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SUMMARY
Considering undesired slippage between manipulated object and finger tips of a multi-robot system,
adaptive control synthesis of the object grasping and manipulation is addressed in this paper.
Although many studies can be found in the literature dealing with grasp analysis and grasp synthesis,
most assume no slippage between the finger tips and the object. Slippage can occur for many
reasons such as disturbances, uncertainties in parameters, and dynamics of the system. In this paper,
system dynamics is analyzed using a new presentation of friction and slippage dynamics. Then an
adaptive control law is proposed for trajectory tracking and slippage control of the object as well as
compensation for parameter uncertainties of the system, such as mass properties and coefficients of
friction. Stability of the proposed adaptive controller is studied analytically and the performance of
the system is studied numerically.
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Nomenclature

B Coefficient matrix of the input torques
B̃ Coefficient matrix of the input torques in reduced order form
ICo Rotation matrix of the object frame with respect to the inertial frame
ICci Rotation matrix of the ith contact frame with respect to the inertial frame
F Vector consisting of friction and normal forces exerted by end-effector on the object
h Coriolis-centrifugal-gravity matrix
h̃ Coriolis-centrifugal-gravity matrix in reduced order form
I Identity matrix
Io Object moment of inertia
J Jacobian matrix
Kp Constant semi-positive definite matrix
Kv Constant positive definite matrix
k Number of joints
l Length of manipulator’s link
Lo Distance between the object center of mass and its edges
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M Inertia matrix
M̃ Inertia matrix in reduced order form
m Mass of manipulator’s link
mo Object mass
n Number of manipulators
p Description of �rc in the object frame
q Vector of generalized coordinates
q Generalized coordinate of manipulator’s joint
�Re Vectorial form of position vector of end-effector with respect to the inertial frame
�Ro Vectorial form of position vector of the object center of mass with respect to the inertial

frame
Re Column vector description of �Re

Ro Column vector description of �Ro

�rc Position vector of the adjacent point on the object and end-effector at the contact point
s Vector of slippage states
s Slippage state
sx Slippage state in x direction
sy Slippage state in y direction
U Regression matrix
V Lyapunov function
W Grasping matrix
x Vector of output coordinates
xdes

o (t) Desired trajectory of the object in x direction
ydes

o (t) Desired trajectory of the object in y direction
θo Vector of the generalized coordinates representing the object orientation
θdes

o (t) Desired trajectory of the object orientation
� Constant positive definite matrix
μ Coefficient of friction
τ Generalized driving force/torque
ϕ Vector of unknown parameters
ϕ0 Upper bound for norm of the unknown parameters vector
(•̂) Estimated value
(•)i ith manipulator parameter and variable
(•)o Object parameter and variable
(•̄) Actual value

1. Introduction
Object grasping and manipulation, especially in multi-arm systems, multi-fingered hands, or multi-
agent robotic systems, have received considerable attention over the past few years. A large number
of them have focused on system dynamics and control.

Many types of robotic hands and grippers are designed and constructed to perform a stable grasping
and manipulation. Stable grasp is suggestive of appropriate forces and desired constraints imposed
on the object for the external forces exerted and disturbances caused. These forces and constraints
must satisfy the equilibrium and friction conditions, the constraints imposed by the system, as well
as the conditions corresponding to the inward normal contact forces.

The most related topics in the field of object grasping can be categorized into two fundamental
classes: grasp analysis and grasp synthesis. In fact the form/force closure is the main target in grasping,
finding appropriate conditions for form/force closure grasp is the main focus in grasp analysis, while
finding optimality criteria and developing proper algorithms for computing the contact locations is
the core of grasp synthesis.

Early works in grasp analysis are done by Reulaux1 in 1963, and Salisbury and Roth2 in 1983.
They introduced the concept of force/form closure and several contact types. Mishra et al.3 in 1987
studied positive grips and introduced the bounds of the number of fingers for gripping an object for
different load conditions. They also introduced an algorithm to find the number of fingers needed
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to grip polygonal/polyhedral objects. Bicchi4 in 1995 handled form and force closure properties and
partial form and force closure. He also introduced an algorithm to synthesize partial form-closure
properties. He proved that force-closure analysis is equal to the equilibrium of an ordinary differential
equation.

Bounab et al.5 in 2008 proposed new conditions for an n-hard finger hand to obtain force-closure
grasp, using the central axes of the grasp wrench. Kruger et al.6 in 2011 extended and defined the
conditions for partial force-closure grasps. They used the maximum and the sum of the contact forces
to achieve the task wrench required for the grasped object.

In grasp synthesis, Mishra et al.,3 Park and Starr,7 Tung and Kak,8 Cheong et al.,9 Al-Gallaf,10

Xue et al.,11 Krug et al.,12 and many other researchers13–18 introduced a variety of optimality criteria
and efficient algorithms for different multi-fingered robotic applications and types of manipulated
object. The common assumption in the above studies is to consider the fixed contact between the
finger tip and the manipulated object during cooperating manipulation.

