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This paper quantifies the welfare gains from Social Security when individuals face
uninsurable longevity risk. While past researchers have studied this basic question, we do
so from a unique perspective. In contrast to traditional macroeconomic models that
abstract from specific linkages between parents and children, in our model, children are
born to specific parents whose longevity is uncertain. And because parental asset holdings
evolve over the life of the parent, children face uninsurable bequest income risk in
addition to their own longevity risk. We find that Social Security improves ex ante
expected utility by 3.4% of lifetime consumption (for the second generation). Because our
baseline analysis assumes full information and optimal hedging of longevity risk, we treat
these welfare gains as a conservative estimate, and we show that the gains are
significantly larger when individuals fail to hedge their longevity risk.
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1. INTRODUCTION

When individuals are young and accumulating assets for retirement, they do not
know precisely how long they will live. This longevity risk presents a major chal-
lenge in determining how much to save because the amount needed to finance
a comfortable living standard during retirement depends crucially on the total
length of the retirement period. Living up to the age of 70 requires a far different
level of savings than living up to the age of 100. Typical models in economic the-
ory assume that individuals make consumption/saving plans that optimally hedge
this risk, but even in that case such hedging involves large amounts of precau-
tionary saving that go unspent when death occurs early. Absent a bequest motive,
such unspent assets represent an inefficiency that opens the door for a second-best
public program like Social Security.

Through collective risk sharing, Social Security helps individuals to hedge
longevity risk. It does so by paying benefits to retirees as a life annuity that lasts
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as long as they live, which is especially beneficial when longevity risk is uninsur-
able or expensive to insure in the private annuity market (due to adverse selection).
This is the conventional logic in support of Social Security’s longevity insurance
role. The purpose of this paper is to test the conventional logic and quantify the
individual welfare gains from Social Security when individuals face uninsurable
longevity risk. We document large welfare gains from Social Security’s provision
of longevity insurance, on the order of 3.4% of lifetime consumption.

While a number of researchers have studied this issue and have performed sim-
ilar calculations, this paper does so from the unique perspective of sequential
welfare analysis of Social Security. We use a model in which bequest income is
transmitted to the next generation through explicit linkages between parents and
children. This contrasts with standard models that do not build explicit linkages
between generations but instead assume that the aggregate assets of the deceased
are either rebated to the surviving population in a deterministic way as in typi-
cal macroeconomic models [Feigenbaum (2008)] or simply do not factor into the
model at all as in typical microeconomic models [Bütler (2001)].1

We begin our sequential welfare analysis of Social Security with generation 1.
They are the first generation to ever exist, and they participate in a Social Security
retirement program. Social Security taxes are paid on wage earnings and bene-
fits are collected as a life annuity during retirement. Social Security is efficiently
financed, which allows us to abstract from the well-known effects of an inef-
ficiently financed system. Individuals have full information about the longevity
risk that they face and are fully rational. They have no private options for insuring
their longevity risk, and they do not have a bequest motive so there is no down
side to annuitization (for this generation). Using ex ante expected utility as the
measure of welfare, the welfare gains to generation 1 from participating in Social
Security are enormous and amount to 11.5% of lifetime consumption at our pre-
ferred level of risk aversion. This is consistent with conventional wisdom as well
as with previous research measuring the welfare gains of Social Security with
incomplete insurance markets [Hubbard and Judd (1987), and İmrohoroğlu et al.
(1995)] and the vast literature that computes the welfare gains of annuitization
in general [Kotlikoff and Spivak (1981), Mitchell et al. (1999), Brown (2001),
Davidoff et al. (2005), and Lockwood (2012)].

Next, we move beyond conventional wisdom and into the heart of our analy-
sis, generation 2. We maintain all of the assumptions concerning the economic
setting, but with one twist: individuals in generation 2 are born to specific par-
ents from generation 1 whose longevity is uncertain. And because asset holdings
evolve over the life of generation 1, individuals in generation 2 face uninsurable
risk over the magnitude of bequest income that they receive in addition to their
own longevity risk. The effect of Social Security on welfare is now more inter-
esting because Social Security carries both welfare benefits and welfare costs.
On the benefit side, Social Security helps individuals in generation 2 to insure
their own longevity risk, as was the case with generation 1. However, on the cost
side, Social Security causes generation 1 to accumulate less private wealth for
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retirement, and hence Social Security crowds out bequest income received by
generation 2. Social Security’s ability to provide net welfare gains through col-
lective risk sharing requires that the benefits of longevity insurance dominate the
cost of lost bequest income.

Ideally, to weigh these benefits and costs, one needs a model such as ours with
explicit linkages between generations. We know from past studies that the manner
in which bequest income is modeled has first-order effects on the welfare gains
from longevity insurance through Social Security: the welfare gains can be very
large in partial equilibrium models that ignore the impact of Social Security on
the crowding out of bequest income to the next generation (as is the case in our
generation 1 analysis) and can be zero in general equilibrium models that treat
bequest income in an anonymous, deterministic fashion [Caliendo et al. (2014)].
The key to our model, however, is that the bequest income received by generation
2 is a risky income source. Therefore, a full understanding of Social Security’s
longevity insurance role must take into account that while Social Security crowds
out bequest income, that income is risky. The riskiness of bequests reduces (but
does not eliminate) the cost associated with Social Security.

The combined longevity risk and bequest income risk facing individuals in
generation 2 is very costly. The Ex Ante Efficient consumption allocation—which
is the solution to a Pareto planner problem that utilizes the Law of Large Numbers
to fully insure the individual against both risks—is generally worth about 20% of
the individual’s total lifetime consumption. Social Security is nowhere near as
effective as perfect insurance, but it does provide remarkably large welfare gains
to generation 2—on the order of 3.4% of lifetime consumption at our preferred
level of risk aversion.

We pay particular attention to the ability of the individual to hedge their own
longevity risk. We attempt to place bookends on the welfare gains from Social
Security by considering two examples. As a lower bound, we assume that the indi-
vidual optimally hedges their longevity risk. Alternatively, as an upper bound, we
consider an individual who does not hedge their longevity risk at all. Instead, the
individual follows a consumption/saving plan that is based on deterministic sur-
vival to the age of life expectancy. That is, the individual correctly forecasts their
own life expectancy, but they treat this as a certain event and follow a plan that is
optimal based on this naïve assumption. The individual, therefore, makes no effort
to hedge their longevity risk (they base their decision on the mean while ignoring
the risk). Thus, they follow a plan that exhausts their assets at their life expectancy,
and if they happen to live beyond their life expectancy (and therefore truly out-
live their private assets), then they survive by consuming their Social Security
benefits. Of course, this is perhaps only one of the multiple ways to study sub-
optimal hedging, but this description fits with the standard, casual motivation of
why we need a Social Security program. We show that the welfare gains become
significantly larger under this type of suboptimal hedging behavior, leading us to
conclude that the welfare gains reported above should be treated as a conservative
estimate of the usefulness of Social Security as a risk sharing device.
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The issue of suboptimal hedging of longevity risk is important and has not
received much attention even though it is key to understanding Social Security’s
potential role in sharing longevity risk. Recall that in a standard Yaari (1965)
life-cycle model with rational behavior and full information about the distribu-
tion of longevity risk, the individual optimally self insures their longevity risk
and does not actually face the risk of outliving their assets. But Social Security’s
life annuity feature is often motivated on the grounds that it provides protection
against this very risk [Brown (2000)], and our analysis is careful to account for
this possibility.

We also consider the long-run welfare implications of Social Security by
extending our analysis to a model with three generations. We show the magnitude
of bequest income compounds from one generation to the next, as well as the
riskiness of bequest income across generations due to expansion in the number of
permutations of mortality combinations among one’s ancestral line. These longer
term intergenerational wealth dynamics have important and nuanced effects on
Social Security’s role as a risk sharing device. In this setting we find that the
welfare gains of Social Security are still significant.

Our paper is an extension of Caliendo et al. (2014). Specifically, we extend the
two-period model in their appendix—which provides qualitative results on the
direction of the welfare effect of Social Security when bequest income is risky—
to a continuous-time dynamic setting in order to quantify the welfare gains from
Social Security when bequest income is risky.

2. SETTING

In our initial setup, we focus exclusively on Social Security’s longevity insur-
ance role. All individuals across and within both generations share the same wage
income, and they behave rationally in the face of longevity risk. Later in the paper,
we systematically relax these assumptions.

