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Of concern is the stability and bifurcation analysis of a free boundary problem modelling
the growth of multi-layer tumours. A remarkable feature of this problem lies in that the free
boundary is imposed with nonlinear boundary conditions, where a Gibbs—Thomson relation
is taken into account. By employing a functional approach, analytic semigroup theory and
bifurcation theory, we prove that there exists a positive threshold value y. of surface tension
coefficient y such that if y > 7. then the unique flat stationary solution is asymptotically
stable under non-flat perturbations, while for y < y. this unique flat stationary solution is
unstable and there exists a series of non-flat stationary solutions bifurcating from it. The
result indicates a significant phenomenon that a smaller value of surface tension coefficient y
may make tumours more aggressive.
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1 Introduction

During the past few decades, considerable attention has been attracted to mathematical
models for the growth of various tumours in vivo and in vitro (cf. [5-7,21-24,26,27]).
Accordingly, a lot of illuminative results have been obtained for rigorous analysis of such
tumour models (see, e.g., [3,4,8,10-13,17-20,29-31] and the references cited therein).
These studies provide us with very useful information on tumour growth and suggest a
strategy for tumour treatment. Rigorous mathematical analysis of tumour growth models
has been shown to be a prosperous subject of research and it contains many challenging
problems.

https://doi.org/10.1017/50956792515000108 Published online by Cambridge University Press


https://doi.org/10.1017/S0956792515000108

402 F. Zhou and J. Wu

This paper studies the following multi-dimensional free boundary problem modelling
tumour growth

Ao = o in Q,),t =0,

Ap = —u(oc — &) in Q,),t =0,

0,0 =0, 0,p=0 on I'p,t =0,

o=a(l—2yk), p=p on Iy, t =0, (L1
V =—0;p on Iy, t >0,

p(0,-) = po att =0,

where ¢ = o(t,x,y) and p = p(t,x,y) are unknown functions defined on the time-space
manifold U;>o({t} X Q,), and py is the given initial data. Here Q,, is an a priori unknown
strip-like domain

Qo ={(x,y) eR™'xR: 0<y<p(t,x), x € R},

with the lower boundary I'y := {y = 0} and the upper boundary I,y = {y = p(t,x)}
which is moving and has to be determined together with ¢ and p. In this model, 4
represents the Laplacian in the (x, y)-variables, V and v denote the normal velocity and
the outward normal of the free boundary I',), respectively, and A, u,&,6,7 and p are
positive constants.

The problem (1.1) is a mathematical model for the growth of multi-layer tumour — a
cluster of tumour cells cultivated on an impermeable support membrane in a laboratory
by using a new tissue culture technique [22,23,26]. It is similar to multicellular tumour
spheroids in its biological properties, but it consists of many layers of tumour cells and
forms a strip-like structure. In this model, ¢ represents the scaled nutrient concentration, p
stands for the scaled internal pressure, and & is the scaled threshold value for apoptosis of
tumour cells. The conditions 8,06 = 0,0,p = 0 on I’y mean that none of the nutrient and
the tumour cells can pass through the lower boundary. The relation p = p on I' ;) indicates
that the pressure is continuous across the upper boundary, where p is the external pressure.
The equation V' = —0;p follows from the continuity condition on the free boundary. The
model is based on the hypothesis that energy is expended in maintaining the cell—cell
bonds on the tumour surface and the nutrient acts as such energy and satisfies the Gibbs—
Thomson relation, i.e., ¢ = 6(1 — 2yk), where & is the external nutrient concentration, y
and x are, respectively the surface tension coefficient and the mean curvature of I'y(). This
relation states that on the free boundary o is less than ¢ by a factor 2y«, this being the
energy needed to maintain the inner-cellular bonds existing on this boundary (cf. [5-7]).
The Gibbs—-Thomson relation in the nutrient boundary condition is a remarkable feature
of this model.

The problem (1.1), which is usually called model with Gibbs—Thomson relation, has
attracted significant mathematical attention. In fact, for the special case y = 0, Byrne and
Chaplain studied the model for a spheroid domain and proved that the radially symmetric
steady state is unstable to small asymmetric perturbations [6]. Shortly after, Byrne did
further analysis for this case by using a weakly nonlinear stability analysis in [5]. If the
boundary conditions ¢ = (1 —2yx),p = p on I',, are replaced by the form ¢ = 7,p = yx,
which means that the tumour receives constant nutrient supply from the tumour surface
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and the pressure on the tumour surface is proportional to the mean curvature to maintain
the cell-to-cell adhesiveness of the tumour, the corresponding problem is called model with
surface tension effect and has been well studied. In more detail, Cui and Escher studied
the model with surface tension effect and proved that if the surface tension coefficient y is
larger than a threshold value y. then the unique flat equilibrium is asymptotically stable,
and if y < vy. then this flat equilibrium is unstable (cf. [11]). Here a solution is called a flat
solution if all the components of this solution are independent of the x-variable. In the
situation that a flat stationary solution is unstable, Zhou, Cui and Escher proved in [32]
that a series of non-flat stationary solutions bifurcates from this flat stationary solution.
Later on, the corresponding analysis was extended to the inhibitor-present situation [33].
While for multicellular tumour spheroid models with surface tension effect, there has also
been great progress, e.g., [10,11,13,17-20,29-31] and references cited therein.

In this paper, we carry out a systematic analysis of the model with Gibbs—Thomson
relation (1.1). First, it is expected to figure out stability of flat stationary solutions of
equation (1.1) under non-flat perturbations. We find that equation (1.1) has a unique flat
stationary solution if and only if ¢ > &. Moreover, by employing a functional approach,
a delicate spectrum analysis and geometric theory for parabolic differential equations in
Banach spaces, we prove that there exists a threshold value y. > 0 of the surface tension
coefficient y such that if y > y. then the unique flat stationary solution of equation
(1.1) is asymptotically stable under small non-flat perturbations, while for y < y. it is
unstable. The crucial point in this process is to establish the well-posedness theory, which
is handled by showing that the linearized operator of the transformed fully nonlinear
equation generates an analytic semigroup. Secondly, we are concerned with existence of
non-flat stationary solutions of equation (1.1). Similarly to [4,10,19], by treating the
problem (1.1) as a bifurcation problem and applying the Crandall-Rabinowitz bifurcation
theorem, we prove that for y < 7. there exists a series of non-flat stationary solutions
bifurcating from the unique flat stationary solution. It is worth noticing that our results
indicate an interesting phenomenon that a smaller value of surface tension coefficient
y leads to smaller energy on the free boundary, which makes tumours more aggressive.
Another new character is that the proliferation rate u does not affect the stability of a
tumour, which is in contrast with the widely studied models with surface tension effect
where increasing the proliferation rate ¢ may lower a tumour’s stability (cf. [11,32]).

