ankEiju=auEnij+oj By +ajEpg +agEnj+ o B + o Erogg (3-5)

for all indices distinct (note that «;; # O for i # j), and similarly for F;j.

For n =4 system (1-6),(1-7) is determined: it consists of 2 second-order PDEs for 2
functions # and v of 4 independent variables, so its general solution is parametrised by 4
arbitrary functions of 3 variables. This gives an explicit confirmation of the result of [5] that
modulo diffeomorphisms general involutive G L (2, R) structures in four dimensions depend
on 4 functions of 3 variables. The case of general n is more complicated because system
(1-6), (1-7) becomes overdetermined.

THEOREM 2. For every value of n, the following holds:
(a) the characteristic variety of system (1-6), (1-7) is the tangential variety of rational nor-
mal curve (1-5); it has degree 2n — 4. Rational normal curve (1-5) can be recovered as the
singular locus of the characteristic variety;
(b) system (1-6), (1-7) is in involution;
(c) the general solution of system (1-6), (1-7) depends on 2n — 4 functions of 3 variables
(in the analytic or formal categories).

Proof. (a) Let us parametrise rational normal curve (1-5) as

Uu; Uu;
A—[p1: - p ] EPT*M, p;= , a4 =—, (3-6)
A— a; V;
so that its tangential variety is given by
Uu; uilk
) —[pr:--:p ] €PT*M, pi= + . (3-7)

A—ai  (h—a)?
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Let £ = E[u, v] and F = F[u, v] be non-linear differential operators on the left-hand sides
of (1-6) and (1-7). The symbol of the system £ = {E =0, F =0} is given by the matrix

tp(p) Lp(p) _
e (p) z%(p)] : (3-8)

where £%(p) = > (0E /duap) pa py is the symbol of u-linearisation of E, etc. As noted after

a<b

te(p) = [

Theorem 1, E = (E;j) has (”;2) independent components, and similarly for F' = (Fjjx),
so that the matrix £¢ is of the size 2(”;2) x 2. The characteristic variety is defined by the

formula
Char(€) = {[p] € PT*M :rank(¢c(p)) < 2}.

From (1-6) we have

PP | PPy,

O, () =2 & (@ —aja —an)(
(jkD) uiji; Ul

This expression vanishes if we substitute p from (3-6). Similarly, all other components
K”Ew( P, E‘;,_jk,( P, Z;‘_/“ (p) of the symbolic matrix vanish, and we conclude that £¢(p) =0
modulo (3-6).

For the tangential variety (3-7), the entries of £¢(p) do not vanish identically, however, a
straightforward computation shows that independently of (i jk/) we get

A E’gw(p) + E”Eijkl (p)=0 and A Z‘;W (p) + E”F’jk’(p) =0,

and these identities characterise (3-7). Thus, all columns of £¢(p) are proportional whenever
p satisfies (3-7), and rank(fg (p)) =1 unless p belongs to the rational normal curve (in
which case we have rank(ﬁg ( p)) =0). Finally, for a rational normal curve of degree n — 1,
the degree of its tangential variety equals 2n — 4. This variety is known to be generated by
quartics [25].

(b) System & = {E5y =0, Fioy =0} given by (1-6), (1-7) is involutive iff its compati-
bility conditions are identically satisfied modulo £. A long computation, which we present
in Appendix A, shows that these conditions are numerated by 5-tuples of distinct indices
(12ijk) where 2 <i < j <k <n. More precisely, the compatibility conditions correspond-
ing to any such 5-tuple are first-order differential operators applied to Ey;;, E12ji, E1o; and
Fiyij, Fiajk, Fia, and involving only differentiations by variables x', x%, x’, x/, x*. There
are four compatibility conditions for each 5-tuple (12ijk).

Thus it suffices to check compatibility for n =5 to conclude it for general n. For n =5

the resolution from Appendix A becomes a short exact sequence R? Lo, RS Sy R*, where
R=R[p1, ..., pa]l is the algebra of homogeneous polynomials on T*M and Cg is the
compatibility operator. From this we read off the 4 compatibility conditions. A direct veri-
fication (using symbolic computations in Maple) shows that they are satisfied. This implies
the involutivity.

(c) By a classical result going back to Cartan the general local solution of an involutive
PDE system £ depends on d arbitrary functions of m variables where the numbers d (formal
rank) and m (formal dimension) can be read off the Cartan characters characterising involu-
tivity. The result is formal, but it also holds in the analytic category due to the Cartan—Kéhler
theorem. Serre reformulated this criterion in homological terms, relating the numbers d, m
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to the Hilbert function of the symbolic module. Since the characteristic variety is the sup-
port of this module, these numbers can be read off the geometry of this variety and the sheaf
ker(£¢) over Char(E).

We refer to [8, chapter 5] and [29] for a modern exposition of these results. In the case
when Char(€) is irreducible the number m is the affine dimension of this variety, while d
is its degree multiplied by the rank of the sheaf ker(Zg (p)) at generic point p € Char(&).
Since system (1-6), (1-7) is in involution and its characteristic variety has affine dimension
m =3, degree d =2n —4 and the kernel sheaf of dimension 2 — rank(¢¢(p)) =1 at any
point p € Char(€) that belongs to (3-7) with u # 0, the general solution depends on 2n — 4
arbitrary functions of 3 variables.

Remark 1. The system &£ can be represented in a simple parametric form (1 <i < j <n)

n—1 k k n—1 k k
2u;j — (a; +a;)v;; a; —a;  2vy; — (b +bjuy; bi — b;
=T j l ) =35 j )
uju; g +r‘l +k2—; , a, —daj V;V; g +s‘]+k2:; e bi - bj
This system has n(n — 1) equations and 4n — 6 parameters 7y, ..., 7., Si,.-., Sy,
I3, ...1,_1, ms, ..., m,_;. Elimination of these parameters yields (n — 2)(n — 3) equations
(1-6), (1-7).