Age is continuous and is indexed by t. The consumption spending of an individ-
ual at age t is c(t) and period utility is denoted u(c(t)) with u′ > 0 and u′′ < 0. There
are two generations, which we call generation 1 and generation 2. Individuals
from both generations face longevity risk and make optimal consumption and
saving decisions in the face of this risk. A Social Security program is introduced
for the first time in generation 1. We do not model any generations before gen-
eration 1. For both generations, private annuity markets are closed, which means
that—beyond self insurance—longevity risk is insurable only through collective
risk sharing in Social Security.2

At age t = 0, the first generation enters the workforce. This generation is con-
tinuously divisible with unit mass at t = 0. The probability an individual from this
generation survives to age t is S(t), and death occurs no later than t = T , hence
S(0) = 1 and S(T) = 0. They collect wage income w and pay Social Security taxes
at rate τ until retirement occurs at t = tR. After retirement, they collect a constant
Social Security benefit b until death. Social Security benefits are paid as a life
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annuity. We abstract from any type of political or fiscal risk and instead assume
Social Security benefits are certain [Bütler (1999), Gomes et al. (2012), Nelson
(2020), Luttmer and Samwick (2018), Kitao (2018), Caliendo et al. (2019) and
Cottle Hunt (2020)]. Any income not consumed flows into a zero-interest storage
technology B(t), with the constraints B(0) = B(T) = 0. The Social Security system
has a balanced budget and is financed efficiently, hence

b = τw

∫ tR
0 S(t)dt∫ T
tR

S(t)dt
.

The second generation is exactly like the first generation in terms of their
survival probabilities and wage endowment. They differ only in that they col-
lect an inheritance from the first generation. To distinguish the asset holdings of
the two different generations, any income not consumed by generation 2 flows
into a zero-interest storage technology k(t) (rather than B(t)), with the constraints
k(0) = k(T) = 0.

In standard macroeconomic models, there is no explicit linkage between gen-
erations. The total assets of the deceased at a moment in time are anonymously
rebated back to all of the living in equal, deterministic amounts. In contrast, in
reality bequest income flows from parents to children, and the inheritance of the
children is stochastic because the date of death of the parent is stochastic and
parental asset holdings vary across time. We explicitly model the intergenera-
tional linkage by assuming that each child from generation 2 is assigned to a
specific parent from generation 1. The asset holdings of the parent upon death
are transmitted one-for-one to the child. Because the parent’s asset holdings nat-
urally vary over the life cycle and the parent faces longevity risk, the child faces
uncertainty about bequest income in addition to their own longevity risk.

To simplify our analysis somewhat, we assume risky bequest income is trans-
mitted to generation 2 at the beginning of their economic life span and is,
therefore, resolved upfront. Of course, in reality, both the magnitude and tim-
ing of bequest income are uncertain. Abstracting from timing risk allows us to
focus cleanly on a number of concepts in a tractable way. However, at the end of
our paper, we solve and simulate the full blown model with timing risk, where
both the timing and magnitude of bequest income are uncertain. This extension
serves to enhance Social Security’s longevity insurance role beyond our baseline
model that features early resolution of bequest uncertainty.

3. GENERATION 1

Generation 1 solves a standard Yaari problem of maximizing expected utility in
the face of longevity risk

max :
∫ T

0
S(t)u(c(t))dt,
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subject to

Ḃ(t) = (1 − τ )w − c(t), for t ∈ [0, tR],

Ḃ(t) = b − c(t), for t ∈ [tR, T],

B(0) = B(T) = 0.

For CRRA utility u(c) = c1−σ /(1 − σ ), the solution is

c∗(t) = (1 − τ )wtR + b(T − tR)∫ T
0 S(t)1/σ dt

S(t)1/σ .

And the optimal asset holdings of generation 1 conditional on death at t = x are

B∗(x) =
∫ x

0
[(1 − τ )w − c∗(t)]dt, for x ∈ [0, tR],

B∗(x) =
∫ tR

0
[(1 − τ )w − c∗(t)]dt +

∫ x

tR

[b − c∗(t)]dt, for x ∈ [tR, T].

The welfare gain from Social Security, �SS, is the solution to∫ T

0
S(t)u(c∗

SS(t)(1 − �SS))dt =
∫ T

0
S(t)u(c∗

LF(t))dt,

where c∗
LF(t) is Laissez-Faire optimal consumption with τ = b = 0 and c∗

SS(t) is
optimal consumption with a Social Security system in place.

To conduct our numerical analysis, we assume an individual begins work at
the age of 18 (t = 0), retires at the age of 67 (t = tR = 49), and lives up to a
maximum age of 100 (t = T = 82). We normalize the wage to unity (w = 1).
We set τ = 0.106, which corresponds to the employer and employee payroll tax
for the Old Age Survivor Insurance portion of Social Security. This generates a
replacement rate of 35% (b = 0.35). For our baseline analysis, we set the CRRA
parameter σ = 3, which standard in the literature. We explore a range of values
for this risk aversion parameter in our sensitivity analysis.

The survival function S(t) is calibrated to ensure that the ratio of workers to
retirees is 3.3, which is approximately the average value in the USA during the
period 2000–2010.3 The survival function S(t) = 1 − (t/T)2.58 produces a ratio
of workers to retirees

∫ tR
0 S(t)dt/

∫ T
tR

S(t)dt = 3.3. The life expectancy at t = 0
implied by this survival function is age 77.1, which corresponds closely to the
life expectancy from birth for the USA reported by the World Bank of 78.5 years.
Our parameters are summarized in Table 1.4

The welfare gain from Social Security for generation 1 is �SS = 11.5%. An
individual in generation 1 would be willing to pay 11.5% of their lifetime con-
sumption in order to have access to the annuitization provided through Social
Security. This is consistent with conventional wisdom. The size of this welfare
gain is independent of the CRRA parameter σ .5 The paths of consumption and
saving over the life cycle are depicted in Figures 1 and 2. Consumption is higher

https://doi.org/10.1017/S1365100521000018 Published online by Cambridge University Press

https://doi.org/10.1017/S1365100521000018


SOCIAL SECURITY AND LONGEVITY RISK 1653

TABLE 1. Summary of Baseline Calibration of Parameters

Parameters

Social Security:
τ = 10.6% Social Security payroll tax
b = 0.35 Balances the Social Security budget

Demographics and misc:
T = 82 Normalized maximum life span (age 18–100)
tR = 49 Length of career (age 18–67)
S(t) = 1 − (t/T)2.58 Survival function yielding 3.3 workers:retirees
w = 1 Normalized wage
σ = 3 Midpoint CRRA value from literature

FIGURE 1. Generation 1 consumption c∗(t) over the life cycle with Social Security (dashed
blue line) and without (dotted yellow line) for σ = 3.

with Social Security than in the Laissez-Faire economy. Social Security crowds
out saving, and so B∗(t) is lower at every age with Social Security than without.
This means the accidental bequests passed to generation 2 are smaller with Social
Security than in the Laissez-Faire world.

4. GENERATION 2

Generation 2 faces a different optimization problem, because it receives an
uncertain amount of bequest income. With probability −Ṡ(x) an individual in
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FIGURE 2. Generation 1 saving B∗(t) over the life cycle with Social Security (dashed blue
line) and without (dotted yellow line) for σ = 3.

generation 1 will die at age x holding assets B∗(x). Hence, for the individual in
generation 2, bequest income is a random variable with moments

E(B∗) =
∫ T

0

(−Ṡ(x)
)

B∗(x)dx,

var(B∗) =
∫ T

0

(−Ṡ(x)
)

(B∗(x) −E(B∗))2dx.

Throughout our paper, the key to our analysis is to carefully account for
how Social Security affects the distribution of bequest income that passes from
generation 1 to generation 2. Social Security crowds out the asset holdings of
generation 1 which, in turn, reduces the bequests that generation 2 can expect to
receive. But Social Security also reduces the variance of risky bequest income,
and both effects have important welfare implications.

But to set the stage, we first derive the Ex Ante Efficient allocation for gen-
eration 2, which is the consumption path for an individual in generation 2 that
solves a Pareto planner problem that perfectly hedges survival risk and bequest
risk through the Law of Large Numbers.