To give a precise statement of our main result, we need some notation. For the sake
of simplicity, we impose the additional condition that p(t,x),o(t,x,y) and p(t,x,y) are
2n-periodic in every component of x. Moreover, it is not an essential restriction to consider
the case n = 2, because higher-dimensional periodic cases can be treated similarly. Thus
we impose the following condition:

p(t,x), a(t,x,y), p(t,x,y) are 2m-periodic in x € R. (1.2)

In addition, we identify 2n-periodic functions with functions over the circle S§! = IR /2nZ.
Accordingly, we identify the function space Cp.(IR) of periodic functions on R with the
corresponding function space C(S') on the circle S'. Let @ = S! x (0, 1) be fixed, which
will be used as the reference domain. Denote the upper boundary S! x {1} of Q by I'y,
the lower boundary S! x {0} by I'p. Given m € N and « € (0, 1), we denote by h"™*(S!)
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the so-called little Holder spaces on S!, i.e., the closure of C*(S!) in the corresponding
usual Holder spaces C"*(S!). The advantage of working with little Holder spaces is
that continuous injection and density hold between two spaces with different index. Let
h+*(S!) stand for the cone of all positive functions in h"**(S!). Hereafter, we fix o € (0, 1).

To state the stability result of flat stationary solutions of equation (1.1), we define
y« == sup{y| k =1,2,...}, where

_ (0 —&)Ap- B GAP«
26k2( k2 + Ap« tanh(y k2 + Aps) — kp. tanh(kp.))  26k*’

Yk : k=12,....

The first main result of this paper is formulated below.

Theorem 1.1

(i) The problem (1.1) has a unique flat stationary solution (p«,a=,p«) if and only if ¢ > 6.

(ii) If 6 > & and y > 7., then the unique flat stationary solution (p«, g+, p«) is asymptotically
stable in the following sense: There exists a constant 6 > 0 such that if pg € hi*“(Sl)
and || po — px|lps+=s1) < 0 then the solution (p,a,p) of equation (1.1) exists for all t = 0
and converges to (p«,0«, p») exponentially as t — oo, i.e., there are positive constants M
and ® such that

lp(t,") = pullsrasty + o (t,) = oulliprn@) + 1P(t ) = Pallpsna) < Me™, ¢ > 0.

If 6 > & and 0 <y < y., then (p«, 0+, ps) is unstable.

The proof of Theorem 1.1, which is given in Section 3, is proved in three steps. First,
we transform (1.1) into a system of equations defined on a fixed domain, and then reduce
the system into a fully nonlinear equation. Secondly, we show that the linearized operator
generates a strongly continuous analytic semigroup. Finally, the result follows from the
well-posedness and geometric theory for parabolic differential equations in Banach spaces.

To investigate existence of non-flat stationary solutions of equation (1.1), we regard
equation (1.1) as a bifurcation problem with bifurcation parameter y. The second main
result is stated as follows.

Theorem 1.2 Suppose ¢ > &. Then there exists a positive integer k. such that for every
k = k., the parameter vy is a bifurcation point of the flat stationary solution (p«,g«, p«). More
precisely, in a suitable neighbourhood of (yk, ps,0s,p=) there exists a series of bifurcation
solutions (%, p?,a%, p*) (0 < ¢ <K 1) possessing the following asymptotic expansion:

P8 =7 +0(e), pf(x) = p« +ecoskx + O(&?),
7°(x,y) = 0u(y) + eDi(y) coskx + O(e?),  p'(x,y) = pe(y) + eEx(y) coskx + O(&?),

where Dy (y) and Ei(y) are elementary functions given in equation (4.21).
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We prove Theorem 1.2 by first restricting the reduced problem onto an invariant
subspace of Holder spaces such that each eigenspace of the linearized equation is one-
dimensional, and then employing the Crandall-Rabinowitz bifurcation theorem.

Remark 1.3 It is important to investigate how Gibbs—Thomson relation affects a tumour’s
ability invading into the surrounding tissue. As pointed out by Friedman and Hu in [18,19],
the bifurcation solutions with free boundary p,(x) = p. +e&coskx+O(e?) are the protrusions
associated with the invasion of a tumour. It follows from our result that bifurcation occurs
only for y < y.. Related to the Gibbs—Thomson relation, we know that 2yk is the energy
required to maintain the inter-cellular bonds existing on the free boundary. Consequently, a
smaller value of surface tension coefficient y leads to smaller energy on the free boundary,
which further makes the protrusions generate more easily and tumours more aggressive.

Remark 1.4 It is also interesting to compare the model with Gibbs—Thomson relation and
the model with surface tension effect well studied in [11,32]. From the expressions of vy, we
see that for a tumour with Gibbs—Thomson relation the proliferation rate p does not affect
the generation of protrusions. This is in contrast with a tumour with surface tension effect,
where a larger value of the proliferation rate u makes the protrusions generate more easily.
Also, by denoting §. the corresponding threshold value for the model with surface tension
effect, from Lemma 2.6 we know that y. > 7. for small p, which indicates that a tumour
with Gibbs—Thomson relation is more hazardous than a tumour with surface tension effect
for small value of the proliferation rate u, while for large u the situation is the opposite.

Remark 1.5 The above results are connected with the situation & > &, where a unique flat
equilibrium exists. It is worth mentioning the case & < &, where the asymptotic behaviour of
solutions follows readily. To show this, let (p,0,p) be a global smooth solution of equation
(1.1). By setting volume of a tumour Vol(t) = fozn p(t,x)dx for t = 0, we see from the
maximum principle and Green’s formula that

d
T Vol(t) < —u(& — 5)Vol(0)

Thus lim,_,, Vol(t) = 0 for ¢ < &, which means that the tumour will eventually vanish. In
modelling, this indicates that insufficient nutrient supply cannot sustain the tumour’s survival.

The structure of this paper is arranged as follows. In the next section, we convert the
free boundary problem (1.1) to a fully nonlinear equation on a fixed reference domain and
study its linearization at the flat equilibrium. In Section 3, we prove that the linearized
operator generates an analytic semigroup and give the stability analysis. Section 4 aims at
investigating bifurcation phenomenon of equation (1.1) and gives the proof of Theorem
1.2. In the last section, we give some conclusions and interesting biological implications
of our study.
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2 Transformation and linearization

In this section, we convert the free boundary problem (1.1) to a nonlinear differential
equation in a Banach space defined on a fixed domain and study its linearization at the
flat equilibrium.

