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Abstract

We consider community detection in degree-corrected stochastic block models. We
propose a spectral clustering algorithm based on a suitably normalized adjacency matrix.
We show that this algorithm consistently recovers the block membership of all but a
vanishing fraction of nodes, in the regime where the lowest degree is of order log(n)
or higher. Recovery succeeds even for very heterogeneous degree distributions. The
algorithm does not rely on parameters as input. In particular, it does not need to know
the number of communities.
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1. Introduction

Social and information networks are omnipresent in our daily lives and have been the
interest of much recent research activity [25]. Studies have been focusing on local properties of
network systems as well as their large-scale properties. Among those large-scale phenomena,
community structure has received a lot of attention. A wide variety of networks are found
to have communities or blocks: groups of vertices with many links between themselves and
substantially fewer to the rest of the network, or vice versa. One of the fundamental problems
in network inference considers the detection of such communities; see [11] and [24] and the
references therein for an overview.

In this paper we consider an instance of a certain probabilistic model that might be a fit on the
observed data. One of the best known such models is the stochastic block model (SBM) [13].
In its simplest form, each of n vertices belongs to precisely one of K communities. Edges are
independently drawn between different nodes with probabilities depending only on the block
memberships of the involved vertices. This model is able to generate a diverse collection of
random graphs, while remaining analytically tractable.
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A spectral method for community detection 687

In practice however, the SBM fails to accurately describe the observed data: due to the
stochastic inidentifiability of nodes in the same community, it does not allow for degree
heterogeneity within blocks. The degree-correlated SBM (DC-SBM) was proposed in [16]
to overcome this issue. The DC-SBM allows, additional to a block structure, the fitting of
arbitrary degree sequences such that the expected degree of a vertex is independent of its
community. In this paper we deal with community detection in this model.

Several methods for community detection can be found in the literature. They include, but
are not limited to, modularity maximization [26], belief propagation [9], and spectral clustering.
For the latter, see, for instance, [30, Section 4].

Spectral algorithms employ eigenvectors of matrices representing network data to return
nonlocal information of the network. The most commonly used matrices are the adjacency
matrix and the (un)normalized graph laplacian [30]. In[32], the authors studied the spectra of the
adjacency matrix for networks possessing arbitrary degree distributions while simultaneously
exhibiting a community structure. They demonstrate that those spectra consist, in general, of
two components: a part containing the bulk of eigenvalues and a separated part with outliers
whose number is, in general, equal to the number of blocks present.

The contribution of our paper is as follows. We demonstrate with a clean analysis that
community detection in a moderately sparse DC-SBM is feasible under rather general conditions
on the degree sequence.

More specifically, we consider the matrix H with entry (u, v) given by ﬁuv =(1/ 5'4,\ BU)A,“,
if A, = 1 and H,, = 0 otherwise (here A is the adjacency matrix of the graph and D,, is the
observed degree of vertex u), which we shall call the normalized adjacency matrix.

‘We show that this matrix concentrates around a deterministic matrix P of rank L < K when
the minimum expected degree is as small as log(n). To establish this concentration result, we
use Lemma 11 below, which could be of independent interest, as a simple alternative to the
commonly used Davis—Kahan theorem.

Due to the underlying community structure, the matrix that has the first L eigenvectors
of P as its columns has the favourable property that it has only K different rows. Hence, due
to this fact and the concentration of H around P , the rows of the corresponding eigenvector
matrix of H considered as points in an L-dimensional Euclidean space, must cluster around K
centres. This property indicates that H is the correct matrix to analyse when dealing with the
DC-SBM. Indeed, associating each vertex with its corresponding row, we show in this paper
that we retrieve the correct community of all but a vanishing fraction of nodes.

Further, we point out a natural connection between H and a random walk on the observed
graph.

The paper is organized as follows. First, we formally introduce the DC-SBM together with
the necessary notation. Next, we state our main result for community detection in this model,
followed by a discussion in Section 4: a discussion of relevant literature, performance on real
data, the conditions in the main theorem, and a connection between H and random walks.
Section 5 outlines the approach we take to prove the main theorem, which is accompanied by
a statement of all auxiliary lemmas. Section 6 contains algebraic preliminaries. All proofs are
deferred to Section 7. Finally, in Section 8 we give a suggestion for future research.

2. Model and notation

The DC-SBM denoted by 4(B, K, {o,});_,, {Dy}},_,) is a generalization of the Erd&s—
Rényi classical model of random graphs. We introduce a random graph on V := {1, ..., n}.
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We partition the set of vertices into K communities of o members each: each vertex u is given
alabel o, € S :={1,..., K}. A weight D, is given to each vertex u to encode its expected
degree. Without loss of generality, we assume that Dy < Dy < --. < D,. All weights and
labels will depend on n, but this is suppressed in the notation here. For each pair (u, v), we
include the edge (u, v) with probability

D, D, .

P(u ~ v) = 5 Bs,o, ifu#v, 0
0 ifu =,

where B € (RT)X>*K is a symmetric matrix, independent of n and D = 1/n Y _]_, Dy, the
average weight. Matrix B may be chosen completely independent of the weights {D,}_,: all
information about the community structure is then captured by B alone.

We make some further assumptions on the parameters of the model. For (1) to define a
probability, we assume that

D, D,
——Bs,0, <1 forallu,v. (2)
nD
The vector ¢« = («1,...,0k) is assumed to be constant. Hence, the clusters are well

balanced, as the size of each community grows linearly with n. Further, the average weight in
a cluster,

_ 1 &
D= — D, 1 —i,
i an ; u Yo, =i}

is assumed to be asymptotically a fraction of the average weight D. That is, we assume that

there exist nonzero constants dj, . .., dg such that
. D; .
lim — =d; foralli. 3)
n—oo

Under this assumption, the following limit exists for all i:

M; K
M; = lim —;—— =Y Bjouds, 4
=S D, 1; ik dk “)
where M; = ) ; D Bjq,.
We shall see in Section 4.4 that we need the following condition for the communities to be
identifiable: we assume that, for all i, [, there exists j such that
Bij , By
M; " M
In the analysis that follows, we shall consider the random graph in a moderately sparse
regime, i.e. we assume that either

®)

. D
lim = 00, (6)
n—o0 log(n)
or, for some constant ¢ < %
D2
D; > Cp pmlog(n) and lim —2 — 0, 7
’ n—oo pt
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where Cp, y is some constant depending on B, M = (Ml e HK) and the convergence rate
in (4). Further, we assume the following condition on the weights:
2
2 _ Qogmny). ®)
D

Note that under those assumptions, D, represents the expected degree of vertex u up to a
multiplicative factor that depends only on the community o,. Indeed, if D,, denotes the observed
degree of vertex u then

~ D D, —
E[D.] = — > DiBo,o = — (Mo, = DyBo,s,) = DuMo, (1 + ), ©)
n I2u n

where &, < 2/My, D, = 0,(1).

As an example, we let {o,};_, be any sequence such that n/2 of its elements are 1 and
the other n/2 elements are 2. Then there are two equally sized communities: K = 2 and
o] =0y = % Let {D,};,_, be any nondecreasing sequence with D; > 0. Set

B = (Z z> for some constants a and b.

Then
Pu ~v) =

nD |b otherwise .

This is exactly the extended-planted partition (EPP) model considered in [4].

D, D, {a if 0, = oy,

3. Main results

Our aim is to retrieve the underlying community structure from a single observation of the
random graph. We do this by analysing the spectral properties of H € R"*" defined, for

u,veV,by
1
—~ —A if Ay, =1,
Huv — DMDU uv uv
0 otherwise ,

where A is the adjacency matrix of the observed graph. We shall demonstrate that this matrix
is close (in a sense to be specified below) to the matrix P defined for (u, v) as

. 1  Bs,o,
VT D M, My,
Denote the rank of P by L. Due to the community structure, L < K (see below for details).
In the regime where (6) holds, let f be any function tending to 0, such that

Foy s> 4 log(n)

D, Jlog(n) D,

For the regime where (7) holds, let f tend to O in such a way that

1 1
f@)>» =<+

1
+ .
Dy /log(n) log]/3 (n)

Py

Further, let t(n) = 1/f (n)/l\/3.
In Algorithm 1 we use H to reconstruct the communities.
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Algorithm 1. (i) Calculate the average degree in the graph, call it Baverage. Let L be the number
of eigenvalues of H that are in absolute value larger than f(n)/Dayerage-

(i) Compute the first L orthonormal eigenvectors of H ordered according to their absolute

eigenvalues. Denote these eigenvectors and their corresponding eigenvalues by X1, . .., X7 and
Al, ..., AT, respectively.

(iii) Associate to each node u € V the vector
Zu = @), ..., X7 (u)). (10)

Cluster the vectors (EM)Z:l as follows. Pick 7(n) pairs of vertices and label them

@), u' (D), ..., (r(m), u'(x(n))).

Calculate §(1) = /nl[Zu() — Zu/»ll. and & = min, 5, r2/3,) 8(¢). Find a vertex m so that
{(u': /nlZm —Zw|l < &/8) has cardinality larger than f!/3(n)n. Form a community consisting
of all nodes in {t': \/n||Zn — Zw|l < &/4}. Remove those nodes and iterate this procedure.

