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Abstract. The generalized dispersion equation for superluminal transverse oscillation
in an unmagnetized, collisionless, isotropic and relativistic plasma with non-extensive
q-distribution is derived. The analytical dispersion relation is obtained in an ultra-
relativistic regime, which is related to q-parameter and temperature. In the limit
q → 1, the result based on the relativistic Maxwellian distribution is recovered. Using
the numerical method, we obtain the full dispersion curve that cannot be given by
an analytic method. It is shown that the numerical solution is in good agreement
with the analytical result in the long-wavelength and short-wavelength region for
ultra-relativistic plasmas.

1. Introduction
Non-extensive statistical mechanics (NSM) has been developed recently as a very
useful tool to describe the complex systems whose properties cannot be exactly
described by Boltzmann–Gibbs (B-G) statistical mechanics [1]. It is described by a
non-extensive parameter q: q � 1, gives power-law distribution functions, and only
when the parameter q → 1 Maxwellian distribution is recovered [2]. It is thought to
be a useful generalization of B-G statistics and to be appropriate for the statistical
description of the long-range interaction systems. NSM has been successfully applied
to stellar polytropes [3], two-dimensional Euler and drift turbulence in a pure electron
plasma column [4], as well as to the peculiar velocity function of galaxy clusters [5].
In particular, Liu et al. [6] showed a reasonable indication for the non-Maxwellian
velocity distribution from plasma experiments.

Dispersion relations are fundamental for studying the wave in the plasma.
According to the dispersion relations, we can study the problem of instability,
propagation, refraction and absorption of the plasma wave. Recently, there has
been a great deal of interest in studying the dispersion property in plasmas in the
context of the non-extensive statistics. Lima et al. [7] have studied the non-relativistic
dispersion relation of longitudinal oscillation when the plasma is described by the
q-distribution, and the result is found to fit experimental data better than if the
distribution is given by a Maxwellian. Liu et al. [8] have studied the dispersion
relation of ion acoustic waves based on q-distribution in a non-relativistic plasma.
These analyses were restricted to the non-relativistic regime. However, relativistic
plasmas are present in many physical systems, like pulsar magnetospheres [9, 10],
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AGN jets [11, 12] and experiments in laser plasma interactions [13]. Munoz [14] has
studied the dispersion relation of longitudinal oscillation based on one-dimensional
q-distribution in a relativistic plasma. Furthermore, many authors have studied
the dispersion property based on Kappa distribution in a relativistic plasma, e.g.
Podesta [15] has studied the dispersion relation and Landau damping of longitudinal
oscillation in relativistic plasmas with power-law distribution of Kappa-type; Roman
et al. [16] have discussed the dispersion of waves in relativistic plasmas with Kappa
distribution; Zhou et al. [17] have studied the growth of whistler mode by a
relativistic Kappa-type distribution. As such empirical distribution functions emerge
naturally from a non-extensive statistical description, we will show the consistency
of Kappa distribution with Tsallis statistical mechanics in Sec. 2. In this paper, we
will study the dispersion relation of transverse oscillation based on q-distribution in
a relativistic plasma, which has not been obtained as yet.

In the present paper, the dispersion property for superluminal transverse oscilla-
tion in an unmagnetized, collisionless, isotropic and relativistic plasma is discussed in
the context of non-extensive q-distribution. The analytical dispersion law for ultra-
relativistic plasmas is obtained under the long-wavelength and short-wavelength
approximation. Because the analytical dispersion curve is discontinuous and restric-
ted to ultra-relativistic temperature (α� 1), the full dispersion curve, ranging from
weakly to ultra-relativistic case, is obtained by numerically solving the generalized
dispersion equation in Sec. 5.

This paper is organized as follows. In Sec. 2, we briefly introduce the non-
extensive q-distribution function. The generalized dispersion equation for transverse
oscillations is obtained in Sec. 3. In Sec. 4, we obtain the analytical dispersion
laws in an ultra-relativistic regime. In Sec. 5, we present numerical calculations and
discussion. Conclusion is provided in Sec. 6.