3-2. Integrability of involutive G L(2, R) structures

THEOREM 3. For every n, system (1-6), (1-7) is integrable via a dispersionless Lax repre-
sentation in parameter-dependent vector fields. Letting n — oo we obtain the corresponding
dispersionless integrable hierarchy.

Proof. Let us associate with equations (3-4) the following family of A-dependent vector
fields,

vV _)\.—Cli 1 1 8-+A_aj 1 1 9.
k= u; A—ar A—a; o u; A—a;, A—a; v

Py L Vou— 50
- Xk_ l b
Uy A—a; A—aq; e

which live in the extended space M with coordinates x', ..., x", A. These vector fields gen-
erate a distribution V = span(V;j) in T M of dimension n — 2. Indeed, the identities noted
in the proof of Theorem 1 for T;j; hold for V;j, so these latter vector fields are expressed as
linear combinations of Vi for 3 </ < n. This, in particular, implies that modulo (1-6), (1-7)
there are only n — 2 linearly independent relations (3-4).

The geometry behind system (3-4) and the distribution V' is as follows. Consider a hyper-
surface H in M defined explicitly as A = A(x!, ..., x"). Then the distribution V is tangential
to H if and only if the function A(x', ..., x") solves system (3-4). Thus system (3-4) is
compatible if and only if the associated distribution V is involutive. In this case the gen-
eral solution of system (3-4) depends on 1 arbitrary function of 2 variables: there exists a
3-parametric family of integral manifolds of V, and a generic hypersurface H C M with
V|y C TH is formed by a 2-parametric subfamily of integral manifolds of V, whence the
functional freedom.
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Direct calculation based on the Frobenius theorem shows that by virtue of equations
(1-6), (1-7) the distribution V' is involutive. Thus, A-dependent vector fields V;;; constitute
a dispersionless Lax representation for system (1-6), (1-7). Projecting integral manifolds of
V from M to M we obtain a 3-parameter family of codimension 2 submanifolds of M.
Tangent spaces to these submanifolds are (n — 2)-dimensional osculating spaces of the dual
curve @()). Indeed, the distribution V' is annihilated by the (pulled-back) 1-forms w()) and
o' (A).

Equations (1-6), (1-7) for u and v are organised in pairs, each pair involving 4 independent
variables indexed from 1 to n. As n grows, the collection of PDEs is nested and compatible.
Ultimately when n — oo we obtain the corresponding dispersionless hierarchy.

In the context of the general heavenly hierarchy, similar Lax equations appeared recently
in [4]. A modification of the inverse scattering transform for Lax equations in parameter-
dependent vector fields was developed in [37].

Remark 2. System (1-6),(1-7) governing general involutive GL(2, R) structures can be
viewed as a generalisation of the Veronese web hierarchy. Indeed, the Veronese web hierar-
chy results upon setting v; = 1/c;qu;, where c¢; are constants and ¢ is some function. Then
the reparametrisation A — A /q identifies G L(2, R) structure (1-5) with (1-3) (up to unessen-
tial conformal factor ¢), so that system (1-6), (1-7) reduces to equations (1-2) of the Veronese
web hierarchy. Note that reductions of the general system (1-6), (1-7) to other examples of
Sect. 2 (say, the dKP hierarchy) are far more complicated, requiring highly transcendental
nonlocal changes of the independent variables x’ and the dependent variables u, v. Indeed,
although the coordinate planes x' = const constitute o-manifolds for GL(2, R) structure
(1-5), this is not the case for the dKP hierarchy.

Another class of (translationally non-invariant) integrable deformations of the Veronese
web hierarchy was considered recently in [32]: the corresponding Lax equations do not
however contain 9, and are specifically 3-dimensional.

Remark 3. For n = 4 there exists a unique torsion-free G L (2, R) connection associated with
GL(2, R) structure (1-5). It can be parametrised as

Fi uizbljuk w Fi M?M? 1// Fi Fi M,'uj ¢ Fi

'k= iy = Y, L= L= iy ":pia

! (a; —a;)(a;i —a) 7 (ai—a))? Y "oai—a "

where i, j, k €{l, ..., 4} are pairwise distinct indices, and the quantities v;, ¢;, p; are
yet to be determined from the following linear system with extra parameters s, §; to be

eliminated.

Ujj Fk U _
— [.—u—sza,-aj—ksl(a,»—l-aj)—f—so,

J
Uiji; Uil
Vij v Uk ~ ~ ~
U NTE S = Sy 5 (b + b))+ o,
V;iV; X V;V;

This system contains 20 linear equations for the 18 unknowns v, ¢;, o;, s;, §;. These
equations are consistent modulo (1-6),(1-7), and lead to a unique torsion-free GL(2, R)
connection.
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3-3. Counting a-manifolds

The disperionless Lax representation provides a two-parametric family of «-manifolds.
The totality of all «-manifolds is bigger.

PROPOSITION 1. For an involutive GL(2, R) structure, its local a-manifolds are para-
metrised by 1 function of 1 variable.

Proof. Let us invoke a relation with ordinary differential equations having all Wiinschmann
invariants zero, see [33] for details (recall that all involutive structures arise on solu-
tion spaces of such ODEs). An ODE & of order n is given by a submanifold x, =
F(t, xo, X1, . .., X,_1) in the jet-space J" = R"*2(¢, xo, . . ., x,), and & is diffeomorphic (via
the jet-projection) to the jet-space J"~!. The solution space M" is identified with the space
of integral curves of the field X =0, + x;00 + - - - +x,-10,—2» + F0,_1, where 9; = 9,, and

F:F(tv XO,XI, AR 7xl’l*1)'
Denote by 7 : J"~! — M = J"~!/ X the projection (since the construction is local, this
quotient exists, and is non-singular), and let D,_; = (dy, ..., d,—;) be the vertical distri-

bution in J"~! with respect to the projection of J"~! to J®=R2(¢, xy). The family of
hyperplanes 7, D,_; C T M parametrised by the coordinate A =t along integral curves of
X r coincides with «-hyperplanes of a GL (2, R) structure on M provided the Wiinschmann
invariants vanish.