Theorem 1. Consider a DC-SBM (B, a, {0y}, {Dy},_,). Assume that assumptions (2),
(3), (5), (8), and either (6) or (7) hold. Then Algorithm 1 retrieves the community of all but a

vanishing fraction of nodes.

The first step of the algorithm estimates L. Indeed, by definition there are only L nonzero
eigenvalues of P. Those are all of order 1/D and the corresponding first eigenvalues of H are
of the same order. The remaining eigenvalues of H are negligible with respect to f(n)/D.

Under the assumptions in Theorem 1, all but a negligible number of rows of the matrix
having the first L eigenvectors of H as it columns, cluster for large n to within negligible
distance of block-specific representatives that are separated by some nonvanishing gap (call the
corresponding vertices typical). This is exploited in the third step. There, with high probability,
all picked vertices are typical. Thus, for a pair ¢, §(r) vanishes in front of £%/3(n) if the vertices
in the pair belong to the same community. Hence, by calculating the distance between the other
vertices, we obtain ¢ as an estimator for the gap mentioned above. At most f(n)?/3n vertices
are not typical. Hence, the chosen ball around m with radius ¢/8 contains a negligible number
of nontypical vertices, the remaining vertices should necessarily be in the same community. By
enlarging the radius of the ball around m, we include all vertices of a single community. See
the proof of Theorem 1 below for more details.

Remark 1. Note that the only input to the algorithm is the regime (i.e. either Di(n) =
®(log(n)) or Di(n) > log(n)). This information is used to pick the correct form of the
function f. Alternatively, we could adapt the algorithm so that it requires L = rank(B) and
amin instead of the regime: step (i) can then be skipped, in step (ii) we replace L by L and in
step (iii) we chose a vertex m that contains in its £ /8 neighbourhood at least apinn /2 vertices.

4. Discussion

Before we prove the main theorem, we make some observations and remarks.

4.1. Adjacency matrix

In[19] and [21], the authors used the adjacency matrix A of a graph to recover the underlying
community structure. They considered the matrix having the first K eigenvectors of A as
its columns and showed that, under appropriate conditions, its rows cluster in K different
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directions. However, results in [6] and [22] suggest that the algorithms in [19] and [21] fail
when the expected degree sequence is too irregular. Intuitively, if the prescribed degree sequence
follows a power law then so does the spectrum of the adjacency matrix. Further, as we shall
demonstrate below, the first K eigenvectors correspond only to the K top-degree nodes, and
should therefore not be expected to capture more global features of a graph, such as its underlying
block structure. The following theorem makes this observation more rigorous.

Theorem 2. Consider a DC-SBM $(B, K, {oy}),_,, {Dy},_,) such that
D. — D ifl <u<n-—k,
“TDin"u+1—m—k) ifu>n—k,

where k = n? and the constants B and y obey
Dlz(n)nzy'Mﬂ_l -0 (11)

and
y > 48. (12)
Further, assume that
2 ifu<n/2,
oy =
1 ifu>n/2.

Under these conditions, the first k eigenvectors become, for large n, indistinguishable from the
eigenvectors of a graph that is the disjoint union of k stars having degrees D,~4-0(1), ..., Dy_x+

o(1).

For instance, D;(n) = nl/20 B = 2—10 andy = %, meets the assumptions in Theorem 2. Fur-
ther, it verifies the conditions in the main theorem (Theorem 1): Algorithm 1 will successfully
return the community membership of all but a vanishing fraction of nodes.

We remark that the above theorem is inspired by the main result in [22]. There, random
graphs without community structure were considered and the power-law behaviour of the cor-
responding spectrum was obtained. To say something about the eigenvectors, we additionally
introduce a gap between the top k-degreed nodes and the remaining n — k nodes. This allows
us to use Lemma 11; see the proof of Theorem 2 below.

4.2. Spectral clustering on ratios-of-eigenvectors

Interestingly, the first eigenvectors of A do contain information about the underlying com-
munity structure, but in a hidden way. Indeed, the spectral clustering on ratios-of-eigenvectors
(SCORE) method proposed in [15] shows that, under some conditions, using the coordinate-
wise ratios of the leading eigenvectors leads to consistent clustering.

Note that we obtain the same random graph model as in [15] by putting 6 (u) := D, /v nDa
and P(i, j) = aB;j, where ol = max; ; B;j. We further note that the conditions are more
stringent: (2.7) demands that P (or B) is nonsingular which is unnecessary here; see Remark 2
below.

4.3. Laplacian

As we pointed out, the adjacency matrix does not capture accurately global properties of
a graph. The normalized Laplacian is a more suitable candidate. It is defined by L = I —
D~'2AD~1/2 where I is the identity matrix, A is the adjacency graph, and D the diagonal
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matrix with the row sums of A on its diagonal (i.e. the degrees). The object of study in [6] was
the Laplacian spectra of random graphs with a given degree sequence (dy, .. . , d,,), where edges
are independently present between each pair of vertices (u, v) with probablhty dudy/ Y 1 dr.

In the regime d2 > D,withD = 1/n Y/, di, the eigenvalues satisfy the semicircle law with

respect to the circle of radius 2/ \/_ centred at 1.

Denote the eigenvalues of the normalized laplacianby 0 = A1 < A < --- <A, < 2. Itis
a well-known fact that all eigenvalues are located in the interval [0, 2] and that the algebraic
multiplicity of 0 is equal to the number of components in the graph. The authors of [6] further
studied the spectral gap A = min{X,, 2 — A, }, which reflects global properties of the random
graph. According to [6], when d; > log2 (n),

o l+o(1) log?(n)
I YAVeT di

thus in this dense regime, all nonzero eigenvalues are close to 1 and, thus, the spectrum of the
Laplacian contains no outliers, in contrast with the adjacency matrix. This bound is improved

in [5], to
6log(2n)
A>1-2 5 for di > log(n).
1

The SBM is a special case of the latent space model [12]. In this model an unknown vector z,,
is associated to each node u (in a social network, this vector would represent the unknown social
position of person #) and an edge between u and v is present with probability depending only
on z, and z,. If A is the adjacency matrix of the graph, D the diagonal matrix containing the
degrees, and L = D~/2AD~1/2  then the population version of these matrices are defined as
A=FE[A]z1,....22], D = diag(>"_| Arvs v Doy Am), and L = D™V2AD12,
In [28], convergence of the empirical eigenvectors of L to the population eigenvectors of £
was shown. This follows from their novel result establishing the convergence of L? to £ in
Frobenius norm. This forms the basis of an algorithm that uses the first k eigenvectors to recover
the hidden communities in the SBM (thus, without degree corrections). The algorithm is shown
to succeed if those first k eigenvalues are sufficiently separated from the rest of the eigenvalues
and if the minimum expected degree exceeds v/2n/+/Iogn, which is more restrictive than the
lower bound of log n.

In [8], the matrix E[D]~'/2AE[D]~!/? (reminiscent of the normalized Laplacian) was used
to retrieve the underlying community structure in the DC-SBM. Note that this method requires
the expected degrees to be known. It succeeds if the minimum degree is of order log® n.

To deal with low-degree nodes, the authors in [4] used the degree-corrected random walk
laplacian: I — (D 4+ tl )~LA, where t > 0 is a constant, to find clusters in the EPP model,
where the expected minimum degree is €2(logn). In the EPP model, B is a matrix where an
element is equal to p if it is on the diagonal, and g otherwise; it is, thus, a special case of
the DC-SBM. The algorithm based on the random walk laplacian requires 7 as input and the
optimal value of T depends in a complex way on the degree distribution of the graph. The
main theorem in [4] comes with lengthy conditions that are not easy to compare with other
results. This theorem, restricted to the setting where all the d,, are equal to d, assumes g to be
a constant, which is more restrictive than our assumptions. It is unclear whether the results for
the EPP model can be neatly generalized using the same operator to the DC-SBM, given the
complexity of the present conditions.
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Although the Laplacian captures global properties of a graph much better than the adjacency
matrix, its spectrum is still influenced by the underlying degree structure. Indeed, consider a
DC-SBM with 3000 vertices divided in K = 3 equally sized communities, with

1 2 3
B=|2 0 2],
3 25

degree sequence
ul/3 ifu=1,...,1000,
D, = { (u—1000)'3 ifu = 1001, ..., 2000,
(u —2000)/3 ifu = 2001, ..., 3000,

and community membership

1 ifu=1,...,1000,
oy =32 ifu=1001,...,2000,
3 ifu =2001,...,3000.

In Figure 1, we plot the eigenvectors corresponding to the first and second largest absolute

eigenvalues of I — E[D]"V2E[A)E[D]~!/2, where A is the adjacency matrix and D is the

diagonal matrix containing the row sums of A. The Laplacian concentrates around / —

E[D]~'?E[AIE[D]~'/? if the minimum degree is large enough (see Section 8). The com-

munity structure is clearly perturbed by the degree sequence. In general, an additional step is

needed to determine the community membership of all nodes when using the Laplacian.
Compare this figure to Figure 2, containing the first two eigenvectors of

E[D] 'E[AIE[D]" .

The vertices are seen to be clearly divided into three communities.