2. Relativistic non-extensive q-distribution function
First, let us recall some basic facts about Tsallis statistics. In Tsallis statistics, the
entropy has the form [2] of

Sq = kB

1 −
∑

i
p
q
i

q − 1
, (2.1)

where kB is the Boltzmann constant, q is a parameter quantifying the degree of
non-extensivity and pi is the probability of the ith microstate. The B-G entropy
is recovered in the limit q → 1. The basic property of Tsallis entropy is the non-
additivity or non-extensivity for q � 1. For example, for two systems A and B, the
rule of composition [2] reads

Sq(A + B) = Sq(A) + Sq(B) + (1 − q)Sq(A)Sq(B). (2.2)

In the non-extensive description, the equilibrium distribution function for a
relativistic plasma can be written as [18]

fq (p) = Aq

[
1 − (q − 1)

ε

kBT

] 1
q−1

, (2.3)

where the normalization constant reads

Aq =
n0

4π(mc)3λ
, 2/3 < q � 1 + 1/α, (2.4)
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in which

λ =

∫ umax

0

[1 − (q − 1)α
√

(1 + u2)]1/(q−1)u2du, (2.5)

where the reduced velocity u = p/mc, the temperature parameter α = mc2/kBT ,

ε = mc2
√

(1 + u2) is the energy, T is the physical temperature, which is defined
as T = (∂Sq/∂Uq)

−1[1 + (1 − q) · Sq/kB] for such plasmas [19], p, c, m, kB, Uq and
n0 denote, respectively, the momentum of particles, speed of light in vacuum, rest
mass of particles, Boltzmann constant, internal energy and number of electrons per
unit volume of the plasma. As one may check, for q < 2/3, the q-distribution is
unnormalizable. For 2/3 < q � 1, the momentum of the particles can take any value
(pmax = ∞, i.e. umax = ∞). For q � 1, the distribution function (2.3) exhibits a cutoff
on the maximum value allowed for the momentum of the particles, which is given
by

pmax = mc

√
[1/α(q − 1)]2 − 1, (2.6)

namely,

umax =
√

[1/α(q − 1)]2 − 1, (2.7)

and hence a real value for the cutoff in (2.7) exists only if

q � 1 + 1/α. (2.8)

Finally, then, unlike the non-relativistic case [7], where 1/3 < q < ∞, in the
relativistic regime 2/3 < q � 1 + 1/α. We see that in the limit q → 1, pmax goes to
infinity and (2.3) reduces to the Jüttner distribution function

fq=1 (p) =
n0

4πm2ckBT

1

K2(α)
exp(−ε/kBT ), (2.9)

where K2(α) is the MacDonald function.
Recently, empirically derived kappa distributions are becoming increasingly wide-

spread in space plasma physics. The origin of the kappa distribution in Tsallis
statistical mechanics has already been examined by several authors [19–24]. In
the Tsallis framework, the phenomenologically introduced kappa distribution and
the Tsallis-like distribution of velocities are accidentally of the same form, using the
transformation of indices: q = 1 + 1/κ. As we shall see in [19], the first and second
kind of kappa distributions, which are widely used in space physics, coincide with
the ordinary and escort Tsallis probability distributions, respectively. Therefore, the
connection is complete between Tsallis statistical mechanics and empirical kappa
distributions, and the capability of Tsallis statistics is available to the space plasma
physics community for analysing and understanding the kappa-like properties of
the various particles and energy distributions observed in space.

In order to illustrate the effects of q-parameter on system energy in relativistic
plasmas, the curve of the average energy of particle as a function of the q-parameter
is plotted in Fig. 1, where temperature parameter α = 0.1. From Fig. 1, we see that
the average energy of particle decreases with the increase of q-parameter. In other
words, the bigger the q-parameter, the lower the system energy will be, and hence
the weaker the relativistic effect.
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Figure 1. Distribution curve of average energy of particle for different values of q-parameter.

3. Generalized dispersion equation
Let us consider an unmagnetized, collisionless, isotropic and relativistic proton–
electron plasma. Assuming that the protons remain at rest, these protons are treated
as a background. According to kinetic theory, the transverse dielectric function of
electron can be be written as [25]

εtk = 1 +
2πe2

ωk2

∫
dp

∂fq

∂ε

k2v2
⊥

ω − kv‖ + iδ
, (3.1)

where v⊥ and v‖ represent the electron velocities in directions perpendicular and
along the wave vector k, respectively, e is the electronic charge and iδ comes from
Landau rules [26]. Introducing the reduced velocity u = p/mec, we have γ = (1+u2)1/2.
Here, (u, θ, ϕ) represents the spherical coordinate system, and hence v⊥ = cu sin θ/γ,
v‖ = cu cos θ/γ, dp = (mec)