Concerning sliding contacts, Kao and Cutkosky19 in 1993 compared the theoretical and
experimental sliding motions for a sheet of paper or a similar object on a planar surface with a two-
fingered hand using the static equilibrium equations. Chong et al.20 in 1993 proposed a motion/force
planning algorithm for multi-fingered hands manipulating an object of an arbitrary shape using both
rolling and sliding contacts. They used a nonlinear optimization approach to calculate the joint
velocities and contact forces at each time step. Cole et al.21 in 1992 considered control of the sliding
motion of the fingertip of a two-fingered hand along the object surface as well as the position and
orientation control of the object. They assumed that only one specific finger slides on a predefined
path on the object surface. Their work is used to regrasp an object held in one hand. Zheng et al.22

in 2000 addressed dynamic analysis and control synthesis of a three-fingered hand manipulating and
regrasping an object in a three-dimensional space. They allowed one finger to slide on a predefined
path on the object surface in order to change the grasp location. Phoka and Sudsang23 in 2010
introduced a method for finger repositioning on the surface of a polygon to ensure force-closure grasp
during object manipulation. In a finger-repositioning approach, they considered sliding or rolling the
finger tip on the object surface.

Although the above studies considered the slippage in object regrasping analysis, the slippage
should be completely predefined according to their methods. The fingers sliding on the object surface,
the starting time, and duration of slippage as well as the sliding path should be known in advance.
This means that the dynamic analysis and control synthesis of the undesired slippage continues to
be undiscussed in the literature. But it can occur during the grasping maneuver due to parameter
uncertainties, changing object geometry, mass, inertia, and coefficients of friction between the finger
tips and the object.

To solve this problem, the authors of this paper began to study the undesired slippage dynamics
and control. Dynamics analysis and control synthesis of the undesired slippage of a one-fingered
hand pushing an object on the floor was initially discussed.24 In this work, introducing a new
model of frictional contacts, a multi-phases controller was designed to control the object motion
and undesired slippage on the finger tip of the robot manipulator. The stability of the controller
was proved analytically and the performance studied both numerically and experimentally. Figure 1
shows the experimental setup used. The setup consists of a two-link manipulator, a slider block, a
slider railway, a control board, and a longitudinal motion measurement encoder. The control board
box itself contains all the electronic hardwares: a 16-axis motion controller out of which only three
of them are used, three amplifiers, the PCB interface board, and the corresponding wiring.

Continuing this study, the problem of undesired finger tip slippage control in a multi-fingered
object manipulating system was addressed in ref. [25]. The present work is an extension of the
previous works, concerning a multi-fingered hand manipulation with such parameter uncertainties
in the system as mass properties and friction coefficients. As it is mentioned, in ref. [24] slippage
control in a single robot manipulation is studied while in ref. [25] the approach has been extended
to cooperating manipulations. In these two works, it is assumed that there is no uncertainty in the
modeling. The current work extends ref. [25] to cooperating systems with uncertainties and deals
with these uncertainties through an adaptive control approach.

The paper is organized in eight sections. In Section 2, for the slippage on the finger tips, a new
dynamic analysis of a multi-fingered hand manipulating an object with frictional point contacts
is addressed. This study is based on a new modeling of frictional conditions. Then, in Section 3,
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Fig. 1. (Colour online) Experimental setup used in authors’ previous work.

Fig. 2. Schematic of a multi-fingered hand manipulating an object.

adaptive controller and its update rule is proposed such that slippage error and its velocity as well as
estimation for unknown parameters remain bounded. In Section 4, a two-fingered hand is introduced
as a sample case and the motion equations are derived. Numerical results are also provided in this
section. Section 5 provides conclusions.

2. Dynamic Analysis
Let us consider a multi-fingered hand system consisting of n fingers manipulating an object, O. The
system is shown in Fig. 2. Each finger is a serial manipulator with ki (i = 1, 2, .., n) links.

The contact between each finger and the object is assumed to be the frictional point contact that
can be moved along the object surface, but it is fixed on the tip of the finger. Note that without the
last assumption, an additional kinematics problem must also be considered.

Due to constrained motion, the dynamic equations of the motion of each manipulator can be
written as

Miq̈i + hi = Biτi − JT
i Fi (i = 1,2, . . . , n) , (1)

where qi and τi are the generalized coordinates and driving force/torque, respectively. Mi is inertia
matrix, hi is the coriolis-centrifugal-gravity term, Ji is Jacobian matrix of the ith finger, and Bi is the
coefficient matrix of the input torques. Fi is a vector consisting of friction and normal forces exerted
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Table I. Values for α, β, and γ in different conditions.

