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Simple method for characterizing linear
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A simple method for the full characterization of passive n-port microwave monolithic integrated circuit (MMIC) structures
using standard two-port vector network analyzer (VNA) measurements is presented. Its main advantages are: it does not
require to perform measurements from all the ports of the network, no special calibration procedure is needed, the auxiliary
terminations required by the procedure can be integrated at the border of the structure under test with minimal area increase,
and it can be easily implemented in commercial CAD software. The method was applied to a nine-port microstrip structure
corresponding to the output power combiner and impedance matching network of an X-band MMIC high power amplifier
(HPA). The full S-parameter matrix was derived from two-port measurements and compared to the circuit–as well as elec-
tromagnetic (EM)-based simulations of the structure.
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I . I N T R O D U C T I O N

Multi-port passive networks are a fundamental part of most
microwave monolithic integrated circuits (MMICs). They
constitute, in fact, power combiners/splitters and impedance
matching networks in multi-transistor amplifiers, artificial
transmission lines in distributed amplifiers, directional cou-
plers in mixers and balanced amplifiers, and so on.

Although, sometimes difficult and laborious, the character-
ization of these n-port structures is usually the only way to
account for high-frequency effects (e.g. losses, coupling, asym-
metries, etc.) that are difficult to simulate using electromag-
netic (EM)- or circuit-based models.

Several methods devoted to the characterization of n-port
passive structures can be found in the literature. Some of
them [1–5] require special hardware not generally available
in many laboratories. Other methods, although based on stan-
dard two-port vector network analyzer (VNA) measurements,
require auxiliary terminations to be placed at the ports not
connected to the VNA during each measurement.
Nevertheless, these methods are not easily applicable to
on-wafer characterization. In fact, Lu and Chu [6] require a
high number of auxiliary terminations which can be difficult
to integrate and, therefore, requires a probe-card which
must be calibrated separately. Moreover, the need to
perform measurements at each of the port combinations

[6–10] can be a problem as most structures of interest (e.g.
power combiners) have parallel ports with 08 alignment and
standard on-wafer probe stations can only measure ports
that present a 1808 alignment. Furthermore, especially at
high frequencies, there is not always enough space to place a
coplanar ground-signal-ground (GSG) RF test pad at each
port of the network.

On the other hand, this paper presents a complete method
for designing and characterizing the test structures, that is, the
n-port network to be measured and the associated auxiliary
terminations on the same chip that does not require a
special calibration routine and, more importantly, does not
require all the port combinations being measured. The latter
overcomes the problem of non-measurable or difficult-to-
measure port combinations. It will be shown that for a given
number of ports n, the full scattering parameters matrix (S)
of the network can be computed by performing the same
number of measurements as other methods which require
all the port combinations to be measured. The proposed
method allows solving the n-port matrix either analytically
in closed form or by numerical optimization. The latter can
be straightforwardly implemented in commercial CAD soft-
ware allowing for better accuracy and robustness of the
solution.

The paper is organized as follows: Section II states the
general problem of characterizing a linear n-port using a
two-port VNA and presents the proposed method for
n-port having non-measurable port combinations as well as
for networks having some inaccessible ports whereas Section
III presents extensive validation results obtained with a nine-
port output power combiner and matching network of an
X-band MMIC power amplifier. Conclusions are outlined at
the end of the paper.
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I I . T H E P R O P O S E D M E T H O D

A) Problem statement
In general, an n-port linear network is described by an n × n
characteristic matrix, and if reciprocity or symmetry is not
assumed, there will be n2 elements of the matrix to be deter-
mined. In order to characterize the n-port using a standard
two-port VNA, methods in the literature require performing
two-port measurements for every possible combination
of two ports of the n-port. The two-port measurements are
performed while the n22 ports not connected to the VNA
are terminated with appropriate loads. For each two-port
measurement a 2 × 2 sub-matrix of the characteristic matrix
of the n-port is determined. The nature of the determined sub-
matrix will depend on the type of auxiliary termination used
(e.g. if 50 V is used a scattering (S2×2) sub-matrix will be
determined, whereas an impedance (Z2×2) sub-matrix will
be obtained if perfect open circuits are used). Once all the

n
2

( )
= n · (n − 1)/2) two-port combinations are measured

the full n-port characteristic matrix is obtained by picking its
elements from the measured 2 × 2 sub-matrices.

