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Abstract. We consider a smooth area-preserving Anosov diffeomorphism f: T2 — T2
homotopic to an Anosov automorphism L of T2. It is known that the positive Lyapunov
exponent of f with respect to the normalized Lebesgue measure is less than or equal to
the topological entropy of L, which, in addition, is less than or equal to the Lyapunov
exponent of f with respect to the probability measure of maximal entropy. Moreover, the
equalities only occur simultaneously. We show that these are the only restrictions on these
two dynamical invariants.
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1. Introduction

The aim of the flexibility program is to study natural classes of smooth dynamical systems
and to find constructive tools to freely manipulate dynamical data inside a fixed class. The
result described in this paper is another example demonstrating the flexibility principle in
dynamical systems.

1.1. Anosov volume-preserving diffeomorphisms on tori. Consider an n-dimensional
torus T" = R"/Z", n > 2. Anosov volume-preserving C* (smooth) diffeomorphisms
represent a natural class for studying flexibility questions. For any f in this class
the tangent bundle of T" splits as a direct sum 7T" = E* @ E® of two Df-invariant
subbundles E” (unstable) and E* (stable) such that E* is uniformly expanded by Df and
E* is uniformly contracted by Df. Moreover, by [KH9S, Theorem 18.6.1], f is homotopic
and topologically conjugate to an Anosov automorphism L given by a hyperbolic matrix
in SL(n, Z), that is, a matrix in SL(n, Z) with no eigenvalues on the unit circle.
The Lyapunov exponent of f atx € T", v € T,T" \ {0} is given by
A(f,x,v) = lim sup w.

n—o0

(1.1)

Since f is volume-preserving, f preserves the normalized Lebesgue measure Leb
which is ergodic [AS67]. Moreover, there exists a unique measure of maximal entropy v
for f which is ergodic [Bow71]. Applying the Oseledets multiplicative ergodic theorem,
we obtain that for any f-invariant ergodic Borel probability measure p the limit

lim log | Dy f" VI

n— 00 n
exists for p-almost every x € T" and all non-zero v € 7, T". In particular, we obtain
a collection of n numbers Ay, (f) > -+ > X, ,(f) as possible limits that are called
Lyapunov exponents of f with respect to . Since f is Anosov, all these numbers are
non-zero. We denote the number of positive elements in this list by #(f) and call it the

unstable index of f. Also, for any f-invariant ergodic Borel probability measure u,

u(f)
D hiu(f) = /T log | Df gl d. (1.2)
i=1

The Lyapunov exponents with respect to Leb and v ¢ are natural dynamical data to look
at in the context of the flexibility program.

We denote by hp(f) and hpep(f) the topological entropy and the metric entropy with
respect to Leb of f, respectively. The following relations for the entropies and Lyapunov
exponents considered are known in this setting.
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e For an Anosov automorphism L: T" — T", we have hyp(L) = hren(L) =
YU i Leb(L).
e Since hyop is an invariant of topological conjugacy [KH9S, Corollary 3.1.4], we obtain
thatif f is homotopic to an Anosov automorphism L, then Ap(f) = hiop(L).
Since f is volume-preserving, we have Y 7| Aireb(f) = D 7y Aiv, (f) =0.
e Variational principle for entropies [KH9S, Theorem 4.5.3]: Areb (f) < hiop(f).
o Ruelle’s inequality [Rue78al: huop(f) < Y diw, ()-
e Pesin’s entropy formula [BP07, Theorem 10.4.1]: hrep (f) = Z;‘g) AiLeb(f).
Thus, some representative questions (ordered by increasing number of requirements)
concerning flexibility of Lyapunov exponents for Anosov volume-preserving diffeomor-
phisms on T” are as follows.

Question 1. (Conjecture 1.4 in [BKRH19]: weak flexibility for one measure) Given any
list of non-zero numbers &; > - - - > &, such that Z?:l & = 0, does there exist a smooth
volume-preserving Anosov diffeomorphism f of T" such that

A1Leb(f)s - s AnLeb(f)) = G1, .., 61)?

Question 2. (Problem 1.3 in [BKRH19]: strong flexibility for one measure) Let L: T" —
T", n > 2, be a volume-preserving Anosov automorphism with the unstable index u. Given
any list of numbers

&1 28>0>811>--§
such that

n u

Y &=0 and Y & <hp(L),

i=1 i=1

does there exist a smooth volume-preserving Anosov diffeomorphism f: T" — T"
homotopic to L such that

(A1Leb(f)s - s AnLeb () = G1, .-, 60)?

Question 3. (Weak flexibility for two measures) Letn € N\ {l}andu € NN [1, n). Given
any two lists of numbers

1z 28>0>&p =28 ad m=--- 20 >0>np1 220
such that

n u u
Y &=0, Y mi=0 and Y &< u,
i=1 i=1 i=1

i=1
does there exist a smooth volume-preserving Anosov diffeomorphism f: T" — T” such
that

(A1Leb(f)s - -5 AnLeb(f)) = (&1,...,&) and
()"l,v_f(f)’ ey )\n,vf(f)) - (771’ oo T’n){’
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Question 4. (Strong flexibility for two measures) Let L: T" — T", n > 2, be a
volume-preserving Anosov automorphism with the unstable index u. Given any two
lists of numbers

f1z2 - 28>0>841>---8 and n =20 >0>nq1 ==,

such that

n u u
Y&E=0. > mi=0 and Y & <hep(L) <Y ni.
i=1 i=1 i=1 i=1

does there exist a smooth volume-preserving Anosov diffeomorphism f: T" — T"
homotopic to L such that

(A1Leb(f)s -+ s AnLeb(f)) = (51, ..., &) and
()"l,vf(f)’ cee )"n,l)f(f)) =M1,...,00)7

Corollary 1.6 in [BKRH19] gives a positive answer to Question 1 when formulated with
strict inequalities among the given numbers. For n = 2, it is folklore among specialists
that the positive answer to Question 2 was already known by A. Katok using a fairly
straightforward global twist construction. The positive answer for n = 2 and partial answer
for n > 2 follow from [BKRH19, Theorem 1.5]. Moreover, [BKRH19, Theorem 1.7]
provides the full solution of Question 2 for T with additional restrictions and the
requirement of simple dominated splitting.

In this paper we study Question 4 and provide a positive answer for n =2 (see
Theorem A). This result can be considered as the two-dimensional version of [Erc19].
All in all, this work differs from [BKRH19] by considering flexibility for a pair of
exponents instead of a single exponent and by using a more explicit construction. The
main difficulty here lies in controlling the measure of maximal entropy. Essentially, the
only way to estimate the measures of sets with respect to the measure of maximal entropy
is to use Markov partitions which are difficult to understand explicitly for a general Anosov
diffeomorphism.