ṡ

ṡ = 0

ṡ �= 0 s̈− �= 0 s̈− = 0

Movement Motion
reversing

No motion No motion Start for-
ward

Start
backward

α 0 0 1 1 0 0
β 1 1 0 0 1 1
γ Sign(ṡ) 0 0 0 1 –1

by the ith end-effector on the object,

Fi = [Fxi, Fyi, Fni]
T (i = 1,2, . . . , n) . (2)

where Fxi, Fyi , and Fni , are the ith contact force components in the local contact frame, i.e., the xy
contact surface and n normal direction to the contact surface. Note that since Fi is defined as the
vector of tangential and normal forces, the corresponding rotation matrix is included in Ji matrix.

The object equations of motion are simply given by

Moq̈o + ho =
n∑

i=1

WiFi = WF, (3)

where qo is the set of generalized coordinates contributed by the object, W is the grasping matrix that
can be written as

W = [
W1 . . . Wn

]
, (4)

and

F = [
FT

1 . . . FT
n

]T
. (5)

Where Wi is grasping matrix due to i-th contact point.
For three-dimensional cases, two slippage states are needed to describe the slippage of each end-

effector on the object, for example, sxi and syi . Using these states, the new second-order equation
with switching parameters for the frictional point contact presented in ref. [24] is used for modeling
the contact force and motion conditions,

αxi s̈xi + [
βxi γxiμxi

] {Fxi

Fni

}
= 0, αyi s̈yi + [

βyi γyiμyi

] {Fyi

Fni

}
= 0 (i = 1, 2, . . . n).

(6)
The above equations can be written in the following matrix form

[
αxi 0
0 αyi

]{
s̈xi

s̈yi

}
+
[

βxi 0 γxiμxi

0 βyi γyiμyi

]⎧⎨
⎩

Fxi

Fyi

Fni

⎫⎬
⎭ = 0 (i = 1, 2, . . . n), (7)

α, β, and γ coefficients in each direction are evaluated from Table I. More details of these formulation
and coefficients can be found in refs. [24] and [25].

With some proper matrix definitions, the above equation is transformed into the following equation,

αi s̈i + DiFi = 0 (i = 1, 2, . . . n), (8)
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Fig. 3. Kinematics constraint in ith contact.

where

αi =
[

αxi 0
0 αyi

]
, si =

{
s̈xi

s̈yi

}
, Di =

[
βxi 0 γxiμxi

0 βyi γyiμyi

]
, Fi =

⎧⎨
⎩

Fxi

Fyi

Fni

⎫⎬
⎭ . (9)

For n contact points, one can assemble the above equation as follows,

α|2n×2n s̈|2n×1 + D|2n×3n F|3n×1 = 0. (10)

Since the system under consideration is kinematically constrained, kinematics constraint equations
should be added to the above equations of motion. For each contact point the kinematics constraint
can be written as

�Rei=�Ro+�rci, i = 1, . . . , n. (11)

As shown in Fig. 3, �Ro is the position vector of the object center of mass and �Rei is the position
vector of ith end-effector with respect to the inertial frame (XYZ), respectively. Also, �rci is the position
vector of the adjacent point on the object and ith end-effector at the contact point.

The vectorial equation (11) can be written in the following matrix form,

Rei=Ro+ICo pi, i = 1, . . . , n. (12)

where ICo is the rotation matrix of the object frame with respect to the inertial frame and is a
function of the object orientation. pi is the description of �rci in the object frame, while Rei and Ro

are the column vector descriptions of �Rei and �Ro in the inertial frame. This vector is a function of
si. Differentiating Eq. (12) with respect to time, the above constraint equation can be written in the
following Pfaffian form

Aqi q̇i+Aoi q̇o+Asi ṡi=0 (i = 1,2, . . . , n) . (13)

where

Aqi = Ji, Aoi = −
[

I ∂ ICo
∂θo

pi

]
, Asi = −ICo

(
∂pi

∂si

)
, i = 1, . . . , n, (14)

where θo is the vector of the generalized coordinates representing the object orientation and I is the
identity matrix.
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Now one can rewrite the motion equations of the whole system as:

Mq̈ + h = Bτ − JTF,

Moq̈o + ho = WF,

Aqq̈+Aoq̈o+Ass̈ = b,

α s̈ + DF = 0,

(15)

where

M = diag(M1, . . . , Mn), JT = diag(JT
1 , . . . , JT

n ), B = diag(B1, . . . , Bn),
Aq=diag(Aq1, . . . , Aqn ), As=diag(As1, . . . , Asn ), α=diag(α1, . . . , αn), D=diag(D1, . . . , Dn),

Ao =

⎡
⎢⎣

Ao1

...
Aon

⎤
⎥⎦ , h =

⎡
⎢⎣

h1
...
hn

⎤
⎥⎦ , b =

⎡
⎢⎣

b1
...
bn

⎤
⎥⎦ , q =

⎡
⎢⎣

q1
...
qn

⎤
⎥⎦ , s =

⎡
⎢⎣

s1
...
sn

⎤
⎥⎦ , F =

⎡
⎢⎣

F1
...
Fn

⎤
⎥⎦ , τ =

⎡
⎢⎣

τ1
...
τn

⎤
⎥⎦ ,

and bi = −Ȧqi q̇i − Ȧoi q̇o − Ȧsi ṡi (i = 1, 2, . . . , n) .
(16)

The first equation in Eq. (15) is in fact the assembled equations of motion of all the manipulators.
The second equation describes motion of the object. The kinematic constraints resulted from closed
kinematic chains are formulated by the third equation. The last equation models the friction and
contacts between the end-effectors and the object.

