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This paper is concerned with the asymptotic spreading of competition diffusion systems, with
the purpose of formulating the propagation modes of a co-invasion—coexistence process of
two competitors. Using the comparison principle for competitive systems, some results on
asymptotic spreading are obtained. Our conclusions imply that the interspecific competitions
slow the invasion of one species and decrease the population densities in the coexistence
domain. Therefore, the interspecific competitions play a negative role in the evolution of
competitive communities.
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1 Introduction

Due to the limits on resources, e.g. light and water, competitive behaviour is inevitable in
nature. In the evolution of populations, both interspecific and intraspecific competitions
are universal, and there are many mathematical models describing these phenomena,
such as the Lotka—Volterra [15,31,32] and Gilpin—Ayala competition systems [14]. The
Lotka-Volterra competition diffusion system of two species takes the form

a“g’ f_ diAu(x, t) + riu(x,t) [1 —u(x, t) — biv(x, t)],
(1.1)
aug, H_ dyAv(x, 1) + rov(x, 1) [1 — v(x, 1) — bou(x, 1)],

where x € Q < IR"t > 0 and all the parameters are non-negative, and u(x,t) and v(x,t)
can be thought of as the population densities at time ¢ at location x of two competitors. It
is clear that (0,0) is a trivial equilibrium, and (1,0) and (0,1) are two spatially homogeneous
equilibria of (1.1). Moreover, if by,b, € [0,1) or by, by € (1,00), then (1.1) has a spatially
homogeneous steady state K = (kq,k,) defined by

1—-b 1—b
K= .
<1 —b1by’ 1 —blbz)
In particular, if by, b, € [0,1), then K is a locally stable equilibrium of the corresponding
kinetic system of (1.1).
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When Q is a bounded domain in R” and (1.1) is equipped with different boundary
and initial value conditions, its dynamical properties have been widely studied (see [35,
38, 40]). If @ = R, then one important issue is the propagation mode, e.g. [1,8, 13,
17-19,21-23,25,43,46,48]. In particular, the travelling wave solutions and asymptotic
spreading, which describe interspecific exclusive phenomena (see [16]) and model the
behaviour of a resident and an invading species in population dynamics, have been
well investigated [13, 24, 48]. It should be noted that (1.1) is an essentially cooperative
system when the interspecific exclusive process is considered, since the process involves
the equilibrium (0,1) or (1,0), and the results in [48] for the cooperative evolutionary
systems can be applied to (1.1) by combining the invariant region with a change of
variables (see [24]). Recently, Huang and Han [19] proved that by, b, describing the
interspecific competitions could affect the minimal wave speed of exclusive travelling
wave solutions. Biologically, many historical records reflect the interspecific exclusive
process between the resident and the invader, such as the competition between grey and
red squirrels in United Kingdom (see [33]), we also refer to [39, Chapter 6] for some
examples.

Other than the exclusive phenomena in competitive communities, there is evidence
of a co-invasion—coexistence process of several competitors, modelling the expansion
of geographic range of several plants in North America after the last ice age (16,000
years ago), we refer to [9] and [39, Chapter 7] for some records. Mathematically, (0,0)
and (kq,k;) are involved when the co-invasion—coexistence process of (1.1) is studied.
Such a co-invasion—coexistence process is totally different from an exclusive one from
the viewpoint of monotone dynamical systems. More precisely, if we use the change of
variables in [24] to obtain a formally cooperative system in the sense of standard partial
order in IR?, then the new interesting steady states, (1,0) and (1 — ky,k»), are not ordered
(regarding the importance of comparability of steady states in the theory of monotone
semi-flows, see [40]). Recently, some investigators established the existence of travelling
wave solutions of (1.1) connecting (0,0) with (k{,k;), which indicates that there is a
transition zone moving from the steady state with no species to the steady state with the
coexistence of all competitive species, see [1, 7, 20, 25, 26, 34, 43]. Due to the special form
and asymptotic boundary conditions of travelling wave solutions in [1,25,27,34,43], it is
clear that these travelling wave solutions represent the spatial invasion process from one
unbounded domain to another.

If we model the simultaneous invasion of two competitors from a bounded domain
into an unbounded domain (such as the examples in [39, Chapter 7]), then we must
study the asymptotic spreading of (1.1) when the initial values have compact support.
Similar to the study of travelling wave solutions, the methods for monotone semi-flows
cannot be applied when the co-invasion—coexistence problem is concerned. Before the
mathematical discussion, we first show some possible phenomena from the viewpoint
of ecology. Motivated by experimental/statistical records about the role of interspecific
competition (for example, see [5, 6] and [39, Chapter 7]), we intuitively believe that the
interspecific competition (namely, by > 0 and b, > 0) can slow the asymptotic spreading
of one species compared with the case that the interspecific competition vanishes (namely,
by = by = 0). We also conjecture that the population densities on the coexistence domain
will be smaller than with vanishing interspecific competition, here coexistence means that
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the population densities of both species are bounded below by a small positive constant.
In this paper, we shall first address these conjectures for (1.1).