1.2. Formulation of the result. Let T? = R?/Z?. Let f be a smooth area-preserving
Anosov diffeomorphism on T? homotopic to an Anosov automorphism L. We denote by
Aabs (f) and Amme (f) the positive Lyapunov exponents of f with respect to Leb and to the
measure of maximal entropy v s, respectively.

Thus, summarizing §1.1 with n = 2, we have two possibilities: either

0 < Aans(f) < htop(L) < Amme(f)

or

)Labs(f) = )\mme(f) = htop(L)~

Question 4 asks if the above relations are the only relations between Aypg and Apme. Our
main theorem shows that this is indeed the case.
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FIGURE 1. (a) Possible values of (Aabs, Amme), (b) Constructions from the proof.

THEOREM A. Suppose L, is an Anosov automorphism on T? which is induced by a
matrix A € SL(2,Z) with |trace(A)| > 2. Let A = hyop(La). For any Agps, Amme € R
such that 0 < Agps < A < Amme, there exists a smooth area-preserving Anosov dif-
feomorphism f: T2 — T2 homotopic to Ly such that Aaps(f) = Agps and Amme(f) =

Amme-

The shaded area plus its lower right corner in Figure 1 shows the set of all possible
values for pairs (Agps, Amme) in the setting of Theorem A.

Using that there is no retraction of a square onto its boundary and continuity of the
Lyapunov exponents in the constructed family (see Remark 1.1), Theorem A can be
reduced to the following result.

THEOREM B. Suppose L 4 is an Anosov automorphism on T* which is induced by a matrix
A € SL(2, Z) with |trace(A)| > 2. Let A = hyop(L a). For any positive numbers y, S and
T such that A < S < T, there exists a smooth family { f; ;}, where (s, t) € [0, 1] x [0, 1],
of area-preserving Anosov diffeomorphisms on T> homotopic to L 5 such that the following
hold:

(1) A=y <Xas(fs0) = A foralls € [0, 1];

(2) Aavs(fs,1) <y foralls € [0, 1];

3) Amme(for) < Sforallt €0, 1];

4) Amme(f1:) > T forallt € [0, 1].

Remark 1.1. Tn a smooth family of Anosov area-preserving diffeomorphisms on T2,
the Lyapunov exponents with respect to Leb and the measure of maximal entropy vary
continuously. For the Lebesgue measure, this follows immediately from (1.2) and the fact
that the unstable distribution E* varies continuously. In addition, the measure of maximal
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entropy depends continuously on the dynamics in the weak* topology. To see this, we
can use the fact [Mo0s69, Theorem 1] that for a smooth family of Anosov area-preserving
diffeomorphisms, the topological conjugacy to L4 is continuous in the parameters of the
family. Moreover, the measure of maximal entropy is mapped to the measure of maximal
entropy by the conjugacy. For the families we consider, the continuity of the measure of
maximal entropy can alternatively be seen directly using the constructed Markov partition
(see §§2.3 and 3.3).

1.3. Outline of the proof. To prove Theorem B, we construct (large) smooth
(area-preserving) homotopic deformations of Anosov automorphisms, that is, deforma-
tions preserving the homotopy class, and estimate A,ps and Apme of the resulting Anosov
diffeomorphisms. We refer to Figure 1(b) in what follows.

e Without loss of generality, we assume that trace(A) > 2. It is enough to prove
Theorem B in that case because of the following argument. Assume that B € SL(2, Z)
with trace(B) < —2. Then —B € SL(2,7Z), trace(—B) > 2, and hyp(Lp) =
hiop(L—B) = A. Assume that Aups, Amme € R such that 0 < Agps < A < Amme
and there exists an area-preserving Anosov diffeomorphism f: T?> — T2 homotopic
to L_p such that Aaps(f) = Aaps and Amme(f) = Amme. Let —I = (' © ). Then
L_jo f: T? — T2 is an area-preserving Anosov diffeomorphism homotopic to L
such that Ayps (L7 © ) = Aaps and Amme(L—7 © ) = Amme.

e In §2 we describe a homotopic deformation that produces for any given positive
number H and any small positive number y a curve in the set of possible values
of (Aabss Amme) ¥ -close to side B with one endpoint at (A, A) and the other endpoint
corresponding to a smooth area-preserving Anosov diffeomorphism with Ayme larger
than H. The resulting diffeomorphisms have a large twist on a thin strip. In §2.2, we
find a lower bound on Agps. In §2.3 we provide a lower bound on Apyme by controlling
the measure of maximal entropy of the constructed diffeomorphisms through Markov
partitions. The following theorem summarizes the result in §2.

THEOREM C. (Theorem 2.1) Suppose L4 is an Anosov automorphism on T2 which is
induced by a matrix A € SL(2, Z) with trace(A) > 2. Let A = hop(L o) and H > 0. For
any positive number 'y, there exists a smooth family {gs}sc[o,1] of area-preserving Anosov
diffeomorphisms on T? homotopic to L 4 such that gy = L o and the following assertions
hold:

(A) gy = L4 in a neighborhood of (0, 0) for all s € [0, 1];

B) A —y < Aaps(gs) < A foralls € [0, 1];

(©) Amme(g1) > H.

e In §3, starting from the Anosov diffeomorphisms from the first construction with
Amme in some range of values, we modify them in a smooth way by a slow-down
deformation near a fixed point to get Anosov diffeomorphisms realizing a curve in
the set of possible pairs (Aaps, Amme) arbitrarily close to side C (see Lemma 3.5).
In this construction, we are able to keep the lower boundary of the realized pairs of
exponents arbitrarily close to side A (see Lemma 3.7) and the upper boundary above
a line Amme = T (see Lemma 3.10), where T depends on the initial range of values
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of Amme for the diffeomorphisms coming from the first construction. As a result, we
produce a two-parametric family of Anosov diffeomorphisms coming from homotopic
deformations covering any given rectangle within the semi-infinite strip that is
the set of possible values of (Aaps, Amme). The following theorem summarizes the
result in §3.