3. Control Synthesis
In order to design the controller, first we convert the constrained equations of motion into a reduced
order form and design the controller for the new sets of equations. To avoid any configuration
optimization, it is assumed each finger has no redundancy. Considering this assumption, it can be
easily shown that q̈ and F can be eliminated from Eq. (15) and then it is represented by the following
reduced order form,

M̃ẍ + h̃ = B̃τ , (17)

where

M̃ =
[

Mo − WJ−TMA−1
q Ao −WJ−TMA−1

q As

DJ−TMA−1
q Ao α + DJ−TMA−1

q As

]
, x =

[
qo

s

]
,

h̃ =
[

ho + WJ−TMA−1
q b + WJ−Th

−DJ−TMA−1
q b − DJ−Th

]
, B̃ =

[
W
−D

]
J−TB, τ =

⎡
⎢⎣

τ1
...
τn

⎤
⎥⎦ .

(18)

Considering n cooperating robot arms, each has ki actuators, and dimensions of the above matrices
and vectors are

M̃
∣∣
(n′+no)×(n′+no) , x|(n′+no)×1 , h̃

∣∣
(n′+no)×1 , B̃

∣∣
(n′+no)×k

, τ |k×1 , (19)

where no is the number of generalized coordinates of the object, n′ is the number of slippage
coordinates, and k = k1 + . . . + kn is the number of all actuators in the system. For a planar system
with n manipulator n′ = n, while for spatial one n′ = 2n.

Equation (17) represents an input–output form of motion equation with k inputs and n′ + no

outputs. Considering size of the vectors and matrices, it can be realized that the system in a planar
case can be underactuated only in a cooperating system consisting of two manipulators. Since there
are n contact points, Eq. (17) describes a multi-phase dynamic system with 2n′

phases.
To design a controller based on Eq. (17), one has to consider the internal stability of the system

and show that M̃ is not continuously singular. The internal stability for a general multi-manipulator
cooperating system is elaborated in the following theorem. A similar theorem is presented for
two-manipulator cooperating system in ref. [25].
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Theorem 1. The system of Fig. 2 represented by Eq. (17) is internally stable if it is input–output
stable.

Proof. Assuming input–output stability means τ , qo, q̇o, s, and ṡare bounded. Since the position of
the finger tips are continuous and differentiable functions of qo, q̇o, s, and ṡ, it can be concluded from
Eq. (11) that the position of the finger tips and their derivatives are also bounded. Considering this
and the fact that q̇ is related to the finger tips velocity and trigonometric functions of q, it results in
boundedness of q̇ and consequently q. Using Eqs. (1) and (3), one can show that F is also bounded.

Theorem 2. M̃ is invertible if and only if

δ1I ≤
∫ t0+T

t0

M̃dM̃T
d dt ≤ δ2I, (20)

for all t0, where M̃d = M̃(qdes
o , sdes).δ1, δ2, and T are positive constant scalars and I is proper identity

matrix. Also, qdes
o and sdes are the desired values of qo and s, respectively.

Proof. Proof is given in ref. [24].

3.1. Adaptive control synthesis
A property of Eq. (17) is that it can be linearly parameterized. It means that the left-hand side of
Eq. (17) can be demonstrated as a multiplication of a matrix, which is a given function of qo, ṡ, and
their higher-order derivatives and a vector of such parameters as the entire mass, moment of inertia,
coefficients of friction, etc. Therefore, one can rewrite the left-hand side of Eq. (17) as

M̃ẍ + h̃ = Uϕ. (21)

In Eq. (21), ϕ is the unknown parameter column vector and U is the regression matrix. Assuming
ϕ has the estimated valueϕ̂, one can write

ˆ̃Mẍ + ˆ̃h = Uϕ̂. (22)

Theorem 3. Consider a system expressed by Eq. (17) and assume that the unknown parameter

vector ϕ does not contribute in B̃, i.e., ˆ̃B = B̃, with the controller law

τ = B̃+ ˆ̃M
(
ẍdes + Kv ė + Kpe

)+ B̃+ ˆ̃h + (I − B̃
+

B̃)y, (23)

and the update rule

˙̂ϕ = 
UT ˆ̃M
−T

ETPξ . (24)

The tracking error goes asymptotically to zero and the parameter estimates remain bounded.
In the proposed controller and update rule, ()+ is Moore-Penrose generalized inverse of (), y is
an arbitrary vector due to the null space of B̃, Kv and 
 are constant diagonal positive definite
matrices, e = xdes − x, xdes = [ qdesT

o 0 ]T, ξ = [ eT ėT ]T, and E = [ 0 I]T . Since the system
under consideration is a multi-phase system, in contrast to standard methods where Kp is normally
a constant positive definite matrix, here, it is selected to be a constant semi-positive definite matrix.
This will be discussed in the Appendix. Also P is a constant symmetric positive definite solution to
the Riccati equation,

ATP + PA = −Q, (25)
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where Q is a constant positive definite matrix and

A =
[

0 I
−Kp −Kv

]
. (26)

Proof. Proof of this theorem is almost similar to the Adaptive Computed-Torque Controller given
in ref. [26].