0.03
_ 0.02
w 2
- Q
§§ 0.01 .
8 &
o -
o § 0 ¥ %
Q o *
= 3 -0.01-
> &
© _0.02
-0.03

-0.03 -0.02 -0.01 0

Value of elements of first eigenvector

FIGURE 1: Plot of the eigenvectors corresponding to the first and second largest absolute eigenvalue of
I —E[D]"V2E[AJE[D]~!/2, where A is the adjacency matrix of a random graph drawn according to the
DC-SBM defined at the end of Section 4.2, and D is the diagonal matrix containing the row sums of A.
For those eigenvectors, say (x1, ..., x,) and (y1, ..., y,), we draw a dot (x, y,) for each element u.
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Now consider another two-community DC-SBM on n vertices with
1 1

_ |log?(n) ifu<n/2,
“ 7 110010g2(n) ifu > n/2.

degree sequence

and community membership
1 ifu <n/2,
Ou = .
2 ifu>n/2.

Then, according to Lemma 11, the eigenvectors of H become eventually indistinguishable
from the eigenvectors of the n x n matrix with zero diagonal and all other elements equal to
1/ nD. Clearly, the communities cannot be recovered from the latter matrix.

The off-diagonal elements of E[D]"/2E[AIE[D]~1/? are given by

| ) ) 1 10
5,/D,ﬂ/ D, = WZ(TMO'U with Z = <10 lOO) ’

Now, Z has eigenvector
1
(10)

corresponding to eigenvalue 101. The other eigenvalue is 0. Then that the minimal gap
between different eigenvalues of E[D]~'/2E[A]E[D]~!/? is 2 — O(1/n). According to [5],
o(D™V2AD™Y2 — E[D]'?E[AIE[D]"'/?) = o(1) with high probability, where p(X)
denotes the spectral radius of a matrix X. Consequently, Lemma 11 entails that for large n, clus-
tering according to the eigenvector of D~1/2AD~1/2 corresponding to its largest eigenvalue,
reveals the community membership of all but a vanishing fraction of nodes.

0.0195

0.0190 1

0.0185 1

0.0180 1

0.0175 1

Value of elements
of second eigenvector

0.0170 1 g

0.0165 T T T T
-0.02 -0.01 0 0.01 0.02

Value of elements of first eigenvector

FIGURE 2: Plot of the eigenvectors corresponding to the first and second largest absolute eigenvalue of
E[D]'E[A]E[D]~!, where A is the adjacency matrix of a random graph drawn according to the DC-
SBM defined at the end of Section 4.2, and D is the diagonal matrix containing the row sums of A. For
those eigenvectors, say (x1, ..., x,)" and (y1, ..., yn)’, we plot a point (x,, y,) for each element u. Note
that many elements are represented by the same point, clearly reflecting the community structure.
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Those two examples hint that whether the Laplacian L or the degree-normalized adjacency
matrix H should be used depends on the correlation between the degrees and the communities,
and the ‘signal strength’ of B. The first example shows that if the degrees are uncorrelated, L
seems to add some extra noise, whereas H ‘filters’ the degrees and reflects immediately the
underlying communities. In the second example, B gives no information about the communities,
but the vertices can be clustered according to their degrees. Matrix H ignores this degree
structure and, thus, fails to detect the communities. Laplacian L on its turn still reflects the
degree sequence and, therefore, the communities.

4.4. Regularized spectral clustering

Qin and Rohe [27] dealt with the shortcomings of the Laplacian by inflating the degrees:
given a number 7 > 0, the regularized graph Laplacian [4], [27] is defined as

L, =D 2ADY2, (13)

where D; = D + 7.

The regularized spectral clustering algorithm in [27] starts with computing the matrix X =
[X1, X2, ..., Xk], where X1, X», ..., Xk are the eigenvectors corresponding to the K largest
eigenvalues. A matrix X* is then formed by projecting each row of X on the unit sphere.
Considering each row of X* as a point in RX, and applying k-means with K centres on these
points gives an almost exact clustering, provided some conditions on § + 7 (8 is the smallest
expected degree) and the smallest strictly positive eigenvalue of L, hold. In particular, [27,
Theorem 4.2(a)] demands that § + 7 >> log(n). Since simulation results suggest that T should
be taken as the average degree, it is unclear if this method outperforms the algorithm proposed
in [27].

We note that [27] is the first work that relates the leverage scores (the Euclidean norm of the
rows of X) to the quality of the outputted clustering.

4.5. When does the degree-normalized adjacency matrix fail?

Consider a DC-SBM with K > 2 communities, such that for two different communities
i # j,foralll, Bﬂ/ﬁi = Bﬂ/ﬁj. Then it can be verified that, for large n, in a dense enough
regime, the eigenvectors of H corresponding to nonzero eigenvalues do not distinguish between
communities i and j.

Further, the method breaks down in too sparse a regime. For instance, two low-degreed ver-
tices connected by an edge cause the top eigenvectors to concentrate around them. We observed
this when applying H on the sparse political blogs network [2], see Section 4.7.

4.6. Degree-normalized adjacency matrix

The same matrix H was used in [7] to perform community detection on the DC-SBM in the
sparse regime (the minimum degree is bounded from below by a constant). The main restriction
in their setting is that the minimum degree must be of the same order as the average degree,
more precisely, there exists ¢ > 0 such that D; > D for all i. Hence, too much irregularity in
the degree sequence is not captured. In this sense our work complements their results.

Spectral clustering was performed in [7] on a minor of H where the rows and columns of
vertices with a degree smaller than Dyyerage/ l0g(n) (Where Dayerage is the observed average
degree in the graph) are set to 0, which is not the same as leaving out completely the nodes with
too low a degree. Due to the assumption that all expected degrees are of the same order, most
observed degree will exceed the lower bound Dayerage/ l0g(n).
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There are alternative ways to deal with low-degree nodes; see, for instance, Section 8 on
future research.

4.7. Performance on real networks: karate club, dolphins, and political blogs

We have tested our method on three real networks, namely, Zachary’s karate club [31], the
dolphin social network [20], and the political blogs dataset [2]. The error rate for Zachary’s
karate club is 2/34 and for the dolphin social network 0/62.

The error rate for the political blogs dataset is 230/1221 when thresholding the Frobenius
eigenvector. We restricted ourselves to the giant component of 1221 nodes, as is common
in most other works (the original data contained 1490 blogs). Our clustering is worse than
that obtained by SCORE (where the error rate is 58/1221), but similar to the nonbacktracking
matrix (where around 15 percent of the nodes are misclassified [17]).

We observed that the leading eigenvectors are concentrated on a few nodes, due to the
presence of certain problematic structures (such as two low-degreed vertices connected by
an edge). However, the value of the Frobenius eigenvector on the remaining vertices is still
correlated with their community membership as can be observed in Figures 3 and 4.

Figure 3 is a histogram of the Frobenius eigenvector restricted to the roughly 600 nodes that
have corresponding value in the interval [0, 10~°]. The nodes seem to concentrate around two
centres according to their community. However, this phenomenon is only weakly visible (note
that our theory does not apply for sparse graphs).

In Figure 4 we have sorted the 1221 indices of the Frobenius eigenvector according to an
increasing corresponding value: the community structure then becomes clear.

We further observed that thresholding the eighth eigenvector leads to only 160 misclas-
sified vertices. Interestingly, if we inflate the degrees by replacing H = Auy/ D D by
Hinflaed = Auv/ max{DuDv, 200}, we obtain an error rate of 74/1221 by thresholding its
second eigenvector. This suggests that initial misclassifications are indeed due to low-degree
nodes (the average degree is 27, but there are also many leaves present).

4.8. Interpretation of the conditions

Note that, since Eﬁu is related to D, according to (9), H normalizes the tendency of
communities to connect by the average degree of their nodes and loses, therefore, giving some
information about the graph.

Number of nodes

Value [><10*11]

FIGURE 3: Histogram of the Frobenius eigenvector restricted to the roughly 600 nodes that have
corresponding value in the interval [0, 10*9]. Two communities are shown.
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FIGURE 4: Ranking of the 1221 indices of the Frobenius eigenvector according to an increasing
corresponding value. Rank 1 is the node with smallest value in the eigenvector and rank 1221 the
node with largest value. Shaded circles indicate community membership.

Observation 1. If, for some i, j,[ € S,

By _ By
M; M
then
E[#edges between community i and j] E[#edges between community / and j]

E[total degree of vertices in community i]  E[total degree of vertices in community /]’

Remark 2. The identifiability condition is violated if there are distinct i and / and there exists
some constant ¢ > 0 such that
Bij = CB[j for all ]
Indeed, in that case, M; = c¢M; and, thus,
B,‘j _ CBlj _ B[j

M, M, M,

However, unlike the setting considered in [15] and [19], it is not necessary for B to be full rank.
Indeed, consider

1
B=12
3

DO

3
2
5

which has rank 2. Letaj = 0oy =a3 = § and Y, _; D, = ieynlog?(n) foralli = 1,2,3.
Then it is easily verified that the identifiability condition is met.