3u2du(−d cos θ)dϕ. Hence (3.1) becomes

εtk = 1 − 4π2e2c

ωk
(mec)

3

∫
∂fq

∂ε

u3

γ
du

∫ 1

−1

1 − x2

x − γv̄p/u − iδ
dx, (3.2)

where v̄p = ω/kc.
Using the Plemelj formula [25]

1

z ± i0
= ℘

1

z
∓ iπδ(z), (3.3)

where ℘ denotes the principal value, and hence the x integral in (3.2) becomes∫ 1

−1

1 − x2

x − γv̄p/u − iδ
dx= −2

γv̄p

u

{
1 +

u

γv̄p
[1 − (γv̄p/u)

2]

×
[

1

4
ln

(
v̄p + u/γ

v̄p − u/γ

)2

− iπ

2
θ

(
1 − γv̄p

u

)]}
, (3.4)

where θ(ξ) is the step function that indicates that θ(ξ) = 1 at ξ > 0 and θ(ξ) = 0 at
ξ < 0.

https://doi.org/10.1017/S0022377811000043 Published online by Cambridge University Press

https://doi.org/10.1017/S0022377811000043


Transverse oscillation in relativistic plasmas with non-extensive distribution 657

According to the transverse dispersion equation

εtk(ω, k) =
k2c2

ω2
, (3.5)

and substituting (2.3) and (3.4) into (3.2), we obtain the generalized dispersion
equation of transverse oscillation

1 −
αω2

pe

2λk2c2

∫ umax

0

[1 − (q − 1) γα]
1

q−1 −1 Hu2du =
k2c2

ω2
, (3.6)

where ωpe =
√

4πn0e2/me is the plasma frequency, umax is the maximum reduced
velocity allowed by (2.7) if 1 � q � 1 + 1/α, or ∞ if 2/3 < q � 1, and

H = 1 +
u

γv̄p
[1 − (γv̄p/u)

2]

[
1

4
ln

(
v̄p + u/γ

v̄p − u/γ

)2

− iπ

2
θ

(
1 − γv̄p

u

)]
. (3.7)

4. Dispersion relation for ultra-relativistic plasma
We restrict our discussion here to superluminal waves (v̄p > 1), so the imaginary
parts of the dispersion relation disappear [27]. When v̄p < 1, the waves becomes
subluminous, and then the oscillation frequency is found to be complex. In fact,
these subluminal waves are strongly damped, and the wave may no longer exist.
If temperatures are ultra-relativistic, namely α� 1, we can take ε ≈ pc and u/γ ≈ 1
approximately, and then the generalized dispersion equation (3.6) can be obtained
analytically.

When v̄p � 1, (3.7) becomes

H ≈ 2

3

k2c2

ω2

u2

γ2

(
1 +

1

5

k2c2

ω2

u2

γ2

)
, (4.1)

and substituting (4.1) into (3.6), we obtain the dispersion relation for long-wavelength
branch

ω2 = ω2
p +

6

5
k2c2, 2/3 < q � 1 + 1/α, (4.2)

in which

ωp =

√
(3q − 2)α

3
ωpe, (4.3)

is the corrected plasma frequency.
When v̄p > 1 and v̄p ≈ 1, (3.7) becomes

H ≈ 1 − ln(γ + u)

γu
, (4.4)

and substituting (4.4) into (3.6) yields the dispersion relation for short-wavelength
branch

ω2 =
3

2
ω2

p + k2c2, 2/3 < q � 1 + 1/α. (4.5)

As expected, in the limit q → 1, (4.2) and (4.5) reduce to

ω2 =
α

3
ω2

pe +
6

5
k2c2, v̄p � 1, (4.6)
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ω2 =
α

2
ω2

pe + k2c2, v̄p > 1 and v̄p ≈ 1, (4.7)

and they are the results based on the relativistic Maxwellian distribution in B-G
statistics.

The analytic solution of the transverse dispersion relation is related to q-parameter
and temperature in the context of the relativistic non-extensive statistics. In the
limiting case (q → 1), the dispersion relation based on the relativistic Maxwellian
distribution is recovered [28]. Because the analytical dispersion curve is discontinuous
and restricted to ultra-relativistic temperature (α� 1), using the numerical method,
we obtain the full dispersion curve in the following section which cannot otherwise
be obtained by an analytic method.