The main drawback of this procedure is that in practice it is
not always possible to perform measurements between all the
ports of a network, whether due to on-wafer probe-station
limitations that preclude the simultaneous measurement of
ports that do not have the right alignment, or due to geometric
limitations that prevent the insertion of an RF GSG test pad at
each port, thus preventing such ports to be contacted at all.

The proposed method aims to solve both problems. The first
and the most common one regards n-port networks where all
ports are measurable (i.e. all ports have their corresponding
RF access pad so that the RF probe can be connected to it)
but there are some two-port combinations which are not mea-
surable (this is normally the case on power combiners where
ports on the same side of the network cannot be measured
together). The second problem regards the case in which the
available area is not enough for an RF test pad to be placed
in the test structure, thus making some ports not measurable
at all. As will be shown in the next subsection the proposed
method overcomes these problems without increasing the
number of measurements with respect to other methods.

B) Non-measurable two-port combinations
Let us assume that we have an n-port for which ports i and
port j cannot be measured with a two-port VNA because of
the n-port pattern, and that there is also a third port k for
which the two-port measurements i2k and j2k are realizable.
As will be demonstrated, by performing the three two-port
measurement shown in Fig. 1, it is possible to compute the
non-directly measurable i 2 j transmission parameter.

In fact, the 2 × 2 matrix measured by the VNA (Sm) can be
easily transformed to its equivalent representation in terms of
the impedance matrix (Zm):

Zm = 50(1 − Sm)−1 × (1 + Sm). (1)

Thus, from measurements A and B in Fig. 1, the Zik and Zjk

sub-matrices are, respectively, obtained. It should be noted
that these are 2 × 2 sub-matrices of the Z matrix of the
n-port and thus their elements are Zii, Zik, Zki, Zkk, Zjj, Zjk,

and Zkj, elements of the full characteristic matrix of the
n-port (Z).

In the same way, measurement C in Fig. 1 transformed to Z
representation will provide the following equations:

Zm
jj = Zjj + Zji

Ii

Ij

( )
,

0 = Zij + (Zii + ZTerm) · Ii

Ij

( )
,

Zm
kj = Zkj + Zki

Ii

Ij

( )
.

(2)

In (2) Ii and Ij are the currents at ports i and j, Zm
jj and

Zm
kj are the parameters obtained by transforming to Z

domain the VNA measurements corresponding to measure-
ment C, and ZTerm is the auxiliary impedance used to
terminate port i.

Rearranging (2) and taking into account that Zii, Zik, Zki,
Zkk, Zjj, Zjk, and Zkj are known from the previous measure-
ments a final expression for the unknown Zij and Zji can be
found:

Zji = Zki

(Zm
jj − Zjj)

(Zm
kj − Zkj)

,

Zij = −(Zii + ZTerm)
(Zm

kj − Zkj)

Zki
.

(3)

Thus, for any combination of ports i, j, k where ports i and j
cannot be measured together, it is possible to obtain the non-
directly measurable transmission parameters Zij and Zji by
using (3). This means that for any pair of non-directly mea-
surable parameters Zij and Zji in the network an additional
measure is needed.

Moreover, it can be noticed that for reciprocal ports, ZTerm

need not be measured in order to determine Zji in (3) (or Zij ¼

Zji). In fact, ZTerm can be determined from the second part of
(3) after calculating Zji.

In order to calculate the number of measurements that
are needed to determine the full Z matrix, let us consider
an n-port network where there are two sets of ports com-
posed respectively by q and n 2 q elements and that ports
belonging to the first set cannot be measured simultaneously
and the same is valid for the second set (e.g. there are q
elements on the input side of the structure and n 2 q on
the output). So, once all the q · (n − q) practicable
two-port measurements are performed (W), the non-directly

Fig. 1. Measurement sequence for the identification of non-measurable port
combinations.
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measurable elements of the matrix (D and A) will be dis-
posed as in Fig. 2.

As can be observed in Fig. 2 the number of pairs of non-
directly measurable elements of the matrix (Np) will be
given by

Np =
∑q−1

i=1

i +
∑n−q−1

i=1

i = (q − 1)q + (n − q − 1)(n − q)
2

. (4)

Then, the total number (M ) of measurements required by
the method will be given by

M = q(n − q) + Np = n(n − 1)
2

. (5)

Thus, this method solves the problem of the non-directly
measurable port combinations without increasing the
number of measurements with respect to other methods [6,
8–10].