4.1. Ex Ante Efficient Allocation

How big is the problem we are trying to solve? In other words, how costly is
the individual’s exposure to the multiple risks they face? To answer this question,
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we compute the Ex Ante Efficient allocation as the solution to a Pareto planner’s
problem to create a benchmark for welfare comparisons.

We focus on the welfare of generation 2. The planner maximizes aggregate
utility

max
∫ T

0
S(t)u(c(t))dt,

subject to an aggregate resource constraint∫ T

0
S(t)c(t)dt =

∫ tR

0
S(t)wdt +E(B∗),

where E(B∗) = ∫ T
0

(−Ṡ(x)
)

B∗(x)dx is the expected bequest from generation 1 to
generation 2.

The Lagrangian

L=
∫ T

0
S(t)u(c(t))dt + λ

(∫ tR

0
S(t)wdt +E(B∗) −

∫ T

0
S(t)c(t)dt

)
,

has the first-order condition

S(t)uc(c(t)) = S(t)λ for all t,

and hence consumption is constant

c(t) = u−1
c (λ).

We denote First Best consumption as cFB, and using the aggregate resource
constraint

cFB =
∫ tR

0 S(t)wdt +E(B∗)∫ T
0 S(t)dt

.

This consumption path provides a perfect ex ante hedge against longevity and
bequest risk. Expected utility is

E(U) =
∫ T

0
S(t)u(cFB)dt.

4.2. The Second Best: Social Security with Optimal Hedging

We begin with the very best case for generation 2: the individual is fully rational
and optimally hedges their longevity risk. The purpose of this section is to eval-
uate the welfare effects of Social Security and to compare it to the welfare gains
associated with the Ex Ante Efficient allocation (or First Best allocation).

Generation 2 faces the following optimization problem, conditional on realiza-
tion of x

max
∫ T

0
S(t)u(c(t))dt,
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subject to

k̇(t) = (1 − τ )w − c(t), for t ∈ [0, tR],

k̇(t) = b − c(t), for t ∈ [tR, T],

k(0) = B∗(x),

k(T) = 0,

where B∗(x) is the bequest received from a specific individual from generation 1
who died at age x, which is the asset holdings of that individual at their age of
death. The solution for CRRA is

c(t|x) = (1 − τ )wtR + b(T − tR) + B∗(x)∫ T
0 S(t)1/σ dt

S(t)1/σ ,

and ex ante expected utility (welfare) before the realization of B∗(x) is

E(U) =
∫ T

0

∫ T

0

(−Ṡ(x)
)

S(t)u(c(t|x))dtdx.

A Sequential Equilibrium with optimal hedging of longevity risk is com-
prised of generation 2 allocations (c(t|x), k(t|x))t∈[0,T] for each x that solve each
individual’s optimization problem conditional on bequest income that is realized
at time t = 0 and is distributed according to the PDF (−Ṡ(x)) and optimal asset
holdings of generation 1, B∗(x), and Social Security tax rate τ and benefit b that
jointly balance the Social Security budget.

The welfare gain from Social Security �SS is∫ T

0

∫ T

0

(−Ṡ(x)
)

S(t)u(cSS(t|x)(1 − �SS))dtdx

=
∫ T

0

∫ T

0

(−Ṡ(x)
)

S(t)u(cLF(t|x))dtdx.

And for comparison, the welfare gain associated with the Ex Ante Efficient
allocation �FB is∫ T

0
S(t)u(cFB(1 − �FB))dt =

∫ T

0

∫ T

0

(−Ṡ(x)
)

S(t)u(cLF(t|x))dtdx.

The welfare gains of Social Security and of the Ex Ante Efficient allocation
for generation 2 are presented in Table 2 under the heading “Optimal Hedging.”
With our baseline CRRA utility parameter σ = 3, the welfare gain associated with
the First Best consumption is 20.2%. Ex ante, before bequest income is known,
an individual facing longevity and bequest income risk would be willing to pay
20.2% of lifetime consumption for perfect insurance. In the absence of insurance,
the only way for the individual to hedge their longevity risk is to engage in pre-
cautionary saving. This decreases their consumption over the life cycle and leaves
resources on the table.
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TABLE 2. Welfare gains of Social Security �SS and of the Ex
Ante Efficient allocation �FB for generation 2 given optimal
hedging, for different CRRA parameters σ . The right half of
the table shows the expected value and the standard deviation
of bequests inherited by generation 2 with Social Security (B∗

SS)
and in Laissez-Faire (B∗

LF)

Optimal Hedging Bequests from Gen 1 to Gen 2

σ �SS �FB E(B∗
SS) SD(B∗

SS) E(B∗
LF) SD(B∗

LF)

0.5 1.4% 9.9% −3.66 1.49 1.98 2.09
1 2.1% 14.5% −1.01 0.99 4.33 3.55
1.5 2.5% 16.8% 0.45 1.51 5.62 4.22
2 2.9% 18.3% 1.37 1.87 6.44 4.58
3 3.4% 20.2% 2.47 2.26 7.41 4.97
4 3.8% 21.4% 3.11 2.47 7.97 5.17
5 4.2% 22.3% 3.52 2.60 8.34 5.30

The large welfare gain associated with the First Best allocation suggests there
is room for Social Security to improve lifetime wellbeing through a second-best
allocation. We find the welfare gain of Social Security is 3.4%. Before their
bequest is known, an individual would be willing to give up 3.4% of their life-
time consumption in order to live in an economy with Social Security. Clearly,
Social Security is not as valuable as the First Best allocation, but it is an improve-
ment over the Laissez-Faire economy. Social Security provides about one sixth of
the welfare gain associated with the First Best allocation.

The welfare gains of Social Security are attributable to the annuity benefit
payment which provides partial longevity insurance. Social Security crowds out
private saving and thus reduces the bequests B∗(x) that generation 2 receives. If
bequest income were certain, this crowding out would harm the individual so
much that it would completely unwind the gains from Social Security [Caliendo
et al. (2014)]. However, in our model, bequest income is risky. So, the reduction in
the size of the bequest is partially offset by the reduction in risk that the individual
faces. This is evident by comparing the expected value and standard deviation of
bequests received by generation 2 in the far right columns of Table 2. Expected
bequests are larger and the variance is higher in the Laissez-Faire economy com-
pared to the economy with Social Security. From the perspective of generation
2, Social Security crowds out bequest income, but it also reduces the variance
of that income. For example, with the baseline value of σ = 3, Social Security
reduces the size of the expected bequest E(B∗) from 7.41 to 2.47 compared to
the Laissez-Faire economy. With wages normalized to w = 1, the reduction in
expected bequests from 7.41 to 2.47 is equivalent to a loss of 4.94 years of wage
earnings. Although Social Security reduces the size of bequests, it also reduces
the riskiness of bequest income by reducing the variance. The standard deviation
of bequest income is 4.97 without Social Security and falls to 2.26 with Social
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FIGURE 3. Generation 2 welfare effects. First Best consumption (solid red line) and con-
sumption with Social Security (dashed blue lines) and without Social Security (dotted
yellow lines) given different possible bequests B∗(x) with σ = 3.

Security (when σ = 3). From an ex ante perspective, this reduction in risk par-
tially offsets the reduction in expected bequest income. Social Security crowds
out a risky income stream and replaces it with a life annuity.

The welfare gain of Social Security is also visible in the path of lifetime con-
sumption. Figure 3 plots the path of consumption for generation 2 given different
hypothetical realizations of bequests B∗(x) along with the First Best consump-
tion. While bequest income is a continuous random variable, the figure plots
consumption for the maximum and minimum possible bequest as well as a few
intermediate bequests for illustrative purposes. Ex ante, before bequest income is
known, and individual faces the possibility of any of the consumption paths. First
Best consumption is a perfectly smooth consumption profile, depicted in the graph
as a solid red line. The Laissez-Faire consumption paths are yellow dotted lines. If
an individual receives the maximum possible bequest in the Laissez-Faire world,
their consumption starts out higher than the First Best amount, but falls over
the life cycle. Lower bequests result in similar downward sloping consumption
profiles that begin with lower consumption. Social Security crowds out bequest
income, so consumption with the maximum possible bequest is lower. However,
Social Security also reduces the riskiness of bequests, and so the possible con-
sumption paths are closer together. They are shown as dashed blue lines in the
graph. In expectation, an individual is better off with Social Security.