We first transform equation (1.1) into a new system on the fixed reference domain Q.
Recall that Q is defined by Q = S' x (0, 1), with the lower and upper boundary denoted
by I'y =S! x {0} and I'y = S! x {1}, respectively. In the following, we identify I'y and I'y
with S!. Given p = p(x) € C%(S"), define a mapping 0, by

0,:Q2—>Q, (x,9)—(x,yp(x)), 2.1)

and write Q, := 0,(2). Obviously, €, is a strip-like domain with the lower boundary I'.
We use I', to denote the upper boundary of Q,, i.e., I’y :=0,(I't) = {(x,y) : x€Sl,y =
p(x)}. It can be easily verified that 0, is a C>-diffeomorphism. The corresponding pull-
back and push-forward operators induced by 0, are denoted by 0, and 0%, respectively,
ie.,

Ou :=uob, forue C(Q,), 0v:=vo 0;1 for v € C(Q).
Given p € C3(S'") and v € C*(Q), we define the following transformed operators:

A(p)o = 0,4(0%),  Zo(p)v := 0,(XoV(0v),n0),  Z1(p)v = 0,(Y,V(0%),n1),

where V is the gradient operator, Yy and Y, stand for the trace operators on I'g and I',,
respectively, np = (0,—1) and n; = (—0yp, 1) represent the outward normal on I'y and
I',, respectively, and (-,-) denotes the Euclidean inner product in R2. We introduce the
transformed curvature operator

N CHUSY) = CSY),  pr N (p) = Ox(p),

where x(p) denotes the mean curvature of the boundary I,.
For given p € Ci(Sl), an elementary calculation shows that

2

= au(p)d;dc + ax(p)ds.  Zi(p) = Zb,, d;, i=0,1, (22)

Jk=1

where

an(p) =1, an(p) = axn(p) == —yp 'px, an(p) :=p~2(1+ y*p?),
ax(p) = p~2(2yp2 — yppx),  bio(p) =0, bx(p) == —p~,
bii(p) = —px, bai(p) :==p~ (14 yp3).

It is not difficult to show that
(4, 7i) € CH(HFH4(S"), L(MH(Q), (@) x W 14(S1), i=0,1,meN,

(2.3)
where ¥ (Z1,Zy) denotes the Banach space of all linear continuous mappings from Z; to
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Zy. Moreover, the transformed curvature has the expression

H(p)=—(1+p2) " pss (2.4)

which implies
N e CO(HHHSY), i4(S'), meN. (2.5)
Let T > 0 be given and consider a function p € C([0, T],h{t*(S')) n C'([0, T], **(S")).
We abbreviate the operator families t — o7(p(t)) and t — Z;(p(t)) for t € [0, T] to be
/(p) and Z;(p) (i = 0, 1), respectively. Later on we identify a function p : [0, T] — h(S")
with the corresponding function on S! x [0, T] defined by p(t,x) = p(t)(x) for t € [0, T]
and x € S!. Writing

u(t) = 0,0(t,-), v(t) = 0,p(t,"),
we see that equation (1.1) is transformed into the following initial-boundary value problem:
Given py € ht™(S"), find (p,u,v) € K4S x B*+*(Q) x h***(Q) such that

A (p)u = Au in Q x(0,T),

A (pp =—u(u—3a) in Q x(0,T),

Do(p)u =0, Do(p)p =0 on Iy x(0,T), (2.6)
Yilu=a6(1—2yA4(p)), Y1iv=p onIl; x(0,T),

0p+Zi(p=0 on I’y x(0,T),

p(0) = po att=0.

Concluding the above steps, we get the following result.

Lemma 2.1 The problem (1.1) is equivalent to the problem (2.6) in the following sense: If
(p,u,v) is a solution of equation (2.6), then by letting

a(t,”) == 0%u(t,"), p(t,-) = 0%u(t,"),

we see that (p,a,p) is a solution of equation (1.1). Conversely, if (p,o,p) is a solution of
equation (1.1), then by setting

u(t,?) = 0,0(t,"), v(t,") = 0,p(t,"),
we have that (p,u,v) forms a solution of equation (2.6).

In the following, we shall reduce the system (2.6) to a nonlinear differential equation
in some Banach space containing the unknown p. For this, let p € hf“(Sl) be given and
consider the boundary value problem

Apu=Aiu in Q, Do(p)u=0 onTy, Yiu=da(l—2y4(p)) on . (2.7)

Actually, the boundary condition Zy(p)v = 0 is equivalent to the linear form Yy0,v = 0.
By equation (2.5) and the theory of elliptic equations we know that equation (2.7) has a
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unique solution u € h***(Q), which we denote by u = 2,(p). From equation (2.5) and the
regularity theory for elliptic equations we get

2, € C*(h™(S"), *1*(Q)), (2.8)
cf. [16]. Then we consider the following boundary value problem
A(pv = —w(2,(p) — &) in Q, Zo(p)v=0 onTy, Yiv=p only, (2.9)

where we have replaced u with 2,(p). Similarly, equation (2.9) has a unique solution
v € h**(Q), which is denoted by v = #,(p) and satisfies

R, € C*(h™(S"), h(Q)). (2.10)

By introducing the nonlinear mapping
P,(p) = Z1(p) A, (p), (211)

we see that the system (2.6) is reduced to the following problem

0p + P,(p) =0, p(0) = po. (212)
Furthermore, it follows from equations (2.3), (2.5), (2.8), (2.10) and (2.11) that

@, € C*(hE™(S"), K (Sh). (2.13)
Summarizing the above deductions we get

Lemma 2.2 The problem (2.6) is equivalent to the problem (2.12) in the following sense:
If (p,u,v) is a solution of equation (2.6), then p forms a solution of equation (2.12). Con-
versely, if p is a solution of equation (2.12), then by solving the problems (2.7) and (2.9)
we get u = 2,(p) and v = R,(p), which combined with the component p form a solution
(p,u,v) of equation (2.6).

Next, we consider the linearization of the system (2.6) at its flat stationary solution. To
find flat stationary solution of equation (2.6), by virtue of Lemma 2.1, we know that the
stationary form of equation (2.6) for a general stationary solution (ps(x), a5(x, y), ps(x, )

is given by
Aoy = Loy in Q,,
Aps = —p(os — &) in Q,,
0,0, =0, d,ps=0 on Iy, (2.14)

o, =06(1 —2yK), ps=Dp onl,,
O;ps =0 on I,

If ps(x) = p., with a positive constant p. > 0, then the equations in the first four lines of
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equation (2.14) can be solved as

ou(y) = 5 SO ()= E(1 - M) ?(ﬁ —pi) Yp (215

cosh(y/2p+)’ A cosh(~/2p+)
Substituting the expression of p.(y) into the last equation in equation (2.14), we get
tanh \/Ap. &
tanh \/72p. =2 (2.16)
Vipe @

. . . tanhr . . .
It is easy to verify that the function is strictly monotone decreasing and

. tanh . tanh
lim an r=1, lim anhr

r—0 r r—o0 r

=0.