In what follows, motivated by Lin et al. [28] but based on some significantly different
estimates and techniques, we first establish some results on the asymptotic spreading for
(1.1). These are proved by using the comparison principles appealing to the competition
systems. In addition, we also study the possible generalisation of the corresponding delayed
version of system (1.1) and more general competition diffusion systems which at least
contain the Gilpin—Ayala type nonlinearity [14]. Our results also confirm our conjectures
for these competition systems, namely, the interspecific competition may play a negative
role in the evolution of competitive communities. For the corresponding delayed system
of (1.1), we find that the bounded delays appearing in the interspecific competition terms
have less effect on the asymptotic spreading speed of the species with the stronger ability
to spread.

The rest of this paper is organised as follows. In Section 2, we give some notation and
the main results for (1.1). To prove these results, some preliminaries are listed in Section 3.
Section 4 is concerned with the proof of the main results. In the last section, we study the
asymptotic spreading of some generalisations of competition system (1.1).

2 Main results

In this section, we shall state our main results for (1.1). For convenience, we first give
some notation. Define C by

C = {u(x)lu(x) : R — R? is uniformly continuous and bounded}

equipped with the compact open topology. We also introduce the standard supremum
norm |- | such that C is a complete metric space. Moreover, if a < b € R?, then

Crap) = {(u,v) : (u,v) € C and a < (u(x),v(x)) < b for all x € R}.

In order to formulate the asymptotic spreading of two competitors (u(x,t),v(x,t))
described by (1.1), we investigate the following initial value problem

aug, ) = diAu(x,t) + riu(x, 1) [1 — u(x, t) — bio(x, 1)],
a”(a’;’ Y — dyox, 1) + ravo(x, ) [1 — (. 0) — bou(x, )], 2D
(u(x,0),v(x,0)) = (u(x),v(x)) € Cpo,11,
in which (x,1) € R x (0, +-c0).
Theorem 2.1 Assume that by, b, € [0, 1) satisfy
diri(1—by) > dors. (22)

Define positive constants as follows

c1 = 2V/dyr1, ¢ = 23/dary, ¢ = 23/dara(1 — by), ¢4 = 21/dara(1 — by(1 — by)).
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If u(x),v(x) have non-empty compact supports, then the solution (u(x,t),v(x,t)) of (2.1) is
well defined for all (x,t) € R x (0,+00) and satisfies the following :

(i) For any given € > 0, im;—,» SUP|y |5 (¢, )¢ U(X, ) = 1iMy—so0 SUP |y ey ey V(X, 1) = O0;

(ii) for any given e € (0,cy), liminf,_ infjy<(c,—ey u(x,t) = 1 — by;

(iii) for any given € > 0, lim;_; SUP|y(> (¢, 4e) V(X 1) = 0 if ¢1 > 2 + ¢4

(iv) for any given € € (0, “5%), we have

lim inf inf u(x,t) = limsup sup u(x,t)=1;
1200 (crte)i<|x|<(c1—e)t >0 (cpte)t<|x|<(ci—e)t

(v) for any given € € (0,c3), we have

liminf inf )(u(x, t),v(x,t)) =limsup sup (u(x,t),v(x,t)) = (ki,kz).
t

=0 |x|<(cz;—e >0 |x|<(c3—e)t

To better understand the effect of interspecific competition, we also recall some well-
known conclusions on the following classical Fisher equation

D) ety 4 (e ) [ = 2(x, 0], (2.3)
z(x,0) = z(x)

with 0 < z(x) < 1, and z(x) is a uniformly continuous function with non-empty compact
support. By [2-4,26,44], the following result holds.

Lemma 2.2 Assume that z(x,t) is defined by (2.3). Then

lim inf  z(x,f)=1lim sup z(x,t)=1, im sup z(x,t)=0
=% |x|<(2/dr—e)t 1290 |y <@ ydr—e)t 1290 x> (2 drte)t

for any given € € (0,2\/5).

Remark 2.3 Theorem 2.1 and Lemma 2.2 imply that the interspecific competition does
not slow the asymptotic spreading of u(x,t) (see items (i) and (ii)), and the ‘invasion
frontier’ of u(x,t) seems to be ahead of the influence of v(x,t) (see item (iv)). On the other
hand, items (iii) and (v) of Theorem 2.1 indicate that the interspecific competition does
slow the asymptotic spreading of v and reduce the population densities of u and v on
the coexistence domain. Moreover, item (v) tells us that the eventual invasions of both
competitors are successful, which is a co-invasion—coexistence process of two competitors.
These results partially confirm our conjectures on the role of interspecific competitions.

Moreover, since the travelling wave solutions of (1.1) have been widely studied, we
also give the following illustrations on Theorem 2.1 from the viewpoint of minimal wave
speeds of travelling wave solutions. These speeds are often equal to the asymptotic speeds
of spreading in many examples [2-4,10,22,24,26,44,48].
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Remark 2.4 Theorem 2.1 and Lemma 2.2 show that u leaves v behind after a long time
and its invasion front is similar to that of single species described by the Fisher equation.
Therefore, it is easy to understand the invasion speed of u is 2\/le , which is the minimal
wave speed of invasion travelling wave solutions of (1.1) with by = 0. At the same time,
after a long time, v must invade the region already occupied by u. Note that u has a
positive bound from the below on the region, then the invasion speed of v is less than
2,/dyr; since v encounters obstruction from u. But u(x,t) < 1 for all (x,t) € R x (0, 00),
so the asymptotic speed of spreading of v is no less than 2./d>ry(1 — b,), which is the
possible minimal wave speed of travelling wave solutions connecting (1,0) with (ky,k;)
(see [24]). To better understand the problem, we also refer to [12] for the description of
dynamics of solutions on bounded domains by travelling wave solutions, since only a
bounded domain is in fact occupied by u and v at any fixed t.