Thus «-manifolds are projections of integral manifolds of (maximal possible) dimension
n — 1 for the (non-holonomic) distribution

Dy=7'1.(Dy_1) = (Xp, 01y -+, 3p1) = (3 + X180, 01, -+ -, Dpy).

This distribution has rank n and possesses a sub-distribution of Cauchy characteristics
of rank n — 2 given by Ch(D,) = (9, ..., 9,_1). Consequently, integral manifolds of D,
are foliated by the Cauchy characteristics, and therefore coincide with vertical lifts of
Legendrian curves of the standard contact structure on the quotient J! = J"~!/Ch(D,).

Note that generic Legendrian curves in J' =R>(¢, xo, x;) are uniquely determined by
their projection to the plane J° =R?(t, x,); the curves whose projections degenerate to a
point correspond to the standard two-parameter family of «-manifolds. Since curves in the
plane are parametrised by 1 function of 1 variable, the claim follows.

Remark 4. By a theorem of Sophus Lie a system of PDEs with the general solution depend-
ing on 1 function of 1 variable is solvable via ODEs [31, 36]. Thus «-manifolds of any
involutive G L(2, R) structure can be found as solutions to a system of ODEs.

The eikonal system X is defined by the characteristic variety of a system £ over M (on
a background solution u) as follows: a hypersurface N = {§ =0} C M is a solution of ¢
if Ann(TN) € Char,(€)(x). For example, if £ is the dKP equation we get from the first
equation of (2-2) that Z¢ is S, S, — S} —u, S} =0.

In the case of GL(2, R) structure over n-dimensional manifold M the eikonal system is
locally given by (n — 2) PDEs of the first order. These equations are compatible and hence
have solutions given by 1 function of 2 variables. In fact, {S = const} gives a foliation of M
by a-surfaces, i.e., a curve in the space of «-surfaces. This directly corresponds to the count
of Proposition 1.
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3-4. Equivalent definitions of involutivity

PROPOSITION 3-1. For a GL(2, R) structure, the definitions of involutivity in the sense of
Bryant [7] and a-integrability in the sense of Krynski [33] are equivalent.

Proof. Consider a manifold M", the associated contact manifold P7*M of dimension
2n — 1 with the contact distribution C,;, and a submanifold Z C PT*M of dimension n + 1
that corresponds to a G L(2, R) structure on M. We have dim(7 Z N Cy,) = n. Since the pro-
jection 7 : PT*M — M is surjective on Z, the intersection Z, = Z Nz~ '(x) CPT M is a
curve (rational normal curve) for each x € M. For p € Z, we have d,n(TZNCy) = p* C
TM, p->~TZNCy/T,Z,.

Denote the contact form by w. Then Z is involutive in the sense of [7] if w A (dw)?|z =0
& (dwlrzne,)? =0 (and dw|rzne,, # 0 for dimensional reasons), whence for the sub-
bundle IT) = Ker(dw|rznc, ) we have rank IT,, =n — 2. The local quotient (Sy, Dy) =
(Z, TZNCy)/Ty is a 3-dimensional contact manifold. Denoting the projection by p :
Z — Sy, the corresponding a-manifolds can be represented in the form p~'(L) where
L C Sy is a Legendrian curve with respect to Dy, (compare with the proof of Proposition 1
from Section 3-3).

Conversely, if for every x € M, p € Z, there exists an a-manifold tangent to p~ C T, M,
then the restriction of the canonical conformally symplectic form [dw] to T Z N Cy, has rank
2, so that o-integrability implies involutivity in the sense of [7].

4. Concluding remarks

We conclude with two general comments.

(1) It was demonstrated that involutive GL(2, R) structures in 4D or, equivalently,
torsion-free affine connections with the irreducible GL(2, R) holonomy, are governed by
a dispersionless integrable system. It would be interesting to understand which special
holonomies lead to nonlinear PDEs that are either explicitly solvable/linearisable, or belong
to the class of integrable systems.

(2) Interesting generalisations of involutive GL(2, R) structures arise in the context of
integrable hierarchies whose characteristic varieties are elliptic curves. For instance, the first
two equations of the dispersionless Pfaff-Toda hierarchy [44] have the form (see [2])

eF“ Fy = eF” Fyz,

F, =2e"™ " sinh(2F,,).

Here F is a function on the 4-dimensional manifold M with coordinates x, y, ¢, z. The
characteristic variety of this system is a complete intersection of two quadrics in P*:

el PxP: + e Fxtpi =e™ pyp: + e Fyzpi’
p.pi = e (py 4+ py)? — e (pe — p))Y).

This specifies a field of elliptic curves in the projectivised cotangent bundle P7*M, recall
that the genus g of a nonsingular complete intersection of two nonsingular surfaces of
degrees d, e in P? equals g =de(d + e —4)/2 + 1, see e.g. [24, chapter 2, exercise 8.4 (g)].
For d = e =2 this gives g = 1. The geometry of such structures is yet unclear, primarily due
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to the lack of a naturally adapted connection (analogous to GL(2, R) connection) compati-
ble with the above family of elliptic curves in the spirit of (1-4) (indeed, any such connection
would automatically preserve all scalar differential invariants of the curves, however, their
Jj-invariants are non-constant).

Appendix A. Compatibility conditions via free resolutions

In this section we explain how techniques from commutative algebra can be used to effec-
tively compute compatibility conditions of overdetermined systems of PDEs. Then we apply
this to our overdetermined system (1-6)-(1-7) encoding involutive G L (2, R) structures.

We refer to [29, 30] for details on this approach to involutivity of overdetermined sys-
tems of PDEs, and for a background on jet machinery in the formal theory of differential
equations.

