Probability in the Engineering and Informational Sciencé4 200Q 173-177 Printed in the US.A.

COUNTEREXAMPLES TO
CONJECTURES FOR UNIFORMLY
OPTIMALLY RELIABLE GRAPHS

YONTHA ATH

Department of Mathematics
Claremont Graduate University
Claremont, California 91711-6160
yath 1@csulb.edu

MILTON SOBEL

Department of Statistics and Applied Probability
University of California, Santa Barbara
Santa Barbara, California 94106
sobel@pstat.ucsb.edu

In [7], several conjectures are listed about uniformly most reliable grapiusto
date no counterexamples have been fouftese include the conjectures that an
optimal reliable graph has degrees that are almost redidamaximum girthand
has minimum diametem this article we consider simple graphs and present one
counterexample and another possible counterexample of these conjectares
mum girth (i.e.,, maximize the length of the shortest circuit of the graphand
minimum diametel(i.e., minimize the maximum possible distance between any
pair of vertices.

1. INTRODUCTION

The graphG(n,e) is simple with givem (number of nodesand givene (number of
edges. The all-terminal reliability of a grapks, Rel(G), is the probability thats
remain connected after a fixed time peribdVe assume that edges are independent
random variables that survive this fixed time periodith probabilityp (0 <p < 1)

and vertices do not fail in this modeéTolbourn’s worl{ 4] is an excellent reference
on many of the combinatorial questions regarding netwallktermina) reliability.
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Background material on graph theory and combinatorics can be obtained5tom
and[8]. In [2, p. 348], Boesch conjectures that uniformly most reliable graphs al-
ways exist and Myrvold6] presents an infinite family of counterexamples to this
conjectureln Section 2we give a counterexample to the conjecture about the min-
imum diameter of the grap@, and in Section 3we provide another possible coun-
terexample to the second conjecture about the maximum girth of the Graph

2. COUNTEREXAMPLE TO CONJECTURE 1

Conjecture 1: Auniformly most reliable graph must have minimum diameter among
the simple graphs with the same péaire).

First, we recall that a standard formula for a reliability of a grapn, e) with
givenn andeis

Rel(p) = 2 Np(l-pe'=1- 2 Cp*'(1-p), (2.1)

whereN; (G) or N; denotes the number bEdge connected spanning subgraphs,of
and the total number of cutsdise,, the number of sets of edges of siaghose re-
moval disconnect®) is denoted byC; (G). Clearly C;(G) = (§) — Ne_;. The com-
mon size of the minimal cutsetsometimes denoted by edge connectivigd the
number of minimal cutsets @ are denoted by (G) andC,(G), respectivelyFor
any two graph$G,, G,) with the same paitn, e), we use the symbol R&G;) >
Rel(G,) to denote tha®, is uniformly more reliable thaG, (0 < p < 1).In[2], Boe-
sch showed that i, andG, are two(n, e) graphs and ik (G;) > A(G,), or A(G,) =
A(G;) andC,(G;) < C,(G,), then Rel(G;) > Rel(G,) for p close to 1In [6], if
Ni(G1) =N (Gy) fori=0,1,...,kandN,;1(G;) > Ni.1(G,), then Re(G;) > Rel(G,)
for 0 < p < e for somee > 0. Also, if C;(G;) = Ci(G,) fori =0,1,2,...,kand
Ci:1(G1) < C11(Gy), then RelG,) > Rel(G,) for 1 — € < p < 1 for somes > 0.

e

Lo

G, G,

Ficure 1. Two graphseach with six nodes and eight edges
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In Figure 1 there are two given graph&, andG,; both graphs have the same
number of vertices and links.e., n = 6, e= 8). Using(2.1) or the Maple Package
we obtain for the reliability polynomial foG; andG, respectively

Rel(Gy, p) = 36p°(1— p)® + 26p°(1— p)* + 8p’(1—p) + p, (2.2)
Rel(G,, p) = 32p°(1— p)® + 24p®(1—p)* + 8p’(1—p) + p® (2.3)

We know from[2] that G, is a uniformly most reliable graph and note that
Rel(G4, p) > Rel(G,, p) for all 0 < p < 1. However the diameter 06, is 3 and the
diameter ofG, is 2, which contradicts Conjecture 1

3. MAXIMUM GIRTH DOES NOT NECESSARILY
IMPLY GREATER RELIABILITY

Conjecture 2: A uniformly most reliable graph must have maximum girth among
the simple graphs with the same péire).

In this sectionwe present a possible counterexample to this second conjecture
by looking at the two graphs in Figures 2 and 3 with the same(pady and showing
that the ond G) with smaller girth is more reliabldf, as we believe but have not
proven it turns out thaiG is optimal then this becomes a counterexample to Con-
jecture 2 Both graphsG andH have 30 nodes and 37 edges and their reliability
polynomials are given i63.1) and(3.2), respectively

FiGURE 2. GraphG, with 30 nodes37 edgesand girth 9
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Ficure 3. GraphH, also with 30 nodes and 37 verticdmit girth 10

Rel(G, p) = 4,392,960p2°(1 — p)® + 3,066,272p%°(1— p)”’
+1,156780p1(1 — p)® + 295517p%2(1 — p)°
+ 54,177p%3(1 — p)* + 713834 (1 —p)®
+ 650p°%%(1 — p)2 + 37p%(1— p) + p%’, (3.1)
Rel(H, p) = 4,386976p2°(1 — p)® + 3,062,748p°(1 — p)”’
+1,155986p3'(1 — p)© + 295429p°%%(1 — p)°®
+ 54,173p%3(1 — p)* + 7138341 — p)°®
+ 650p%°5(1 — p)? + 37p*%(1 — p) + p*". (3.2)

Again, we can see that R@B, p) > Rel(H, p) for all 0 < p < 1; howeverthe
girth of G is 9 and the girth of is 10(the solid bold lines in each figure represent
the cycle whose length is minimal anidence is the girth, which indicates that
maximum girth does not necessarily imply greater reliability

If (as we believe but have not provatie graphG in Figure 2 is indeed optimal
then this becomes a counterexample to Conjecture 2

4. CONCLUSION

The problem of finding the optimally reliable graph for givarand e is highly
intractable Although this field already has vast literatutbe main problems of
finding the optimal graph and proving optimality have not been solVedre may

be more conjectures that still have no counterexamples or priodfE] the present
authors present seven new infinite families of graphs that are conjectured to be

https://doi.org/10.1017/50269964800142044 Published online by Cambridge University Press


https://doi.org/10.1017/S0269964800142044

COUNTEREXAMPLES TO CONJECTURES FOR RELIABLE GRAPHS 177

uniformly optimally reliable This is a challenging problem with a potential for
applications in statisticsve would like to see more probabilists and statisticians
interested in this area
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