3 Preliminaries

In this section, the initial value problem (2.1) will be analysed by the theory of reaction—
diffusion systems [11,35,42,50], abstract functional differential equations [29,30,37] and
the operator semi-groups [36]. Denote C* as

CT={u:ueC and u(x) >0 for all x € R}.
Let § = 2(ry 4+ r2) and define
[Fi(u,v)](x,t) = Pu(x,t) +riu(x,t) [1 —u(x,t) — bio(x, t)],
[F2(u,v)](x,t) = fo(x,t) + rav(x, t) [1 — v(x,t) — bou(x, )]

for (u(x,t),v(x,t)) € Cppq) with t > 0. Then F;(F;) is monotone increasing in u (v) while
decreasing in v (u).
For any given (u(x),v(x)) € C and t > 0, define T(t) = (Ty(¢), T»(t)) : C — C by

M) =~ [ &5
— dit
1(Hu(x Andit ﬂoe uly)ay, o)
e Bt D o? :

Th(1)o(x) =

R 4dyt dv.
el v(y)dy

Then T(t) : C — C is an analytic semi-group [36,42] for any ¢t > 0, and T(¢) is also a
positive semi-group in the sense that T(¢) : C* — C™ for all t > 0.

Lemma 3.1 Assume that (u(x),v(x)) € Cio1y holds. Then (2.1) has a unique classical solution
(u(x, t),v(x,t)) such that

(u(x,t),v(x,t)) € Cpo1y for all t = 0.
Furthermore, (u(x,t),v(x,t)) also takes the form as follows

u(x,t) = Ti(Hu(x) + /0 T1(t — s)[F1(u,v)](x, s)ds,
(3.2)

t

v(x,t) = Th(t)v(x) + /0' To(t — s)[Fa(u, v)](x, s)ds.
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Lemma 3.1 is clear by [29,36,42,50], so here we omit the proof.

Definition 3.2 Assume that (u(x,t),v(x,t)), (u(x,1),v(x,t)) € C* for t € [0,¢). If
u(x, t), v(x, 1), u(x, t),v(x, t) are differentiable in ¢t € (0,¢') and twice differentiable in x € R

such that
@ﬁ(a? DS 4y AT(x, 1)+ riiiCe ) [1 —T0x, 1) — by(x, )],
aﬁ(a);’ D > Aot 1) + 10 [1 = 58 0) — bau(x, 0]
aﬂ(a? D < dAutx, )+ a0 [1 = . 1) — by, 0] >
ay(@i’ D < doute 1) + o0 [1 = e, 0) — bax, 0],
(u(x,0),2(x, 0)) < (u(x), v(x)) < (7(x, 0), 5(x, 0))

for all x € R and t € (0,t'), then (u(x,1),0(x,t)) and (u(x,t),v(x,t)) are a pair of upper and
lower solutions of (2.1).

By the technique of upper and lower solutions and the theory of reaction—diffusion
equations (see [11,29,30,35,42,50]), we have the following comparison principle.

Lemma 3.3 Assume that (u(x,t),0(x,t)) and (u(x,t),v(x,t)) are a pair of upper and lower
solutions of (2.1) with x € IR,t € [0,1).

(i) (u(x,0),5(x,0)) = (u(x,0),v(x,0)) holds for all x € R implies that

(@(x, 1),0(x, 1)) = (u(x, 1), v(x,1)),x € R, t € [0,1).

(ii) The unique solution of (2.1) satisfies
(@(x, 1), 0(x, 1)) = (u(x, 1), v(x,1)) = (u(x, 1), v(x,1)),x € R, t € [0,t).

(i) If (u1(x, 1),01(x, 1)) and (u;(x,t),v,(x,t)) are another pair of upper and lower solutions
of (2.1) with x € R,t € [0,t'), then (i)-(ii) hold if we replace (u(x,t),v(x,t)) and
(u(x, 1), v(x, 1)) by

(min{u(x, 1), uy(x, 1)}, min{v(x, 1), 71(x, 1) })

and
(max{u(x, t), u; (x, t)}, max{v(x, t), v;(x, 1)}),
respectively.
It is difficult to construct functions satisfying the smooth conditions in Definition 3.2.