As another illustration, Figure 4 plots the path of consumption for an individ-
ual in generation 2 who receives the expected bequest E(B∗

LF) in the Laissez-Faire
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FIGURE 4. Generation 2 welfare effects. First Best consumption (solid red line) and con-
sumption with Social Security (dashed blue line) and without Social Security (dotted
yellow line) given expected bequests E(B∗

SS) and E(B∗
LF) with σ = 3.

economy (dotted yellow line) and the expected bequest E(B∗
SS) with Social

Security (the dashed blue line). Consumption with Social Security and the corre-
sponding expected bequest is everywhere higher than in the Laissez- Faire world.
Social Security brings the individual closer to the First Best consumption because
its positive longevity insurance effect overpowers the lost bequest income.

5. ROBUSTNESS

We explore the sensitivity of our results along several different margins in this
section.

5.1. Wage Heterogeneity

In our analysis so far, we have intentionally abstracted from wage inequality and
from the redistributive effects of Social Security’s benefit-earning formula. In this
section, we set taxes and benefits according to their statutory values, and we
consider the welfare gains from Social Security under a variety of assumptions
about one’s own lifetime earnings as well as the lifetime earnings of one’s par-
ent. Differences in earnings across generations interact with the dynamics of risky
bequest income to create an important set of results about Social Security’s risk
sharing role (explained below). In addition to longevity insurance, now Social
Security has a redistributive role, as in Conesa and Krueger (1999), Huggett and
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Ventura (1999), Cremer et al. (2008), Fehr and Habermann (2008), and Cremer
and Pestieau (2011), to name a few.

Our baseline model assumes that all workers in both generations receive the
same (average) wage. We relax that assumption in this section and consider wage
heterogeneity. Social Security taxes wages up to a tax cap (currently $137,700 in
2020), and pays benefits according to a progressive formula. The benefit rule is
a piecewise linear function of earnings, with bend points that correspond to 0.2,
1.24, and 2.47 times the average wage, as in Alonso-Ortiz (2014). We consider
a low-wage worker who earns just enough to receive benefits at the first bend
point of the earning rule (earnings of $11,300; benefit replacement rate of 90%).
We also consider a high-wage worker who earns the maximum taxable wage
($137,700), and thus receives the maximum Social Security benefit (replacement
rate of 28%), as well as a worker with an average wage ($55,700) who receives a
replacement rate of 43%. We normalize the average wage to 1.

We begin with two scenarios: an average worker in generation 2 who had a
low-wage parent in generation 1 and an average worker in generation 2 who had
a high-wage parent in generation 1. We initially restrict our analysis to an average
worker in generation 2 to avoid conflating welfare gains from redistribution pro-
vided by a progressive benefit-earning rule with the longevity insurance provided
through the annuity benefit. Our results are presented in Table 3. The top row of
the table shows results for an average worker in generation 2 who had a low-wage
parent, the bottom row shows an average worker in generation 2 who had a high-
wage parent, and the middle row features an average-wage worker in generation
2 with an average-wage parent.

The size of the bequest a worker in generation 2 receives depends positively
on their parent’s wage. If their parent had a low-wage, they will receive a smaller
bequest, and if their parent had a high-wage, they receive a larger bequest (on
average). And because bequest income is risky, the welfare gain associated with
the Ex Ante Efficient allocation for generation 2 is increasing in parent wages
(generation 1 wages). The ex ante welfare gains of Social Security for generation
2 is decreasing in the parent’s wage. As the average size of bequests increases, the
relative harm of crowding out bequest income increases. Thus, for an average-
wage individual in generation 2 who had a high-wage parent, the welfare gain
of longevity insurance provided through Social Security is 2.1% of consumption,
compared to 12.2% for an average-wage individual in generation 2 who had a
low-wage parent.

We continue our heterogeneity analysis in Table 4, by holding the wage of gen-
eration 1 constant (at the average), and varying the wage of generation 2. The top
row of the table shows a low-wage generation 2 individual who had an average-
wage parent, and the bottom row shows a high-wage individual in generation 2
who had an average-wage parent. The welfare gains of perfect insurance, �FB

are decreasing in generation 2’s wage. This is because bequest income is a rela-
tively smaller share of lifetime income for a high-wage individual in generation
2. The welfare effect of Social Security �SS is non-monotonic in generation 2
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TABLE 3. Welfare gains of Social Security �SS and of the Ex Ante
Efficient allocation �FB for generation 2 given optimal hedging, for
different parent wages (generation 1) and holding generation 2 wages
fixed at the average wage. The right half of the table shows the
expected value and the standard deviation of bequests inherited by
generation 2 with Social Security (B∗

SS) and in Laissez-Faire (B∗
LF)

Generation 2 Bequests from Gen 1 to Gen 2

Parent wage �SS �FB E(B∗
SS) SD(B∗

SS) E(B∗
LF) SD(B∗

LF)

Low 12.2% 18.7% −0.81 0.29 1.48 0.99
Average 6.4% 20.2% 1.46 1.75 7.41 4.97
High 2.1% 24.1% 8.10 6.62 18.30 12.29

TABLE 4. Welfare gains of Social Security �SS and of the Ex Ante
Efficient allocation �FB for generation 2 given optimal hedging,
for different generation 2 wages, holding parent wages (genera-
tion 1) constant at the average. The right half of the table shows the
expected value and the standard deviation of bequests inherited by
generation 2 with Social Security (B∗

SS) and in Laissez-Faire (B∗
LF)

Generation 2 Bequests from Gen 1 to Gen 2

Gen 2 wage �SS �FB E(B∗
SS) SD(B∗

SS) E(B∗
LF) SD(B∗

LF)

Low 5.3% 31.0% 1.46 1.75 7.41 4.97
Average 6.4% 20.2% 1.46 1.75 7.41 4.97
High 3.4% 19.0% 1.46 1.75 7.41 4.97

wages. This is due to two competing effects of Social Security. As generation 2
wages increase, Social Security becomes less valuable due to the progressivity of
the benefit-earning rule. All else equal, this would lead the welfare gain of Social
Security to be decreasing in generation 2 wages. However, Social Security also
crowds out bequest income. Holding the wages of generation 1 constant at the
average, reduced bequest income is worse for low-wage individuals in genera-
tion 2. All else equal, this would lead the welfare gain of Social Security to be
increasing in generation 2 wages. Combining the two effects the welfare gain of
Social Security is larger for an average individual in generation 2 than for either
a low- or high-wage individual in generation 2. These competing effects can be
seen more clearly in Figure 5 described below.

The welfare effects of Social Security for generation 2 are presented in
Figure 5. This figure plots the generation 2 welfare effect of Social Security �SS

holding their wage constant at the average, varying the generation 1 wages as a
dotted blue line. Consistent with the result in Table 3, the welfare gain of Social
Security is decreasing in generation 1 wages. The average wage is normalized
to 1 in the figure. The figure also plots the generation 2 welfare effect of Social
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FIGURE 5. Generation 2 welfare effect of Social Security with wage heterogeneity. The
notation �SS(w2, w1) indicates generation 2 welfare as a function of generation 2 wages
(w2) and generation 1 wages (w1). The dashed red line shows the welfare effect of Social
Security �SS(w, 1) for different generation 2 wages, holding generation 1 wages fixed at
the average wage w = 1. The dotted blue line shows the welfare effect of Social Security
�SS(1, w) for generation 2, holding their wage constant at 1, varying the generation 1
wages. The solid black line plots the Social Security benefit-earning rule.

Security �SS for different generation 2 wage levels, holding generation 1 wages
constant at the average as a dashed red line. Consistent with Table 4, the welfare
effect of Social Security is non-monotonic in generation 2’s wage. The welfare
effect is highest for a generation 2 individual with a slightly above-average wage
which corresponds to the second bend point on the Social Security benefit-earning
rule. Individuals earning higher wages have a smaller welfare gain because of the
progressivity of the benefit-earning rule. Individuals earning lower wages also
have a smaller welfare gain. This is due to the crowding out of bequests. For very
low-wage generation 2 workers, the welfare effect of Social Security is negative,
holding generation 1 wages constant at the average. For these generation 2 indi-
viduals, a decrease in bequest income (because of Social Security) constitutes
a large reduction in total lifetime income, which reduces their expected utility.
Notice that by including bequest income in the analysis, Social Security ceases
to be an entirely progressive program with low-income individuals actually better
off without Social Security.

