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Some open problems in concurrences
MOWAFFAQ HAJJA

An open problem

In the list of 12 openproblemsposedon pages132-133of a recent
book [1] Problem 4 states, or rather conjectures:

If Ga, Gg and G arethe orthogonalprojectionsof the centroidG

of triangle ABC on the sidelinesBC, CA andAB, respectivelyand

if AGa, BGg andCGc are concurrent, thedBC is isosceles. *)
The problem is attributed to Temistocle Birsan. Needlessto say, the
conversads trivial andfollows from symmetry,i.e.,if ABC is isoscelesthen
AG,, BGg andCGc are concurrent.,

In this note,we providea proof of the problemin (*), andwe placeit in
a more general context.

A general context

Let ABC beatriangle.ForanypointP in theplaneof ABC, weletPa, PBs
and P be the orthogonalprojectionsof P on the sidesBC, CA and AB,
respectivelylf AP, BRs andCP: areconcurrentthenwe denotethe point of
concurrenceby P*. Otherwise,we say that P* does not exist or is not
defined. Thus (*) asks for a proof thatdf exists, therABC is isosceles.

Leta, b, c, A BandC denotethe sidelengthsandanglesof ABC in the
standard manner, and let s denote its semi-perimeter, i.e.,
s=3(a+ b+ c)LetO, I, GandH denotethe circumcentrejncentre,
centroid, and orthocentre, respectively. It is immediate that

H* = H,O" = G. (@N)
It also follows from Ceva's theorem thaexists since
Bla Clg Alc _ s-bs-cs-a _1
I.CIAIcB s—-cs—-as-b '
The point of concurrenceof Al Blg and Cl¢ is the point known as the
Gergonnepoint. Denoting this point bR, we have
I = R 2

In view of (1) and(2), it is now naturalto askwhetherG* existsandwhatit
is if it does.This is a reasonableontextin which the problemposedin (*)
above fits well.

A proof

Let M bethe midpoint of BC, andlet D be the orthogonalprojectionof
A on the side BC, asshownin Figure 1. Note that the figure describeghe
casewhenc > b andwhenC is acute.However,the calculationsare still
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valid whenC is obtuse(in bothcasesvhenGy lies insideor outsidetheline
segmenBC). Also the formulas in (3) (below) still hold whén> c.

A
G
] ]
B M  Ga D C
FIGURE 1

Referring to Figure 1, we see that
MG, MG 1

and therefore

a MD
BGs = BM + MG, = = + —
A + A 2+ 3
a BD-BM a 1( a)
= -+ —-— = -+ -|ccosB - -
2 3 2 3 2
_§+}c(a2+cz—b2)_§)_§+c2—b2
2 3 2ac 2/ 2 6a

A formulafor GAC is obtainedusingG,C = BC — BGa. Similarly for the
other sides. Thus we have

a -p b a-¢ c bP-2
BGy = =+ ——,CGg = = ,AG: = = ,
A= %27 Tea 5= 3" e =327 Tae
a &-p b a2 - c? c -2
G.C = = — GeA = — — GeB = = - .(3
A 2 ga O3 6b 2 o O
If AGp, BGg and CG¢ are concurrentthenit follows from Ceva'stheorem
that

(GAC) (GeA) (GcB) ~ (BGa) (CGg) (AGC) = 0.
Usingthe aboveformulas,andgatheringtermsin b?> — ¢?, etc.,theleft hand
side simplifies to
be(b? - ¢?) . ca(c? - &) . ab(a? - b?) .\ (b? = ?)(c? - a?)(a? — b?)
24a 24b 24c 216abc
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(07 = ) - )@ -b7) | (b = ) e?) (e~ 1)
24abc 216abc

(b? - A)(c? - @) (a% - b?)
27abc

If this expressionvanishes,thenb = +c, ¢ = +a or a = +b; but the
negativevaluescannotapply, so at leasttwo sidesof the triangleareequal,
and it is isosceles (or equilateral).

A historical note

As a refereekindly remarked,the points P for which P* exists were
studiedasearlyas1878,andtheywerefoundto form whatis now knownas
the Darbouxcubic. The pointsP which areequalto Q" for someQ had been
consideredevenearlier,andtheywere foundto form anothercubic,known
now asthe Lucascubic. Thesecubicsmeetat nine points: A, B, C, H, the
reflection of H in O, and four other points. Diagrams, equationsand
propertiesof thesecurvescanbe foundon-linein [2]. Theseissuesarealso
elaborated on in [3].

Examples: The Gergonne and Nagel points

In view of (1) and(2), it is naturalto wonder whetherR* exists,where
R is the Gergonnepoint. It turnsout that, like G*, R* existsif, andonly if,
ABC is isosceles. The same holds for the Nagel point, where, the Nagel point
is the point of concurrencef the ceviansthat join the verticesto the points
where the respective excircles touch the opposite sides.