Note that §$(B, K, {oy}!!_;, {D.},_,) and 4(B*, K, {0,}}_,, {D}};,_,) generate the same

ensemble of random graphs whenever
DM BO'MO'U DU _ D:B:uav D:)(
D B D
Hence, the underlying block-matrix B cannot be estimated from a single observation of the
graph. Rather, we may estimate
nD ~ Z D,,
u
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and, denoting the assigned community membership (after applying our reconstruction algo-

rithm) of [ by 1y, .
<Z 5 ) Zu: T, =i Zv: = HMU ~ Bij
» ! Qs 1= DOy n=j ) MiM;

Hence, for a DC-SBM 4.(B, K, {ou} _1-{Dy } _1), the matrix

=)
MiM;/; =1

is identifiable, not B. It is due to this degeneracy of the DC-SBM and the structure of H that
condition (5) in Theorem 1 is the best possible.

Lemma 1. Consider a DC-SBM (B, K, {0,}/_,, {Dy},_,). Fix i and [ then the following
are equivalent:

(i) forall j, we have
Bij _ By,
M, M’
(ii) there exist a DC-SBM 4(B*, K, {o},}"!

n_1> IDyYn ) with the same community structure
{ou}u, such that, for all j,

* __ p¥
Bij—Blj

and, for all u, v,

DuBaucruDv D*B;MUUD:;
D D
4.9. Random walk point of view

The matrix H is related to a random walk on an instance of the random graph. Indeed,

1 1 Ap A
~ —_— = uU:Tuv# lfAuv:],
Huv = Du Dv Du Dv
0 if Ay =0,

since A,w = Ay, is either 1 (in case edge uv is present) or O (when u and v are not connected).
Now Du = Z =1 Alu , as it is the observed degree, which we denoted here in increasing order:
D1 < D2 <... < D Thus, A,/ D is exactly the probability that a random walk (in an
undirected graph without weights) jumps from vertex u to v, given that it is currently at vertex u.
Denoting the latter probability by P, (u — v), we see that

ﬁuv =P,(u—> v)Py(v—>u)=P,u > v— u)

due to the Markov property of the random walk. In other words, Hyy is the probability that a
random walk currently at vertex u will consecutively traverse edge uv and back.
Extending this observation to powers of H leads to

n
(ﬁk)uv: Z Pu—->04—> >l —>0P,w—>l_1—- =11 —>u),
Lh=1,..l_1=1

the probability that a random walk, after traversing a path of length k starting at u# and ending
at v, subsequently traverses that path in the exact opposite direction.
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Further, note that
(D1,...,Dp)H = (1{519&0}, cees 1{5’#0}),

hence if v is an eigenvector of H with eigenvalue A then
n n
2 1B, 20) v =% D
u=1 u=1

Since it can be easily verified that H is primitive on connected components, the Perron—
Frobenius theorem implies that the eigenvector vy, corresponding to the largest eigenvalue
Amax (Which is positive) has only positive elements. Hence,

n n
2 u=1 LB, 20) Vu - 2 u=1 (B, 20} Vu 1

Yu=t Duva T Dp 3o L5, 0} Vu D,

We may derive an upper bound by noting that the spectral radius is bounded from above by
the maximal absolute row sum

n

n
A < P .
max = Tji‘(z uu —> v — u))

v=1

Amax =

5. Outline of proof of main theorem

In this section we consider the setting of Theorem 1. All lemmas here, except Lemma 5,
assume that either (6) or (7) hold. Lemma 5 assumes condition (6): the minimum degree should
grow faster than log(n). Lemma 6 assumes (7): the minimum degree is of order log(n).

Our first objecgi\ve is to show that H is close to some matrix P, in the sense that their
difference W := H — P has negligible spectral radius relatively to that of P. Here, an entry
(u, v) of P is defined as

1 B
P = ——2%
nD My, M,

We relate P in turn to Z defined by

o Bij

Zij==2=L, i jes.

MM

Indeed, we show thatif y = (y(1), ..., y(l())T is an eigenvector of Z with eigenvalue A then

(y(01), ..., y(on)) " fulfils that role for P with eigenvalue (1/D)A. As a consequence, the
eigenvectors of P associated to nonzero eigenvalues are constant on blocks.

Finally, we consider the matrix that has the first L eigenvectors of P as its columns. We show
that the rows of this matrix cluster to within vanishing distance of block-specific representatives.
We start by inspection of the difference

W=H-P=(H-H)+ (H—E[H]) + (E[H] — P), (14)

where H is defined as
A—b\Au’U lf Auv == 1,

0 otherwise .
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Define
A(P) = min{|A — u|: A # u, A, u eigenvalue of P},

i.e. the smallest gap between consecutive eigenvalues. A crucial role will be played by
Lemma 11 below, which says that to any eigenvector X of H there exists an eigenvector x
of P such that |x —X|| — 0 asn — oo, whenever

p(W)

——— —> 0 asn — oo,
A(P)

where we recall that p(X) denotes the spectral radius of a matrix X. Hence, we need to
calculate A(P).

Lemma 2. The smallest gap between subsequent eigenvalues of P is given by

1
=Q|=).
s =9( )

All terms in the right-hand side of (14) have negligible spectral radius with respect to A(P).
Lemma 3. The matrix E[H] is close to P in the following sense:

1\1 1
EH] - P)=0| — |= = nl:.
p(E[H]— P) <D1>D 0()D

Lemma 4. The matrix H concentrates with high probability around its expectation, as

(H —E[H]) (9(—1 ) : ey :
— = —_— = 0p =.
p D

Jlogn) / D

Lemma S. Consider the DC-SBM in the dense regime, where (6) holds. Then, for the spectral
radius of the difference H — H, it holds with high probability that

1
= On(l)ﬁ-

p(ﬁ )= (9( 10g(n)) 1

Di(n) B(n)

Lemma 6. Consider the DC-SBM in the regime where (7) holds. Then, for the spectral radius
of the difference H — H, it holds with high probability that

-~ 1 1 1
CHY =0 —— ) =0, (1) —.
Pt =t Q(Iogm(m)mm "5

We use these lemmas in conjunction with Lemma 11 below to prove the following lemma.

Lemma 7. To each normed eigenvector X of H corresponds a normed eigenvector x of P such

that 5
3?~x=1—(9((m> ):1—0,,(1),
A(P)

p(W) < p(H — H) + p(H — E[H]) + p(E[H] — P).

where

Having proved this lemma, we show that Algorithm 1 indeed correctly reconstructs the
community of all but a vanishing fraction of vertices.
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Recall the definition of H and observe that H is symmetric. Consequently, there exist n
eigenvectors of H that form an orthonormal basis, thus, we are indeed able to find L orthonormal
eigenvectors of H corresponding to its first eigenvectors.

Next we show that the (z,),ev, defined in (10), tend to block-representatives.

Lemma 8. There exist K vectors {t}kes, i.e. block-representatives, such that

_ W\ 23
”ﬁzu — Ig, | = 0((%) ) =o0,(1)

for all but O (n(p(W)/A(P))?*/3) nodes.

The remaining and crucial step is to demonstrate that those block-representatives are indeed
distinct.

Lemma 9. Assume that, for all i, j, there exists i’ such that
B, _Bir
MMy~ M;M

15)

then |ty — ;] = Q(1) forall k # 1.

Proof of Theorem 1. After proving the above lemmas, it remains to show that Lin step (1)
of Algorithm 1 with high probability is equal to L. Further, we should verify that the procedure
in step (iii) forms the correct clusters. For the first step, note the following. In the regime where

(6) holds,
p(W) = (9( 1 1 . log(n))

1og(n)

D’

and in the other regime, where (7) holds,

1 1 1 1
W) (Dl + V9og(n) + 10g1/3(n)> D

Compare this to f as in Algorithm 1: depending on the regime, the term in parentheses goes
to 0 upon division by f(n). To see this, note that due to Bernstein’s inequality (16) and (25)
D € (1/2Mgu, 3/2MGM)D for u = 1 and u = n with high probability. Hence, D1 ( D ) is
of the same order of magnitude as D (respectively Dy). Now, due to Lemma 11 below, the
first L eigenvalues of H are of order 1 /D —0O(p(W)) > f(n)/D. The remaining eigenvalues
are of order O(p(W)) < f(n)/D. Further, Dgyerage may be written as twice the sum of
Q(n?) independent Bernoulli random variables. It is thus with high probability a constant
away from D. Hence, L = L with high probability.

In step (iii), the probability that all picked pairs contain only typical vertices (i.e. whose
corresponding rows cluster around K centres) is larger than (1 — f 213(n))2*™ which tends
to 1, since f2/3(n)t(n) — 0asn — oo. Thus, with high probability, for a pair #, §(¢) vanishes
in front of f2/3(n) if the vertices in the pair belong to the same community. Then §(¢) is of
order €2(1) otherwise. Hence, ¢, as defined in step (iii) of Algorithm 1, is of order €2 (1); it thus
estimates the separation distance in Lemma 9.

Further, at most f (n)2/ 31 vertices are not typical. Hence, the chosen ball around m with
radius &/8 contains at least (f(n)'/3 — f(m)?3)n > fn)*3*n typical vertices. Those must
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necessarily belong to the same community. Since all typical vertices belonging to the same
community are at most a distance f(n)?/3 apart, all of them are located in the ball of radius
&/4 around m.

We see that the algorithm puts, with high probability, all but a vanishing fraction of nodes
in K clusters. ]

6. Algebraic preliminaries
We shall make use of the following fact about the spectral radius.

Lemma 10. If |X| < Y holds entry-wise for two real symmetric matrices X and Y then
p(X) < p(Y).