Therefore, we introduce the following weaker definition of super- and sub-solutions of
(3.2).
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Definition 3.4 Assume that (7(x,t),0(x,t)), (u(x,t),v(x,t)) € Cpoy for ¢t € [0,¢') and are
continuous for ¢ in the sense of |- |. If

u(x,t) = Ti(t — s)u(x,s) + /l T1(t — 0)[F1(u,)](x, 0)d0,
(x,t) = Tr(t — s)o(x, s) + /Z T, (t — 0)[F»(u,7)](x, 6)do,

s (3.4)
u(x, 1) < Ti(t — s)u(x, s) +/ T1(t — 0)[F1(u, )](x, 0)d0,

b6 1) < Tt — s)u(x,s) + / To(t — 0)[Fa(i0)](x, 0)d0

for any 0 < s <t < t, then (u(x,1),0(x,t)) and (u(x,t),v(x,t)) are a pair of super- and
sub-solutions of (3.1).

Due to the positivity of T'(¢), we have the following comparison principle.

Lemma 3.5 Assume that (u(x,t),v(x,t)) and (u(x,t),v(x,t)) are a pair of super- and sub-
solutions of (3.2) for t € [0,t), respectively. Then

(@(x,1),0(x, 1)) = (u(x,1),0(x, 1)) = (u(x,1),0(x,1))

for x € R and t € [0,t'), in which (u(x,t),v(x,t)) is defined by (2.1) or (3.2).

Before ending this section, we also give the following remark on the verification of
super- and sub-solutions.

Remark 3.6 If some of %,7,u and v, e.g. u is differentiable such that

dt(x, 1)

T > dlAﬁ(xa t) + rlﬁ(x, [) [1 —ﬂ(X, t) - bly(x: t)] » X € IRot € (09 T)a

then the positivity of T'(t) implies that
t
.0 > Tile = sies) + [ Tile = O)Fi(m0)]x 000
forany 0 <s<t < T,x € R (see [29,41]).

4 Proof of Theorem 2.1

In this section, we shall prove Theorem 2.1 step by step, throughout which the conditions
of Theorem 2.1 are assumed to be satisfied.

Lemma 4.1 Assume that € > 0 is given. Then

lim sup u(x,t)=1lm sup v(x,t)=0.
2% | \|>(cr+€)t =90 | x> (cr+e)t
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Proof Let w(x,t),7(x,t) be defined as follows

aﬁ(a-);’ t) = dlAﬁ(xa t) + rla(x’ t) [1 - a(x’ [)] ’
u(x,0) = u(x),
% = d2Av(x, 1) + r20(x, 1) [1 = 0(x, 1)],

7(x,0) = v(x).
Then u(x, t),v(x,t) are well defined for (x,t) € R x (0,00). By Lemma 2.2, we obtain

lim sup u(x,t)=1lim sup o(x,t)=0
=290 | x|>(c4€)t 2% x> (cate)t

for any € > 0.

Take u(x,t) = v(x,t) = 0. Then Lemma 3.1 implies that (u(x, t),v(x, t)) and (u(x, t),v(x,t))
are a pair of upper and lower solutions of (2.1). Using Lemma 3.3, we have verified what
we wanted.

At the same time, we also show another proof by constructing super- and sub-solutions.

Let Ay = \/r1/d1, A = \/1r2/d> and
ﬁ(x, t) = min{e/ll(x-t-Z./dlrlz-&-xl)’ M (=X+2, /d1r1t+x1), 1},

V(X, t) — min{eiz(XJrZ\/dzrzHXz)’ e;vz(—XJrz\/mterz)’ 1}

with large xq, x; such that

U(x,0) = u(x), V(x,0) = v(x) for all x € R.

Then it is easy to show that (U(x,t), V(x,t)) and (u(x,t),v(x,t)) are a pair of super- and
sub-solutions of (2.1). By Lemma 3.5, the proof is complete. O

Lemma 4.2 For any € < c¢s = 2,/dir1(1 — by), liminf,_,, inf |y <(c;—e) u(x, 1) = 1 — by.

Proof Note that v(x,t) < 1 for any (x,¢) € R x [0,00). Then

Ou(x,t)
ot

= diAu(x,t) + riu(x, t) [1 — by — u(x, t)] (4.1)

for any (x,t) € R x (0,00). Since Definition 3.2 and Lemma 3.3 remain true if by = b, =0,
then Lemma 2.2 implies lim inf;_,., inf|y<(c;—e) t(X,t) = 1 —by. The proof is complete. [

Lemma 4.3 For any given € € (0,c¢y), liminf,_,, inf |y <(¢,—¢) u(x, £) > 0.

Proof From Lemmas 4.1 and 4.2, for any € > 0, we can fix T} > 0 large enough such
that

(l) SupZ\x\<(cz+c5)z{v(xa [)/U(X, I)} < 2/(1 - bl)a

(ii) Sup2|x‘>(262+€)l U(X, I) <é€.
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In particular, let ¢ > 0 be small such that

2\/6[17‘1(1 — b16/) > Cc1 — €.

Then we have

WD) >y, )+ riu ) [1 = bie' — (3= byJulx, /(1 — by)]
for all t > Ty and x € R. Using Lemma 2.2, we complete the proof. O

Using the comparison principle, the following result of (2.3) is clear.

Lemma 4.4 Let 6 > 0,k > 0 be fixed constants and z(x,t) be a solution of (2.3). Assume
that z(x) > x for x satisfying |x — xo| < 0 with some xo € R. Then for any € > 0, there
exists T = T(€) such that z(xg,t) >1—e,t > T.