THEOREM D. (Theorem 3.1) Suppose L4 and A are as in Theorem C. For any H such

that A < H and positive number vy, let {gs}se[0,1] be a smooth family of area-preserving

Anosov diffeomorphisms on T? homotopic to L 4 from Theorem C applied for y and H with

lower bound on Amme(g1) coming from Lemma 2.7 being larger than H. Then there exists a

constant C such that foranyo > 0,8 > A there exists a smooth family { fs ; }(s.1)e[0.11x[0,1]

of Anosov diffeomorphisms on T2 homotopic to L 5 such that:

(A) fso=gsforalls €0, 1];

(B) fs.: preserves a probability measure (s which is absolutely continuous with respect
to the Lebesgue measure;

(©) Aavs(fs,1) <y foralls €10, 1];

(D) Amme(foz) < S forallt € [0, 1];

(E) Amme(f11) = H + Co.

o Let {fir}s,nef0,11x[0,1] be the family of Anosov diffeomorphisms in Theorem D.
By the Dacorogna-Moser theorem [HJJ17, Theorem, Appendix A], there exists
a C* family {W,,} of C* diffeomorphisms of T? satisfying Wl us, = Leb. Let
fs,, = \I/s,[fs,,\llsftl. Then {fs,,} is a C* family of Anosov diffeomorphisms on T2
that preserve Leb. Since the conjugacy is smooth, we obtain Agps( fs,z) = Aabs(fs.r)
and Apme ( fs,t) = Amme (f5,r). Therefore, we obtain Theorem B if we apply Theorem D
for H = 2T and sufficiently small o.

1.4. Further questions for Anosov diffeomorphisms of T?. Interestingly, Theorem A
can be reformulated as a statement on flexibility for the pressure function among smooth
area-preserving Anosov diffeomorphisms homotopic to a fixed Anosov automorphism as
follows.

Let qb,f (x) = —tlog |Df|E,x)| for any x € T2. This is called the geometric potential.
The pressure function for the potential ¢>tf is defined by

P¢]) = sup (hu(f) 4 / ¢! du),
iz T2

where the supremum is taken over all f-invariant probability measures on T2 and & w(f)
denotes the measure-theoretical entropy of f with respect to w. It is known that P(qbér )=
hwop(f) and P (qblf ) = 0. Also, P(qb,f ) is a convex real analytic function of ¢ (see, for
example, [Rue78b, §§0.2 and 4.6] and [BG14]). Since sz ¢tf du becomes a dominated
term as ¢ tends to oo, we have that P(¢,f ) has asymptotes as t — +oo. Moreover,
(d/dt)P(@] )10 = —hmme(f) and (d/d1)P(¢])li=1 = —habs(f). Thus, Theorem A
shows that we can vary the derivatives of the pressure function at t =0 and r = 1. As
aresult, a more general flexibility question can be formulated in the setting of Theorem A.
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Question 5. Let L be an Anosov automorphism on T2, Given a strictly convex real analytic
function F: R — R such that F(0) = hwp(L), F(1) =0, (dF/dt)|;=0 < —hiop(L),
(dF/dt)|;=1 € (—hwp(L),0), and F(t) has asymptotes as ¢ — +oo. Does there
exist a smooth area-preserving Anosov diffeomorphism f homotopic to L such that
P@/) = F(1)?

The answer to the above question will require different techniques than presented in
this paper. If the answer is negative then it would be interesting to determine which extra
conditions on the function must be satisfied. For example, do the higher derivatives of
the pressure function [KS01] provide any additional restrictions? Is there a finite list of
conditions that must be added in order to obtain flexibility?

We can also consider a rigidity problem connected to the pressure function. Let f be a
smooth area-preserving Anosov diffeomorphism homotopic to an Anosov automorphism
L. By work of de la Llave [dIL.87] and of Marco and Moriyén [MMS87], we have that if
Xabs(f) = hop(L), then f and L are C*° conjugate. By the properties of the pressure
functions discussed above, we have that if P(d)tf )=P (qS,L) for all ¢+ € R, then f and
L are C* conjugate. A natural question is whether L can be replaced by any smooth
area-preserving Anosov diffeomorphism.

Question 6. Let f and g be smooth area-preserving Anosov diffeomorphisms on T? that
are homotopic. Assume P(qb,f ) = P(¢f) for all ¢ € R. Does this imply that f and g are
C° conjugate?

2. Construction I
In this section we prove Theorem 2.1 using several lemmas. We begin by showing how to
deduce the theorem from these lemmas before stating and proving the lemmas themselves.

THEOREM 2.1. Suppose L, is an Anosov automorphism on T2 which is induced by
a matrix A € SL(2,7Z) with trace(A) > 2. Let A = hyp(La) and H > 0. For any
positive number y, there exists a smooth family {gs}sc[0,1] of area-preserving Anosov
diffeomorphisms on T? homotopic to L such that gy = L o and the following assertions
hold:

(A) gs = L4 in a neighborhood of (0, 0) for all s € [0, 1];
B) A=y <has(gs) < Ajforalls € [0, 1];
© )"mme(gl) > H.

Proof. Fixm € (0, 1). Let! € (0, 1) where /, comes from Lemma 2.6 applied for ¢ = y.
Let 8 = fo from Lemma 2.7. Choose § small enough such that

Q log (Bl +8(1 — o)) /8) + (1 — Q) log C > H,

where Q, C, ™ (-) are as in Lemma 2.7. Note that this is possible because pu* () — oo
as t — oo. Also, let w € (0, wo(3)). Then the family of maps Fl‘fg defined in (2.4) where

8 varies in [3, [] is the desired family of maps. O
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FIGURE 2. The graph of fjs.

2.1. Construction I: Anosov twist diffeomorphisms. Here we give an explicit formula
for a family of smooth area-preserving twist diffeomorphisms (2.4) that are Anosov for
an appropriate choice of parameters (see Lemma 2.4). A smooth subfamily of these
diffeomorphisms is used to prove Theorem 2.1.

Suppose L4 is an Anosov automorphism on T2 which is induced by a matrix A €
SL(2,Z)suchthat A= (%5)anda+d > 2.

Fixm € (0, 1), let! € (0,1 —m) and § € (0, /). Choose § € (0, 1) such that a + d —
|b|B > 2. Notice that such g exists because a + d > 2.

Define a function f;s: [0, 1] — [0, 1] (see Figure 2) in the following way:

(1—-pB)x+ Bm ifm<x<m+1-56,
[+68(1 — DI -6

fis(x) = ﬁ*; ﬂ)x_ﬁ(””;( ) itmtl—s<x<m+l, @D
X otherwise.

The following lemma allows us to obtain a smooth function that coincides with the
given continuous piecewise linear function outside small neighborhoods of points of
non-smoothness.