Theorem 4. Consider the system shown in Fig. 2 where its dynamic is described by Eq. (17), with
the controller law

τ = ˆ̃B
+ ˆ̃M

(
ẍdes + Kv ė + Kpe

)+ ˆ̃B
+ ˆ̃h + (I − ˆ̃B

+ ˆ̃B)y, (27)

and the update law

˙̂ϕ = 
UT ˆ̃M
−T

ETPξ − σsϕ̂, (28)

where

σs =
⎧⎨
⎩

0 if ‖ϕ̂‖ < ϕ0
‖ϕ̂‖
ϕ0

− 1 if ϕ0 ≤ ‖ϕ̂‖ ≤ 2ϕ0

1 if ‖ϕ̂‖ > 2ϕ0

, (29)

The tracking error will be confined to a residual set and all the closed loop signals are bounded.
In the proposed controller and update rule, all the definitions are the same as in Theorem 3 except

y, which is an arbitrary vector due to the null space of ˆ̃B. ϕ0 is the upper bound for norm of the
uncertain parameters, ‖ϕ‖.

Proof. Substituting Eq. (27) for Eq. (17), we obtain

M̃ẍ + h̃ = B̃
(

ˆ̃B
+ ˆ̃M

(
ẍdes + Kv ė + Kpe

)+ ˆ̃B
+ ˆ̃h + (I − ˆ̃B

+ ˆ̃B)y
)

. (30)

Let us rewrite

B̃ = ˆ̃B + 
B̃. (31)

Using Eq. (31), Eq. (30) can be rewritten as

M̃ẍ + h̃ = ˆ̃B
(

ˆ̃B
+ ˆ̃M

(
ẍdes + Kv ė + Kpe

)+ ˆ̃B
+ ˆ̃h + (I − ˆ̃B

+ ˆ̃B)y
)

+ τ d, (32)

where

τ d = 
B̃
(

ˆ̃B
+ ˆ̃M

(
ẍdes + Kv ė + Kpe

)+ ˆ̃B
+ ˆ̃h + (I − ˆ̃B

+ ˆ̃B)y
)

. (33)

τ d can be named as unmodeled dynamic or disturbances. Note that in the case of bounded errors and
parameter estimations, τ d will be bounded as well.

Since

ˆ̃B(I − ˆ̃B
+ ˆ̃B) = 0, (34)
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Eq. (32) yields

M̃ẍ + h̃ − R ˆ̃M
(
ẍdes + Kv ė + Kpe

)− Rˆ̃h − τ d = 0, (35)

where R = ˆ̃B ˆ̃B
+

.
Performing some matrix operations and using Eqs. (21) and (22), one can rewrite Eq. (35) as

(I − R) Uϕ = R ˆ̃ML (e) − RUϕ̃ + τ d, (36)

where

L (e) = ë + Kv ė + Kpe. (37)

and ϕ̃ = ϕ − ϕ̂ . Using Eqs. (21), (27), and (32), we obtain

Uϕ = ˆ̃Bτ + τ d, (38)

Substituting the above equation for Eq. (36) yields

R
(

ˆ̃ML (e) − Uϕ̃ + τ d

)
= 0. (39)

By proper selection of Kp, this equation always results in

ˆ̃ML (e) − Uϕ̃ + τ d = 0. (40)

The reason is discussed in the Appendix.
Choosing the followings states

ξ1 = e, ξ2 = ė, (41)

Eq. (40) can be represented in the following state space form:

ξ̇ = Aξ + Eu, (42)

where

u = ˆ̃M
−1

(Uϕ̃ − τ d ) , (43)

Now let us define the following positive definite Lyapunov function candidate

V (ξ, t) = ξTPξ + ϕ̃T�−1ϕ̃. (44)

Differentiating V with respect to time yields

V̇ = ξ̇TPξ + ξTPξ̇ + 2ϕ̃T�−1 ˙̃ϕ. (45)

Substituting ξ̇ from Eq. (42) into Eq. (45) and defining

r = ˆ̃M
−T

ETPξ, (46)

V̇ is rewritten as

V̇ = ξT
(
PA + ATP

)
ξ + 2ϕ̃TUTr − 2τT

d r + 2ϕ̃T�−1 ˙̃ϕ, (47)
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Since ϕ is a constant vector,