Using the lemma, we can further establish the following estimate.
Lemma 4.5 For any given € € (0,c;), liminf,_o infy<(c,—e) u(x,t) = 1 — by.
Proof Let 2¢ = (1 — by)/(3 — by). Then there exists T» > 1 such that

inf  u(x,t) >et>=T,
IX|<(c1—e/4)
by the proof of Lemma 4.3. In particular, we can choose T, > 1 large enough for the
following.
Let 6 € (0,1 — b;) be a constant. If |x| < (¢; — €/2)T,, then there exists T3 > 0 such
that

inf u(x,t) =21—by—0,t > Tr+ T; 4.2)
|x|<(c1—e/2)T>

by Lemma 4.4. For each t > T, u(x,t) > ¢ holds on a neighbourhood of x = (¢; — €/2)t,
since the radius of the neighbourhood is larger than et/4 > €/4 for all t > T, then
Lemma 4.4 further indicates that

u((cp —e/2t,t+Ty) =1 —by —0,t > T, (4.3)

for some Ty > 0. Let (¢; — 5)t = (¢ — e€)s, then t — o0 iff s — o0 and

Then (4.3) implies that

u ((cl —€)s, c1 _is+T4> =u <(c1 —e)s,s+ Ty —
c — €

2

€S

) >1—by—906,t>T,. (44)
2C1—E
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Let T, (independent of Ty) be large enough (if necessary, we choose T, again) such that

4T, < i, T4 — €T < —Ty.
201 — € 261 — €
Applying (4.3) and (4.4), we obtain
inf  u(x,t)=1—by —9,t > Ts. (4.5)

[x[=(c1—e€)t
Similar to the verification of (4.5) and using (4.2), we have

inf  u(x,t)=1—by—9
[x|<(c1—e)t

for large t. Due to the arbitrary choice of ¢, the proof is complete. O
Lemma 4.6 For any given € > 0, limy—o; SUP|y> (¢, ey V(X, 1) = 0 if ¢1 > 2 + ¢a.
Proof It suffices to prove the result if 4e € (0,¢5 — ¢4). Let 6 > 0 be such that

e\ 2
(64 + 5) = 4dyry(1 — by(1 — by —9)).

Lemma 4.5 also indicates that there exist T5 > 0, N > 0 such that
(a) inf‘x‘<(cl,§)t u(x,t)y=1—>by —0/2,t > Ts;
(b) (c1 —c2—cs—€)Ts > N —(c1 — 2 — ca);
© 22 [N e ey = (o + B) ([ + [N ) e vy € 0,11
Define continuous functions

u(x,t) = Lu(x, t) = w(x, t),v(x,t) =0,

in which w(x, t) is given by

Gwé)tc, ) = diAw(x, 1) + rw(x, 1) [1 —w(x,t) — b V(x,1)],
w(x,0) = u(x)

with V(x,t) defined in the proof of Lemma 4.1. From Lemmas 4.1-4.5, we see that w(x,t)
satisfies the inequality (a) if T5 > 0 is large.
Let A3 and A4 be fixed such that

ca+3
2d,

. (&)

== (=l), 4=

=3 dz( 1), A4
Construct a continuous function

o(x, 1) = min {eig(ix-ﬁ-cle—l; a(Ext(eat§))+i 1}

for t3 > 0.
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We first prove that (#,7) and (u,v) are a pair of super- and sub-solutions of (1.1) if
t € [Ts, Ts + 1]. Clearly, for each ¢, ¢c; > ¢4 implies that

B(x, 1) = BTNt 95— x 5 o0,

Let t3 > 0 be large. Then, by Remark 3.6 and the definition of V(x,t), it is clear that
u,u,v satisfy (3.4), and it suffices to prove the inequality for v in Definition 3.4.
Set

E(x,t) = To(t — s)o(x, s) + /[ Ty(t — 0) [fo(x, 0) 4 r20(x, 0) [1 — D(x, 0) — bou(x, 0)]] dO.

N

Then we only need to prove that
o(x,t) = E(x,1) (4.6)
if Ts <s<t< Ts+ 1, and it is clear when 7(x,t) = 1. In fact, if 7(x,t) = 1, then
0<7(y,0) <Lu(y,0) >0,y €R,0 € [s,1]

such that

t
E(x,1) < Talt — s)5(x,5) + / To(t — 0)0(x, 0)d0
<) | (1 — g B
=1=70(x,1).

We now prove (4.6) for T(x, t) = e+e0+ and for B(x, t) = et(xH(c+5))+o,
If B(x, t) = eBx+eD+5 then the positivity of @ and 7 implies that

E(x,t) < Th(t — s)v(x,s) + /l Ty(t — 0) [Po(x, 0) + r20(x, 0)] dO
i) S
= A —s) Jr

: —B(i—0
/ (B + ra)e P=0) e—ﬁimeh(x—y+cz())+l3dyd9
S

Jandy(t —0) Jr

— e).;(x+02r)+t3 .