C) Non-measurable ports
In order to deal with ports that are not measurable at all, a
third auxiliary termination is required.

1

Let us assume a reciprocal n-port (this is normally the case
for most passive structures) having some non-measurable
ports and select three ports of the network i, j, and k, where
ports i and j are measurable and port k is not. By
performing the measurements shown in Fig. 3 and transform-
ing the results to Z domain the following equations are
obtained:

Zx
ii =Zii+Zik

Ik
Ii

( )x
, Zx

ij =Zij+Zik
Ik
Ij

( )x
,

Zx
ji =Zji+Zjk

Ik
Ii

( )x
, Zx

jj =Zjj+Zjk
Ik
Ij

( )x
,

0=Zki+(Zkk+Zx) Ik
Ii

( )x
, 0=Zkj+(Zkk+Zx) Ik

Ij

( )x
.

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

(6)

In (6) the “x” superscript must be set to B or C
2

according
to the measurements indicated in Fig. 3. Solving the system of
equations in (6) and taking into account the network recipro-
city results in the following expressions for the coefficients of
the non-measurable port k

3

:

Zkk =
ZC(ZC

ii − Zii) − ZB(ZB
ii − Zii)

ZC
ii − ZB

ii

,

Zik =

���������������������������������������������������
ZC(ZC

ii − Zii) − ZB(ZB
ii − Zii)

ZC
ii − ZB

ii

+ ZB

( )
(ZB

ii − Zii)

√
,

Zjk =

���������������������������������������������������
ZC(ZC

ii − Zii) − ZB(ZB
ii − Zii)

ZC
ii − ZB

ii

+ ZB

( )
(ZB

jj − Zjj)

√
.

(7)

This procedure can be applied to any other non-
measurable port r

4

and (7) be used to obtain Zir and Zjr.
Then Zrk can be obtained by performing an additional
measurement between ports i and j with ports r and k termi-
nated on ZB and using the following equation:

Zrk =

(Zrr + ZB)[Zjk(Zm
ii − Zii) − Zik(Zm

ji − Zji)]
−Zri(ZikZjr − ZjkZir)

Zir(Zm
ji − Zji) − Zjr(Zm

ii − Zii)
. (8)

In (8), Zm are the measured values with both ports r and k
terminated on ZB. It can be noticed that the total number of
measurements required is still the same as in Section II.B.
However, when the network has more than two non-

Fig. 3. Measurements required for the identification of non-measurable ports.

Fig. 2. Matrix for the calculation of the number of required measurements.

Fig. 4. Nine-port output power combiner and matching network of an X-band
MMIC HPA used for the validation of the method.

1

The open circuit termination can be considered the first auxiliary ter-
mination, while ZTerm is the second one.

2

The first measure in Fig. 3 is a direct measure and Zii, Zij, Zji, and Zjj are
directly obtained from the two-port S-parameter measurement.

3

The 1808 ambiguity in Zik, Zjk can be solved by simulating the n-port.
4

Clearly, measurement A in Fig. 3 need not be repeated for port r since it
will be identical to the one performed for port k.
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measurable ports, the number of necessary measurements
becomes higher since also the cross terms between these non-
measurable ports need to be determined.

D) Numerical solution using a CAD software
Although (3), (7), and (8) give closed-form solutions for the
elements of the characteristic matrix Z, they are based on
the assumption of ideal auxiliary terminations. In fact, since
the method considers the Z matrix, ideal open-circuit termin-
ations are assumed.

5

At high frequencies when the impedance
of the unconnected test port is not high enough to be con-
sidered as an open circuit, the closed-form expressions
cannot be evaluated directly and therefore a numerical pro-
cedure is required. In practice, the analytical solution can be
used as a starting point to obtain a more accurate and
robust solution using numerical optimization with the real
(i.e. measured) auxiliary terminations (open and ZTerm).
This can be done straightforwardly in most high-frequency
CAD tools by minimizing with a suitable algorithm (e.g. gra-
dient) an error function defined as the least-square discrepan-
cies between the measured and the simulated S parameters of
the network for all the test configurations. The unknown
elements of the S matrix are, in this case, the optimization
variables.

Moreover, although the identification of a complex nine-
port structure such as the one presented in the next section
has been performed using the minimum number of

measurements required by the method, a CAD-based optim-
ization approach can be easily set up in order to take advan-
tage of extra or redundant measurements, making the
method more robust and reducing uncertainty.