As a consequence, we get the following result.

Lemma 2.3 The problem (1.1) has a unique flat stationary solution (p«,os,p«) if and only
if @ > &. Moreover, this flat stationary solution (p«, 0., p«) satisfies equations (2.15) and
(2.16).

In the rest part of this paper, we always assume that ¢ > &, which ensures that
equation (1.1) has a unique flat stationary solution (p«, ., p«). It follows from Lemma
2.1 that (p«, g«(ps+y), p«(p«y)) forms a flat stationary solution of equation (2.6). A simple
calculation shows that

[0.e7(p«)h]v = —2yp:1hx61217 — 2p:3h6220 — ypflhxxﬁzv, ON(pe)h = —hyy,

(2.17)
[0Z0(p-)hlv = p2hYodow,  [0Z1(ps)h]v = —hy Y1010 — p2h Y150,

for h € K***(S') and v € h*™*(Q). It follows that [0.%/(p:) - Jv and 3.4 (p.) are second-
order differential operators, and [0%y(p-) - Jv and [0Z1(p+) - Jv are first-order differential
operators. To compute the linearization of equation (2.6) at its flat stationary solution

(ps, 04(p=y), p+(p=Y)), we set
p=ps+el(t,x), u=0:(psy)+e2(t,x,y), v=p:(p:y)+eP(L,x,Y),

where &, 2, P are new unknowns and ¢ is a small parameter. Substituting these expressions
into equation (2.6) we get

A (pe)2 = 12 — [0 (ps+)E]a+(p+y) in Q x(0,T),

A (ps)P = —pu2 — [0 (p«)¢]p-(p+y) 10 Q x(0,T),

Do(p«)2 =0, Do(p)P =0 on Iy x (0,T), (2.18)
Y12 = =290/ (p:)¢, 1P =0 on I'y X (0, T),

0 &+ Z1(p«)P =0 on I'y X (0,T),

€(0) =¢&o att =0,

where we have used the fact that [02(p«)E]p-(p-y) = 0.
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Given ¢ € h*%(S!), similarly to above by solving the linear problem on X we get
a unique solution X € h?**(Q), which is 2n-periodic in x. Then substituting X into
the second equation in equations (2.18) and solving the corresponding linear problem
on P, we get that P € h***(Q) is also 2m-periodic in x. Now we can define a linear
operator L by

LE = 9(p.)P for & € K***(Sh). (2.19)

It can be easily verified that L € £2(h**(S!), h***(S!)).

In the following, we shall represent the operator L as a multiplier operator. For this,
we always employ the natural complexification in connection with spectral theory without
distinguishing this in notation. Since h***(S') is compactly embedded into h***(S'), the
resolvent (AI — L)™' is a compact operator for every A in the resolvent set of L. Therefore,
the spectrum of L, which we denote by a(L), consists of a sequence of isolated eigenvalues.
Write 0®,(p.) for the Frechet derivative of ®,(p) at p.. We then have the following.

Lemma 2.4
(i) 00, (p:)¢ = L& for & € h*(Sh).
(ii) o(—0®,(p+)) = {4l k=0,1,2,...}, where J is given by

2uayk?

A = u(@—3&)— <u5 + ) (Vk% + Ap. tanh(\/k% 4+ Ap.) — kp. tanh(kp.)).

(2.20)

*

Proof

(i) Recall that equation (2.18) is the linearization of equation (2.6), and the latter is
equivalent to equation (2.12). It follows that equation (2.19) is equivalent to the
linearized operator 09, (p.) of @, (p).

(ii) To calculate each eigenvalue of 0®,(p.), we consider Fourier expansions of &, X
and P

o0 o0
&x) =Y ane™, Z(tx,y) =Y But,y)e", P(t,x,y) = Z Cilt, y)e™.
k=0 k=0

Substituting the expansion of X(t,x, y) into equation (2.18) and comparing coefficients

of e for every k, we get the following boundary value problems for By(t, y)
62
—k*Bi(t,y) + p P 5 “(t,y) = ABi(t, v) + aw(t)ek(y),
aal;k (t,0) =0, By(t,1) = —2ar(t)y5k:, k=0,1,2,...,
where

5, 15,0080(\2p-y) 5y sinh(yip.y)
ck(y) = 2p. — K5\ JA—— .
cosh \fp ) cosh(ﬁp*)
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One can easily verify that the unique solution of this problem is given by

B 2 cosh(Vk> + Zp.y) ysinh(/2p.y)
Bi(t,y) = —ar()5 (/2 tanh(\/2p.) + 27k?) sosht Jiﬁ* ap()G\A—— coshinTpn)

(2.21)
Next, substituting the expansion of P(x,y) into equation (2.18) we get
—k“Ck(t,y) + p. Tﬁ(t’y) = —uBy(t, y) + ax(t)di(y),
ack(t 0)=0, Ci(t,1)=0, k=0,1,2,...,
where
d(y) == —2p; -1 _COSh(fP y) T MAO'ySIHh(\/EP*J’) Y —yzkzu&p*.
cosh(+/2p+) Ji cosh(y/2ps)
Solving this problem one obtains
sinh cosh(k
Cult) = gy — oy 2N .+ 2 SRD)
JZcosh(\/Z1p+) h(kp-)
FaOE (2K + T tanh(y/7p.) DK E 49-7)
Acosh(y/k? + Ap+)
(2.22)

Finally, we substitute the expansions of £ and P(t,x, y) into equation (2.19) and get
o0 [}
LY ane™ = =" har(t)e™, (2.23)
k=0 k=0

where /; is given in equations (2.20) and (2.16) is used here. This completes the
proof. O

Moreover, we have the following spectral analysis.

Lemma 2.5

(1) % <u@—26) foraly>0and k=0,1,2,....