A-1. Projective resolutions and linear differential operators

Let us first consider the case of a linear system &£ of PDEs given by a k-th order differential
operator A :I'(wr) — I'(v) on sections of vector bundles 7, v over M. Such an operator
corresponds to a morphism of vector bundles ¥ : J¥7 — v with jet-prolongations 2, :
JHimw — Jiv. Then &y = Ker(y2,,) fori >0 and & = J'z for 0 </ < k. The bundle £
is the projective limit of &, with respect to projections 7;,1; : &y — &;-

The dual bundle £* = {&£;} allows to characterise involutivity as follows: the system £
is compatible (involutive) iff I'(&}) are projective C*°(M)-modules and 7, ; are injective.
Compatibility complex is related to projective resolution of the module I'(EZ)), but it is more
convenient to construct this at the symbolic level.

At a point x € M the symbol sequence of & is g = Ker(dm ,_1: T & — To&1) C
S¥T*M ® . The dual (over R) sequence determines the module Mg =g} over the
algebra R = ST = &°,S' T, M of homogeneous polynomials on T*M, called the symbolic
module of £.

Since localisation of a projective module is free, we can construct a minimal free resolu-
tion of this module, where o, is the symbol of A, the dual of which defines relations among
the generators of Mg, and * is the first syzygy (we use * for further convenience):

i RO LRV IS R — Me —> 0. (A-1)

Applying to this the functor x* = Homg (-, R) we get the following exact sequence

O—>g—>ST*®7rgST*@vLST*@w—)---

from which we obtain the compatibility condition for £ = {A =0} as follows. Let W €
Diff(v, @) be a differential operator with the symbol i at x. Then the compatibility is
Vo Alg =0.

More specifically, if the operator A has order k and W has order m (we consider the
simplest case when we have only one order), then W o A has order < k + m — 1 and it should
be in the differential ideal of £, so that ¥ o A = E o A for a differential operator E of order
< m. Modification ¥ — W' = W — E does not change the symbol and we get what is called
the differential syzygy:

W oA=0. (A-2)

This is how algebraic syzygy determines compatibility conditions in the linear case.

https://doi.org/10.1017/50305004119000355 Published online by Cambridge University Press


https://doi.org/10.1017/S0305004119000355

148 E.V. FERAPONTOV AND B. KRUGLIKOV

For nonlinear equations, apply the linearisation operator on a solution instead of A. Its
symbol again leads to a syzygy, from which we deduce compatibility operators; in this case
however W is an operator in total derivatives. Differential syzygy (A-2), considered as a
differential corollary of £, yields the complete compatibility condition for this system.

A-2. Application to involutive G L(2, R) structures

Let us indicate how to construct the syzygy ¥ corresponding to system (1-6)-(1-7). In this
case the order of the system is k =2 and the order of the syzygy will be m = 1.
Recall that at fixed point x € M we denote

R=R[p, ..., pal=ST.M =& S*T. M
k=0

the algebra of homogeneous polynomials on 7M. Denote also R? =R Qg R?.
The symbol £¢ of the nonlinear vector-operator defining £ is given by matrix (3-8), and
in new coordinates & = - on T, M it has components

b, (6) =2 (le)(ai —ay)(ax —a) (&€ + &&),
J

U ) =— (/le)(ai —aj)(ax — az)((ai +aj)&&; + (ar +Cll)§k$1),

(Cli —aj)(ax — Clz)(

Fu8) = (@; + a)&&; + (@ + aNé&),
(_]kl) a;a;ara
v _ _ Slgj gkgl
by, ) =2 S (a, a;)(ax az)( e a,»a,»)’

in the basis ¢,, e, of R? and basis eg,,,, ep,, of R2("2"), where due to relations (3-5) we
restrict to indices i =1, j =2, 2 < k <[ < n. This means that the homomorphism £¢ maps

f@&e,to f(§)D, (C%,,. E)ery, + Lk, (§)er,,) and similarly for i (§)e,.
Now we resolve £¢ by a homomorphism C = Ce. For w =3, _:(WE,,, €k, + Wy, €F;)
the image C(&)(w) has the following components (2 <i < j <k <n):

Ciu= & (@ =@ + (@ — aNte + (@ — a)we,,.
Cle = (Gk)[((al —az)(ax — ap)ai§; + (a2 — ar)(a) — ag)axbs
ij

+ (@2 — a)’ar + (a1 — @)’ @) &) we,y, + 2a1a2a;a;(a) — ar)(az — ak)ékwp,z,,],

ik — ay — ag)(ar — ar)srWe,,,; + (a1 — az)(ax — ax)a;§,
Cii = = S |2 )( )&, -+ (C )( )ai§

ij

a; —ap)la; — ag)azs; a) —dg) ap ay —dg) az)Sk)aidjwe,,; |,
+( )( )args + (( )2ar + ( )2a2)&) y
Cly = (%((az —aparé + (ap — a)az6 + (a1 — ar)agéy)aia;wi,, .

1

One verifies that with these homomorphisms the following sequence is exact:
Rz Le Rz(n 2) R4(n 2) (A3)

In other words, C¢ is the first syzygy for the module M?% = Ker({¢) = Homp (Mg, R).
Therefore, the differential syzygies (A-2) for £ given by system (1-6)-(1-7) are enumerated
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by 5 different indices (12ijk), 2 <i < j < k < n. Consequently to verify compatibility con-
ditions for each of these 5-tuples one can work in the corresponding 5-dimensional space,
and this justifies the key argument used in the proof of part (b) of Theorem 2.