To provethese,and possiblyothersimilar, statementspnefirst proves
thatif P is a point with barycentriccoordinatea, 8, y), a + B+ y = 1,
then

a

BP, = (y+ E)a+ ol

-b) a@-b+0)
2a B 2a

+ ay.

Similarly,

2 2 2 2 _ 2
R

Also, the condition o + 8 + y = 1 is not neededsince we will be
interestedin the ratio BRy/ PAC. When this conditionis not observedwe
writea : B : yfor(a, B, y). ForP = R we use the representation
a:f:y=(6-bs-0c:(s-0(s—-a:(s-a(s-h &
and the Ravi substitutiom = y + zb = z + x,¢c = X + yto obtain

%zyz(xy+yz+3zx+zz)

. 5
PC Z(xz+ zy + 3yx + y?) ©
Notethatx = 3(b + ¢ — a), andthusx, y, z > 0. Using Maple the Ceva

P.C
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condition then simplifies to

X=WY-2@Z-xXJXY,2 =0,
where

JXY, 2 = XVZ( + Xy + yZ + Yz + 2¢ + X + 4xyZ). (6)
SinceJ is never0, it follows thatx = y,y = zorz = x. Hencea = b,
b = corc = a andABC is isosceles, as claimed.

A similar proof appliesto the Nagelpoint. Here, (4) would be replaced
by the barycentric coordinates of the Nagel point, namely

a:pB.:y=s—-a:s-b:s-cgc
and (5) by
BP, xy+yz-z+7Z

PC Xxz+2zy—-yx+y

and (6) by
JXVY, 2 = X+y+ 2%+ Xy + V2 + Vz+ ¢+ 2X).

The same argument then applies.

In view of the dependencalbeitmild, of the proofsaboveon Maple, it
would be interestingto come up with proofs that are more elegant,more
geometric, and less computational.

A dynamical system

Let ABC be an isoscelestriangle, with AB = AC say, let AD be its
altitudefrom A, andlet H beits orthocentreFor any point P on theline AD,
let E andF be the orthogonalprojectionsof P on AB and AC, respectively,
and letP* be the point (o#D) whereBF andCE intersect.

Starting with a poinP on AD, we define the sequenB&’ forn > 0 by

PO = p, Pt o (P)

We will show that this sequence,with some controllable exceptions,
convergedo A or H accordingas ABC is acuteor obtuse. To do so, we
placeABC in the cartesiark, y)-plane so that

B =(-10, C = (1,0,D = (0,00 andA = (0, a) wherea > 0,
asshownin Figure2.Let P = (0, t) andlett,, n > O, bethey-coordinate
of P, Thust = t,.

The equation of AB is y = a + ax and the equation of PE is
y=t- g. Solving these equations, we obtain

a(t —a a(at +1)
2+1° a+1
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Thus the equation &C is
a(l + ta)
y = (X_l)ta—ZaZ— 1
Therefore
o —at, — a
T a, - (222 + 1)
It is easy to check that
1

tn=a<:>tn+1=aatn=E<:>tn+1=

=

It is also obvious that
1
to=a<=>P=A,to=aC>P=H.
We exclude these trivial valuestgf and we assume that

t¢a,t¢}
0 0 a

. . 1
This guarantees thatwill never bea or 3 for anyn.

A

FIGURE 2
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We now try to diagonalisethe differenceequation(7) in the sameway
as we do the system

X = —ax —ay,y = ax — (2a% + 1)y (8
of differential equations. Since the characteristic equation of this system is

-a- 41 a
x() = det{ A -2+ 1) -] =(+a+ 1)1+ 2,

and since
@ +1=2 o a=1,
we split our investigation into the two casess 1anda = 1.
Casel:a = 1, i.e.,ABC is right-angled.
In this case, (7) takes the form
-t, -1

the1 = , 9
n+1 tn _3 ( )
and the corresponding system (8) takes the form
X = X-Y,y =x-3 (10)
To avoid the possibility that t, = 3 for somen, we first check that if
k, n € N, then
2 2
=1+ = =1 )
t, + K S thot + Ko 1
It follows that ifn > O, then
2

th=3th =1+ 1

n +
for somen > 0, thent, = 3, andt, is

Thusif tg is of theform 1 + 2
n+1

infinite. One may now stop here, or go on, seeingthatt,,; = -1, and
th+2 = 0. By induction, one can prove that

forall k > 2.

the2 =

Thust,, converges to 1, i.e., the point converges to the véttex

. 2
If tois notof theform 1 + 1 for somen > 0, thenwe solve(10)

obtaining the substitution
X=xY=y-1 (11
and the triangular form
X =-2X+Y,Y = 2V.
We use (11) to make the substitution
tn Tn

T, = ——t, = ,
", -1 " T, -1
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thus transforming (9) into the simple form
Tovr = Ta - :_ZL

It is obviousthat T, —» -« asn — <o, andthereforet, — 1, i.e., our
point converges té.