(ii) There exists a constant y. > 0 depending only on u,&,6,A and p. such that for every
V> Ve

k< CH) <0 forallk=0,1,2,...,

where C(y) is a positive constant depending on . Also for every 0 <y < y. there exists
a positive integer ko = ko(y) such that Ag, > 0.
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Proof

(i) We split each eigenvalue 4, as

(V'k? + Ap« tanh(\/k2 4 Ap.) — kps tanh(kp.)), k=0,1,2,..., (2.24)

A= (G — &) — ud(vV/' k> + Ap. tanh(\/k2 + ip.) — kp. tanh(kp.)).
A standard limitation argument shows that

k2 + Ap. tanh(/k? + Ap«) — kp« tanh(kp.) > 0,

2.25
klirn 2k(v/k? + Ap« tanh(v/ k2 + Ap«) — kp« tanh(kp.)) = Ap.. (223)

It follows that
gm&=uw—a>0 (2.26)

It is easy to prove

xtanhx 4+ 1 — >0 for all x >0,

X
tanh x

which implies

Ap+
Jo =2y = —ué (ﬁp* tanh ﬂp* +1-— tan\hf\pﬂp> <0, (2.27)

where we have used the relation (2.16) again. It is not difficult to prove that ) is
strictly monotone increasing in k, that is,

W< < <)< < (2.28)
Combining equations (2.26)—(2.28) we get
I <A< u@—a), k=0,1,2,.... (2.29)

(i) We define

_ (6 —&)Aps _ GAps
25k2(\Jk2 + Ap. tanh(y/k2 + Ap.) — kp. tanh(kp.))  26k*’

e k=1,2,.... (2.30)

Then 4, can be re-expressed as

B 2udk?
A

e = (Vk? + Ap. tanh(v/k% 4+ Ap«) — kps tanh(kp.))(y — ), k=1,2,.

(2.31)
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By virtue of equation (2.25),

o\ 1 1
”z(“ﬁgk+0QJ as k — oo, (2.32)
Thus we can define
y. =sup{yl k=1,2,...}. (2.33)

It is obvious that 0 < y. < oo. It follows from equation (2.31) that if y > 7. then
A < 0 for all k = 1,2,..., while for 0 < y < y. there exists kp € N such that
Ak, > 0. Combining this with equation (2.27), we get the desired assertion in (ii). This
completes the proof. O

It is necessary to compare the threshold value y. with the corresponding threshold
value 7. obtained in [11,32] for the model with surface tension effect. Recall that 7. can
be rewritten as

Yo =sup{fkl k =1,2,...}, (2.34)
where
& — & — 6(«/k% + Ap« tanh( /k? + Ap.) — kp. tanh(kp.
5= 6 — & — &(</k? + Ap. tanh(k? 4+ 1p.) — kp. tanh(kp.)) k=12 (235
k3 tanh(kp-.)

cf. [11,32]. It follows from equation (2.25) that

b G—5 i
%=”W“+mﬁ)%k4w.

Thus we can define g. := sup{J/ul k = 1,2,...}, a positive finite value independent of .
It follows that j. = ug. and the following conclusion holds.

Lemma 2.6 7. < y. if and only if u < V—*.
q*

3 Stability

In this section, we investigate stability of the unique flat stationary solution (p«, g+, p«) of
equation (1.1) under non-flat perturbations and give the proof of Theorem 1.1.

We first establish well-posedness of equation (1.1) by employing analytic semigroup
theory. Let Ey and E; be Banach spaces such that E; is densely injected in Ej, and
let A (Eq, Eg) denote the set of all A € F(Eq,Ey) such that —A4 generates a strongly
continuous analytic semigroup on Ej. We use Z;(Eq, Eg) to represent the set of all
bounded isomorphisms from E; onto Ey. In the following, we want to prove that 0@, (p«) €
A (WS, *T*(S!)). Due to the theory of Amann [1], it is suffice to prove that there
exist constants @ > 0 and f§ > 1 such that for all Rel > @

J40®,(p.) € Li(h*(S"), (S, (3.1)
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and
21 (A4 0@, (p)) " | zyiensryy < B. (3.2)

For this, we refer to [14,15] and define the Sobolev space

HYS") = {f € L*S") : Y (0 + 1)|ful* < o0},

nezZ

endowed with the scalar product

<f.g>=> (" +1)fugm

neZ

where f, denotes the nth Fourier coefficient of f. The Sobolev embedding theorem and
the fact that smooth functions are dense in H*(S!) imply that H**(S!) — C*(S') for all
ke]Nands>%. Thus

Hk+S(Sl ) i) hk+oc(§1 ),

for all k € N, € (0,1) and s > % Hereafter we fix the positive constant @ := 2u(¢ — &).

Lemma 3.1 Given s >0 and Rel > @,

L +00,(p.) € Li(H(S), H'(S").

Proof From the expression (2.20) of 4; and the limit in equation (2.25) we know

l'mik G
im — = —ug
o & uay,

which implies that there exists Cy, C, > 0 such that

1

Ci(k* + 1)} < x| < Cok® + 1)2.

Given Re/ > @ and h = Z hee®* € H*Y(S"), one can find

keZ
100, (p )l sy = || Axhie™ = Y (7 + 1)
keZ Hs(S!) keZ
<G (K + 1) * = Gl gosy)-
keZ

Then 0®,(p.) € L(H**Y(S"),H¥(S")), which combined with the fact that |2 — J| >
w(@ —¢&) > 0 for all k € Z, yield that 4+ 0®,(p.) is injective. On the other hand, given
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Rel>® and h =Y, 5 he™™ € H5S'), we have

> = ) g™

keZ

=Y+ 1= ) P < G+ 1)

HsH(S1) keZ keZ

Z Iy eikx

keZ

=C;!

b

Hs(SY)

where we have used the estimate |1 — 4| > C;(k* + 1)% for some C; and all k € Z. As a
consequence, the inverse of A + 8®,(p.), which is defined by

(240D, (p) "' h =D (A=) 'he™  for h=")" e € H'(S"),
keZ keZ

satisfies (1 + 09,(p.))~! € L(HS"), HTY(S!)). Thus 4 + dd,(p.) is surjective and we
complete the proof. [

Lemma 32 {1 € C| Re/ > d} < p(—0®P,(p+)).

Proof Let Re(A) = @ be given. We first prove that
(2+0®,(p.)) ! € L(CPH(S"), CH™S")). (33)
Recall that the multiplier operator (4 + d®,(p.))~! is defined by

(2+0D(p) " h =Y (h— i) e for h=")" e .
keZ keZ

It is easy to see that

k 1
I S 34
P N P (34)

which indicates

sup |k| ! . ‘ < o0. (3.5)
kez 14—k
A simple calculation yields that klglalo (Akr1 — A) = —uay, which combined with equation
(3.4) lead to
sup k| - — = supl o~ < (6
kez = Jir1 A=kl kem A— Akr1 A— ik

Moreover, a standard limitation argument shows that

Wm (A2 = 2001+ A4) =0, im (Za(Aert — ) — b2 — A1) = 27677 (3.7)

k—o0
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Thus
1 2 1
sup |k|? — + -
keg al ‘ A=lJiya  A—lip1  A— Ik ‘
k k k
= su - - A Agyr — 20041 + X)) + 4 1 — A .
o 4y Py Py | Ais2 = 22141 + A) + Ae2(lisr — 2) - (3.8)

— (kg2 — Ait1)]
< 0.