2
—_ —VdCn S
oW e)._;(,\ y+ceas)+ts dy

If B(x, t) = e(xH(c+5))+05 then
) € )
A4 (x + (04 + 5) t) < A3(x + cat).
According to the definitions of /3 and A4, we also have

—x < (ca4cs+e€/2)t <(cy —e/2),

which further implies that (a) holds.
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Since 7 > 0, we also have

e PBt—=s) 2

T Ady(i—s) _ d
hndz(t—s e v(x —y,s)dy

B(t—0)

i ¢ B —0.0)

+ rzv(x —3,0) (1 = byu(x — y,0))] dydo.

E(x,t)

From (b), we see that for each x with o(x, ) = e(x+(s+5))+5 and t € [Ts, Ts + 1],
W(yas) > 1 _bl _5/29.)/ € [X_Nax + N],S € [T55T5 + 1]

Therefore, (a) and (b) indicate that

B9

4/41td2 t—s)

€
7ﬂ(tf6' N A4 (xfy + ((34 + *> 9) +13
e 4!17(! 45 (1—0) ﬁe 2

e 4d2'ﬁffs) 814(X+ (ca+5))+13 dy

A /47‘Ed2(t —

24 (x—y+ (C4 + E)0) +13
+ re 2 (1 — baw(x — y,0))| dydo

0 '
n “(ry + pe 0 e Wf—mei4(x—y+(l?4+%)‘D“-‘dyd@
s 4ﬂid2(t

— () ’
+/ (7”2 + ﬁ)e ﬁt ) e—ﬁf_,))eizz(x—y-}((u-i-%)())-&-t}dydg

JAndo( — 0)

—hlt=s) 2
< [t gy
,/4Tcd2 t—s)
715‘(1 9 N

K i [peisler s )

A /41T.d2(t —
+ rze’v4(x—y+("4+ z)”)+f3 (1 — by (1 — by — 5))} dydo

2
p(t—0) 2
e : f )(j ; e_meﬂ("*”(“”5)9)+‘3dyd9
s nd;
B(—0)
4 [t peD
s 4rd,(t — 0) —
o BE=s)

- 1/47'[',(12 I—S

— 0) '
+/ B+ V2(1 —by(1—=by—9)))e pie= / e Wime/l4(X—y+(C4+§)6)+lsdyd@
s —N

JAndt —0)

e‘ﬁrz—m My (@t 5)0) +6 4y g

e*ﬁf—n eyt (ats)s)+n gy,
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N ,
e — i a3y + (e +5)0) 13 dyd0

r2b25 /
R /4nd2(t —

0
+/ (ra + ple "7 pe P e mem(xfy-t-(fﬁ-%)e)“‘”dydﬁ

4/41td2 Z—Q

; _B(—0) [ —N ‘
o[BI [ i e i,

Jandy(t — 0)

Since
e B(t—s)

. /4nd2 t—s)

/ (ﬁ + l—lz‘z(jizbl 9—)5)))3_/}“_0) /N e—ﬁf_o,eza(x—wr(cﬁ%)0)+t3dydg
Tdy(t — _N

e 4dzl.f 9 eb(xfy +(cat5)s)+13 dy

e*ﬁfﬂ) oyt (et 5)s)+ dy

\ /4Ttd2(t —9)

(ﬁ + 7'2 1 - b2(1 - bl - 5))) eiﬂ(lie) e—ﬁimeh(xfy-k(m + %)9)+13dyd0
4Ttd2(t — ) R

— )4 X+ C3+ ))+13

then (4.6) is true if
o—B=0) N

Jandy(t —

6 ,
>/ (Vz + ﬁ) ple= ) e W,Z,mei4(><*}’+((74+%)9)+13dydg
s

| /471'd2 t—

—B(t—0 —N ,
. /t (r + Pe ﬁ(t ) e‘ﬁimei4(x7y+(c4+5)9)+l3dyd9
N

JAndy(t — 0)

and it suffices to prove that

b0 N —Jay . N —
2 / e e Vdy = (ry + ) / +/ e Thiemdy (4.7)
—N N —o0

for s € [0,1]. From (c), we obtain (4.7) and complete the proof of (4.6) if t € [Ts, Ts + 1].
By the comparison principle (Lemma 3.5), we obtain

rzbz e @%624(x—y+(c'4+ %)())-‘rtgdyd@

(@(x,1),0(x, 1)) = (u(x,1),0(x, 1)) = (u(x,1),0(x, 1))

for xe R and t € [Ts, Ts + 1].
Similarly, we can prove that

(@(x,1),0(x, 1)) = (u(x,1),0(x, 1)) = (u(x, 1),0(x, 1))

fort € [Ts +k, Ts + 1 + k] with k € N. The proof is complete. O
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For the ‘frontier’ of u(x,t), we formulate it as follows.

Lemma 4.7 For any given € € (0, 5%2), im;_,, (¢, +e)r<x|<(ci—e) U(X, 1) = 1.