5.2. Life-Cycle Wage Dynamics, Interest Rate, and Discount Rate
Sensitivity

In our baseline parameterization, we assume that wages are constant over the life
cycle and that both the interest rate and discount rate are zero. In this section, we
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relax these assumptions by adding life-cycle wage dynamics, a positive interest
rate, and a discount rate. These modifications change the optimal paths of con-
sumption and saving for both generations. The equations will not be provided
here, as they are straightforward to derive.

We assume that wages follow a hump-shaped pattern according to the profile
in Gourinchas and Parker (2002). While life-cycle wages depend on a variety
of factors, the main point here is simply to capture a hump-shaped wage pro-
file in contrast to the baseline flat wage profile. After extrapolating to obtain
wage estimates for age groups that fall outside their original sample, a fifth-order
polynomial provides a close fit to their data

w(t) = λ(1 + 0.0244t − 0.0001t2 + 4(10)−5t3 − 2(10)−6t4

+ 2(10)−8t5), for t ∈ [0, tR],

where λ is chosen such that the average wage equals 1. Introducing a
hump-shaped wage profile changes the savings choices of individuals slightly.
Individuals continue to smooth consumption over the life cycle, so this results
in relatively less saving while young and relatively more saving in middle age.
From the perspective of generation 2, this impacts their own saving/consumption
choices directly, as well as impacting the distribution of possible bequests from
generation 1. However, in practice, these differences are quantitatively small. The
welfare gain of Social Security for generation 2 is 3.38% when both generations
earn wages according to the equation above, with the interest rate and discount
rate both set to zero. This compares to a welfare gain of 3.39% in the baseline
(constant wage) parameterization.

Adding a positive interest rate increases the incentives for both generations
to save. This increases the average size of bequests passed from generation 1 to
generation 2. Social Security continues to crowd out bequest income. From the
perspective of generation 2, this is more harmful than in the baseline, because
bequests are larger on average. Additionally, a positive interest rate makes the
economy (more) dynamically efficient and makes pay-as-you-go Social Security
relatively less attractive than private savings. This drives the welfare gain of Social
Security negative. In contrast, adding a positive discount rate to the model reduces
the incentive to save, as individuals value future consumption relatively less than
current consumption.

When the discount rate and interest rate are both set to 3.5% and wages follow
the hump-shaped profile above, the welfare gain of Social Security is −20.0%.
This large negative number is driven almost entirely by the positive interest rate
and the dynamic efficiency of the economy. For example, if we turn off the interest
rate, by setting it back to zero, and leave a positive discount rate and hump-shaped
wage profile, the welfare gain of Social security is 2.5%, which is much closer to
the baseline welfare gain of 3.4%.

Hence, while the particular assumptions that we make about the discount rate
and the wage rate certainly affect the shape of the savings profiles over the life
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cycle, these parameters do not play a major role in our welfare conclusions. Our
baseline assumption of zero interest, however, is nontrivial. Larger rates of interest
weaken Social Security’s welfare role, as is commonly understood, though the
effect on welfare is especially strong in our model with bequest income.

5.3. Long Run

In our sequential equilibrium setting, expected bequest wealth builds upon
itself with each successive generation as individuals die with unspent assets.
Additionally, the dispersion of bequest wealth also grows with each succes-
sive generation because the permutations of mortality combinations among one’s
ancestral line become multiplied. To explore the implications of such intergener-
ational wealth dynamics, we introduce a third generation into our analysis and we
assess the welfare effects of Social Security on generation 3.

Like generation 2, generation 3 receives an uncertain bequest, allocated at
age 0. The optimal asset holdings of generation 2 conditional on death at age
t = y and conditional on death of generation 1 at age t = x are

k∗(y|x) = B∗(x) +
∫ y

0
[(1 − τ )w − c(t|x)]dt, for y ∈ [0, tR],

k∗(y|x) = B∗(x) +
∫ tR

0
[(1 − τ )w − c(t|x)]dt +

∫ y

tR

[b − c(t|x)]dt, for y ∈ [tR, T].

Note that the expected bequest to generation 3 is

E(k∗) =
∫ T

0

∫ T

0

(−Ṡ(y)
) (−Ṡ(x)

)
k∗(y|x)dxdy,

and the variance is

var(k∗) =
∫ T

0

∫ T

0

(−Ṡ(y)
) (−Ṡ(x)

)
(k∗(y|x) −E(k∗))2dxdy.

The Ex Ante Efficient allocation (i.e. First Best) for an individual in
generation 3 is

cFB =
∫ tR

0 S(t)wdt +E(k∗)∫ T
0 S(t)dt

.

However, an individual living in a decentralized economy instead faces the
following optimization problem, conditional on realization of the mortality of
their ancestors (x and y). For notational clarity, we will name the asset holdings
of generation 3 at age t as a(t) to distinguish from the assets of generation 2 (k(t))
and generation 1 (B(t)):

max
∫ T

0
S(t)u(c(t))dt,
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subject to

ȧ(t) = (1 − τ )w − c(t), for t ∈ [0, tR],

ȧ(t) = b − c(t), for t ∈ [tR, T],

a(0) = k∗(y|x),

a(T) = 0.

The solution for CRRA utility is

c(t|x, y) = (1 − τ )wtR + b(T − tR) + k∗(y|x)∫ T
0 S(t)1/σ dt

S(t)1/σ ,

and ex ante expected utility before the realization of k∗(y|x) is

E(U) =
∫ T

0

∫ T

0

∫ T

0

(−Ṡ(y)
) (−Ṡ(x)

)
S(t)u(c(t|x, y))dtdxdy.

A Sequential Equilibrium with optimal hedging of longevity risk is com-
prised of generation 3 allocations (c(t|x, y), a(t|x, y))t∈[0,T] for each (x, y) pair that
solve each individual’s optimization problem conditional bequest income that is
realized at time t = 0 and is distributed according to the joint PDF (−Ṡ(y))(−Ṡ(x))
and optimal asset holdings of generation 2, k∗(y|x), and Social Security tax rate τ

and benefit b that jointly balance the Social Security budget.
The welfare gain from Social Security �SS is∫ T

0

∫ T

0

∫ T

0

(−Ṡ(y)
) (−Ṡ(x)

)
S(t)u(cSS(t|x, y)(1 − �SS))dtdxdy

=
∫ T

0

∫ T

0

∫ T

0

(−Ṡ(y)
) (−Ṡ(x)

)
S(t)u(cLF(t|x, y))dtdxdy.

And for comparison, the welfare gain associated with the Ex Ante Efficient
allocation �FB is∫ T

0
S(t)u(cFB(1 − �FB))dt =

∫ T

0

∫ T

0

∫ T

0

(−Ṡ(y)
) (−Ṡ(x)

)
S(t)u(cLF(t|x, y))dtdxdy.

The bequests passed from generation 2 to generation 3, as well as the welfare
gains for generation 3 are presented in Table 5. The magnitude of bequest income
compounds from one generation to the next. The average bequest received by
generation 3 (in Table 5) is larger in magnitude than the average bequest received
by generation 2 (in Table 2). This is because lifetime income (wages and bequests)
is higher in generation 2 than in generation 1. Thus, over the life cycle, generation
2 holds more assets and leaves larger bequests to generation 3 on average.

The riskiness of bequest income also compounds across generations due to
expansion in the number of permutations of mortality combinations among one’s
ancestral line. For example, an individual in generation 3 inherits a very small
bequest if their ancestors in generation 1 and 2 both died very young, before
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TABLE 5. Welfare gains of Social Security �SS and of the
Ex Ante Efficient allocation �FB for generation 3. The
right half of the table shows the expected value and the
standard deviation of bequests inherited by generation 3
with Social Security (k∗

SS) and in Laissez-Faire (k∗
LF)

Generation 3 Bequests from Gen 2 to Gen 3

σ �SS �FB E(k∗
SS) SD(k∗

SS) E(k∗
LF) SD(k∗

LF)

1 0.6% 14.5% −1.17 0.95 5.03 4.11
1.5 1.0% 17.0% 0.53 1.62 6.68 5.05
2 1.3% 18.6% 1.65 2.12 7.76 5.59
3 1.9% 20.8% 3.03 2.70 9.08 6.19
4 2.5% 22.2% 3.84 3.03 9.86 6.51
5 3.1% 23.3% 4.38 3.23 10.37 6.71

they had a chance to accumulate assets. Similarly, an individual in generation 3
inherits a very large bequest if their ancestors in generation 1 and 2 both died near
retirement age when assets reach their peak. The potential dispersion of bequests
for generation 3 is much larger than for generation 2.