Combining equations (3.5), (3.6) and (3.8) and using Theorem 4.5 of [2] (see also [14,15,
28]), we get equation (3.3).

Noticing the dense embedding Hk*'S(S‘)Ld»hk*“(Sl) and the fact that h***(S') is just
the closure of H*(S') in C**(S') (s > 4), we derive from Lemma 3.1 and equation (3.3)
that

(2 +030,(p.)) " € 2SS, B**(Sh). (3.9)
This completes the proof. ]

Lemma 3.3 There exists § = 1 such that for all Rel. = @,

21 10+ 80, (p ) | ety < B

Proof Given h = Z hee™ e H*(S"), we have
keZ

|A[(2 +0®(p.))'h = Z 21— ) e,
keZ

for all Rel = @. Noticing that 4y < u(¢ — &) and Re(4 — 4;) = u(e — &) for all Red = @
and k € Z, we can prove that

< |2 — Al + 12|

‘A—izk Sz

for —u(e6 — ) < /4 < w6 — &) and Ay < —u(o — &), respectively. Thus for all Red = @
and k € Z we get

sup’ _ ‘ <2 (3.10)
kez | 2 — 2
From equation (3.6) and the above estimate we know that there exists a constant C; > 0
such that
12 12 2] Ik|
sup |k — 1 — 4] < Chy. 3.11
keg| | A—dk+t A=kl kez |A— il M—/lkl| et =A< G 3.11)

Using equations (3.5), (3.7) and (3.10), one can find that there exists constant C, > 0
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such that
4| 2|2 12
sup k|| ——— — 5 — + ——
keIZ) al A—Ikya  A—liy1 A=Ak
2 k Ko
= Sup 4 K K [A(Aks2 — 24641 + Ak) (3.12)

ke |4 — A2l |4 — Al |14 — Akl
+ A2 (A — A) = A — Aieyn)|
< Co.
Combining equations (3.10)—(3.12) and Theorem 4.5 of [2], we get the desired result. []

Define
(Qg1+“(§1) ={pe€ hﬁ+“(§1)| lp—p«llcysyy < 6} forme N and m > 4, (3.13)

where 0 is a small constant to be fixed later on. We have the following result.

Theorem 3.4 Let p € (9g+“(Sl) be given. If ¢ is sufficiently small, then
0, (p) € A/ (W+(S"), K **(Sh),
for all y > 0.

Proof Combining Lemma 3.1-3.3 and employing the theory of Amann [1], we get
0@, (p.) € A (K(S), ¥T(S")),

for all y > 0. Given p € ¢4*(S!), the result follows readily from the well-known
perturbation result of generators (cf. Section 2.4 of [25]). O

We can state the following local well-posedness for the problem (2.12).

Theorem 3.5 Given py € U3T*(S'), there exist t+ := t*(py) > 0 and a unique maximal
solution

p € C([0,4%), i3S N C([0,7), PH*(S")) N C*((0,17) x S')
of the problem (2.12). The map (t, po) — p(t, po) defines a smooth semiflow on h‘_‘ﬁ“(Sl).

Proof It follows from Theorem 8.1.1 of [25] that a unique maximal solution exists and
equation (2.12) generates a semiflow on h*™*(S!). The fact that p is smooth is based on a
bootstrapping argument in the scale of h"+*(S!). |

Now we can give the proof of Theorem 1.1.

Proof of Theorem 1.1 We prove this by employing geometric theory for parabolic dif-
ferential equations in Banach spaces. For this, we set ¥ (p) := ®,(p + ps) — 0D, (p.)p. It
follows from equation (2.13) that ¥ € C*(h{*(S"), *+*(S')). It is obvious that

P (0) = &,(p.) =0, 0¥(0)=0. (3.14)
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Consequently, the problem (2.12) is equivalent to the following problem
0p + 0Py (p+)p + ¥ (p) =0, p(0) = po. (3.15)

Let y* > 0 be the threshold value given in equation (2.33) and assume that y > 7",
Noticing equations (3.14) and (3.15) and invoking Lemma 2.4, Theorems 3.4 and 3.5, we
see that all the assumptions in Theorem 9.1.2 of [25] are satisfied. This means that there
are positive constants w,¢ and M; such that if py € @g*“(Sl) for sufficiently small J, then
the solution p(t, ) of equation (2.12) exists globally and satisfies

lp(t,) — ps =ty < Mie™" [ po — pallpexsi) for all £ > 0.

From the construction we have 6. = 2,(p-), which combined with the mean value theorem
implies that there exists a constant C such that

0t )= lieeaiey = 1 24P =25 (p) jeosiey < Cllp(O)—p- lysosny < Me™ for all £ >0,

The corresponding estimate for p(t,-) can be obtained similarly.

If y < 9%, then Theorem 9.1.3 of [25] and Lemma 2.4 imply that the equilibrium p. of
equation (2.12) is unstable. By using Lemmas 2.1 and 2.2 and returning to the problem
(1.1), we complete the proof of Theorem 1.1. ]

Remark 3.6 Concerning the effect of the nutrient on a tumour’s growth, it follows from
equations (2.30) and (2.33) that the threshold value y. is a monotone increasing function
of the nutrient supply . This implies that an increasing nutrient supply lowers a tumour’s
stability.

4 Bifurcation

In this section, we investigate existence of non-flat stationary solutions of equation (1.1)
and give the proof of Theorem 1.2.

It follows from Lemma 2.1 that the free boundary problem (1.1) is equivalent to the
transformed problem (2.6), and the latter has the following stationary form

A (p)u = Au in Q,

o (p)o = —p(u — o) in Q,

Do(p)u =0, Dy(pv=0 on I, (4.1)
Yiu=a(1-2y4(p)), v=p  only,

Z1(p =0 on I'y.

It should be observed that the transformed stationary problem (4.1) is equivalent to the
problem (2.14) by virtue of Lemma 2.1. From Section 2, we know that the linearization
of equation (4.1) at the flat equilibrium (p«, o+(p«), p«(p«y)) 1s just the stationary form of
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equation (2.18), that is,

A (ps)2 = A2 — [0 (p+)C]os(p+y) in Q,

A (ps)P = —pu2 — [0/ (p-)¢]p+(p-y)  in Q,

Po(p+)2 =0, Zo(p«)P =0 on Iy, (4.2)
Y1X = 29604 (p«)¢é, 1P =0 on Iy,

P1(p«)P =0 on [.