LEMMA 2.2. Let f;5(x) be as in(2.1) and w € (0, §/4). Denote by fl’a (x) the continuous
map on R that is a lift of f1s(x) such that f;5(0) = f15(0). Let 6,,(x) be a smooth
positive even function on R such that fR Ow(y)dy =1 and 0,(x) =0 if x & (—w, w),
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where w > 0 is sufficiently small. Define

o) = /R frsGx = 0w ()dy foranyx e R and ~ f%(x) = f%(x) (mod 1).
(2.2)

Then we have that fl“g is a smooth function on R/7Z. Moreover, fl”g (x) = fi.5(x) outside
of w-neighborhoods of the points x =m, m+1—368, m + 1.

In particular,
1=B<Diff5=1 ifm—w<x<m+w,
Dy ffs=1-8 ifm4+w<x<m+I1-5§—w,
I+68(1 —
1—,3§Dxfff§§w ifm+l—-56—w<x<m+Il-5+w,
[+68(1 — 2.3)
Dxfffé=w ifm+l—-86+w<x<m+Il—w,
I+6(1 —
ISDxfl'fgfw ifm+l—w<x<m+Il+w,
D, fl"é =1 otherwise.
Proof. See the proof of [Erc19, Lemma 3.1]. O]

We define fl% = f1.5. For any sufficiently small w > 0, we consider a family of maps
Fj: T2 — T2, where
(a —|b))x + by + |b| f;%5(x)
F(x,y) = 13 mod 1. 2.4
16 Y) ((c — sgn(b)d)x + dy + sgn(b)df;s(x) 9

In particular, we have Fl“jg = (Z f;) on{(x,y) € T?|x € [0,m —w] U [m +1+w, 1)}.
By the choice of 8, Lemma 2.2, and Lemma 2.4 below, we have that for all / € (0, 1 —
m), 6 € (0,1), and sufficiently small w > 0 the map Fl'fg is an area-preserving Anosov
diffeomorphism homotopic to L 4.
We will need the following general facts.

Proposition 2.3. Let

o atble-1 b
A(t)_(c—l—sgn(b)d(t—l) d) 2:5)

where a, b, c,d,t € R, ad —bc =1, and a +d + (t — 1)|b| > 2. Then det(A) = 1 and
the eigenvalues of A(t) are

wE@) = %(a +d+ bt — 1) :I:\/(a +d + |b|(t — 1))2 —4> 2.6)

with corresponding eigenvectors

Lo 2b
€= <¢i(a+d+|b|(t— 1)))’ @7

where ¢F (1) = 2d — u = V/u? — 4 . In particular, u+(r) > 1and 0 < u=(¢) < 1.
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FIGURE 3. The image of T2 under F obtained from A = ( % % ) and f = flu/)4,1/16 with parameters w > 0

_ 1
andm = 5.

Proof. Follows from straightforward computations. O

LEMMA 2.4. Suppose L, is an Anosov area-preserving automorphism on T? which is
induced by a matrix A = (‘C‘ 3) € SL(2, Z) with trace(A) > 2. Let f: R/Z — R/Z be a
smooth diffeomorphism such that f(0) = 0,0 < o) < Dy f forallx e R/Z, anda + d +
(a1 — 1)|b| > 2. Define a map F: T> — T2 in the following way:

(a—1bDx + by +1b|f(x) ) mod 1.

F(x,y) = <(C — sgn(b)d)x + dy + sgn(b)df (x)

Then F is a smooth area-preserving Anosov diffeomorphism on T2,
Moreover, let @ > O suchthat @ < oy anda + d + (@ — 1)|b| > 2. Define the following

vectors:
2b b
+ _ +
Vinin(1) = <¢+(a +d+ Iblt)) > Vmax = (d) ’

_ 2b _ 0
Vmi“(t)=(¢<a+d+|b|r>)’ and Vmax:(—l)’

where ¢F as in Proposition 2.3 and t > (2 — (a + d))/|b|. Let C* be the union of the
positive cone spanned by Viin (¢ —1)and Vfﬁax and its symmetric complement with vertex
at (0,0) in R?, respectively. Then the cones C* in T(x’y)']l'2 for all (x,y) € T? define a
system of invariant cones for F. Also, there exist u > 1 > v > 0 that depend only on the
entries of A and & such that for all v e C™ we have Dy Fvll = vl and forallv e C~

we have ||D(x,y)F7]V|| > vl vl for any (x, y) € T?.

2.8)

Remark 2.5. We apply Lemma 2.4 for the family of functions f;% (see (2.2)) which satisfy
£50) =0and D, ' > 1 — B forall x € R/Z (see (2.3)). Recall that we only work with
B € (0,1)suchthata +d — |b|g > 2.

Proof. Notice that F is a smooth map from T? to T2 with Jacobian equal to 1, so it is an

area-preserving diffeomorphism.
We show that F is Anosov using invariant cones [KH95, Corollary 6.4.8].
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ct
et (1

+
VUmax,

min

VmazY

v (a—1)

e (1)
FIGURE 4. The cones C* for F obtained from A = ( % % ) with @ = 0.5. Here e* (1) are eigenvectors of A.
Define A(t) = atibli=1) b)) 1y particular, we have D F = A(Dy f) for an
=\ c+sen@)d=1)a )- M P > @yt = x y

(x,y) € T2

We point out some properties of ¢=. First, we have that ¢ (1) is monotonically increas-
ing and ¢~ (u) is monotonically decreasing for u > 2. In particular, 2(d — 1) < ¢™ (u) <
2d for u > 2. Also, both functions are smooth for # > 2. Moreover, lim,_, 100 ¢ (1) = 2d

and lim,— 400 ¢~ (#) = —oo. Therefore, we obtain that C* N C~ = @. Moreover, for any
t > a; > a, we have
ANOCT cInt(CT) and A@)~'C” cInt(C), 2.9

where Int stands for the interior of the set. See Figure 4 for an example of C*.
We consider the inner product of v;’l.m (@—1)and v,
20> +2dd—1) ifd >0,
2b* +2d* ifd <0.
(2.10)

min max

vt @ —1), v )=2b2+d¢+(a+d+|b|(&—1))z{

By (2.10), using the fact that d € Z, we have that <V+ (@ —1), V$ax) > 0.

min
Recall that anin(& — 1) is an eigenvector of A(&) with an eigenvalue u™ (&) > 1.
Therefore,

A [ ble—& 0\ -
aeng@- 017 = [a@+ (¢ @) @

2

2

N . 1b]
B HA@Vmin(a D420 —ab (sgn(b)d)

= lut@vi (@ — 1) +21bI(t — @)y lI?
=T @IvE (@ — DI + 4@ — @) bl(vi @ — 1), Vi)

+ 2t — @bV D2
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Therefore, since p(@) > 1 and (vi. (& —1),v},) >0, for any  >& we have

AWV @ — DIl = pt@vi @ - DI.