I I I . E X P E R I M E N T A L R E S U L T S

The proposed method was applied to the characterization of a
nine-port passive network. The structure, shown in Fig. 4, is
the output power combiner and impedance matching
network of a 10 W X-band MMIC high-power amplifier
(HPA) built in GaInP/GaAs Power HBT Technology.

Ports 1–8 at the bottom correspond to the inputs of the
power combiner where the eight power cells of the HPA
are connected, whereas port 9 is the output of the HPA
where a 50 V load is normally connected. Since the RF
pads of ports 1–8 have all the same orientation, it is not
possible to contact them with a standard on-wafer probing
system (i.e. a system having 1808 between probes) without
one of the probes being above the structure. In fact, at
high frequencies spurious coupling between the probe and
the underlying lines can affect the measurement.
Therefore, the proposed method is specially suitable since
it allows to fully characterize this kind of structure without
having to measure the transmission S parameters for all
the combinations of ports 1–8 on the bottom of the combi-
ner: it is only required that transmission and reflection par-
ameters be measured between each port at the bottom (1–8)
and the port at the top (9). Moreover, being the network
symmetrical along the central vertical axis, only ports 1, 3,
5, and 7 need to be measured since ports 8, 6, 4, and 2
show symmetrical behavior. Hence, in order to apply the
method, a total of 20 S-parameter measurements in the
range 1–25 GHz were performed using an Agilent E8364C
2-port VNA, a Cascade on-wafer probe station, and GSG
RF probes with 150 mm of pitch, according to the matrix
in Fig. 5.

The auxiliary terminations ZTerm were 50 V resistors
grounded through a via hole and connected to the ports
with gold bond wires whereas the “Open” circuit standard
was a coplanar-to-microstrip transition pad followed by
76 mm of a 50 V microstrip line. Both ZTerm and the open
standard were characterized separately with one-port
S-parameter measurements. After the measurements were
performed, the Z̃ matrix of the nine-port network was deter-
mined at each frequency using (3).

Figure 6 show which elements of the Z matrix were ident-
ified by each of the 20 measurements indicated in Fig. 5.

Fig. 5. Measurement matrix (P1 and P2 (VNA ports), O open circuit, Z ¼ ZTerm).

Fig. 6. Scheme of the independent elements of the reciprocal and symmetrical
Z matrix identified by each measurement of Fig. 5.

5

For DUTs where (ideal) short circuits are easier to implement than
open circuits (e.g. wave-guide structures), the proposed method can be
dually formulated in terms of the Y matrix.
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However, since the open termination was not ideal as
assumed in (3), an optimization routine was implemented in
ADS CAD software to determine Z by minimizing the
least-squares discrepancies between the measured and
modeled S parameters in all the configurations of the matrix
in Fig. 5, using Z̃ as a starting point for Z, and the measured
auxiliary terminations.

Figure 7 shows the comparison between some of the reflec-
tion and transmission S parameters of the network deter-
mined with the method and the corresponding values
obtained both with an S-parameter simulation of the structure
using circuit-based models, as well as with a 2.5D EM simu-
lation using the method of moments. As can be seen from
Fig. 7, there is very good agreement between the parameters
obtained with the proposed method and those obtained with
EM simulation. It can also be noticed that circuit-based
models give accurate results up to 5 GHz but fail to predict
the high-frequency resonances of the structure at �11 GHz.

In order to obtain good EM simulation results several
time-consuming reverse-engineering operations were per-
formed using separate ad hoc structures not shown here.
In fact, it was necessary to adjust the values of the substrate
properties for this particular foundry run, which slightly
differed from the nominal values given by the foundry.
Moreover, since a 2.5D EM simulator was employed
(i.e. not a full 3D simulator), also the geometry and mesh set-
tings of the simulator had to be carefully validated using the
ad hoc structures.

Figures 8 and 9 show the real and imaginary parts of all the
independent parameters of the full 9 × 9 S matrix for the
EM-simulated matrix and the matrix obtained with the
proposed method. In fact, although the n-port characteristic
matrix has 81 elements, network reciprocity and geometrical
symmetry of ports 1–4 with respect to ports 5–8, results
in the S matrix being fully characterized by only 25 indepen-
dent elements. It can be observed that there is very good

Fig. 7. S11 and S12 of the network: method (symbols), EM simulation (thick line), circuit-based model (thin line).

Fig. 8. Real part of the independent S parameters of the network obtained with the proposed method (symbols) and EM simulation (thick line).
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agreement also for the rest of the elements of the S matrix of
the network.