5. Numerical calculation and analysis
In this section, we will numerically evaluate the dispersion equations (3.6), (4.2) and
(4.5). It is convenient to introduce the dimensionless variables

Ω = ω/ωpe, K = kc/ωpe, v̄p = Ω/K = ω/kc, (5.1)

and hence, (3.6), (4.2) and (4.5) can be expressed as

1 − α

2λK2

∫ umax

0

[1 − (q − 1) γα]
1

q−1 −1 Hu2 du =
K2

Ω2
, 2/3 � q � 1 + 1/α, (5.2)

Ω2 = (3q − 2)
α

3
+

6

5
K2, Ω �K, 2/3 < q � 1 + 1/α, (5.3)

Ω2 = (3q − 2)
α

2
+ K2, Ω > K and Ω ≈ K, 2/3 < q � 1 + 1/α. (5.4)

Equation (5.2), from which the full dispersion curve can be obtained, is the
dimensionless generalized transverse dispersion equation. Equations (5.3) and (5.4)
are the dimensionless dispersion relations for the ultra-relativistic case under the
long-wavelength and short-wavelength approximation.

Figure 2 exhibits the analytical and numerical dispersion curves for different
values of α, where the non-extensive parameter q = 0.85. The dot line, solid line
and dash line denote, respectively numerical dispersion curves, analytical dispersion
curves for the long-wavelength and short-wavelength branches.

It can be seen from Fig. 2 that, when α = 0.05, the analytical dispersion curves for
the long-wavelength and short-wavelength branches are in good agreement with the
numerical result under the condition Ω �K and Ω ≈ K , respectively. The difference
between the analytical and numerical result increases with increasing α. Since the
analytical dispersion relation is derived under the condition of ultra-relativistic
temperature (α� 1), it is not suitable for the moderate and weakly relativistic case.

In order to illustrate the effects of non-extensive parameter q and temperature
parameter α on the dispersion relation, we have computed the dimensionless
generalized transverse dispersion equation (5.2) for different value of q and α.
Figures 3 and 4 show the dispersion curves for different values of q and fixed value
of α. On the contrary, Figs 5 and 6 show the dispersion curves for different values
of α and fixed value of q.

From Figs 3 and 4, we note that, for the fixed value of α, if q increases the
oscillation frequency increases. Figures 5 and 6 show that, for the fixed value of q,
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Figure 2. The numerical and analytical dispersion curves when q = 0.85.

K

q = 2
q = 1.5
q = 1
q = 0.85
q = 0.72

Ω

Figure 3. The dispersion curves for different values of q when α = 0.05.

if α increases the oscillation frequency also increases, which is due to the plasma
frequency being corrected because of the relativistic effect. It is evident from Fig. 1
that the average energy of the particle decreases with increasing q-parameter, namely
the bigger the q-parameter, the weaker the relativistic effect, and hence the smaller
the mass of the particle, the higher the corrected plasma frequency. Similarly, the
bigger the α, the weaker the relativistic effect, and hence the higher the corrected
plasma frequency.
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Figure 4. The dispersion curves for different values of q when α = 0.5.
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Figure 5. The dispersion curves for different values of α when q = 0.85.

6. Conclusions
In this paper, we have discussed the dispersion property for superluminal transverse
oscillation in an unmagnetized, collisionless, isotropic and relativistic plasma in
the context of non-extensive distribution. The analytical dispersion relation is
obtained under the long-wavelength and short-wavelength approximation in the
ultra-relativistic regime. In the limiting case (q → 1), the result based on the
relativistic Maxwellian distribution is recovered. Because the analytical dispersion
curve is discontinuous and restricted to ultra-relativistic temperature (α� 1), the
full dispersion curve, ranging from weakly to ultra-relativistic case, is obtained
by numerically solving the generalized dispersion equation. It is shown that the
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Figure 6. The dispersion curves for different values of α when q = 1.5.

analytical dispersion curves for the long-wavelength and short-wavelength branches
are in good agreement with the numerical result when α� 1. The corrected plasma
frequency increases if the value of either q or α increases, which is due to the
relativistic mass variation.
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