Moreover, using that ad —bc =1,d € Z, and a + |b|(t — 1) +d > 2 for any ¢ > &,
we have

s oo | arble—D b (b
IA@) V™ = H (c+sgn(b)d(t -1 d) <d>

_H( b(a+|b|(r — 1) +d) )
| \=1+d@+ bt —1)+d)

2

2| (bla+ bl = 1) +d)
be + |bld(t — 1) + d?

2

=b*(a+d+|b|(t — 1)> + (da+d+|b|(t—1)) — 1)?>>4b*> + 2d — 1)?

302 4+3d> —4d+1Y\ ,
1 I [V

In particular, AVl > il Vi ll, where pt =1+ 3b?+3d> —4d +1)
/(b* +d?*) > 1because 3d> —4d + 1 > Oford € Zandb # 0asa,d € Z,ad — bc = 1,
and trace(A) > 2.

Let w=min{u" (&), utH,} > 1. By the properties of ¢+ and the fact that
trace(A(t)) > 2 for ¢t > &, we have that the expanding eigenvectors of A(¢) for any r > &
belong to CT (see (2.7)). Moreover, for any ¢ > &, if the set of all vectors in R2 that expand
at least u times by A(#) is non-empty, then it is a cone containing an expanding eigenvector
of A(t). As shown above, v;in (@ — 1) and v}, expand at least u times by A(z) for any
t > &. Since C" is the cone spanned by V:r'lin(& — 1) and v ., we have |[A()V] > wl||v||
forallve C* andforall > &.

Similarly, it can be shown that there exists v € (0, 1) such that for all v e C~, we have
IA@®) ™ v|| = v !|v| forall ¢ > @.

Since Dy y)F = A(Dy f) for any (x, y) € T? and D, f > a1 > @&, by the criterion for
a map to be Anosov using invariant cones, we obtain that F' is Anosov. O

2.2. Estimation of Aaps in Construction 1. The goal of this section is to prove the
following lemma.

LEMMA 2.6. Consider the smooth area-preserving Anosov diffeomorphisms Fl“(’s (T2 -
T? defined in (2.4) (see also Lemma 2.2) using A = (f Z) e SL(2,7Z) witha+d > 2.
Then for any ¢ > 0 there exists l, = l.(A, €) > 0 such that for any 0 <1 < I, any 0 <
B <(a+d—2)/|b|, any 6 € (0,1), and any w € (0, 6/4), we have )Labs(Fl'fg) > A —¢,
where A = hyop(La) = log(u™ (1)) (see (2.6)).

Proof. By Lemma 2.4, we have the following. For each point p € T2, let C]j,[ be the union
of the positive cone in the tangent space at p spanned by Viin(— B) and vfﬁax (see (2.8))
and its symmetric complement. Then C;; ne, =4,

w7+ + wy—1,-— —
Dy(F3)CY C gy and Dp(F5)™'C, CCly i (2.11)
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Moreover, there exists i > 1 that depends only on A and 8 such that
IDp(F)vIl = pllv]l  forany v e C;. (2.12)
Let v* = et (1) and v* = e~ (1) (see (2.7)). Then

_u u s s
= CmaxV + CmaxV »

where (Cﬁm)=; (a+d)+\/m
: sJatrdi—a\-a+d+Va+d)?—4)"

Cmax
S

+ _u u s
Vmin(_ﬂ) = Cmin¥Y T ChinV >

+

Vmax

where <C?nin> - _ 1 <q§+(a +d—|b|B) — ¢ (a+ d))
min/  2J/(@+d)F —4 \$T@+d)—¢T(@a+d—1bip))’
(2.13)
where ¢, ¢~ are as in Proposition 2.3.
Moreover, any v € C;; can be written in the form v = v, + aovi. (—B), where

ajay > 0. In particular, for any n € N, we have

ST { A" Vi ||A"v:ﬁn<—/3>||}
IWahaxll V(=)

vl

if v # 0. Thus, for any v € ct,

. . c .
[A™V] > e [v* ||| sin Z(v*, v*)| min { —2&_ i vl
+ ¥
Vmaxll 1V (Bl

Notice that ¢ /||v;} .|| depends only on A. Also, we have

1
. . \a , s v\ 2
- min — ”Vu”l(l 42 I;m . ” M” cos Z(VM,V5)+< runm X ” M” )
IV i (=Bl min VAl min V"1l
where

Chin 2y (a+d)?—4 0
. dta+d—1blp)—¢ (a+d)

Since ¢ (1) is monotonically increasing and 2(d — 1) < ¢ (u) < 2d for u > 2, we have

that

2ard?—4 o 2/(a+d)? -4 .
(a+d)++(a+d)?—4 Cmin  (@+d) =2+ (a+d)?—4

As a result, there exists a constant C > 0 that depends only on A such that

|A"V]| > A Clv]]. (2.14)

By the Oseledets multiplicative ergodic theorem, we obtain that
log || D, (F{5)"V]

n

dabs (Ff's) = lim (2.15)
n— o

for almost every p € T? with respect to the Lebesgue measure and v € C:;.
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Let S={(x,y) € T?|jm —w < x <m + 1+ w}. We have Leb(S) = [ + 2w, where

Leb is the normalized Lebesgue measure. Moreover, we recall that F}’y = L4 on T2\ S,

in particular, D, Fl'fg = Aforall x € T?\ S. Consider p € T? and a natural number 1. We

write
S
n=2 nj
j=1
where n; € {0} UN and the numbers n; € Nfor j =1, ..., s are chosen in the following
way.

(1) The number n; is the first moment when (Fl',‘g)”1 (p) €S

(2) The number n, is such that the number n; 4+ n, is the first moment when
(F5)" 2 (p) € T\ S.

(3) The rest of the numbers are defined in the same way. For any k € N, the number nox1

is such that the number Y%+ 1 is the fi hen (F2)X551 " (p) € 8
is such that the number n; is the first moment when ( 1,8) J (p) €S,

j=1
and the number nyiy; is such that the number 23’:]2

2k+2
(FIZi= " (p) € T2\ S,
Letv € C} and ||v]| = 1. Then we have

n; is the first moment when

N
log 1D, (F3)"vil = 3 log 1D (g yrrmztnjn () (LI
j=1 ‘

where
Dy (Fi5)"'vi D guyminateinja ) (Fg)" Vo
ey R 1D, (E5mvill Y 1D gyyrienaeessnoa ) (F{) 1V )
forj=3,...,s.
In particular, ||vj||=1forj=1,...,5.