The increase in magnitude and riskiness of bequests passed to generation 3
have important and nuanced effects on risk sharing. The welfare gain of perfect
insurance, �FB, is larger for generation 3 than for the previous generation. For
example, for our baseline risk-aversion parameter σ = 3, the welfare gain of per-
fect insurance for generation 2 is 20.2% while for generation 3 is it 20.8%. The
welfare effect of Social Security �SS is slightly smaller for generation 3 than gen-
eration 2, however, the welfare gain still remains relatively large and positive. For
example, with σ = 3, the welfare gain for generation 3 is 1.9% of consumption.

In sum, as we move sequentially through the generations in our model,
expected bequest income grows and so does the riskiness of bequest income.
Such long-term wealth dynamics have important and nuanced effects on Social
Security’s role as a risk sharing device. Generation 3 is wealthier (in expectation)
than generation 2, because bequest income received by generation 3 is greater
than that received by generation 2. And this makes Social Security’s crowding
out of bequest income especially painful to generation 3, because bequest income
represents a large share of generation 3’s budget. However, the bequest received
by generation 3 is also riskier than the bequest received by generation 2, and this
partially mitigates the cost associated with the crowding out of bequest income.
The first force dominates the second and generations 3’s welfare gains from Social
Security are smaller than the gains experienced by generation 2, but the welfare
gains are still significant.

6. NO HEDGING

To complete our analysis, we consider the possibility that Social Security
protects the individual from outliving their assets. Recall that in a standard
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Yaari life-cycle model the individual optimally self insures their longevity risk
and does not actually face the risk of outliving their assets. However, Social
Security’s life annuity feature is often motivated on the grounds that it provides
protection against this very risk. Indeed, Brown (2000) states, “If all individuals
have near-perfect information and behaved rationally, they would all adequately
provide for the contingency of living to advanced ages. Unfortunately, due to
factors such as imperfect information about mortality risk, ... it is quite likely that
some individuals will fail to adequately insure themselves against outliving their
resources.” In this section, we wish to study Social Security’s longevity insurance
role when we relax the optimal hedging assumption.6

We consider generation 2, but now we assume the individual does not hedge
their longevity risk and instead solves a deterministic problem of consump-
tion and saving that is based on their life expectancy. That is, the individual
assumes they will die with certainty at E(t) ≡ ∫ T

0 S(t)dt, and formulates a con-
sumption/saving plan that is optimal based on this naïve assumption. In general,
when a decision maker fails to hedge a given risk, it means they are basing their
decisions on the mean of a random variable while ignoring the variance. This is
exactly what our individual is doing when they base their consumption/saving
decision on their expected length of life E(t)—they are ignoring all of the risk
surrounding this expectation. But notice that the individual is not totally irrational
either. They correctly forecast their life expectancy, and they solve an optimal
retirement saving problem based on this forecast. Their only error lies in the
failure to account for risk.7

The deterministic saving plan of the naïve individual involves exhausting their
assets completely at their life expectancy. If the individual happens to die before
their life expectancy, then they die with nonzero assets. If the individual survives
beyond their life expectancy (and therefore outlives their private assets), then
they survive by consuming the Social Security benefits only, and if there is no
Social Security program then their consumption is zero until death. CRRA utility
is defined when consumption is zero only if σ < 1, so we limit our attention to
this case.

The generation 2 optimization problem with no hedging, conditional on
realization of x, is

max
∫

E(t)

0
u(c(t))dt,

subject to

k̇(t) = (1 − τ )w − c(t), for t ∈ [0, tR],

k̇(t) = b − c(t), for t ∈ [tR, E(t)],

k(0) = B∗(x),

k(E(t)) = 0,
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where B∗(x) is the bequest received from a specific individual from generation 1
who died at age x, which is the asset holdings of that individual at their age of
death. We assume generation 1 does in fact solve an optimal hedging problem, so
that the distribution of bequest income B∗(x) continues to be the same as before
in order to facilitate welfare comparisons.

The solution for CRRA is

ĉ(t|x) =

⎧⎪⎨
⎪⎩

(1 − τ )wtR + b(E(t) − tR) + B∗(x)

E(t)
for t ∈ [0, E(t)].

b for t ∈ [E(t), T].

A Sequential Equilibrium with no hedging of longevity risk is comprised of
generation 2 allocations that solve the naïve problem above for each x conditional
on bequest income that is realized at time t = 0 and is distributed according to
the PDF (−Ṡ(x)) and optimal asset holdings of generation 1, B∗(x), and Social
Security tax rate τ and benefit b that jointly balance the Social Security budget.

The ex ante welfare gain from Social Security �SS is∫ T

0

∫ T

0

(−Ṡ(x)
)

S(t)u(ĉSS(t|x)(1 − �SS))dtdx =
∫ T

0

∫ T

0

(−Ṡ(x)
)

S(t)u(ĉLF(t|x))dtdx.

And for comparison, the welfare gain associated with the Ex Ante Efficient
allocation �FB is∫ T

0
S(t)u(cFB(1 − �FB))dt =

∫ T

0

∫ T

0

(−Ṡ(x)
)

S(t)u(ĉLF(t|x))dtdx.

Setting σ = 0.5, we find that the welfare gain from Social Security �SS is 2.5%
and the welfare gain associated with the Ex Ante Efficient allocation �FB is
16.7%. Both welfare gains are about 1.7 times larger than in the baseline case
where the individual optimally hedges their longevity risk (as in Section 4.2).
When the individual hedges their own longevity risk, the welfare gain of Social
Security is only 1.4% and the welfare associated with the First Best allocation is
9.9%. The welfare gains are larger in this no hedging exercise because the individ-
ual faces the risk of outliving their assets and having zero consumption in old age.
This is relatively more costly than the risk of dying with unconsumed assets in the
fully rational model with longevity risk. Thus, the traditional, rational model sig-
nificantly understates the welfare gains from collective sharing of longevity risk
through Social Security.

As a final comparison, we consider the case of an individual who “over-hedges”
and saves as if they were going to live to the maximum age T with certainty. The
individual perfectly smooths their consumption over the maximum possible life
span by saving too much compared to the fully rational model. The welfare gain
of the First Best consumption compared to the over-hedged consumption is 22.4%
for σ = 0.5. This is larger than in the fully rational model (welfare gain of 9.9%)
because the individual over-saves in this example. In this setting, Social Security
is still welfare enhancing. Social Security improves the ex ante expected lifetime
utility of the individual by crowding out some of their saving in two ways. Social
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Security taxes reduce take-home pay, which reduces the individual’s ability to
save. Since they were saving too much, this is an improvement. Social Security
benefits also reduce the incentive to save, since they provide an annuity payment
in retirement. The ex ante welfare gain from Social Security is 1.4% for σ = 0.5.
The welfare gain of Social Security is the same as in the baseline example (this is
true for any σ ). This is because the welfare gain works through the same channel.
In both cases, Social Security improves welfare by providing an annuity benefit
that crowds out private savings.

7. LATE RESOLUTION OF RISK: TIMING UNCERTAINTY WITH
DYNAMIC HEDGING

In the analysis above, we took a step toward a more realistic bequest process by
allowing for uncertainty in the magnitude of bequest income received by gen-
eration 2, but we simplified the analysis by assuming that this risk is resolved
immediately for generation 2. Of course, in reality generation 2 does not know
the magnitude of the bequest income they will receive nor do they know the tim-
ing. In this section, we solve the full blown model with uncertainty over the timing
and magnitude of bequest income.

To do this, we construct a continuous-time overlapping generations model.
Calendar time is continuous and is indexed by t. At t = 0 the first generation enters
the workforce. Hence, for generation 1, the index t is also equal to the individual’s
age. The probability an individual from this generation survives to age/time t is
S(t), and death occurs no later than t = T , hence S(0) = 1 and S(T) = 0 as usual.