Case2:a # 1.

2
In this case, we try to avoid the possibility= 2+ 1. Setting
2a% + 1 a - k't
k = andqn = mfor n = O, 1, 2, ey (12)

we can easily check that
tn =0 < 1:n+1 = Os-1.
It follows that

a+ 1
th = o = a < to = On

Thuswe assumehat ty is not an elementof the sequencey, givenin (12).
Diagonalising the system (8), we obtain the substitution

X=x-ay,Y =-ax+Y,

and the diagonal form

X = —2a®X, Y = —(a&® + 1)Y.
We use this and make the substitution

Tn=t”;a,tn= Tn+a’

—at, + 1 ar, + 1

and we obtain the geometric sequence
2a°T,
a+ 1
Thus|T,| — 0Oifa < 1,and|T,] — «ifa > 1. But

Tn+1 =

1
Tn%O(:»tn—>a,|Tn|Aoo<:>tn%5.

Sincea < 1 & Aisobtuseanda > 1 & Ais acute,it follows that the
sequencé™ convergego H or A accordingasA is acuteor obtuse This is
true of courseunderthe assumptiorthat the initial pointis not a, 1, or any
elementof the sequencegivenin (12). As mentionecearlier,if ty = a, i.e.,
P = A thenP™ = Aforall n;if t = %, i.e.,P = H, thenP" = H for
all n; if tg = g, for somen, thenP™ s the point at infinity, wherewe have
choseno terminatethe iteration.Of coursewe canalsostipulate,in view of
(7), that ift, = «, thent,,; = —a, and the sequence would not terminate.
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Remarks

1. It canbeseenthatif Ais acute,andif the point P we startedwith is not
any of the exceptionapointsandlies below A, thenthe convergencef
P to H is monotone Examiningthe modesof convergencén other
casegnayturnoutto bea nice projectfor undergraduatstudentsanda
gentle introduction to dynamical systems.
2. In dealingwith the differenceequation(7), it is naturalto write (7) in
the form
-a’z - a
az — (2a2 + 1)
andto let z rangein the extendedcomplexplaneC U {«}. We then
stipulate that f ((2a® + 1)/a) =  and f (=) = —a. However, we
chose to isolate the possibility t, = «~ becauseof the geometric
context in which (7) arose. Difference equations of the form
to.1 = (at, + b)/(cd, + d), wheread — bc # O are treatedin [4,
81.2.,pp. 3-5], wherethey arereferredto as Mdbius transformations,
and in [5, 82.6, Type Il, pp. 93-94], where they are referredto as
Riccati equations.Our treatmentusing the diagonalisationof the
associatedystemof linear differenceequationsdoesnot seemto have
appeared anywhere else.

f(2 =

A dual problem

Let ABC be atriangle,andlet P be aninterior point. We havedenoted
by P, B, P: the orthogonalprojectionsof P on the sidelinesBC, CA, AB
andwe haveconsideredhe problemof whenthe ceviansAP,, BR;, CP- are
concurrentWhenthey are,we havedenotedhe point of concurrencéoy P*.
It is naturalto considerthe dual problem.Thuswe denoteby P4, Pg), Pc)
the points where the ceviansthrough P meetthe respectivesides,and we
considerthe problemof whenthe perpendiculargrectedrom P, Pg), P
to the sidesBC, CA, AB areconcurrentWhentheyare,we denotethe point
of concurrence b™.

Let G, C, I, H, R N denote, as usual, the centroid, circumcentre,
incentre orthocentreGergonngoint, andNagelpoint of ABC, respectively.
It is trivial to seethatG™® = C,H® = H, andthatC"®, R, N® exist. It is
alsoshownin [6, Problem7.46,pp. 173,181] that | exists.The questions
thatwereaskedaboutP* cannow be askedaboutP™, andthis may turn out
to lead to interesting results.
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The answerdo the Nemopagefrom Novemberon probability and statistics

were:

1. Shakespeare Antony and Cleopatra  Act 2, Scene 3
2. JV Cunningham Meditation on statistical method

3. Les Murray The Statistics of Good

4. Frank Herbert Dune (Chronicles 2)

5. Maurice G Kendall Hiawatha designs an experiment

6. lan McEwan Sweet Tooth Chapter 16

Congratulationgo Henry Ricardofor identifying all thesequotations.This
monthwe revisit arithmetic.The quotationsareto beidentified by reference
to author and work. Solutions are invited to the Editor by 31st May 2015.

1. Yourignorance so thick,
You did not know your own arithmetic.
We flung the graphs about your flying feet;
We measured your diameter -
Merely a line
Of zeros prefaced by an integer.

2. CHORUS: If that be so, thy state of health is poor;
But thine arithmetic is quite correct.

Continued on Page 53
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