Using (2.12) and (2.14), we obtain for k € N,

Anj F s
. eMiC it j=2k—-1,
”D(Fll,%)”lJr”Z*”'Jr”jfl(p)(Fllfé)nj VJ” = {'unj

if j = 2k.
As aresult,
s [s/2] [s/2]
log [ID,(F3)"vIl = [ ] log € + A 2 i+ (og o) 3

Since F}% is a smooth Anosov diffeomorphism, by Birkhoff’s ergodic theorem we
obtain that

| 72 [s/2]
=3 oy > (A =1-2w) and =Y ny —> (+2w) asn— oo.
n k=1 n k=1

Moreover, each visit to Sis at least one iterate, so lim sup,,_, .. ([s/2]/n) < (I + 2w).
Therefore, since u > 1,

Aabs (F['s) = (I + 2w) minf{log(Cp), log u} + A(1 — 1 — 2w)
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> (I 4+ 2w) min{log(C), 0} + A(1 — [ — 2w)

— A asl—)OsinceO<w<Z. OJ

2.3. Estimation of Amme in Construction I. The results of this section can be summa-
rized in the following lemma.

LEMMA 2.7. Suppose L, is an Anosov area-preserving automorphism on T2 which

is induced by a matrix A = (‘Z Z) e SL(2,7) with trace(A) > 2. Fix m € (0, 1) and

let 1 € (0,1 —m) (see the setting of §2.1). There exists o € (0, (a +d — 2)/|b|) such

that there exist C and &g € (0,1) such that there exists Q > 0 with the following

property. Let § € (0, 80). Then there exists wy = wo(8) such that for any w € (0, wo] a

smooth area-preserving Anosov diffeomorphism Fl“g : T2 — T2 defined in (2.4) with the

parameter 3 = Py has the following properties:

@))] Fl’fg = A((Bol +6(1 — Bp))/9) in S;UO(S) where A is defined in (2.5) and S;)O((S) is
defined in (2.24);

2) VEY (S;U 0(8)) > Q where v Y is the measure of maximal entropy of Fl“(’g,

(3) Amme(Fs) = O log u*((Bol 4 8(1 — $0))/8) + (1 — Q) log C  where p*(-) is
defined in (2.6).

The key ingredient to estimate Amme is the construction of a Markov partition, which
allows us to represent dynamical systems by symbolic systems (see [KH95, §18.7] for more
details). We use the Adler—Weiss construction of a Markov partition [AW67] to construct
a Markov partition of F.

Let p € T2. Then
Wi (p) = {z € T? | lim dist((F5)" 2)., (F$)"(p)) = 0)
and
Wi(p) =z € T? | lim dist((F5)™" (). (F5)™"(p)) = 0}

are the stable and unstable manifolds of F}'s at p, respectively. Moreover, for any & > 0 let
Wl’;) (p, €) be the g-neighborhood of p in Wl’;) (p), where i = u, s. We denote F; 5 = Fl%,
and Wi(p) = W(p) fori = u, s.

Letv¥ = e (1) and v* = e~ (1) (see (2.7)). Since Fl"g = L 4 in a neighborhood of (0, 0)

by the construction of Fl“g, there exists ¥ > 0 such that for any sufficiently small w > 0,
we have

W, ((0,0), ) = {(x, y) | dist((x, ), (0,0) <, < (_xy) ,v"> = o} fori =u,s.
Moreover, since (0, 0) is a fixed point for F; ["‘:3, we have

W,,((0,0)) = U(F;fg)*”(Wg)((O, 0),«)) and
neN

Wi (0,0 = _J(FS5 (Wi (0, 0), k).
neN

(2.16)
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(1,1)

FIGURE 5. The image of the partition R (in black, solid) for ;s which is a perturbation of L4 where A =
( % i ) Some boundaries are compared to the partition of L4 (in black, dashed). The square (in blue) is T2.

2.3.1. Markov partition for F;s. Let us draw segments of W*((0, 0)) and W*((0, 0))
until they cross sufficiently many times and separate T2 into two disjoint (curvilin-
ear) rectangles R, Ry. Define R to be the partition into rectangles determined by
R; N F;5(Rj), where i, j = 1, 2. See Figure 5 for an example. For n € N let R" be the
partition into rectangles generated by (F;s5)'(R') N (F5)/(R"), where R’, R” € R and
i,j=—n,—n+1,...,n—1,n. Let RO = R. Note that the R” depend on A, B, m, I,
and § even though we do not emphasize this in the notation. By the construction, for each
R € R", we have that two opposite boundaries of R are contained in W*((0, 0)) and the
other two are contained in W*((0, 0)).
We have the following property for the partition constructed.

LEMMA 2.8. There exists By € (0, (a +d — 2)/|b|) and there exists 50(Boy) € (0, 1) such
that there exists ny € N with the following property. Let § € (0, §9) and R be the Markov
partition for Fys (described above) with 8 = Bo. Then there exists R € R"0 such that
RC{(x,y)eTx e m+1—8 m+1)).

Lemma 2.8 will follow from the lemmas below. First, we introduce some notation and
definitions.
Denote

$1) = {(x, y) € T?|x € [m, m +1 = 81},
$2(8) ={(x,y) €e T’ [x e [m+1—8 m+1]}, (2.17)
Sy =T\ {(x,y) € T?|x € (m, m +1)).
Definition 2.9. Let n € N and R" be as described above. Let R € R". The s-size of R,
denoted by d;(R), is the distance in the v* direction between the two opposite boundaries

(or their extensions) of R that are contained in W*((0, 0)). The s-size of R" is d;(R") =
maxgeprt ds(R).
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Definition 2.10. Letn € N and R" be as described above. Let R € R". The u-size of R,
denoted by d,,(R), is the distance in the v* direction between the two opposite boundaries
(or their extensions) of R that are contained in W*((0, 0)). The u-size of R" is dy(R") =
max gern du(R).

LEMMA 2.11. Consider the setting above. Then there exists Bs € (0, (a +d — 2)/|b]) such
that for any B € (0, Bs) there exists 5; = §5;(B) € (0, 1) such that there exists a constant
vs € (0, 1) with the following properties. Let § € (0, §5) and ‘R be the partition for Fjs.
Then for any n € N, and any R € R" we have

ds (F15(R)) < vsds(R").