At calendar date t = t0, the second generation enters the workforce and lives
to a maximum date of t = t0 + T . The probability that an individual in generation
2 survives to date t is P(t). As usual, P(t0) = 1 and P(t0 + T) = 0. Because we
assume stationarity in longevity risk across the two generations,

P(t) = S(t − t0),

since an individual in generation 2 is (t − t0) years old at calendar date t.
We focus on the dynamic stochastic problem facing an individual in generation

2. This is not a standard problem because optimal decisions must reflect an addi-
tional precautionary saving motive resulting from bequest risk: the child knows
that they will receive a one-time injection of wealth, but the magnitude and tim-
ing of this injection are uncertain. Hence, the child must solve a dynamic hedging
problem in order to properly save in the face of this risk. To solve this problem,
we utilize timing uncertainty methods from the stochastic control literature [see
Stokey (2016), Caliendo et al. (2019), and Caliendo et al. (2020)].

We break into two cases. The first case is when the parent dies before the child
enters the workforce. In this case, the parent’s assets are held in a trust and are
made available to the child at t = t0 when the child enters the workforce. The
second case is when the parent is still alive when the child enters the workforce.
While the first case is a standard consumption/saving problem, the second case is
much more involved. Of course, the survival probabilities of the parent determine
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the likelihood that the child operates in the first or second case, and the second
case is much more likely.

To compress notation a little bit, we define disposable income as follows:

y(t) ≡
{

(1 − τ )w, for t ∈ [t0, t0 + tR],

b, for t ∈ [t0 + tR, t0 + T].

7.1. Case 1. The Deterministic Problem of a Child Whose Parent Died
Early

First consider an individual from generation 2 who enters the workforce at t0 as
an orphan. This happens with probability (1 − S(t0)). The child is endowed at t0
with B∗(t) where t ∈ [0, t0] is the date of death of the parent, and the child solves
the following deterministic problem

max
c(z)z∈[t0,t0+T]

:
∫ t0+T

t0

P(z)u(c(z))dz,

subject to

k̇(z) = y(z) − c(z),

k(t0) = B∗(t), k(t0 + T) = 0,

where B∗(t) is the optimal asset holdings of the parent at date t. The solution to
the above problem is

c∗
d(z|B∗(t)) = B∗(t) + ∫ t0+T

t0
y(v)dv∫ t0+T

t0
P(v)1/σ dv

P(z)1/σ , for z ∈ [t0, t0 + T].

The subscript “d” stands for deterministic.

7.2. Case 2. The Stochastic Problem of a Child Whose Parent is Living

Next, we model the problem of a child whose parent is still alive at time t0. In this
case, the child must solve a dynamic stochastic problem with a variable inheri-
tance occurring at an unknown date. The child must form an optimal plan in the
face of not only their own longevity risk but also that of the parent. The child
has full information about the distribution of the risks that they face (the survival
probabilities of the parent and child are known to the child). The recursive solu-
tion to the stochastic problem of the child whose parent is alive at time t0 goes as
follows.

Step 1. The post-inheritance problem
Suppose the parent passes away at time t ≥ t0. Upon learning the timing and
magnitude of the inheritance at date t, the child solves8

max
c(z)z∈[t,t0+T]

:
∫ t0+T

t
P(z)u(c(z))dz,
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subject to

K̇(z) = y(z) − c(z),

t given, K(t) = k(t) + B∗(t), K(t0 + T) = 0,

where K(t) is the total financial wealth of the child, which is the sum of his private
savings k(t) plus his inheritance B∗(t), which is the optimal asset holdings of the
parent at date t. The solution is

c∗
2(z|t, k(t), B∗(t)) = F(t, k(t), B∗(t))P(z)1/σ , for z ∈ [t, t0 + T],

where we have compressed notation for simplicity

F(t, k(t), B∗(t)) ≡ k(t) + B∗(t) + ∫ t0+T
t y(v)dv∫ t0+T

t P(v)1/σ dv
.

The “2” subscript denotes that this is the solution to the second-stage (post-
inheritance) portion of the life cycle.

Step 2. The pre-inheritance stochastic problem
Working backwards to time t0, we solve a dynamic stochastic problem of an
individual who hedges timing risk by accounting for the continuation value of
accumulated assets and the fact that the shock can happen at any time along the
continuum [t0, T]. Because the timing of the death of the parent t is a random vari-
able, the child’s expected utility from the perspective of entering the workforce
(at time t0), conditional on the parent being alive at time t0, is

E(U)t≥t0 =
∫ T

t0

(
−Ṡ(t)

1

S(t0)

)

×
(∫ t

t0

P(z)u(c(z))dz +
∫ t0+T

t
P(z)u(c∗

2(z|t, k(t), B∗(t)))dz

)
dt.

Notice with the outer integral, we are integrating up to the last possible date of
death of the parent, t = T . To reduce clutter, we can drop the scalar constant
1/S(t0) from expected utility without consequence. Then, with a change in the
order of integration on the first double integral,

∫ T
t0

∫ t
t0

(·)dzdt = ∫ T
t0

∫ T
z (·)dtdz, we

have

E(U)t≥t0 =
∫ T

t0

∫ T

z

(−Ṡ(t)
)

P(z)u(c(z))dtdz +
∫ T

t0

∫ t0+T

t

(−Ṡ(t)
)

P(z)u(c∗
2(·))dzdt

=
∫ T

t0

S(z)P(z)u(c(z))dz +
∫ T

t0

∫ t0+T

t

(−Ṡ(t)
)

P(z)u(c∗
2(·))dzdt

=
∫ T

t0

S(t)P(t)u(c(t))dt +
∫ T

t0

∫ t0+T

t

(−Ṡ(t)
)

P(z)u(c∗
2(·))dzdt.

With this algebra behind us, we can now express the stochastic optimization
problem as a Pontryagin problem
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max
c(t)t∈[t0,T]

:
∫ T

t0

(
S(t)P(t)u(c(t)) + (−Ṡ(t)

) ∫ t0+T

t
P(z)u(c∗

2(z|t, k(t), B∗(t)))dz

)
dt,

subject to

k̇(t) = y(t) − c(t), for t ∈ [t0, T],

k(t0) = 0, k(T) free,

c∗
2(z|t, k(t), B∗(t)) = F(t, k(t), B∗(t))P(z)1/σ , for z ∈ [t, t0 + T].

The Hamiltonian H with multiplier λ(t) is

H= S(t)P(t)u(c(t)) + (−Ṡ(t)
) ∫ t0+T

t
P(z)u(c∗

2(·))dz + λ(t)[y(t) − c(t)],

with necessary conditions

∂H
∂c(t)

= S(t)P(t)c(t)−σ − λ(t) = 0,

λ̇(t) = − ∂H
∂k(t)

= Ṡ(t)
∫ t0+T

t
P(z)c∗

2(·)−σ ∂c∗
2(·)

∂k(t)
dz,

λ(T) = 0.

Upon taking the partial derivative ∂c∗
2(·)/∂k(t), the mutiplier equation can be

simplified (with some algebra) to

λ̇(t) = Ṡ(t)
[
F(t, k(t), B∗(t))

]−σ
.

Differentiate the Maximum Condition with respect to t and combine with the
multiplier equation(

d

dt
(S(t)P(t))

)
c(t)−σ − σS(t)P(t)c(t)−σ−1ċ(t) = Ṡ(t)

[
F(t, k(t), B∗(t))

]−σ
,

and solve for ċ(t)

ċ(t) =
(

Ṡ(t)

S(t)
+ Ṗ(t)

P(t)

)
c(t)

σ
− Ṡ(t)

S(t)P(t)

[
F(t, k(t), B∗(t))

]−σ c(t)σ+1

σ
.

Finally, we need to make use of the Transversality Condition, and we do so as
follows. Rewrite the Maximum Condition

P(t)c(t)−σ = λ(t)

S(t)
,

and note from the Transversality Condition that we have the indeterminate form
0/0 when t = T so

P(T)c(T)−σ = lim
t→T

P(t)c(t)−σ = lim
t→T

λ(t)

S(t)
= lim

t→T

λ̇(t)

Ṡ(t)
= λ̇(T)

Ṡ(T)
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or

P(T)c(T)−σ = Ṡ(T) [F(T , k(T), B∗(T))]−σ

Ṡ(T)
,

which further simplifies to

c(T) = P(T)1/σ F(T , k(T), B∗(T)).

We refer to this as the limiting case of the Transversality Condition, and it
provides the needed endpoint condition to fully identify the solution.