A-3. Constructing the minimal free resolution

The higher syzygies resolve the dual M7 of the symbolic module as follows. Let us
recall a construction from the commutative algebra adapted to our situation. For a homo-
morphism ¢ : R"~2 — R? the following sequence is known as the Eagon-Northcott complex
[15, appendix A2] (all tensor products are over R, and « is the dualisation over R)

o SR2ZR AR L PR @ AR L R2 @ AR 2 - APRE S R,

Here € = A%p and the differential 9 is the following composition, in which § is the Spencer
differential and  is the Hodge dual via a volume form:

SIHIRR @ AdBRI2 sex SIR? @ R2 @ A 4SRAD)

1®¢*®1
R¢*® SdR*Z ® R*(n72) ® An7d75R*(n72)

E\) SthZ ® An—d—4R*(n—2) mi; SthZ ® Ad+2Rn_2.

The Eagon—Northcott complex is exact when the Fitting ideal 7 (¢), obtained by taking all
2 x 2 determinants of the matrix of ¢, contains a regular sequence of length (n — 3).

For the system &£ that we study the map £¢ can be split. Indeed, one easily checks that
Le(e,) and Lg(e,) in sequence (A-3) generate two complementary submodules A>R"~2 C
R2("2). Therefore this splitting generates two copies of the x-dual Eagon-Northcott complex
(in particular C% is the doubling of the first differential 9) implying the following resolution
of the x-dual symbolic module, i.e. dualisation of (A-1) over R for £ given by system (1-6)-
(1-7) s

0— Mi — R? e, R2 ® A2R'2
Ce R2QRE® AR O 2R QRE® AR —> ...

The Fitting condition mentioned above follows from the fact that the zero set of 7 (£¢) is the
tangential variety to the rational normal curve (see the initial steps of the proof of Theorem 2)
that has codimension n — 3.

The claim that only 5-tuples of distinct indices enter the compatibility conditions can
be visualised in terms of the above complex as follows: the factor A*R"~2 in the space
of compatibility conditions refers to triples of indices (ijk) that yield the equations
E12ij’ El2jk7 E12ki and F12ij’ F12jk’ F12ki' For each such 5—tuple (121Jk) the number of
compatibility conditions is four, which equals the rank of the factor R*> ® R>.

It is not surprising that the Eagon-Northcott complex arises in our study since it is used to
show that the ideal of a rational normal curve is Cohen-Macaulay [15, A2-19].

Appendix B. Canonical connections for integrable PDEs

In this section we calculate Christoffel’s symbols of the canonical connections asso-
ciated with 4D examples of Section 2. This provides explicit formulae for involutive
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GL(2, R) structures and the associated connections parametrised by solutions of dispersion-
less integrable systems (exact solutions can be constructed by the method of hydrodynamic
reductions [16]).

In all cases, totally geodesic a-manifolds are projections of integral manifolds of commut-
ing vector fields from the dispersionless Lax representation. These computations together
with the corresponding higher-dimensional counterparts (5D etc, not included here) were
performed in Maple’s DIFFERENTIALGEOMETRY package, arXiv:1607.01966v2.

Note that in the 4D cases considered here the normal connections coincide with totally
geodesic ones; in higher dimensions the totally geodesic connection does not exist for
dKP and Adler-Shabat hierarchies (the normal connection exists), while for the universal
hierarchy it exists and coincides with the normal connection.

B-1. Connections associated with the dKP hierarchy

We use the notation (x!, x?, x*, x*) = (x, y, , ), note that F;k + F,ij in general. Not
listed Christoffel symbols are zero (unless the connection is torsion-free, in which case
I, =T5).

Torsion-free GL(2, R) connection is given by

%uu, Ty =up, 3= %uu,
Iy, = %Mzz - 31413, I3, =2up, I, = %Mn, Iy, = 19—1M13 - §M227
F§3 =2uy, F§3 = %Mn, F;4 =2ur3 — U4+ %Mzun, F§4 = %“13 - guzz,
I3, =3up, 'y, = %Mu, Iy, =us+ %Mﬂhz — %MWB — 2usuy,
FZ4 :4I/L23 — 2l/t14 + 6I/t2bl11, Fi4 = 1—;1413 — %I/tzz, Fil :4M12.

1 1 2 1
L3 =uy, Tyy=up, l—‘14:21411a Iy =

Normal (totally geodesic) GL(2, R) connection with trace-free torsion is given by

1 1 2 1 1 2
1_‘13214117 1_‘14214127 1_‘142214117 F22=u11, 1_‘23214127 1_‘2322“117

F§4=2M22—M13, 1—%4:21/[]2, FS4=3M11, F311=—§M1], F312=M12,
F§2=%M11, F;3=2M22—M13, F§3:2M12, F§3=%M11, F§4=4M22—2M13,
F314:2M23—M14—2M2M11, F§4:3M12, F§4:%M11, Fil:btlz, F21:—3M11,
Ti=4uis — 3uzn, T =2up, Ti=—2un, T =2u—uu+3usu,
FZ3=3M13—M22, 1—33:3”12, F23=—M11, Fi4=3u33—u1u13—2u24,

2 3 4
Uiy =4us — 2uys +usuyy, I'yy=2u13 +uxp, Iy =4up.
Totally geodesic projective connection is given by
1 ! 1 2 i 1 ! 2 1
F13 = —3U11, F14 = —Uj, F14 = —3Ui1, ng =up, F23 =Uujy, F23 = 5uUi,
3 31 | 2
Doy =suun +uxn, Usy=qun, Uy =un —wun, I'y;="2up,,
1 3 2 1
Uy =wuig — 2uguyp — Suguyy, Uyy=3
1 2 3
Uy =2u33 —uyus — uattyp — thoa, Uy = 2014 — 4uquyy — 3upuyy, Ty =3u13 —ujuy.