Proof. Due to the Rayleigh—Ritz theorem, we have
p(X) = max [ Xz].
lzll=1

Hence,

p(X) = max Xzl < max 1Yzl = max 1Yzl = p(Y). O

The following lemma could be of independent interest as a simple alternative to the com-
monly used David—Kahan theorem.

Lemma 11. Let A and §A be two n x n symmetric matrices. Let Ay > --- > A, be the
eigenvalues of A + §A and 1 > --- > uy be the eigenvalues of A. Let A = min{|u; —
Wil i # Wy, mi, iy eigenvalue of A}. Assume that p(8A) < A/2. Let v; be a normed
eigenvector of A 4+ 8 A corresponding to eigenvalue i, foranyi =1, ...,n. Then

@ 1A — il = p(8A);

(i1) the dimension of the eigenspace E; of A + 8 A corresponding to the eigenvalue X; is no
larger than the dimension of the eigenspace of A corresponding to the eigenvalue [1;;

(iii) there exists a normed eigenvector v; of A corresponding to eigenvalue |u; such that

2
A2

Proof. (i) is due to Weyl’s inequality (see, for instance, [14]).

(ii) Let d be the dimension of E; and write A; = Aj+1 = -+ = Aj4q—1. Since [A;—ui| < p(8A),
we have | —pi+1] < 2p(8A) < A. Thus, u; = pi+1, and similarly for the other eigenvalues.

(iii) We start with some notation: let m be the number of distinct eigenvalues of A; denote those
distinct numbers as y; > --- > Y. Define S; = {u € {1, ...,n}: u, = y;}, the set of indices
of eigenvalues that are all equal to ;. Foru € {1, ..., n}, define 7, € {1, ..., m} as the unique
index such that u € S;,. Write
vV, = Z O[j wj ,
J

where {w;}; are orthonormal eigenvectors of A with associated eigenvalues {1 ;} ;. Then

(A+38A); = Zajujw,- + (8A)v;.
j
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Hence,
BA); = Z aj(Ai — pj)w; + Z aj(Ai — pj)w;.
J¢ss, jesy
Taking norms on both sides,

A\’ A\’
(P@EAN? = Y afi —p)*= ) a?(A - 3) = (1 - a,z.) (;) ,

jésrl- j¢sri jesri

since, by definition |u; — ;| > Aif ; # 7; and our observation |A; — ;| < p(8A) < A/2.

Set
R 1
V= ——— ojwW;
T
jeSy %) JeSy

then
3 (AN’

Lemma 12. Consider a square n x n symmetric zero-diagonal random matrix A such that its
elements A,y = Ay, are independent Bernoulli random variables with parameters

w(n)
ElAuw] = awy T,

where the a,, are constants independent of n and @(n) = Q(log(n)). Then, with probability
larger than 1 — O(1/n?), the spectral radius of A — E[A] satisfies

p(A = E[A] < O o).

Proof. This is precisely Lemma 2 in [29], where the authors quantified the term with high
probability. This was achieved by choosing ¢; > 3 inits proof. Note that the latter proof builds

further on results by Feige and Ofek [10]. ]
Lemma 13. (Bernstein’s inequality.) Let X1, ..., X,, be zero-mean independent random vari-
ables all bounded from above by 1. Set o> = (1/n) You_yvar(Xy). Then
1 « ne?
P| - X < - . 16
<n; u>8)_CXp( 2(02+e/3)) (16)
Proof. See [3]. O

Note that Bernstein’s lemma can easily be extended to the case of noncentred random
variables.

7. Proofs
In the proofs below, we shall often write
Dy = ¢uw(n), (17)
where 1 = ¢ < ¢p <--- < ¢,, and

w(n) = Dy. (18)
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Further, we introduce

HOEDN S (19)
=1

d(n) = @, (20)
n

Proof of Lemma 2. Write

1 Bﬂuav 1 ZUL4UU
Puv = ——— = — .
nDMs M, nD Qg
Let y = (y(1),...,y(K))T be an eigenvector of Z with eigenvalue A, we show that w =

(y(o1), ..t y((fn))T is an eigenvector of P with eigenvalue (I/E)A. Indeed,

Yoy Pu - y(op)

Yt Pur - y(op)
Z;l:] Zo*la]/aal - y(o1)

S
Sk

Z?:l Zono[/am - y(or)
SN na Zoy /o - y(k)

S
Sl =

Sy o Zoyi /ot - y (k)
Ay(o1)

Sl =

Ay(oy)
1
D
Thus, (1/D)A is an eigenvalue of P.
For the other direction, note that if o, = o, then row u and row v in P are identical. Hence,

ifw= (w(l),...,w(n))" is an eigenvector of P corresponding to a nonzero eigenvalue then
w(u) = w®). Let w = (w(oy), ..., w(o,)) " be an eigenvector of P with eigenvalue A # 0.
By carrying out a similar calculation as above, we see that (w (1), ..., w(K ) isan eigenvector

of Z with eigenvalue DA.
The statement follows from this one-to-one correspondence between the eigenvectors of
both matrices corresponding to nonzero eigenvalues. ]

Proof of Lemma 3. Note that
E[H]— P =E[H] — (P — diag(Py1, ..., Pup)) + diag(Py1, ..., Puy).

Now,

1
p(diag(P11, ..., Pun)) = (9(—_)

nD

https://doi.org/10.1017/apr.2017.18 Published online by Cambridge University Press


https://doi.org/10.1017/apr.2017.18

A spectral method for community detection 705

as diag(Piq, ..., Py,) contains only K different elements, each of order 1/ nD. Further, for
uF#v,
D D 1 B 1
E[Hyp] = —=——=—Bg,5,—= = (1 + 8(n)) =22 — = Py + 8(n) Py,
E[D.1E[D,] ""'nD M, M,, nD

where 8(n) = O (e,,) with, due to (9),

2 1
&y < max —
i M;whn)

tending to O uniformly for all #, v. Hence, due to Lemma 10,

O

Sl —

1
p(E[H] — (P — diag(P11, ..., Ppn)) + diag(Pi1, ..., Pun)) = (9<D—1>

Proof of Lemma 4. We start by introducing the constants C;; = B;j /Miﬁj and o =
max;;(1/M;M ). Set, foru < v,

Xup = Xou = @ '0* (n) (Hyy — E[Hup]),

where w(n) is defined in (18). That is,

1 +o0(1 1 1 D, D 1
x,, = o )(_ L Ber( “_UBGM,> - CMU@—),
o Ms Mg, Dudy nD ) ¢ n

with ¢, and ¢ defined in (17) and (20), respectively. Due to our choice of & and the assumption
that ¢, > 1 for all u,

Xy € (1 +o()[—puv, 1 — puvl,

where

Let 5(\,“} = X,w/(li—o(l)) such that S(\MU € [—Ppuv, 1 —puy]. Weshall compare the symmetric
zero-diagonal matrix X to the deviation from its expectation of another symmetric zero-diagonal
matrix, where elements uv are given by Ber(p,,) for u # v. Since, by assumption (8),

o) _ Dimn)
() D)

Lemma 12 applies. Following an argument given in [29], we construct a function Y, such
that Y;,, has values only in {—pyy, 1 — puy} and E[Yy, | Xuv] = X,. First, let {U,}, <y be
independent uniformly distributed random variables. Fix u < v. Define, for x € [—pyy, | —
puv] and w € [0, 1],

= S2(log(n)), 2L

Fup@x,w)=1— puy — lxsw—puv and Y,y = You = Fuv(Xuv, Uno)-

Then
]ID(FMU(Xlev UMU) - 1 - pul} | Xuv) - MU + pMU
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and N R R
P(Fuo(Xuv, Unv) = —Puv | Xuw) =1 = puv — Xus

thus,
E[Yuv | Xuvl = Xy and IP)(Yuv =1- puv) = E[Xuv] + Puv = Puv-

Hence, indeed, Y,,, = Ber(p,v) — puv-
Let Y be the symmetric zero-diagonal matrix with each element uv given by Yy, for u # v.
Then, according to Lemma 12,

IP’(,O(Y) < (9( wg”)) > 1 —(9(”1—2). (22)

‘We shall use this observation in the following comparison:

p(X) = p(E[Y | X]) < E[p(Y) | X],

by Jensen’s inequality. Set S = E[p(Y) | X ], we shall show that it is also upper bounded by
OWwn)/¢).

First, note that |Y| is element-wise dominated by the all-one matrix, hence p(Y) < n.
Second, the sigma-algebra generated by S is contained in the sigma-algebra generated by X.
Hence, R

Elp(Y) | SI =EI[E[p(Y) | X] | ST=E[S | §S]=S.

Further, both Y and X take only finitely many different values, and thus p(Y) and S take
values in a finite space. It therefore makes sense to consider, for ¢t > 0, the function

BC) =P(pX) >1]8§=").