In the following, we first study existence of nontrivial solutions of the linearized problem
(4.2). For this, as in Section 2, we consider Fourier expansions of &, X and P

¢(x) = Zakeikx, 2(x,y) = ZBk(y)eikx, P(x,y) = Z Cu(y)e™™.
k=0 k=0 =0

Following the same procedure as in Section 2, we get Bi(y) and Ci(y) as in equations
(2.21) and (2.22), where ai(t) is replaced with a;. Then substituting the expressions of &
and P into the last equation in equation (4.2) we have

Lé(x) = — Z Jeage™ =0, (4.3)
k=0

where L is defined in equation (2.19) and /4 is given by equation (2.20) or (2.31).

Lemma 4.1

(1) The linearization (4.2) has a nontrivial solution (¢,%, P) if and only if y = yx, where
vk is given by equation (2.30). Moreover, this nontrivial solution (&, 2, P) has the form

i(x) = akeik«“, Z(X, y) = Bk(y)akeikx, P(X, y) _ Ck(y)akeikx’

where ay is an arbitrary constant, and By (y) and Ci(y) are given by equations (2.21)
and (2.22) with a(t) replaced with ay.

(i1) klim vk = 0, and there exists a positive integer k. such that y, > 0 and vy is strictly
—0

monotone decreasing for all k = k..

Proof The above deductions indicate that the first statement (i) holds. Then (ii) follows
readily from equation (2.32). |

Similarly in Section 2, we can reduce the transformed stationary problem (4.1) into a
differential equation ®,(p) = 0 in the space h"™*(S'). Defining

F(p,y) == @,(p), (4.4)

we see from equation (2.13) and the definitions of Q,(p), R,(p) and ®,(p) that
F e CP(05™(S") x R, i~ 1+(81), (4.5)

where (¢)7*(S?') is defined in equation (3.13). Then we have the following conclusion.
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Lemma 4.2 The transformed stationary problem (4.1) is equivalent to the following bi-
furcation problem with bifurcation parameter y: Find p € O7*(S') and y € R" satisfying

F(p,y) =0. (4.6)

Later on we shall use the Crandall-Rabinowitz bifurcation theorem to solve equation
(4.6). For this, we must overcome a basic difficulty: By Lemma 4.1, we know that the
linearized problem (4.2) has an infinite number of eigenvalues, with the eigenspace of each
of them being of two dimensions. Since equation (4.1) is equivalent to equation (4.6), its
linearization (4.2) must be equivalent to the linearization of equation (4.6). Hence all the
eigenspaces of the linearization of equation (4.6) are also two-dimensional. This implies
that the Crandall-Rabinowitz bifurcation theorem cannot be used directly. Fortunately,
as we shall see below, we can restrict equation (4.6) onto certain subspace of C"+*(S!)
such that the restricted problem has eigenspaces of one dimension. To do this, for any
given integers k > 1 and m > 4 we introduce

UM*(S') := the closure of the span {cos jkx : j=0,1,2,...} in C"*(S!),
V"MH(Q) = the closure of C*([0,1], UX(S")) N C*(RQ) in C"™*(Q),

where UP(S')) == (Moo UPT(S"). It is easy to see that U™*(S') and V"**(Q) are
subspaces of the little Holder spaces h"**(S') and h"*+*(Q). We have the following result.

Lemma 4.3 For any given integers k = 1 and m = 4, there holds

Fe Cm(@ghw(sl) N Ulthroz(Sl) % IRJr, U;(nfl+oc(sl)). (47)

Proof For any p € ¢§**(S") N U™*(S') and y € R*, we can find a sequence {p;}7, €

O (SHNUP(S') such that p; — p in C"**(S'). By the continuity of F : 07*(S") xR —

Cm=1+%(S1), we have F(p;,7) = F(p,y) in C"~**(S!). If we can prove F(p;,7y) € UF(S"),

then by the definitions of U"'™(S') and U(S'), we obtain F(p,y) € U *(S"). Hence,

it suffices to prove that if p € 07(S") N UF(S') and y € RY, then F(p,y) € UF(S').
Let p € O7™(SY) N UF(S!) and y € RT be given. We first prove that

2,(p) € C*([0, 1], UE(S") N C*(Q). (4.8)

Indeed, for any given p € OF*(S') N UF(S'), from equations (2.2) and (2.3) we know
that the problem (2.7) is equivalent to the following problem:

o (p)u=Au in Q, Oy,u=0 on I, Yiu=u, on Iy, (4.9)
where u,, = uy(x) = (1 — 2y.4(p(x))) is known for given p. It is clear that 4" €

C(OT(S") N UMY, Up—2t*(S')), which indicates u,, € UF(S)). Since p € C*(S?),
by the well-known regularity theory for elliptic equations we see that u = 2,(p) € C*(Q).
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Hence u(x, y) has the Fourier expansion
%
u(x,y) = ao(y) + ) _(a;(y)cos jx + b;(y)sin jx),
j=1

where ag,a;,b; € C*[0, 1]. We shall prove that each b {-( y) is zero, and if j is not proportional
to k then every a;(y) is also zero. Let H'(Q) and H,(2) be the usual H' and H} Sobolev
spaces on Q, respectively, and define

Wi(Q) := the closure of V*(Q) in H'(Q).

Observe that given w € Wy(Q), there exist ag, ajx in C*([0, 1]) such that

w(x,y) = Z aji(y)cos jkx for (x,y) € Q.
j=0

It is obvious that H(Q) = Wi(Q) ® (Wi(Q))*. We now consider the functional J on
Wi(2) N H} (L) defined by

1 1

J(h) = 5/9 [(axh)2 + pz(ayh)z] pdxdy

+/ |:;L(h+uoc)2_(uoo)xxh:| pdxdy, h € Wi(@) N Hy(Q).
o 12

From the definition of u.,,, we know that uy, () € Wi(2). A standard argument
indicates that J has a unique local minimum in W;(Q) N H}(Q), which we denote by uy.
Note that since p € C*(S'), we actually have uy € C*([0, 1], U*(S')) N C*(Q). In the
following, we show that u = ug + .

Since ug is the minimum point of J,

0= J (up)v = / {@.uo@xv + plzéyuoﬁyv} pdxdy + / [A(uo + ) — (Uoo)xxJopdxdy (4.10)
Q Q

for any v € Wi(Q) N H}(Q). Noticing p € OF™(S") N UZ(S"),up € C*([0,1], UF(SH)) N
C*(Q) and us,, (uy)xx € UF(SY), by careful calculation we can prove that

/ [axanxv + plzayuoayui| dedy + / [A(MO + uoc) - (uo(:)xx]vdedy = Oa (411)
Q Q

for any v € (Wi (2))- N H{ (). Then equations (4.10) and (4.11) imply that equation (4.11)
holds for all v € H(Q). It follows by classical variation theory that ug+u, is a solution of
equation (4.9). By uniqueness we have u = ug+u,. Hence, u € C*([0, 1], UF(S')) N C*(Q)
and equation (4.8) holds.