Proof By Lemma 4.3, there exists u. > 0 such that

lim inf inf u(x,t) =u. >0, limsup sup v(x,t)=0. (4.8)
=0 (e3+5)t<|x[<(c1—5)t =00 (e 5)e<|x]

Let {e}, be a sequence with

€ .
— = <6<, lime =e.
2 k—o0

Define {u!}, by

lim inf inf u(x,t) = uk = u..
=00 (catep)t<|x|<(c1—ex)t

Then it is easy to see that 1 > uf > u~' > u.,k = 2,3,..., which further implies that
there exists 1 > u* > u. > 0 such that limy_,., ¥ = u* with

u" < liminf inf u(x, t).
=0 (crte)t<|x|<(c;—e)t

By (4.8) and the standard definition of liminf, (3.2) indicates that
s Pt Vlul;;_l(l —uh)

In fact, let k > 0 be a constant such that 2x € (0, u.), then there exist T > 0 and N > 0
such that

(4.9)

T N 1 2
e wwdyds > 1 —k.
/0 [N Jands v

Moreover, the definition of liminf also indicates that for each k € N, there exists tﬁ
satisfying lim,_,., t¢ = oo such that

u(xﬁ,ti‘;) <k +x
with
(2 + ety < Ixy] < (e = ety
At the same time, the monotonicity of €, implies that

in ulx,t) = u ! —
(catex—1)t<|x|<(c1—ex—1)t

and

sup v(x,t) <k
(2 ter—1)t<|x|<(c1—ex—1)t

. k k k . . k .
if t € [ty — T,t:] and t; is large. Moreover, if ¢, is large, then

(ex — ex—_1)(th — T) > N.
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Let n — oo, then the monotonicity of F; indicates that

B — 1)+ (1 — )~ — )1 — (" — 1) — byx)
. .

ub 4>

Due to the arbitrariness of k, we obtain (4.9).
Let k — oo, then (4.9) implies that u* > 1. In view of u(x,t) < 1, it is clear that u* = 1.
The proof is complete. O

Lemma 4.8 For any given € € (0,c3), limy_, u(x,t) = ki, lim,, v(x,t) = ky with |x| <
(c3 —e)t.

Proof Similar to the proof of Lemma 4.2, it is obvious that

liminf inf o(x,t) > 0.
=% |x|<(es—§)t

Then there exist uy > u_ > 0,0, = v_ > 0 such that

liminf inf wu(x,t) =u_, liminf inf o(x,t)=0_,
=0 |x[<(cz—3)t =20 |x[<(c3—3)t

limsup sup u(x,t)=uy, limsup sup ov(x,t)=rv,.
=0 |x|<(c3—5)t =0 |x|<(c;—5)t

By a technique similar to that in the proof of Lemma 4.7 and the definitions of liminf
and lim sup, we obtain

liminf inf w(x,t) =k, 0 <limsup sup u(x,t) <k,

20 |x|<(c3—e)t >0 |x|<(c3—e)t
liminf inf o(x,t) =k;, 0 <limsup sup wv(x,t) <k,
=% [x|<(c;—e)t 150 |x|<(cr—e)t
and the result is clear. The proof is complete. O

According to the proof of Lemma 4.8, the following result is also evident.

Corollary 4.9 Assume that ¢ = c3 such that

liminf inf wu(x,t) >0, liminf inf ov(x,t)>0

=0 |x[<(c—e)t =200 |x|<(c—e)t
for any given € € (0,c). Then
liminf inf wu(x,t) =limsup sup u(x,t) =k,

=0 |x|<(c—e)t =00 |x|<(c—e)t

liminf inf w(x,t)=limsup sup v(x,t) = k.
>0  |x|<(c—e)t >0 |x|<(c—e)t

From these results, we can complete the proof of Theorem 2.1.
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5 Generalisations

In this section, we shall show the asymptotic spreading of a delayed version of system
(1.1) and a more general competition diffusion system.

5.1 A delayed system

Consider the following initial value problem

ap(a);’ D — i) rp(e )1 = plox, ) — haglo — )]
% = drAq(x, 1) + r2q(x, 1) [1 — q(x,1) — bap(x, 1 — 12)], >y

(p(X, S)7 q(X, S)) = (¢(xa S)’ W(Xa S)) € C[(]’]],S € [_T’ O]a

in which x € R,t > 0,7 = max{ty, 72} and (¢,p) € C([—7,0], Cjo,17)- For the initial value
problem (5.1), there are many results on the existence of mild solutions and we refer to
[29, 30, 37, 41, 45, 49]. The asymptotic spreading of p and g is formulated as follows.

Theorem 5.1 Assume that 0 < 11,7, < o0 and d;,r;, b;,i = 1,2, satisfy the assumptions in
Theorem 2.1. Then the mild solution (p(x,t),q(x,t)) of (5.1) is well defined and unique for
all x € R,t > 0. In particular, if ¢(x,s),p(x,s) admit non-empty compact supports for all
s € [—1,0], then the results of Theorem 2.1 remain true when we replace (u(x,t),v(x,t)) by
(p(x,1),q(x,1)),x € Rt > 0.

Although the discussion of Theorem 5.1 is more complex than that of Theorem 2.1
due to the choice of the phase space, the comparison principle of (5.1) is similar to that
of (2.1) and essentially the combination of the theory of abstract functional differential
equations (see [29]) with the monotone dynamical systems (see [40]); see also [25, 30, 41,
47] for some related topics. Therefore, the proof of Theorem 5.1 is omitted here.