We have
S =E[p¥) | S] = BS)n+ 1 - B,
i.e.
S—t
B(S) = —.
n—t
Denote y = P(S > t 4 1) then

P(p(Y) > 1) = E[B(S)] = E[B(S) Lis>r+11] = #

As a consequence, for t = O (v w(n) /5), by (22) we have
PS>t+1)=y<m—0PpX)>t)=0n— t)(9<ni2> = (9(%)

Therefore,

p(H —E[H]) = ——p(X) < (1 +0(1))
w*(n)

~ 1
“’“f@( m)

where the first inequality stems from the fact that the order 1 4 ¢, term in (9) holds uniformly
over all vertices. Finally, due to (21),

¢ 1 1 1
H—-E[H]) =0,/ —= =0 —— |=. 0
p(H = ELHD (V w(n)qsw(n)) <‘/—log(n))D
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Proof of Lemma 5. To prove this theorem we claim that in the present setting, it suffices to
show that with high probability,

(H — H)yy = ey Hy,
where, for some constant C and all large enough n,

e < Ce(n) (23)

e(n) := éM=@< M)—w 24)
\ min; M; w(n) Di(n)

by assumption. Consequently, after an appeal to Lemma 10,

with

p(H — H) < p(|H — H|) < Ce(n)p(H).

Since, H = E[H] + H — E[H], it follows from Lemmas 3 and 4 that

1
p(H) = 0(3).

Consider the difference

11 11
D, D, ED,ED,
11 1 1 11
" ED,ED, 1 + (D, — ED,)/ED, 1 + (D, —ED,)/ED, ED,ED,
1
= ——=&yv,
ED,ED, "

thus,

ED, - D, ED,—D ED, — D, \> ED, — D, \?
o), = “Pu—Du  EDy +@<<—A> >+(9((—A) )
ED, ED, ED, ED,

We quantify (IEB,, — Bu) / ]EB,,. Since 514 is a sum of Bernoulli random variables with mean

E[D,] = D,My,(1 — o(1)),

where the o(1) term follows from (9), we have for £(n) as in (24), the Bernstein inequality (see

(16)), ,
e“(n) ~
> 8(}1)) < ZCXp(—mE[Du])

=

P(‘Eﬁu - D,
ED,

N &*(n)
= Zexp(—mDuMau(l - 0(1))>

5. 25)
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Invoking this we establish the union bound
ED, — D
P (' 1~ D
ED;

ED, — D
55(7’1)7---,'#
n

Hence,

=

ED,

holdsAwith high probability. Thus, we establish (23): |e,| < 2e(n) + O () < 68(?1)
with C a large enough constant.
Henceforth, we condition on E. Then, for u # v,

E:HM

<e(n)forallu e V}

~ 1 1 1 1
Hyy — Hyy = (5_u§_v — m)Auv = 8uvm14uv = ey Hyyp. O
Proof of Lemma 6. We define
1
and we shall call a vertex u good if |E5u — 5u| < e(n)EBM. We use this definition to split
1 1 1 1 c c or
D. Dy ED,ED, | = Mt Mt My = M, @7
u v u v
where
1 1 1 1
My, = 5_5_ - EB Eﬁ Ay l{u and v good}»
u v u v
e 1 1 1 1 A1
= == — —_— = bad},
w =P, D, ED,ED,| “ "™
M — 1 1 1 1 A1
uv — 514 51) Eﬁu Eﬁv uv L{u bad}»
1 1 1 1
M,j{) = 5_5_ - EB ﬁ Auv l{u and v bad} -
u v u v

We shall show that all terms in (27) have a negligible spectral radius compared to A(P).
First note that the difference

—_
[

&
S
&
)

may be written as

1
= &yv,

ED,ED,
where

- Eﬁu: D, N Ef)v: D, N 0((1@5“: 5u>2> N 0<<Eﬁv: 5v>2).
ED, ED, ED, ED,

Now, similarly as in the proof of Lemma 5, therg\ exists a L constant C such that gup < Ce (n) if
both u and v are good. Consequently, p(M) < Ce(n)p(H).
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Next we analyse the other terms in (27). We start with M. The idea is that, although now

1 1 1 1
D,D, ED,ED,

(5,25

= (9 _— =,

ED, ED,

the total number of nonzero elements in a column of M€ is very small, so that its spectral radius
indeed vanishes upon division by A(P). We note that

(Auwo LwbadDuw = (Auw Luvad))y o»

so that a similar statement holds for the maximal row sum of M". Obviously, M*" < M€ as do
their spectral radii.
As a consequence of these observations, it thus suffices to prove our claim for M€. To do
so, we proceed in three steps. First, we show that
ED, — D,| 1 2
]P(Sl):P({forallu: 'T <—}> >1—-— (28)

u

-2 n?’

From which it follows, after a short computation, that, with probability larger than 1 — 2/n?,
for all u, v,

‘ 1 1 1 1 1 1

D,D, ED,ED,|” ED,ED,

Keeping this in mind, it thus suffices to demonstrate that (A, 1{y bad))uv has a spectral radius
much smaller than the spectral radius of A. The column sum in the former is equal to the

number of bad neighbours in a vertex. That is, the spectral radius is bounded by max, X,
where, foru € V,

Xo= Y 7, (29)
veN (1)
with Z, = 1{yisbadj- Caution is needed here as the indicator functions in (29) are not

independent.

In the second step we shall show that with high probability the number of edges between
vertices in the neighbourhood of u is negligible compared to the expected degree of vertex u.
That is,

P(&2(u)) = ]P’({ Y Ay < %S(n)w(n)D >1- 2 (30)

n?’
x,yeN (u)

where w (n) is defined in (18). Hence, except for possibly A—Ile(n)a)(n) of them, the variables in
(29) form an independent set (conditional on not having any neighbours among - (u)).
The last step consists in showing that this leads to

~ 1
P(X, > e(n)O(ED,) | &1, &) = 0(—). (31)
n
The assertion follows now straightforwardly. With high probability, we have

1 1
ZMI(A:U < 3 —— max _AXM
- ED, v ED,

1 1 ~
<3——max —¢cn)OED
<357, M 7 e OEDY)
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(%)
min, ED,
—0 ( £) )
w(n)
Now D = O (w(n)) since D%(n)/ﬁ(n) = Q(log(n)). Consequently, due to the choice of (n)

in (26),
(M) = 0(‘9(”)) — @(#); —0 (1)#
PRET=Nom ) = " \ogm) ) Doy ~ " Dy’

The first step, i.e. demonstrating (28), is easily carried out: fix u € V and use Bernstein’s

inequality (16) to verify the bound
ED, — D,| 1 3~
P |——=——=| > = ) <2exp| ——E[D,] ).
ED, 2 26

Now, for large enough n, ED > MCB M log n, and by assumption, Cp_p from (7) is so large
that [D ] > 2log(n). Hence,

1 ~ 3
]P’( < D, > >1-—
2IED 2]ED
We proceed with the second step, i.e. (30). Set M = max; M;, B = max; j Bjj. Set
C = max{1/2M SM B} Consider, conditional onD < ZEDM,

B Prpyw(n)
Z Ayy = Z Ber(ngUy—g(n) )

X,YEN (u) X, YEN (u)

IA

:MJ o

< bin (4(EDH)2 Lt >

g(n)

< bm(SM P20 (n), B¢x¢yw(")>
(n)

< b1n<5M $20?(n), yd ‘f(;l))

¢,%w<n)>
gn) )
where ¢, and g(n) are defined in (17) and (19), respectively. We now show that

2
P<b1n<C¢2w2( ), Cq5 w(n)) > —e(n)a)(n)) <l>
g(n) n

2.2 2 e(mw@n)/2
ls(n)w(n)> <1C¢"‘” (”)><c¢"“’(”)> .
2 ze(mw(n) g(n)
(32)

< bin <c¢3w2(n), C

First, note that

2
P(bin(c¢,§w2(n), C¢”w(")>
g(n)

Using the fact that
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we have

<C¢,2,w2(n)) - <2Ce¢3w(n)>s<n>w<n)/z

%8(”)&)(”) - e(n)

2
= exp(ls(n)a)(n) log <2CCM>>
2 e(n)

< exp(%e(n)w(n) log(g(n)) + %s(n)w(n) log<26e>),

where ¢ < 1 from (7) is such that ¢2w>(n)/log?3(n)n¢ — 0 (and thus 2w (n)/g"(n) =
on(1)/ logl/%(n) < g(n), since g(n) = O(n) in the particular setting of this lemma). Write

PR (n)\ 2 1 e (8(m)°
(C ) ) —eXp(—Ea(n)a)(n)log((g(n)) T T ¢%w(n)>>

1 X
< exp(—ze(mw(n) log«g(n))“))

1 —
= exp(— _ Cs(n)w(n)log(g(n)))

if n large enough. Combining these estimates, we see that (32) may be bounded from above by

exp(— 1 _chg(n)a)(n) log(g(n)) + %g(n)a)(n) log(ZCG))

1—2c¢
< <— 2 e(mw(n) 10g(g(n)))

since g(n) > n > 2Ce. Finally, since ((1 — 2¢)/4)e(n)w(n) > 2, for large n,
1 1
P&) =1- ]P’( Z Axy = 58(71)0)(”)) >1- e loe(e> () >1- PR
X, yEN (1)
i.e. (30).
We proceed with the last step, i.e. establishing (31). Write
= Y 2+ Y oz

veN (u): N()NN (u)#D veN (u): N()NN (1)=&

We already know from (30) that the first sum is smaller than %e(n)a)(n), with high probability.
The variables in the second sum, {Zy }yen ) : ¥ )N 0)=2 are | independent. For such a vertex
v € N (u) that has no neighbour with u in common, we have D, = d,, + 1, where