Substituting u = 2,(p) into equation (4.1) and following a similar deduction, we can
show that p = %,(p) € C*([0, 1], U¥(S")) N C*(Q). Hence we get

F(p.y) = 21(p)2,(p) = —pxY10x2,(p) + p~ ' (p3 + 1)Y10,%,(p) € UL(S").

This completes the proof. O
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Let Fx be the restriction of F on O7*(S') N U*(S!) x R*. Instead of equation (4.6),
hereafter, we consider the following problem: Find p € ¢3"*(S") N U/*™(S') and y € R*
such that

Fi(p,7) = 0. (4.12)

Obviously, equation (4.12) is not equivalent to equation (4.6), but a solution of equation
(4.12) is certainly a solution of equation (4.6).
It is time to give the proof of Theorem 1.2.

Proof of Theorem 1.2 We shall prove Theorem 1.2 by employing the well-known Crandall—-
Rabinowitz bifurcation theorem. For this purpose, we need to verify that the map Fi(p,y)
satisfies all the assumptions in that theorem.

Noticing that p. is an equilibrium of equation (4.12) for all y € R*, we have

Fi(p+,7) =0 forall y e RT, (4.13)

a”,’Fk(p*a y) = Oa a}”/Fk(p*a’y) =0. (414)
Since equation (4.12) is the restriction of equation (4.6), and the latter is equivalent to

equation (4.1), deducing similarly as in Section 3, we see that the linearized equation of
(4.12) at p., which is denoted by

0pFi(ps,y)é =0 for & € Ut (S,
is equivalent to the linearized problem (4.2) with the unknown (&, 2, P) restricted to
U]TJ'_&(SI) % V1?172+1(Q*) X Vl:n-&-a(()*).

Then Lemma 4.1 indicates that equation (4.12) has nontrivial solutions if and only if
vy = vk (k = k.), and in this situation all solutions of equation (4.12) are given by

&(x) = C coskx,
where C is an arbitrary constant. It follows that
Kerd, Fi(ps, yk) is of one dimension, spanned by & = coskx. (4.15)
Moreover, by Lemma 2.4, equations (2.27), (2.31) and (4.4) we have

0pFi(ps, 7)1 = =20 % 0,

OpFi(p«,7) cos jkx = cjp(y —pjp) cos jkx,  j=1,2,...,

where
cik = [2u6 j*k*(\/ j2k? + Ap. tanh(y/ j2k> + Ap.) — jkp. tanh(jkp.))] /Zp.,
and y; has the expression in equation (2.30) with k replaced with jk. Hence, we have

codim Im0,Fi(p«, yx) = 1. (4.16)
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From the above analysis we can easily deduce that

0,0, Fk(p+,y) cos kx|,—, = cr coskx, (4.17)

=7k

where ¢, has the same form as the above cj with jk replaced with k. Moreover, equations
(4.15) and (4.16) imply that

%
coskx is orthogonal to 0,Fk(p+,yx)h for any h = Z cos jkx. (4.18)
j=0

It follows from equations (4.17) and (4.18) that

ayaka(p*,y)fkh,:yk ¢ ImaﬂFk(p*,“/k). (4.19)

Combining equations (4.13)—(4.16) and (4.19), we see that all the assumptions in The-
orem 1.7 of [9] are satisfied by the equation (4.12). Thus using that theorem we infer that
in a neighbourhood of (p.,yx) the set of solutions of equation (4.12) consists of two C"~2
smooth curves I'y and I', which intersect only at the point (p«, 7). Actually, I'y is the
curve (p«,7) and I'; can be parameterized as

F2 . (ps, ,ya)’ |8‘ is small, (poa VO) = (p*a’yk)a p/(o) =0

Returning to the original problem (1.1) and using equations (2.21) and (2.22), we see that
the corresponding bifurcation solution (Y%, p*, a*, p?) of equation (1.1) has the asymptotic
expansion

98 =+ 0(e), pi(x) = ps +ecoskx + O(&?),
0(x,y) = 6.(y) + eDy(y) coskx + O(e*),  pi(x,y) = p*(y) + eEx(y) coskx + O(e?),

(4.20)
where
h(+/ inh(+/Ap«
V) = —5(«/7 tanh(x/7p.) + 27 )% cosh(Vk? + Zp-y) | . j7¥sin (ﬁp Y,
\[ osh(+/k? + Ap+) cosh(~/2p+)
N _ ysinh(\/Ap« y . , _.cosh(kp.y)
Ex(y) = uép.y* — ue — W(Fpal+ 2k*95) (421
k(y) = uGp.y” —po Jrcosh(JTipe) u( )icosh(kp*) )
_ cosh VK2 + 2p.y)
+u&(2k*y + /2 tanh ﬂp*))
sh(Vk? + 2p-)
This completes the proof of Theorem 1.2. O

5 Conclusions and biological implications

In this paper, we have studied a free boundary problem modelling the growth of multi-
layer tumours with Gibbs-Thomson relation. By reducing it to a nonlinear differential
equation on Banach spaces and then using analytic semigroup theory and bifurcation
analysis, we prove that there exists a positive threshold value y. of surface tension
coefficient such that if y > y. then the unique flat stationary solution is asymptotically
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stable, while for y < y. it is unstable and there exist infinite number of non-flat stationary
bifurcation solutions with free boundary p?(x) = p. + ecoskx + O(&?).

Instability of a tumour implies that the tumour may grow with a variety of shapes, in
particular, generate protrusions, or “fingers” in the form of bifurcation solutions, which
are associated with invasion by the tumour of its surrounding stroma (cf. [18, 19]]).
Concerning Gibbs-Thomson relation, 2yx is the energy required to maintain the inter-
cellular bonds existing on the free boundary. As a consequence, our results indicate that a
smaller value of surface tension coefficient y leads to smaller energy on the free boundary,
which further makes the protrusions generate more easily and tumours more aggressive.

It is also interesting to compare the model with Gibbs—Thomson relation and the model
with surface tension effect which was well studied in [11,32], with a similar result for a
corresponding threshold value J. (see equation (2.34)). In the model with Gibbs—Thomson
relation, by the definition (2.33) we see that y. is independent of the proliferation rate g,
which means that the proliferation rate has no effect on the tumour’s stability. However
for the model with surface tension effect, . depends linearly on p. Moreover, Lemma 2.6
says that y. < j. for large proliferation rate y, which implies that a tumour with surface
tension effect is more hazardous and aggressive than a tumour with Gibbs—Thomson
relation. However for small proliferation rate the situation is the opposite.
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