˙̃ϕ = − ˙̂ϕ. (48)

Using Eqs. (25) and (28), it can be seen that

V̇ (ξ, t) = −ξTQξ − 2σsϕ̃
T�−1ϕ̃ − 2τT

d r + 2σsϕ̃
T�−1ϕ. (49)

Defining

r1 =
[

ξ

ϕ̃

]
, (50)

and

τ ∗
d =

[
−2PE ˆ̃M

−1
τ d

2σs

−1ϕ

]
, (51)

Eq. (49) is rewritten as

V̇ = −rT
1 K∗r1 + rT

1τ ∗
d, (52)

where

K∗ =
[

Q 0
0 2σs�

−1

]
. (53)

Using Rayleigh-Ritz Theorem,26 one can write Eq. (52) as

V̇ ≤ −λmin
{
K∗} ‖r1‖2 + ‖r1‖

∥∥τ ∗
d

∥∥ . (54)

From Eq. (54), it is concluded that V̇ will be negative if

‖r1‖ >
T∗

d

λmin {K∗} , (55)

where T∗
d is an upper bound for ‖τ ∗

d‖.
Now we will consider the different cases for ‖ϕ̂‖:
First case ‖ϕ̂‖ > 2ϕ0: This means parameter estimates become large and σs = 1. Under this

condition, K∗ becomes constant and consequently the right-hand side of Eq. (55) becomes constant.
Therefore, for r1, which satisfies Eq. (55), V̇ is negative. This means V decreases. If V decreases,
then with the definition of the Lyapanov function

V (ξ, t) = rT
1

[
P 0
0 �−1

]
r1, (56)

r1 has also to decrease. Apparently, the system reaches the position that Eq. (55) is no longer valid
and

‖r1‖ ≤ T∗
d

λmin {K∗} , (57)

then V̇ may be positive, which causes r1 to increase such that Eq. (55) is satisfied again. Hence, r1

and consequently ξ and ϕ̃ will be bounded.
Second case ‖ϕ̂‖< ϕ0: In this case σs = 0 and the update rule is the same as for the case where

there is no difference between B̃ and ˆ̃B. Therefore, according to Theorem 3, ξ and ϕ̃ will again be
bounded.
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Table II. Numerical value for parameters.

m̄k lk m̄o Īo Lo μ̄1 μ̄2

1 (kg) 1 (m) 1 (kg) 0.01042 (kg m2) 0.1 (m) 0.25 0.25

Table III. Starting values for unknown parameters.

m1 m2 m3 m4 m0

1 (kg) 0.6 (kg) 0.9 (kg) 0.6 (kg) 0.5 (kg)

Fig. 4. Schematic of case study.

Third case ϕ0 ≤ ‖ϕ̂‖ ≤ 2ϕ0: This is used to ensure that there is a smooth transition between the
first and the second cases of update rule and guarantees that no discontinuities will develop.

Note that in the case where the dimension of the null space of B̃ or ˆ̃B is not zero, y in Eq. (23)
or (27) can have infinite choices. It will let us compute τ such that the norm of the internal forces
becomes minimum.

4. Sample Case
Let us consider a two-fingered hand manipulating a rectangular object. Each finger consists of two
rigid links with revolute joints. It is assumed that the object center of mass is located at its geometric
center and the whole motion is on the vertical plane. A schematic of the system and object geometry
are shown in Fig. 4. Note that since there are two contact points, the system is a four-phase dynamic
system, as given below:

� No slippage on either finger tips
� Slippage only on the left finger tip
� Slippage only on the right finger tip
� Slippage on both finger tips

For this system the followings are defined:

q1 = [
q1 q2

]T
, q2 = [

q3 q4
]T

, qo = [
xo yo θo

]T
, (58)

Kinematics constraint equations can be written as

xo1 + l1cos(q1) + l2 cos(q1 + q2) + Lo cos(θo) + s1 sin(θo) − xo = 0,

yo1 + l1sin(q1) + l2 sin(q1 + q2) + Lo sin(θo) − s1 cos(θo) − yo = 0,
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Fig. 5. Trajectory tracking and slippage control performance: (a) object horizontal position error; (b) object
vertical position error; (c) object orientation error; (d) left (1) and right (2) finger tip slippages and their velocities.

xo2 + l3cos(q3) + l4 cos(q3 + q4) − Lo cos(θo) + s2 sin(θo) − xo = 0,

yo1 + l3sin(q3) + l4 sin(q3 + q4) − Lo sin(θo) − s2 cos(θo) − yo = 0, (59)

where Lo is the distance between the object center of mass and its edges (see Fig. 4). The details of
matrices and vectors in Eq. (17) for this system are as follows:

M̃ =
⎡
⎣ M̃11 M̃12 M̃13

M̃21 M̃22 M̃23

M̃31 M̃32 M̃33

⎤
⎦ , x =

⎡
⎣qo

s1

s2

⎤
⎦ , h̃ =

⎡
⎣ h̃1

h̃2

h̃3

⎤
⎦ , B̃ =

⎡
⎣ B̃11 B̃12

B̃21 B̃22

B̃31 B̃32

⎤
⎦ , (60)

where

M̃11 = Mo − W1J−T
1 M1A−1

q1
Ao1 − W2J−T

2 M2A−1
q2

Ao2,

M̃12 = −W1J−T
1 M1A−1

q1
As1, M̃13 = −W2J−T

2 M2A−1
q2

As2,

M̃21 = D1J−T
1 M1A−1

q1
Ao1, M̃22 = D1J−T

1 M1A−1
q1

As1 + α1, M̃23 = 0,

M̃31 = D2J−T
2 M2A−1

q2
Ao2, M̃32 = 0, M̃33 = D2J−T

2 M2A−1
q2

As2 + α2,

h̃1 = ho + W1J−T
1 M1A−1

q1
b1 + W2J−T

2 M2A−1
q2

b2 + W1J−T
1 h1 + W2J−T

2 h2,
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Fig. 6. Performance of parameter estimation: (a) mass of the left finger links; (b) mass of the right finger links;
(c) mass of the object.

h̃2 = −D1J−T
1 h1 − D1J−T

1 M1A−1
q1

b1,

h̃3 = −D2J−T
2 h2 − D2J−T

2 M2A−1
q2

b2,

B̃11 = W1J−T
1 , B̃12 = W2J−T

2 ,

B̃21 = −D1J−T
1 , B̃22 = [

0 0
]
,

B̃31 = [
0 0

]
, B̃32 = −D2J−T

2 , (61)

and

Mo =
⎡
⎣mo 0 0

0 mo 0
0 0 Io

⎤
⎦ , ho =

⎡
⎣0

mog

0

⎤
⎦ , Wi =

[
ICci

[Lo si]

]
(i = 1, 2) , (62)

where

ICc1 =
[

cos
(
θo + 3π

2

) −sin
(
θo + 3π

2

)
sin

(
θo + 3π

2

)
cos

(
θo + 3π

2

)
]

, ICc2 =
[

cos
(
θo + π

2

) −sin
(
θo + π

2

)
sin

(
θo + π

2

)
cos

(
θo + π

2

)
]

. (63)

Note that all of the above matrices and vectors depend on q1 , q2, qo, s1, s2 and their derivatives.
In order to verify the performance of the controller discussed and the update rule, the simulation

results are presented for the two different cases.
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Fig. 7. Time history of: (a) joint torques of the left finger; (b) force exerted to the object by the left finger; (c)
joint torques of the right finger; (d) force exerted to the object by the right finger.

Case I: mass of the finger links and the object are assumed to be unknown.
Case II: mass properties of the object as well as friction coefficients between the finger tips and

the object surface are assumed to be unknown.
Case II is in fact a more realistic case, because usually we only know geometry of the object.
For both cases the actual properties of the system components are shown in Table II, where k = 1,

. . ., 4. Also, in both cases, the object is assumed to track the following desired trajectory:

ÿdes
o =

⎧⎪⎨
⎪⎩

0.0256 0 < t < 1

0 1 ≤ t < 6

−0.0256 6 ≤ t < 7

, ydes
o (0) = 0.366, ẏdes

o (0) = 0, (64)

xdes
o (t) = 1.466, θdes

o (t) = 0.

4.1. Case I
In this case, the unknown parameters do not contribute in B̃. It means, B̃ = ˆ̃B. Therefore, τ d = 0 and
one can use Theorem 3 directly. The non-zero diagonal entries of Kp, Kv, and � matrices are assumed
100, 10, and 1.28, respectively. The update rule starts with the following values for the estimation
procedure (Table III):
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Fig. 8. Trajectory tracking performance: (a) object horizontal position error; (b) object vertical position error;
(c) object orientation error; (d) slippage control performance.

Performance of such proposed adaptive control as trajectory tracking, slippage control, and
parameter estimations are shown in Fig. 5. Figures 5(a)–(c) show the tracking errors, while Fig. 5(d)
shows the left and right finger tip slippages and their velocities. Figure 6 shows the estimated
parameters. Actuating torques as well as normal and tangential forces exerted on the object by the left
and right fingers are shown in Fig. 7. As can be seen in Figs. 5 and 6, slippage velocities have been
controlled and converged to zero, while controller forces the object to track its desired trajectory. At
the same time, estimates for unknown parameters remain bounded

Figure 5(d) shows that in the very beginning of the system operation (about 0.1 s), the controller is
able to stop the slippages of the fingertips. These slippages are in fact due to the differences between
the system parameters used in the controller and their real values. Figure 6 also shows that for this
case study, it takes about 1 s that the variation of estimated parameters slows down and they become
more stationary. The same trend, rapid variation in the first second and becoming more stationary
after, can be seen in the time history of the tracking errors (Figs. 5(a)–(c) and actuating torques and
contact forces (Fig. 7)

4.2. Case II
In this case B̃ �= ˆ̃B. Initial values for friction coefficients and mass properties are assumed to be
μ1 = μ2 = 1.2, mo = 0.5(kg), and Io = 0.02(kg.m2). ϕ0 = 1.2‖μ‖, where μ = [μ1 μ2 ]T and
‖ • ‖ is the Euclidian norm. The numerical values for Kp, Kv, and � are as before.