D,D
d= Y ber(n 220,
X¢N(u), x#u

the degree of v outside N (1) U {u}. We show that v is a good vertex with high probability by
proving that d;, concentrates on its mean which on its turn is close to E[ D, ]. First, define

E.[]:=E[- | N ), &, D, < 2E[D,]]
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then D,D
E.dd)l= Y  Boo,——
XEN (), x£u nD
D,D D,D
— Y B 2Py g, DD
vYx nD vYx nD
XF#v xeN w)U{u}, x£v
2
> E[D,] - O(M)E[Du]
g(n)
3 2
=E[D,] - 0(¢"w (")>
g(n)

=E[D,] - 0x(1).
Second, we use Bernstein’s inequality (16) to prove that d;, concentrates around E[BU] up to a
factor e(n) as in (26), i.e.
P(d, > (14 e(m)ED, | N (u), &, D, < 2E[D,])
< exp (_ (eMExdy + (1 + &(n))o (1) )
2(Eyd), + 1/3(e(n)Eyd], + (1 + £(n))on(1)))

(e(m)Exd})*(1 + 04(1)/e(n)E,d})
= exp (_ AE.d] )

< exp(—Ce&?(n) log(n)),

where we redefined C = §. Similarly,
P(d) < (1 — e())ED, | N (u), &, D, < 2E[D,]) < exp(—Ce?(n) log(n)).
Hence, each vertex v € N (u) that has no neighbour with u in common is thus a good vertex with
probability 2 exp(—Csz(n) log(n)). Consequently, conditional on N (), &, D, < 2E[D,],
> Z, < binED,, 2 exp(—Ce*(n) logn)).
vEN (U): N (W)NN (u)=2

We have ) - ) , _~
]P’(bln(2EDu, 2exp(—Ce~(n)logn)) > ie(n)]ED,,)

2ED,
%s(n)Eﬁu

de e)ED, /2 ~
< <—( )) (2exp(—Ce*(n) log n))*WEPu/2
en

) (2exp(—Ce?(n) log n))s(n)JElA)u/z

8e

exp(%e(n)Eﬁu <log —) — Csz(n) log n))

e(n
)
= 0| — s
n

since £(n) = 1/10g1/3(n). Hence,

]P’(Xu > %s(n)(w(n) +ED,)

e)-()

The last step (i.e. (31)) is completed by noting that w(n) = O (]Eﬁu). O
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Proof of Lemma 7. All matrices in
W = (H — H) + (H — E[H]) + (E[H] — P)
are real and symmetric, hence, combining Lemmas 2-6,
~ 1
pW) < p(H — H) + p(H ~ EIHD + pE[H] = P) = on(D) = —.

Employing Lemma 11 yields that to each eigenvector X of H=P+W corresponds an
eigenvector x of P such that

X-x> 1—(w)2=1—(9(<w>2>=1—0(1)
- A(P) A(P) e

since A(P) = Q(1/D(n)). O

Proof of Lemma 8. Invoking Lemma 7, to each X; (with eigenvalue 3:1') there exists a normed
eigenvector x; (with eigenvalue A;) of P such that

% -xi=1- fi(n)

with f;(n) = 0,(1). We claim that all A; are larger than O (note that we refer here to a set of L
eigenvalues). This can be seen as follows. From Lemma 2 we know that the first L eigenvalues
of P are of order 1/D and all other eigenvalues are 0. By Lemma 11,

~ 1
[Ai =il = p(W) K ok

hence the first L eigenvalues of H are also of order 9(1/5) —O(p(W)) = Q(l/ﬁ), and
the other n — L are of order O(p(W)). Now, the L eigenvalues of H that are Bicked in
step (i) of Algorithm 1 are precisely those whose absolute eigenvalue exceeds f(1)/Daverage =
Q(f(n)/D) > p(W), by the construction of f in Section 3. Hence, those eigenvalues must
necessarily be of order 2(1/D) (i.e. they are indeed nonzero) and L = L with high probability.

Since x; corresponds to a nonzero eigenvalue, it follows from the proof of Lemma 2 that x;
is constant on each block, i.e. x; (u) = x;(v) if 0, = 0,. Let xl.(k) be the value of x; on block

ke S. Set . .
tkzﬁ(x](),...,x( )).
Then

1 1 < .
Al € Vi iz — 1o 2= T2 ~ mmz:l /o2 = to I
1
T2 @Y, LR — @, x )2
1
T2 ey 1%k — xell?
1

T2Yf ) fi)
and to complete the proof, let T = (Yr_, fi(m)'/> = O((p(W)/A(P)*?) = 0,(1). O
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Proof of Lemma 9. Below we shall make a spectral decomposition in terms of L orthonormal
eigenvectors of Z that span the union of all eigenspaces corresponding to nonzero eigenvalues.
Recall from the proof of Lemma 2 how we can obtain the eigenvectors of Z from the eigenvectors
of P. R

Recall that, by construction, {f\’,-}le are orthonormal eigenvectors of H corresponding
to nonzero eigenvalues spanning an L-dimensional space. Recall further from the proof
of Lemma 8 that the corresponding eigenvectors {x,-}l-l‘: | of P are associated with nonzero
eigenvalues. Lemma 11(ii) entails that the space spanned by those {x; } iL=1 has also dimension L.
And Lemma 7 implies that {x,-}l.L: | become an orthonormal set for n tending to oo (because
they become more and more aligned with the orthonormal set {x; }iL:l)’

Let, as in the proof of Lemma 8§, xl.(k) be the value of x; on block k € S§. Note that
D g nok (xl.(k))2 = 1fori e {1,..., L}. Setting y; = «/ﬁ(xi(l), ey xi(K))T, we see that each y;
is a normalized eigenvector of Z in the sense that ), o (y; (k))* = 1. Now, assume for a
contradiction that |ty — 1;] = 0 asn — 00, i.e.

L L
oW =P =3 i) = it - 0.

i=1 i=1
We conclude that there exist orthonormal eigenvectors of Z, {y;, ...,y } (with eigenvalues
{ri} iL=1 after a possible relabelling of indices), that span the range of Z, such that
v, (k) =7y,() forall u.

The other K — L eigenvectors have 0 as an eigenvalue.
To proceed, consider the matrix

B
N = ( aué«/av) .
u,v

MM,

If (x(1), ..., (x(K)) T isan eigenvector of Z then (/a1x(1), ..., | faxx(K)) T isan eigen-
vector of N, as is easily verified. Hence, N has {(\/a1y;(1), ..., ok ,-(K))T}I.I‘:1 as eigen-
vectors corresponding to nonzero eigenvalues, and K — L eigenvectors with 0 as an eigenvalue
(which do not contribute to the spectral decomposition of N). Hence,

L
N = (Z @vl(u>xz@7,(v)>
=1

u,v

Thus, for all u,

Biy — — — — Biy
=== KAy (1) = DamYmU) = ==,
A ; Vn ()l F ; T k¥ () = 2
violating assumption (15). ]

7.1. Comparison to spectral analysis on the adjacency matrix

Proof of Theorem 2. This proof leans strongly on ideas borrowed from [22], where graphs
without a community structure were considered. Parts of their proof carry through for the
DC-SBM considered here. Note that lim,, .o, g(n)/n = 1.
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By definition, we require, without lose of generality, D; < D, < --- < D,,. However, we
obtain the same graph (with now a decreasing degree sequence) by a rearrangement of indices,
if we set

] ifu<1<k=n?,
¢u = u
1 ifu>nP,
where ¢ = n? P, and D, = ¢, (n) (with w as in (18)). Then
1 ifu <n/2

Oy = .
2 ifu>n/2.

Denote a sample of the random graph by G. We decompose G into the following graphs (exactly
as in [22]):

e G, which is a union of vertex disjoint stars Si, ..., Sx. Star S, has as its centre node u
and as leaves those vertices from among {k + 1, ..., n} adjacent to u, but not adjacent
to{l,...,u—1};

e G/ is the graph consisting of all edges of G with one endpointin {1, ..., k} and the other
endpointin {k + 1, ..., n}, except for those edges in G1;

e G is the subgraph of G, which is induced by {1, ..., k};
e G3 is the subgraph of G, which is induced by {k + 1, ..., n}.

Further, let F), be the subset of vertices in {k + 1, ..., n} that are adjacent to {1, ..., u — 1} and
let C be a constant, independent of n, whose value might change along the course of the proof.
We claim that d,,, the degree of vertex u in G, concentrates around its mean. Indeed,

consider
n
~ D,D D,D
=2 Ber(ﬁ ) ZB“( e’ )
I=k+1 gljwin leF, gujwin
where g is defined in (19). Then
~_ _wm)e
d, = Eld,] > (n)”< >~ Boyo — CEnFuu),
I=k+1
which we bound from below by estimating E[|F,|] foru < k = nf: for large enough n,

EllF 1= ) Z

I=k+1v=1

(MP1
sc”g'zn)l > Z—

I=k+1v=1

o'u i

w(n)g(n)

B
nb

< Co(n)g - = ’;
< Co(n)n’ 2P,

after recalling the special choice for the degree sequence.
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Consequently, we have

y+2B
n B+ B2 sd > Bi1 + B2 < n__wmn )
g(n) 2 2 g(n) g(n)

Invoking large deviation theory on 3,, (which is a sum of Bernoulli random variables), we
deduce that

/
IE”(|d —dy,| > +/cd,logn) < ,/4 for ¢’ > 0 a constant. (33)

We take ¢’ = 8 to establish (33) uniformly over all vertices. We next investigate A(G), the
smallest gap between different eigenvalues of G. This graph is the union of vertex disjoint
stars with degree d,, so that its spectrum is given by

{:t\/c/l\l—l,...,ﬂ:\/gl\;(—l}.