Remark 5.2 Comparing Theorem 2.1 with Theorem 5.1, we see that the delays in the
interaction terms do not affect the asymptotic spreading of the species with stronger
ability to spread. Note that the asymptotic spreading is an index describing the long-term
behaviour of the system and the comparison principle of (5.1) is similar to that of (2.1),
so Theorem 5.1 is obvious from Theorem 2.1 and lim, . ¢ = lim,;,,, Z = 0. It is well
known that the asymptotic speeds of spreading equal to the minimal wave speeds of
travelling wave solutions in many models [26,44,48], and we refer to [25] for the role of
inter-specific delays in the travelling wave solutions.

5.2 General competition systems

For the competitive diffusive systems defined on R, one important result regarding
travelling wave solutions was established by Tang and Fife [43]. More precisely, they
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considered the travelling wave solutions of the following system:

QU _ gy e 1) + (v, ), 1), 00, 1),
) = (5.2)
U(a-);a t) _ dzAU(x, t) +v (x, t)f2(u(x, t), U(Xa t))a

and proved the existence of monotone travelling wave solutions connecting (0, 0) with its
positive equilibrium. To state their results, we first give some assumptions on (5.2).

There exist u > 0, > 0 such that f;(u,7) = f2(@,9) = 0.

(ii) Let fll = Lf]a(::’v)

—  Ofi(wy) —  Ofa(uy) —
) sf12 a0 (10)=(@5) »J21 u (10)=(@5) af22

(uv)=(up
., then fiifn > fiafa.

(u,w)=(u,)

(iii) f11 <0,fn <0and f1», <0,f <O0.

(iv) If u € (0,u),v € (0,7), then 0 < f1(u,v) <r1,0 < fr(u,v) < rp, here r; = 11(0,0),r, =
12(0,0).

Of2(u,v)
ov

Theorem 5.3 ( [43]). For each ¢ = max{2./dr1,2./d>r2}, (5.2) has a travelling wave solution
u(x, 1) = ¢(x + ct), v(x, 1) = p(x + ct)
such that (¢p(E),w(E)) is monotone for £ € R and satisfies

im (6(C).w(€)) = (0,0), lim ($(c), w(&)) = (,).

Because (5.2) is a competition system, we further assume that

(v) there exist @ > u,7 > v such that (@ 0) = f,(0,7) = 0 and f1(u,0) > 0, 12(0,v) >0
if u € (0,u),v € (0,0);

(vi) Yl <, Ohter) 0 Ahwn) o, &) < 0 for all u € [0,7],v € [0,7];

(vii) there exists u € (0,u),v € (0,7) such that fi1(u,7) = f2(u,v) = 0 and fi(u,7) >
0, f2(,v) > 0,u € (O,u),v € (0,v).

(viii) If X > x>0 and y > y > 0 satisfy

fl(yrz) = O’fl(ﬁay) < Oer(Esy) = O’fZ(Y’X) < 09

thenX=x=uy=y="1.
Remark 54 Let f{ =1 —u—bv",f, =1 —v — bju™. Then the corresponding kinetic
system of (5.2) is of special the Gilpin—Ayala type [14]. Clearly, if by, b, € [0,1) are small
and ay,0p € [1,00) hold, then (5.2) satisfies (i)—(viii).

To consider the asymptotic spreading of (5.2), we further suppose that

u(x,0) = up(x),v(x,0) = vo(x). (5.3)
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Then our main result in this section is presented as follows.

Theorem 5.5 Assume that (i)—(viii) hold and
di1f1(0,0) > dyr. (5.4)

We further suppose that u(x),v(x) have non-empty compact supports, and u(x,t), v(x,t) are
given by (5.2) and (5.3) respectively. Define constants

¢y = 2\/diri,ca = 2¢/dara, 3 = 24/ d2f2(1,0), ¢4 = 2+/d>f(u,0).

Then u(x,t),v(x,t) are well defined for all x € R, t > 0, and satisfy items (i)—(v) of Theorem
2.1.

The proof of Theorem 5.5 is similar to that of Theorem 2.1, so we omit it here.

6 Conclusions

In this paper, we have studied the long-time behaviour of several competitive systems.
These results model the co-invasion of two competitors. The co-invasion is not a cooperat-
ive process so that the well-known results established for monotone semi-flows cannot be
applied. Using the comparison principle for competitive systems, we give some estimates
of asymptotic spreading. Our results imply that the inter-specific competition can reduce
the invasion speed of one species and two invaders may have different invasion speeds.

In particular, our results are independent of the sizes of the supports of the initial
values. Very likely the asymptotic spreading depends on such sizes if (2.2) or (5.4) is
removed. Moreover, we only give upper and lower bounds of spreading speed for v(x, t)
in Theorems 2.1 and 5.5. To obtain more precise results on v(x,t), further investigations
are needed.

Furthermore, Tang and Fife [43] proved the existence of monotone travelling wave
solutions and conjectured the existence of non-monotone travelling wave solutions. Due
to the desynchronized propagation speeds of two competitors formulated by Theorem 5.5,
their conjecture seems to be true and we shall consider it in forthcoming papers.
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