3
winy +2upn, 'y, =ui,

B-2. Connections associated with the universal hierarchy

We again use the notation (x!, x2, x*, x*) = (x, y, t, z), note that F;k + F,ii in general.
Not listed Christoffel symbols are zero (unless the connection is torsion-free, in which case
F}k = F,ij).
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Torsion-free GL(2, R) connection is given by

2 3 I
F“—— uy, Ty | = —5uun —un, Iy =—3u,
4 2
Fll——§(2M1+M2)M11—M1M12—M13, [y = —5uiun —un,
5
g2ty — Ui3,

—éull,
Tl = §u] — Tup)ury — §(Tuyus 4 3uz)uy — uis,
F32=§ guzu“—ulg, F§2=—g
Ty = 5 (u] + 4u)ury — Jusury —urg, T3y =—5ui +4ur)uy —uis,
I‘33——§MIM11 3 éull,

Tl = g} + 4uquz)ury — §(uiuy + Suyus 4+ 4ud)ugy — wyigy — susugy — oy,

4 3 1
—ol11, 'y, = gUiUn —

2 7 3
Fzz—— uiuy — gun, Iy =

8 2
Flz—_ up, I'y =

2
upy — Uiy — 32,

Uiz, F43 =

Fz’; = 9(M2 +dur)uyr — %MSMII U4, F33 = —é(2u% + Tuz)ui — %uluu — U3,
F43 = —2u1u11 ;I/llz, Fi‘ = §(u1 + 5u1u2 + 6M1M3 —|—4u§)u12 — UiU4
—(u‘ u + u2u3 + 4u1u§ + 12usu3)uy — (u% 4 Us)Uig — U3y,
24 = (M +4uius +usz)uyy — (Mfuz — 3uqus +4M§)M11 —UiUi4 — U4,

1 8 4 42 4
Ty = —duiun — Sujuiz + Jusuiy — uxs, Ty =—3ufu — Fujug — uxn.

Normal (totally geodesic) GL(2, R) connection with trace-free torsion is given by

F%l = F;l = Fgl = —Uur, Ff1 = Fé‘l =—uii — Ui,
1—‘11 - _u%ull — Uy — Uzl — U3, F 2= F22 = F P = F42 = 3u11,
F122:F§2:F32:_”12’ F12:F22:_u2u11 — U3,
F?z = —UjUUy — UglUyp — U3UY — Uls,

F113 = 1“%3 = F§3 = F33 = _%”1’411 - %ulz, F123 = F§3 = F§3 =—u3,
F?3 =F4 = —U3zly] — U4, Fﬁ = —UiUzUy] —UIU4 — UpU3 — U33,
F}4 = F24 = F 34 = F44 = —%ufun — %Mlulz — %ugu“ — Uz,

I, =05, =03 =—uy, T, =T =—uu — ty,

T, = —uiuis — uytag — sty — zg,

note that Fk = Ff‘r; j» as long as the indices are in the range.

Totally geodesic projective connection is given by

Flz—F23—F14— %Mu, F}3=—%M1M11, Fh:—%ufun—%ululz—%ugun,
F14—— uuy — ;ulb F212— —Uj, Fzg——%uzun — Uz,
r,=- 2M1u2u11—%u2u12—%u3uu U4, F§4=—%M2u117
F24—— uia, Ty =—usuy — g, T35 =—u3, T3 =up,
Ty, = —-M1M3M11 — Ujli4 — U4 — %M%Mu, ri, = —%Msuu — Uig,
I, = 11412, Ty, = —uiti1g — Uty — Ul gy — Usg,
F§4=—M1M14—M24, FZ4=—M14, Fj4=ul3-
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B-3. Connections associated with Adler—Shabat triples

In what follows, i, j, k are pairwise distinct indices taking values 2, 3, 4.
Torsion-free GL(2, R) connection is given by (no summation unless specified)

1 _2 E :
F11—§(3Rd_ a ) aljkull’ 1,

3()’/kuu + ij lk)
i#l
I‘il = %(”i —uj)(u; —u) Vi — 4uij) + vig i — 4uir)),
; Lyjk kj
Tl =—3R. — juii + === (ujj — uyj) + == (e — win) + 3 (i + uig)
1 9y i J 9 Vii 9 \Hij
1 i
F{l = 9 y:: (I/l,'i — 4I/tij +4l/tjk — I/tkk) Fl
J

1 1 1
i =—gRp Tyj=—5Ry,
; Oiik +
1 u
[,=—3R +

YijVi
(y/ku]/ + Vi) + = <)’jk —Yij + Vi — k)( ujj —

Jk

Wik),
szz = ylj Vkl ( U — 4l/tij +4Mjk — ukk) szl = %J (l/t” 4uik + 4I/tjk — l/tjj)
9 )/kj : 9
Ffj = 3%, g(ij 4yij)(ujj +up) + %(ij + 5y;) (Ui + uij)
where

j ik i k i J
Vii=—, Oijx=—+ —= + ;
Ui —Uuj ik Yij o Wi —Uj o U — U

R;= Z(Vij + Vi, R, = Z(Vij + Viuii, Ryp= Z Vi YikUii
il

i#l

i#1
Normal (totally geodesic) GL(2, R) connection with trace-free torsion is given by
1/u;—u Uy —u
rl,=1QR,—R,), T, =R, T} =—_( i kk—|—5RE),
3N up —u; U; — Uy
1 i u; — Uy u; — l/tj
i =2uy — 3(Re + Rp), Ty =—u; + ujj + Uik,
Ui — Ug Uy —Uj
. . R — Ui — 2 i
I =r! +R, I' = Do 7 Wi 7 Ak
u; — Mj
i _ 2uii +ujp— 33U — wig 4 Ui Ui — Uk
Y 3(u; —uy) 3(u; —uy)’
where
Ry =u +uszz + uag, Ry =3+ uzg + usg,
_ UrlU34 Uszlng UqUns
C ur—un)(ur —ug)  (uz—ux)(us —ug) o (ug— u)(us —uz)’
Totally geodesic projective connection is given by
) o 2up —uy —ug;
Fl]i:_%uiiy Fl: ! jJ’
2(u; — Mj)

recall that I'}, =T ' ;» all other Christoffel symbols are zero

https://doi.org/10.1017/50305004119000355 Published online by Cambridge University Press


https://doi.org/10.1017/S0305004119000355

Dispersionless integrable hierarchies and GL(2, R) geometry 153

Acknowledgements. We thank L. Bogdanov, R. Bryant, B. Doubrov, M. Dunajski, W.
Krynski and M. Pavlov for helpful discussions. We also thank the referees for useful sugges-
tions, in particular, for pointing out the relation of our results to the general phenomenon of
integrability of characteristics. BK acknowledges financial support from the LMS making
this collaboration possible.