Proof. Let § € (0,1) and B € (0, (a +d — 2)/|b|). Consider the partition R for Fjs.
Let R € R" and d;(R) = r. Define pi, p» € W*((0, 0)) as the points on the opposite
boundaries of F;s(R) such that the segment [p1, p2] has direction v*. Partition [p1, p2]
into the minimal number of segments such that each segment is fully contained in one of
the regions F;s(S1), F1.5(S2), and Fy5(S3).

Recall that Fj s is linear in S7, Sz, and S3, so it takes a piece of a line to a piece of a line.

First, we find the directions of lines in S; and S, that are taken to lines with the direction
v¥. Let A(t) be as in Proposition 2.3. By the definition of F; 5, we have DF; 5 = A(1 — B)
onSyand DF; 5 = A((Bl +6(1 — B))/8) on 7.

It is easy to see that A(¢f)u(z) = v* if and only if

ui(r) —1s A s 0
= = (A = byt —1 i )
u() (ug(t)) AV = et sen®)a =D ()
. vy
where V¢ = ( v} ) and A = hop(La).
2
As a result, for any &1 > 0 there exists 81 = B1(e1, A) € (0, (a +d —2)/|b|) such
that for any B € (0, B1(g1)) we have |[v*||/(Jlu(1 — B)||) < e~ + . Moreover, for any

&2 > 0 there exists §1 = 81(e2, A, I, B) € (0, 1) such that for any § € (0, 61(e2)) we have
VI /(la((BL +8(1 — B))/OI) < é2.

Also,
u2(t) = v_§ + sgn(b)(t — l)e_A( —d+ bv—%>
ui(t) V] U]
5 1
=2 )t~ Dy +a—Vard?—Hd+a+Va+d? -4
1
=2 _sonb)(c — 1). (2.18)

v

According to the definition of Fjs, the construction of R", and (2.11), W*((0, 0))
is a piecewise linear curve with linear pieces having directions in the cone spanned by
Vr-;in(_ﬂ) and Vr_;ax'

Denote by L(I) the length of I C R? in the standard Euclidean metric. We estimate
L([p1, p2]). In the following discussion the phrase ‘a side has direction v’ means ‘a side

is contained in a line with direction v’.
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Case 1. Assume [pi, p2] C F;5(S3). Then (Fl,(;)’l([pl, p2]) has direction v* and
Fi5 = Laon 83,50 L([p1, p2]) < e Ads(R™).

Case 2. Assume [p1, p2] C F;5(S1). Let AD1 Dy D3 be a triangle such that Dy D; has
direction u(1 — B), Dy D3 has direction v*, L(D|D3) = dg(R"™), and D, D3 has direction
v (—p). Then, for sufficiently small 8 which depends only on A,

min

2|b
L(DyDy) =dS(R")<1 + o )
Va+d?—4+/a+d—blp? —4—blg
1+ ((v3/v}) + sgn(b)B)?
1+ (v3/v])?
Let AT|T,T3 be a triangle such that 7775 has direction u(1 — 8), 7173 has direction v*,

L(T1T3) = ds(R"), and T»T3 has direction v; .. Then, for sufficiently small 8 which
depends only on A,

21b1B ) \/ L+ ((v3/v]) + sgn(b)p)2

(a+d)++(a+d)?—4-2bB 1+ (v3/v))? '

Using (2.18), we obtain that L((Fl,(;)_l([pl, p21)) <max{L(D1D,), L(T\T»)} and
vl

la(l = B)|I°

where (max{L(D1D;), L(T\T»)})/ds(R") — 1 as 8 — 0. Therefore, there exists 8, =

B2(A) € (0, (@ +d — 2)/|b]) such that there exists vy = v2(82) € (0, 1) such that for any
B € (0, B) we have L([p1, p2]) < v2ds(R").

Case 3. Assume [p1, p2] C F15(S2). Let AD| D2 D3 be a triangle such that the follow-
ing hold: D D; has direction u((8! + §(1 — 8))/8), D1 D3 has direction v*, L(D|D3) =
ds(R"), and D, D3 has direction er'lin(— B). Then
L(D1D2)

L(T\'T) = ds(R")<1 +

L([p1, p2]) < max{L(D1Dy), L(T1T»)}

- (sgn(b)B — 8))/3
(@ +d)? =4+ /(a+d—bIp)> — 4+ |b|B)/2b + (sgn(B)B(I — 5))/5

=d;(R"|1

[T+ (w3 /v)) — sgn(b)BU — 8)/8)?
14 (v3/v})? '

Let AT, T, T3 be a triangle such that 777> has direction u((8! + (1 — B8))/68), T1 T3 has
direction v*, L(D1D3) = dg(R™), and D, D3 has direction vt . Then

_ (sgn(b)B(l —8))/8
(d/b) — (v3/v]) + (sgn(d)B( — 8))/$
1+ ((v3/v]) — (sgn(®)B( — 8))/8)?
L+ (v3/v])? '
Using (2.18), we obtain that L((F[’(g)_l([pl,pz])) <max{L(D1 D), L(T\T>)}. In
particular, for any fixed 8, there exists 63 = §3(8, A, [) € (0, ]) such that forany § € (0, 63)

L(I'Th) = ds(R")|1
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we have

”VS” < e_Ad (Rn)'
la((Bl +8(1 — B))/O)Il ~ *

L([p1, p2) = L((Fi5)" " (Ip1, p2])

Case 4. Assume [p1, p2] C Fi5(S1) U Fi5(S3) and [p1, p2] N Int(Fy5(S;)) # @ for
i = 1, 3. Combining cases 1 and 2, we obtain that there exist 8> € (0, (a +d — 2)/|b])
and vy =1(B2) € (0,1) such that for any B € (0,82) we have L([p1, p2]) <
max{e™ 2, v }ds(RY).

Case 5. Assume [p1, p2] C Fi5(S2) U Fy5(S3) and [p1, p2]1 N Int(F; 5(S;)) # @ fori =
2, 3. Combining Cases 1 and 3, we obtain that for any 8 € (0, 82) (where f, defined in
Case 4) we have that there exists §3 = §3(8, A, [) € (0, [) such that for any § € (0, §3) we
have L([p1, pal) < e 2dy(R").

Case 6. Assume [p1, p2] C F;5(S1) U F15(S2) and [p1, p2]1 N Int(F;5(S;)) # @ for
i = 1, 2. There is a piece of a line with direction v* that intersects two opposite boundaries
of a rectangle in R" that are contained in W*((0, 0)) and passes through a point of
(Fl,(g)’l([pl, p2]) that belongs to the line x =m + 1 —§ (on T?2). Then, using cases 2
and 3, we obtain that L([p1, p2]) < max{v,, e~ 2}d;(R™).