A(G1) = C/omnY 32 5 (34)
with high probability. Indeed, define

We claim that

xEf =d, +/cd,logn

and note that with high probability Zi\u > x, and d,,+1 < x . To investigate the difference

X, — x;l, we first bound d, — d,, 41 from below, i.e.

Bii + B n/g(n) w(n)n”zﬂ 1
d, —d > — - C
u u+1 = ) w(n)¢l< ( T 1) u
_ButBo ¢ n/gn) w(n)n”z‘3
B 2 u+1
Bi1 + B n/gn) a)(n)n’”'z/3
. Bu 2 )¢ /8
2 nf 41
Bi1 + B2 1
> Tw(n)(pln_ﬂn_ﬂ
_ Bii+ B omn’ P
o 4 n2p
B B
— a7 j: 12a)(n)ny_ﬂ.

Next we show that the /d, logn terms are negligible, i.e.

m<\/((311+312)/2)n

gn)D, logn

< Cy/w(n)log(n)ny+k

< Cw(n)n()/+ﬁ)/2
<L wmn’ P

https://doi.org/10.1017/apr.2017.18 Published online by Cambridge University Press


https://doi.org/10.1017/apr.2017.18

A spectral method for community detection 717

due to (12). Hence,

X, —x,:r] > Co(n)n’ P,

A > mi dy —1—Jdys1 — 1
@0z, in, (V1= -1)
Ve —1—/xh, - 1)
- +
= min ( tu T )
wello I\ o= 4 /x;rl_l
wm)n? P

zC R /a)(n)n()""ﬁ)/z
=C a)(n)n()/—3/‘5)/27

As a consequence,

\Y
=
R
=4
=
=
//~

i.e. (34).
We continue with an inspection of G/, i.e. we focus on i1, = D,| G the degree of vertex u
in G/, and show that
my, < 2c' logn, (35)

with high probability (here, m,, is the expectation of 772,,). We shall use this in combination with
the fact that the spectral radius of a graph is bounded by its largest degree. Write

my, = Z Ber<¢uw(n) Blgl).

leF,

This expression allows us to deduce an upper bound for m,,,
(n) n2V+3ﬂ

Puw(n) < Cw(n)ny+2ﬂny+/3lw_ < Co?(n)——,
g(n) ugn) "

which tends to 0 due to (11). Standard bounds for Bernoulli random variables yield

nmy = E[;ﬁu] < CE[F,]

oy "logn)? 1 2
P(jm, — my,| < c'logn) < 2exp| — (¢’ logn) <2exp| —-c'logn | = —.
2(my + ' log(n)/3) 4 nc'/4

We conclude that, with probability at least 1 — 2/ n2,

o~

iy < my +c logn < 2c' logn,

i.e. (35) holds. An identical estimate holds when u > k.
We next bound the number of edges in G, denoted by E(G>). The square root of E(G») is
an upper bound for the spectral radius of G,. Thus,

k k
EEG)II=C)Y )"

u=1v=1

Pudpyw(n) - n”Jrﬁn}’Jrﬁa)(n)nﬂn/-‘3 - n2v+ap

gn) g(n) n

vanishing for large n. Again, upon invoking standard large deviation theory, we have, with
probability at least 1 — 2/n2,
E[|E(G)|] < 2¢' logn. (36)
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Consider the degree of a vertex u > k in G3,

E[Dulg,] = Z udue ) ————Bsy0, < c2m, < Cw(n).

gn) - g

Hence,

~ 2
P(Dulgy > Cw(n) 4 /c'log(n)Cw(n)) < m.

(37)

Combining these observations leads to our assertion that the first k eigenvectors of A become
undistinguishable from those of the k stars when n tends to co. Indeed, split A according to

the described graph composition, i.e.

A= Alg, + Alg, + Alg, + Alg,

and note that the spectral radii of A|G/1 , AlG,, and Al|g, vanish in the presence of A(Gy).
This follows because (as mentioned above) for any graph its spectral radius is bounded by
the minimum of its largest degree and the square root of its number of edges. Hence, due to

(35)-(37),
p(Algr) < 2c'logn, p(Alg,) < +/2clogn,

p(AlGy) = Co(n) +/c'log(n)Caw(n),

and

with high probability. All these three bounds vanish indeed upon division by A(G1) >

Cw(n)nv =372 An application of Lemma 11 completes the proof.
7.2. Interpretation of the conditions
Proof of Remark 1. Assume that B;;/M; = B;; /M, then
M;M; MM;’
Now, set ¢; = (1/a;n) > 6,=i $u then

Bij aiaiBijajaj

MiMj i M;Mja;;

We give a probabilistic interpretation to the terms appearing in the denominator, i.e.

K
nei;M; = naig; y Y $uBis,

k=1 u:o =k

K
= na; Z”akakBik

k=1

(no;) (no)¢; Bixdy

Il
M=

x~
Il

1

Z¢uz¢vzk

1uo,=i vioy=k

Il
i Mw
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K
n
a)(n)Z Z Z P < m)

k=1 u:oy=i vioy=k

n n
e Z Z]P’(lem)

u:oy=i m=1

= o {expected total degree of vertices in community i}.
wn

An inspection of the numerator reveals that

na;¢; Bijd jojn = Z Gu Z ¢uBij

u:oy=Ii vioy=j

w’zn) Y Y P

u:oy=i vioy=j

- {expected #edges between community i and j}. (]

w(n)

Proof of Lemma 1. Assume first that for some i and /, we have, for all j, E, = 1/9\1 ; and, for
all u, v,

$uBo,o,®v _ uBoo, o
g(n) g(n)

with ¢, defined in (17) and g in (19) (au and g are defined analogously). Fix j. Leta, 8, and y
be any indices such that o, =i, 0g = j, and 0, = [. Then

¢«Bijdp  GuBijdp bo b 8(1) ~
= = Bij = ————=——Bij
7 g T sz
and PPN ~ o~
2(n) g(n) T ¢, ppgn)

implying that (since E = §1 i)
_Subsgp  dudy
T e dpgm) T bag,

Since j was arbitrary, there exist ¢ such that, for all j, B;; = c¢By;, hereby violating the
identifiability condition, as pointed out in Remark 2, i.e.

2 Pl ol J-
M; M;
Now assume that (a) holds, i.e.
Bi; B
ZU 2 forall j-
M; M
Define, fork,/ € Sandu € V,
~ 1 1 ~
B = EMBM and ¢y = f(n)puMo,,
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where f(n) =), ¢yMs,/ >, ¢w. Then
~ 1 1 1 1 M; 1 1

ij M, Mj ij M; Mj M, Lj Mj M, lj Lj
and (as above, we define g analogously to g)
aué\a O, (/l;v 1 BG (o

— = buMo, f(n) ————f () Ms,¢

g(n) Yu fWPuMo, T Mo, Mo, o
_ ¢uBauav¢v

Zw ¢w
— ¢MBCTMO'U¢U . I:l
g(n)

8. Future research

8.1. Exact recovery

The obtained clustering here is almost exact: only a vanishing fraction of nodes is mis-
classified. It is plausible that an exact clustering could be obtained from this clustering, by
using it as input to the ‘clean-up’ algorithm presented in [1, Section 7.2] or, alternatively, [23,
Algorithm 2].

8.2. Nonconstant B

In this paper we assumed B to be a constant matrix. The current analysis could be extended
to a setting where B is allowed to change with n. We need, however, the existence of a constant
8 > 0 such that for all n, p(Z) > § for H to concentrate. For identifiability we need the
existence of some & > 0 such that for all i, j, and n, max;’ |B;;//M;M; # Bj,v/MjMﬂ > e.

8.3. Sparser graphs

The main issue with both the normalized adjacency matrix and the Laplacian is proving when
those matrices concentrate around a deterministic matrix. For the Laplacian, if the degrees are
of order Q2 (log(n)), matrices concentrate according to [5]. But, if the minimum degree is of
order o(log(n)), the graph is seen to have some isolated vertices. Those contribute to multiple
zeros in the spectrum; hence, the matrix does not concentrate. There are multiple ways to
overcome this issue, for instance removing the low-degree vertices or raising all the degrees.
The latter strategy was proposed in [18] for the inhomogeneous Erdés—Rényi random graph
(where edges are independently present with probabilities ( puv)’;’ »—1) and also in [4] and [27]
(see Section 4.4) for the DC-SBM. According to [18], for T ~ d with d = n maxy, p,,, with
high probability,

p(Lr — (E[D:]”E[AJE[D:]”"%)) = (9<i>
Ja)
where L; is defined in (13). R

Based on these observations, it might be fruitful to use H on a graph where the degrees have

been artificially inflated.
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