Performance of the proposed controller is shown in Fig. 8. Like Section 4.1, Figs. 8(a)–(d) show
the object tracking errors, the finger tips slippage, and their velocities. While estimated parameters
and joints torques and contact forces are shown in Figs. 9 and 10, respectively. It is seen that the
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Fig. 9. Performance of parameters estimation: (a) and (b) coefficient of friction between the left and right finger
tips and the object surface; (c) the object mass; (d) the object moment of inertia.

controller succeeds in stopping the slippage and reducing the object tracking error while estimation
errors remain bounded.

Similar discussion as that presented for the previous case can be presented here for the details of
the simulation results in this case.

5. Conclusion
In this paper, the design of an adaptive controller for an n-fingered hand manipulating an object
was analyzed, considering the slippage between finger tips and the object. Using a new model for
frictional contact condition, the constrained equations of motion were transformed to a reduced order
input–output dynamic model. Since the finger tips can either slide or remain fixed on the object,
it was seen that the system is a multi-phase dynamic system. In this model, equations of motion
were described only by second-order differential equations, with switching coefficients. The internal
stability of this reduced order form was investigated. As a sample case, a two-fingered hand system
is studied in more detail.

An adaptive-control law and an update rule were proposed to control the system. The stability
of the closed loop system and boundedness of the errors were proved analytically. The performance
of the proposed method was studied numerically, considering the two different cases: a system with
unknown masses and another system with unknown object parameters. The simulation results showed
a very good performance for the method.

Although the simulation results showed promising performance, there are some considerations in
implementation of the method in practical cases that should be taken into account. Measuring the

https://doi.org/10.1017/S0263574713001069 Published online by Cambridge University Press

https://doi.org/10.1017/S0263574713001069


800 Adaptive control of manipulation and slippage in multi-robot cooperative systems

Fig. 10. Time history of: (a) joint torques of the left finger; (b) force exerted to the object by the left finger; (c)
joint torques of the right finger; (d) force exerted to the object by the right finger.

required slippage states, complexity in the contact model due to soft finger and distributed contacts,
three-dimensional system, and real-time implementation are among these considerations.
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Appendix

For two-dimensional systems, matrix R = ˆ̃B ˆ̃B
+

is an n+3 by k matrix, where n is the number of
contact points on the object, or, equivalently, the number of fingers in the system and k is the number
of actuators. For systems where the number of actuators exceeds n+3, systems with three or more
fingers, R is always invertible and therefore Eq. (39) results in Eq. (40).

For systems with two fingers R is 5 × 5, while there are four actuators in the system. In this case,
R is always singular.

Let us assume that states corresponding to non-slipping conditions are in the last rows of state

vector, i.e., x = [
qo

s ]. By inspection, one can see that Eq. (39) can be written as

[
I5−r 0
0 0

]([ ˆ̃M11
ˆ̃M12

0 I

] [
L (e1)
L (e2)

]
+
[ ˆ̃h1

0

]
−
[

(Wϕ)1
0

]
−
[

τ d1

0

])
=
[

0
0

]
(A.1)

or,

[
I5−r 0
0 0

] [ ˆ̃M11L (e1) + ˆ̃M12L (e2) + ˆ̃h1 − (Wϕ)1 − τ d1

L (e2)

]
=
[

0
0

]
, (A.2)

https://doi.org/10.1017/S0263574713001069 Published online by Cambridge University Press

https://doi.org/10.1017/S0263574713001069


802 Adaptive control of manipulation and slippage in multi-robot cooperative systems

where r is the number of slipping contact points. e1 corresponds to the object tracking errors and e2

to non-slipping contacts. Eq. (A.2) leads to

ˆ̃M11L (e1) + ˆ̃M12L (e2) + ˆ̃h1 − (Wϕ)1 − τ d1 = 0. (A.3)

Since s̈des = ṡdes = sdes = 0, one can write

L (e2) = −s̈ − Kv2ṡ − Kp2s. (A.4)

Since s corresponds to non-slipping condition, s̈ = ṡ = 0 . Therefore,

L (e2) = −Kp2s. (A.5)

Note that s is in fact the movement of the finger tips on the object from its initial position, and is
not generally zero. If one sets Kp2 = 0, Eq. (A.3) yields

ˆ̃M11L (e1) + ˆ̃h1 − (Wϕ)1 − τ d1 = 0, 0 = 0. (A.6)

Switching between zero and non-zero values for Kps , from one phase to another, results in non-
constant A, Eq. (26), and consequently non-constant P matrix, Eq. (25).
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