Having now solved the model analytically, we summarize how the analytical
solution is used to numerically simulate Case 2 on the computer:

Step 1. Guess initial consumption c(t0).
Step 2. “Shoot” forward to obtain the timepath of c(t) and k(t) over the inter-

val t ∈ [t0, T] using the following system of equations and boundary
condition

ċ(t) =
(

Ṡ(t)

S(t)
+ Ṗ(t)

P(t)

)
c(t)

σ
− Ṡ(t)

S(t)P(t)

[
F(t, k(t), B∗(t))

]−σ c(t)σ+1

σ
,

for t ∈ [t0, T],

k̇(t) = y(t) − c(t), for t ∈ [t0, T],

k(t0) = 0.

Step 3. Check to see if the limiting case of the Transversality Condition is
satisfied,

c(T) = P(T)1/σ F(T , k(T), B∗(T)).

If so, then the guessed value c(t0) is correct and we have identified the optimal
pre-inheritance contingency path {c∗

1(t), k∗
1(t)} and the algorithm stops. If not, go

back to Step 1 and repeat.

7.3. Welfare Gain from Social Security

To summarize, if the parent dies at some date t before the child enters the work-
force (i.e. t ≤ t0), the parent’s assets at the time of death B∗(t) are held in a trust
and passed along to the child at time t0 and the child’s consumption follows the
deterministic path c∗

d for the duration of the child’s life cycle. If instead the par-
ent dies at some date t after the child has entered the workforce, (i.e. t > t0), then
the child follows the optimal hedging, contingent consumption path c∗

1 up to the
death of the parent. After that, the child follows a new path c∗

2 that depends on
the timing of the shock t, the level of own assets accumulated k∗

1(t), and the mag-
nitude of the inheritance B∗(t). Of course, since the timing of the inheritance is
uncertain, the child’s expected utility must take into account all possible dates of
death of the parent.
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Integrating over all potential dates of death of the parent t, while accounting for
the probability of death (−Ṡ(t)) and optimal parental asset holdings at death B∗(t),
the ex ante expected utility of a child who employs an optimal, dynamic hedging
strategy is

E(U) =
∫ t0

0

(−Ṡ(t)
) (∫ t0+T

t0

P(z)u(c∗
d(z|B∗(t)))dz

)
dt

+
∫ T

t0

(−Ṡ(t)
) (∫ t

t0

P(z)u(c∗
1(z))dz

+
∫ t0+T

t
P(z)u(c∗

2(z|t, k∗
1(t), B∗(t)))dz

)
dt.

The welfare gain from Social Security is the fraction of lifetime consumption
the child would give up, ex ante before risks are realized, to live in a world with
Social Security,

�SS = 1 −
(
E(U)LF

E(U)SS

) 1
1−σ

.

To compute �SS, we use all of our baseline parameters from Table 1. The
only additional parameter that needs to be specified is t0 (the number of years
between generation 1 and generation 2 entering the workforce). We set t0 =
30. Our computational method allows us to match the limiting case of the
Transversality Condition with great precision, and we calculate that the welfare
effect of Social Security is 4.46%, which is somewhat larger than our baseline
value (3.4%).

Hence, in addition to being very tractable, our baseline analysis with early res-
olution of bequest risk is also conservative in its estimation of the welfare effect of
Social Security. Here, with later resolution of bequest risk, Social Security’s wel-
fare effect is bigger. By adding a second layer of risk to the model (i.e. bequest
timing risk in addition to bequest magnitude risk), Social Security’s crowding out
of bequest income becomes less costly than in our baseline model, which in turn
implies that Social Security is even more effective at hedging longevity risk.

8. CONCLUSION

Not knowing the timing of death creates a major challenge for retirement plan-
ning. The length of the retirement period is a key factor in formulating a saving
plan that can provide financial security during the retirement years of life.
Rational individuals in textbook economic theory optimally hedge longevity risk
by accumulating precautionary saving balances to avoid running out of assets
before death. Absent a bequest motive, such hedging is inefficient because indi-
viduals tend to die with unspent asset. This inefficiency creates a wedge between
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the Ex Ante Efficient allocation and an equilibrium allocation, thereby opening
the door for a second-best program such as Social Security to potentially improve
welfare.

In this paper, we revisit a basic question: How well does Social Security insure
longevity risk? We approach this question from a unique angle of sequential
welfare analysis. We study an initial generation (generation 1) that participates
in an efficiently financed Social Security program. Consistent with conventional
wisdom about the welfare gains from annuitization, this generation experiences
massive welfare gains from Social Security.

Then, we consider a second generation (generation 2) that is the same as gener-
ation 1 in almost every respect, with one crucial exception: this generation inherits
bequest income from generation 1, and this bequest income is risky because the
timing of death of generation 1 is uncertain and the asset holdings of genera-
tion 1 vary with age. Hence, unlike traditional models, our model accounts for
specific linkages between parents and children in order to model bequest income
risk. Now, Social Security carries both benefits and costs: on the benefit side,
it provides collective risk sharing of longevity risk because it pays benefits as
a life annuity; but on the cost side, it crowds out bequest income from the pre-
vious generations. The key insight in our analysis is that the net welfare effect
depends crucially on the riskiness of bequest income: yes it is costly to crowd out
bequest income, but the magnitude of this cost is partially mitigated by virtue
of the fact that Social Security is crowding out something that is inherently
risky. Essentially, our model is a continuous-time, computational adaptation of
the two-period model developed in the appendix of Caliendo et al. (2014).

In the face of both bequest income risk and longevity risk, we find that the Ex
Ante Efficient allocation confers vastly higher utility for individuals in generation
2 than ex ante expected utility. A Social Security program calibrated to the US
economy does not come close to providing the level of insurance that the Ex Ante
Efficient allocation can provide, but it still provides a remarkably large welfare
gain (on the order of 3.4% at our preferred level of risk aversion). In our view,
Social Security is quite successful in its longevity insurance role.

We pay particular attention to the degree to which individuals hedge their
longevity risk. We consider two bookend examples in an attempt to bound the
welfare gains from Social Security. In one scenario, the individual behaves in the
standard, rational manner and fully accounts for longevity risk when saving for
the future. In the other case, the individual makes a saving plan that is based on
the correct life expectancy, but the individual ignores the risk associated with this
expectation. In the former case, there is no risk of outliving one’s assets, whereas
in the latter case the individual solves a suboptimal problem and will indeed run
out of assets if they live longer than expected. We show that the welfare gains from
Social Security can be substantially larger when individuals fail to hedge their
longevity risk. In other words, standard economic models tend to underestimate
the potential gains associated with Social Security’s annuitization feature.
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NOTES

1. De Nardi (2004) is perhaps the most notable exception of this assumption in the macroeconomic
literature; in her model, children inherit earning ability from their parent as well as receiving a bequest
“at a random date which depends on their parent’s death.”

2. For a discussion the potential interplay between Social Security and the problem of adverse
selection in private annuity markets, see Hosseini (2015).

3. Of course, the ratio of workers to retirees is projected to decline in the coming decades as
life expectancies continue to improve. This strains the Social Security budget and creates the need
for reform. Optimal Social Security reform is not our focus but is the subject of a large literature
including Huang et al. (1997), Conesa and Garriga (2008), Kitao (2014), and McGrattan and Prescott
(2017) among many other examples.

4. Individuals who enjoy a longer life span will reap greater welfare gains from Social Security’s
annuitization feature, and the wealthy tend to live longer than the poor. This fact tends to unwind some
of the progressivity that is otherwise implied by the benefit-earning formula [see Liebman (2002),
Coronado et al. (1999, 2002, 2011), Goda et al. (2011), and Bishnu et al. (2019)].

5. The parameter σ does not change the welfare gain of generation 1 because we are working with
CRRA utility and because our welfare metric is a percentage reduction in consumption that enters the
period utility function multiplicatively.

6. While a number of papers consider the role of Social Security when individuals fall short of sav-
ing optimally for retirement [Feldstein (1985), İmrohoroğlu et al. (2003), Andersen and Bhattacharya
(2011), and Bucciol (2011) to name a few), we do so in a unique way by assuming people ignore
longevity risk.

7. Brown (2000) conjectures that behavior such as we assume here, may be another explanation
for the lack of private annuitization in general. If people don’t appreciate the risk associated with their
life expectancy, then they wouldn’t really care to buy insurance that hedges this risk.

8. Standing at time t ≥ t0, the probability the child survives to date z is the conditional probability
P(z)/P(t), but we can use the unconditional probability P(z) in the maximand without consequence
because 1/P(t) is a scalar constant.
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