REFERENCES

[1] V.E. ADLER and A. B. SHABAT. A model equation of the theory of solitons. Theoret. and Math. Phys.
153, no. 1 (2007), 1373-1387.

[2] V. AKHMEDOVA and A. ZABRODIN. Elliptic parameterisation of Pfaff integrable hierarchies in the
zero-dispersion limit. Teoret. Mat. Fiz. 185, no. 3 (2015), 410-422.

[3] M. BERGER. Surles groupes d’holonomie homogene des variétés a connexion affine et des variétés
riemanniennes. Bull. Soc. Math. France 83 (1955), 279-330.

[4] L. V. BOGDANOV. Doubrov-Ferapontov general heavenly equation and the hyper-Kéhler hierarchy.
J. Phys. A 48, no. 23 (2015), 235202, 15 pp.

[5] R. L. BRYANT. Two exotic holonomies in dimension four, path geometries, and twistor theory. In:
Complex geometry and Lie theory (Sundance, UT, 1989), 33-88, Proc. Sympos. Pure Math., 53.
(Amer. Math. Soc., Providence, RI 1991).

[6] R. BRYANT. Classical, exceptional, and exotic holonomies: a status report. Actes de la Table Ronde
de Géométrie Différentielle (Luminy, 1992), 93-165, Sémin. Congr., 1 (Soc. Math. France, Paris,
1996).

[7] R. L. BRYANT, Involutive rational normal structures. www.cim.nankai.edu.cn/activites/conferences/
hy20090511/pdf/BryantConfSlides.pdf (2009).

[8] R.L. BRYANT, S. S. CHERN, R. B. GARDNER, H. L. GOLDSCHMIDT and P. A. GRIFFITHS. Exterior
differential systems. MSRI Publications 18 (Springer-Verlag 1991).

[9] D. M. J. CALDERBANK, Integrable background geometries. SIGMA 10 (2014), Paper 034, 51 pp; see
also http://people.bath.ac.uk/dmjc20/mpapers.html (2002).

[10] B. DOUBROV, Generalised Wilczynski invariants for non-linear ordinary differential equations.
Symmetries and overdetermined systems of partial differential equations, M. Eastwood, W. Miller
(eds.), IMA Vol. Math. Appl. 144 (Springer, NY 2008), 25-40.

[11] B. DouBRov, E. V. FERAPONTOV, B. KRUGLIKOV and V. S. NOVIKOV. On the integrability in
Grassmann geometries: integrable systems associated with fourfolds in Gr(3, 5). Proc. London Math.
Soc. (3) 116, no. 5 (2018), 1269-1300.

[12] M. DUNAJSKI and P. TOD. Paraconformal geometry of nth-order ODEs, and exotic holonomy in
dimension four. J. Geom. Phys. 56 (2006), 1790-1809.

[13] M. DUNAJSKI. Interpolating integrable system. arXiv:0804.1234v1.

[14] M. DuUNAJSKI and W. KRYNSKI. Einstein—-Weyl geometry, dispersionless Hirota equation and
Veronese webs. Math. Proc. Camb Phil. Soc. 157, no. 1 (2014), 139-150.

[15] D. EISENBUD. Commutative Algebra with a View Toward Algebraic Geometry (Springer, Berlin
1995).

[16] E. V. FERAPONTOV and K. R. KHUSNUTDINOVA. On the integrability of (2+1)-dimensional
quasilinear systems. Comm. Math. Phys. 248 (2004), 187-206.

[17] E. V. FERAPONTOV, L. HADJIKOS and K. R. KHUSNUTDINOVA. Integrable equations of the dis-
persionless Hirota type and hypersurfaces in the Lagrangian Grassmannian. Int. Math. Res. Notices
(2010), no. 3, 496-535.

[18] E. V. FERAPONTOV and B. KRUGLIKOV. Dispersionless integrable systems in 3D and Einstein-Weyl
geometry. J. Diff. Geom. 97 (2014), 215-254.

[19] O. GABBER. The integrability of the characteristic variety. Amer. J. Math. 103, no. 3 (1981), 445-468.

[20] I. M. GELFAND and I. ZAKHAREVICH. Webs, Veronese curves, and bi-Hamiltonian systems. J. Funct.
Anal. 99, no. 1 (1991), 150-178.

[21] S. G. GINDIKIN. Generalised conformal structures. Twistors in mathematics and physics, 36-52,
London Math. Soc. Lecture Note Ser. 156 (Cambridge university Press, Cambridge, 1990).

[22] M. GODLINSKI and P. NUROWSKI. GL(2,R) geometry of ODE’s. J. Geom. Phys. 60, no. 6-8 (2010),
991-1027.

[23] V. W. GUILLEMIN, D. QUILLEN and S. STERNBERG. The integrability of characteristics. Comm. Pure
Appl. Math. 23, no. 1 (1970), 39-77.

[24] R. HARTSHORNE. Algebraic geometry, Graduate Texts in Mathematics, No. 52 (Springer-Verlag, New
York-Heidelberg, 1977), 496 pp.