Figures 10 and 11 allow comparing two magnitudes of the
n-port combiner that depend on the full S matrix of the
n-port: the common-mode impedance seen when applying a
common mode excitation to ports 1–8, and the associated
attenuation from each of ports 1–8 to port 9. As can be seen
from these figures, although the results seem to be a little
noisier, the method gives very close results to the EM
simulation.

In order to evaluate quantitatively the difference between
the two S parameter matrices plotted in Figs 8 and 9, it is
necessary to define an error matrix DS, and to calculate a suit-
able metric or norm on it. Accordingly, we define each
element of DS:

DSŜ−SEM

ij = |Ŝij − SEM
ij |, (9)

as the distance between two corresponding complex-valued

elements of the S matrices obtained with the proposed
method (Ŝ) and with the EM simulation (SEM). Since we are
dealing with a reciprocal and symmetrical matrix, only the
N independent elements of the matrix need to be considered,
that is, the ones in Fig. 6. It is therefore convenient to group
them into an error vector D�S

Ŝ−SEM

[ RN containing the inde-
pendent elements of DSŜ−SEM

. Since S parameters are already
normalized magnitudes with respect to the reference impe-
dance and have magnitudes that for passive networks can
vary from 0 to 1, an absolute error definition is considered
and therefore the average distance or error between the two
matrices can be simply evaluated by calculating the root
mean square value of the error vector, namely:

M
Ŝ−SEM

= ||D�S Ŝ−SEM ||2 =

����������������∑
j |D�S

Ŝ−SEM

j |2

N

√
, (10)

where N is the number of independent elements of the S
matrix (Fig. 6). The scattering matrix being frequency depen-
dent, also the error matrix and its norm needs to be evaluated
at each frequency. Figure 12 shows the plot of the error metric

Fig. 9. Imaginary part of the independent S parameters of the network obtained with the proposed method (symbols) and EM simulation (thick line).

Fig. 10. Common mode impedance of the combiner: method (symbols), EM
simulation (thick line), circuit-based model (thin line).

Fig. 11. Combiner attenuation for common mode excitation at ports 1–8:
method (symbols), EM simulation (thick line), circuit-based model (thin line).
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M
Ŝ−SEM

and, for the sake of comparison, also the discrepancy
measured by the same metric between the circuit-based model
of the network and the EM simulation (M

Sckt−SEM

).
As can be seen from Fig. 12, the average error distance

between the S matrix obtained with the method and the
EM-simulation is much smaller than the one between a circui-
tal model and the EM simulation.

It is also interesting to calculate the error between some sub-
matrices of the S matrix that were measured directly (i.e. termi-
nating the remaining seven ports not connected to the VNA
with 50 V loads) and the corresponding values obtained with
the EM simulation. Accordingly, Fig. 13 displays the metric
for the 2 × 2 sub-matrices obtained with port 2 of the VNA
connected to port 9 of the n-port, and port 1 of the VNA
connected to ports 1, 3, 5, and 7 of the network.

It can be observed that the error metrics for these measure-
ments, which were not used for the identification of the
n-port, are comparable and in some cases somewhat higher
than the errors obtained with the proposed method. The
latter may be due to the fact that imperfect 50 V loads were
employed for the direct measurement of the S sub-matrices
but also to the fact that each element of the Ŝ matrix obtained
with the method is based on several two-port measurements
and thus the method has some averaging properties that
reduce random measurement errors.

I V . C O N C L U S I O N S

The paper presented a simple method for the characterization
of n-port linear networks using a standard two-port VNA.
The method is completely general and in principle can be

applied to any passive multi-port network. The main advan-
tages of the method are that it does not require all the
two-port combinations to be measured and that it can also
deal with non-measurable port combinations. In fact, it is not
unusual for circuit ports to have orientations different from
the standard 1808 or to have ports that due to geometrical con-
strains cannot be contacted at all. Still, this method can solve for
this non-measurable combinations by repeating measurements
at the allowed port combinations. The method was applied to
the full linear characterization of a nine-port microstrip
power combiner and matching network and extensively vali-
dated against circuit-based as well as EM simulations with
very good results. Although the proposed method and EM
simulations give similar results, accurate and reliable EM simu-
lations require significant expertise and are normally more time
consuming than the proposed method, considering that some
sort of trial and error experimental validation will also be
required for the EM simulation tool.
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