[25] J. HARRIS. Algebraic Geometry: a First Course. (Springer-Verlag, New York 1992), 328pp.

https://doi.org/10.1017/50305004119000355 Published online by Cambridge University Press


http://www.cim.nankai.edu.cn/activites/conferences/hy20090511/pdf/BryantConfSlides.pdf
http://www.cim.nankai.edu.cn/activites/conferences/hy20090511/pdf/BryantConfSlides.pdf
http://people.bath.ac.uk/dmjc20/mpapers.html
https://arXiv.org/abs/0804.1234v1
https://doi.org/10.1017/S0305004119000355

154 E.V. FERAPONTOV AND B. KRUGLIKOV

[26] N.J. HITCHIN. Complex manifolds and Einstein’s equations. Twistor geometry and nonlinear systems
(Primorsko, 1980), 73-99, Lecture Notes in Math. 970, (Springer, Berlin-New York 1982).

[27] B. G. KONOPELCHENKO and F. MAGRI. Dispersionless integrable equations as coisotropic deforma-
tions: generalizations and reductions. Theoret. and Math. Phys. 151, no. 3 (2007), 803-819.

[28] B. G. KONOPELCHENKO and G. ORTENZI. Coisotropic deformations of algebraic varieties and
integrable systems. J. Phys. A 42, no. 41 (2009), 415207, 18 pp.

[29] B. KRUGLIKOV and V. LYCHAGIN. Geometry of Differential equations. Handbook of Global
Analysis, Ed. D.Krupka, D.Saunders, (Elsevier, 2008) 725-772.

[30] B. KRUGLIKOV and V. LYCHAGIN. Compatibility, multi-brackets and integrability of systems of
PDEs. Acta Appl. Math. 109 (2010), 151-196.

[31] B. KRUGLIKOV. Lie theorem via rank 2 distributions (integration of PDE of class w = 1). J. Nonlin.
Math. Phys. 19, no. 2 (2012), 1250011.

[32] B. KRUGLIKOV and A. PANASYUK. Veronese webs and nonlinear PDEs. J. Geom. Phys. 115 (2017),
45-60.

[33] W. KRYNSKI. Paraconformal structures, ordinary differential equations and totally geodesic mani-
folds. J. Geom. Phys. 103 (2016), 1-19.

[34] W. KRYNSKI and T. METTLER. G L (2, R)-structures in dimension four, H-flatness and integrability,
arXiv:1611.08228.

[35] K. KODAIRA. On stability of compact submanifolds of complex manifolds. Amer. J. Math. 85 (1963),
79-94.

[36] S. LIE. Zur allgemeinen teorie der partiellen differentialgleichungen beliebiger ordnung, Leipz.
Berichte, Heft I, 53-128 (1895); Gesammelte Abhandlungen Bd.4, paper IX (Teubner-Aschehoung,
Leipzig-Oslo, 1929).

[37] S. V. MANAKOV and P. M. SANTINI. The Cauchy problem on the plane for the dispersionless
Kadomtsev—Petviashvili equation. JETP Lett. 83 (2006), 462—6.

[38] L. MARTINEZ ALONSO and A. B. SHABAT. Energy-dependent potentials revisited: a universal
hierarchy of hydrodynamic type. Phys. Lett. A 300 (2002), 58-54.

[39] S. MERKULOV and L. SCHWACHHOFER. Classification of irreducible holonomies of torsion-free
affine connections. Ann. of Math. (2) 150, no. 1 (1999), 77-149.

[40] P. NUROWSKI. Differential equations and conformal structures. J. Geom. Phys. 55, no. 1 (2005),
19-49.

[41] P. NUROWSKI. Comment on GL(2, R) geometry of fourth-order ODEs. J. Geom. Phys. 59, no. 3
(2009), 267-278.

[42] A. D. SMITH. Integrable GL(2) geometry and hydrodynamic partial differential equations.
Communications in Analysis and Geometry 18, no. 4 (2010), 743-790.

[43] A. D. SMITH. Involutive tableaux, characteristic varieties, and rank-one varieties in the geometric
study of PDEs. Geometry of Lagrangian Grassmannians and nonlinear PDEs, 57-112, Banach Center
Publ., 117, (Polish Acad. Sci. Inst. Math., Warsaw, 2019).

[44] K. TAKASAKI. Auxiliary linear problem, difference Fay identities and dispersionless limit of Pfaff—
Toda hierarchy. SIGMA Symmetry Integrability Geom. Methods Appl. 55 (2009), Paper 109, 34 pp.

[45] P. Tob. Einstein-Weyl spaces and third-order differential equations, J. Math. Phys. 41, no. 8 (2000),
5572-5581.

[46] R. S. WARD. Einstein-Weyl spaces and SU (co) Toda fields. Class. Quantum Grav. 7, no. 4 (1990),
L95-1.98.

[47] 1. ZAKHAREVICH. Nonlinear wave equation, nonlinear Riemann problem, and the twistor transform
of Veronese webs, arXiv:math-ph/0006001.

https://doi.org/10.1017/50305004119000355 Published online by Cambridge University Press


https://arXiv.org/abs/1611.08228
https://arXiv.org/abs/math-ph/0006001
https://doi.org/10.1017/S0305004119000355

	Dispersionless integrable hierarchies and GL(2, R) geometry
	Introduction
	GL(2, R) geometry
	Involutive GL(2,R) structures and dispersionless hierarchies
	Affine connections associated with involutive GL(2, R) structures
	Summary of the main results

	Examples of involutive GL(2, R) structures
	GL(2, R) structures via dKP hierarchy
	GL(2, R) structures via the universal hierarchy
	GL(2, R) structures via Adler–Shabat triples

	General involutive GL(2, R) structures
	Parametrisation of involutive GL(2, R) structures
	Integrability of involutive GL(2, R) structures
	Counting -manifolds
	Equivalent definitions of involutivity

	Concluding remarks
	Compatibility conditions via free resolutions
	Projective resolutions and linear differential operators
	Application to involutive GL(2,R) structures
	Constructing the minimal free resolution

	Canonical connections for integrable PDEs
	Connections associated with the dKP hierarchy
	Connections associated with the universal hierarchy
	Connections associated with Adler–Shabat triples