Case 7. Assume [p1, p2] C Fis(S1) U F15(S2) U F5(S3) and [py, p2] N Int(S;) # 9
fori =1,2,3.Letq; = (Fi5)"'(p,) where j = 1,2

Subcase 7.1. Assume q; € S3 where j = 1, 2. Recall that since F;s = L4 on S3 and
F; 5 is a piecewise linear map, if two segments y, y2» C Fys(S3) N [p1, p2], then the
segments (Fl,(g)’1 (y1) and (Fl’g)’l(yz) are subsets of a line with direction v* connecting
the opposite boundaries of a rectangle in R" that are contained in W*((0, 0)).

Let Q; be the maximal segment in [g1, ¢2] such that Q; C S;, where i = 1,2. We
denoter;y = L(Q1)andrp = L(Q»). Let Q; be the maximal segment in (Fl’(s)_l([pl, P2l
such that Q) C S;, where i = 1,2. We denote r; = L(Q)) and r), = L(Q}). By the
definition of Fy s and (2.18), we have

vy 2 v3 2
n=0-81+(=2), rn=s/t+(=2),
vy V]

s 2 1+ ((v5/v]) + sgn(b)B)?
ri:(l—(S)\/l—F(%—}-sgn(l))ﬂ) =r1\/ > ,

i J1+ @32
i () DG
=8 1+(2-G) =n ,
2 V] 1+ (v5/v})?

where Cs = sgn(b)B(l — 8)/5. Then

vl A L+ ((03/v}) + sgn(b)B)?
L(F; =r— =
Fal@D) =gy =" \/ T+ (13/0)) — €M B sgn(b) (—d + b(v3/v}))?
(2.19)
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and
L(Fi5(05) =15 oAl
’ lu(BL/8 + (1 — B))l
K A 2
R I+ ((vy/v]) — Cs) ' (2.20)
14 ((v3/v]) + Cse=2(—d + bv3 /v)))?

Choose K > 0 such that e (1 + K) < 1 and

1

o
(—d+bv—§
v

1
2
+K = +K
1> (a+d++(a+d)?*—4) =

which is possible since A>0 and a+d>2. Let V7 =
max{e (1 4+ K),2/(a +d ++/(a + d)? —4) + K}. Then there exists 87 = 7(A, K) €
(0, (@ +d — 2)/|b]) such that for any 8 € (0, B7) there exists 67 = 67(8, K, A,I) € (0,1)
such that for any 6 € (0, §7) we have L(F],(s(Q;)) <rjv; for i =1, 2 because we have
(2.19) and (2.20). Combining this with case 1 and the fact that L([q1, ¢2]) < ds;(R"), we
obtain that for the specified choice of 87 and 87, we have that L([p1, p2]) < vids(R") for
any § € (0, &7).

Subcases 7.2-7.3. Let Q) be the maximal piece of (Fj,5)~'([p1, p2]) in S; for i =
1, 2, 3. Notice that Q’3 has direction v*. Let Q be a piece of a line with direction v*
connecting the opposite boundaries of a rectangle in R" that are contained in W*((0, 0))
which passes through a point of (Fl’g)_l ([p1, p2]) that belongs to the linex = m + 1 — 6.

Subcase 7.2. Assume g1 € S3 and ¢» € S». Let O be the maximal piece of Q in
{(x,y) € ’]I‘2|0 <x<m+4Il—-35}and Qr = O\ Q1. Let D1 DyD3D4(z) be a trapezoid
such that Dy D, and D3Dy4 have direction v*, L(D1D;) = L(Q1), D> D3 has direction
u(l—p),

L(D2D3) = (= 8)|/ 1+ (w30} + sen(b) )2,

and D D4(z) has direction z = (2 ) In our case, we consider z = v . V$in(—ﬂ).
Moreover, to have a trapezoid for our choice of z, we should have

sgn(b) B ) _

22/21 — v3/v}

L(Q1)

/14 (v3/v))?

=(1=9 (1—

Then we obtain

K 2
L(D2D3) + L(D3Dy) = L(Q1) + (I — 8)(\/1 + <% + sgn(b)ﬂ)

1

(- ()
(Ga/zn) — (w/) v
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In particular, for sufficiently small 8 > 0 (depending on A), we have

L(D>D3) + L(D3Dy)

JU+ (@3/0]) + sgnv)p)? }}

A
€ Ve Vi (=7 )}{ (1 = san(®)B/ (/21 — 3 /o)1 + (w3 /0]

(2.21)

< L(Q1) max{ 1, max

Moreover,

vl
lu(l = Bl
A v ]] } ’ ’

s ————L(Q3 U Q)

FRETITN B
_A V]

" lu( =B

Let v} e (e™,1). Combining (2.21) and (2.22), we obtain that there exists
B7 = B7(A, v7) such that for any B € (0, 87), L(F15(Q5U Q7)) < v;L(Q1).

Also, for any B € (0, B}) there exists 83 = 83(B, A, 1) € (0,1) such that for any § €
(0, 83) we have L(FM(Q/Z)) < e_AL(Qz) (see case 3). Then for the above choice of
parameters we have

L(Fis(Q5U Q) = e “L(Q%) + L(Q)

< max {e

< max {e }(L(D2D3) + L(D3Ds)).  (222)

L([p1, p2]) < V4L(Q1) + e “L(Q2) < V,L(Q1 U Q2) < vid(R").

Subcase 7.3. Assume g1 € S1 and ¢ € S3. Let O, be the maximal piece of Q in
{(x,y) € T2|m +1l—-6<x<1}and Q1 = Q\ Q3. Let D1 DyD3D4(z) be a trapezoid
such that D;D, and D3D4 have directions v, L(D1D;) = L(Q7), DyD3 has direc-
tionu((Bl 4+ 8(1 — B))/8) and L(D2D3) = 8\/1 + ((v3/v]) — (sgn(®)B( — 8))/8)2, and

D1 D4(z) has direction z = ( %! ). In our case, we consider z = v, vio (= ). Moreover,
22 max min

to have a trapezoid for our choice of z, we should have L(Q»2)/,/1+ (v%/vi)2 >
(sgn(b)B( — 8))/((z2/z1) — (v5/v})) + 8. Moreover, we have

<2d vg) (a+d)+(a+d)?—4
sgenO)| — — = ) = >0

2 v 21b]
and
2d —(a+d—b|g)+(a+d—p|p)2—4 5
sgn(®) 2b T
1
BB +Va+d—1pIB)r -4+ Ja+d)? -4 o
B 2|b| '
Thus, we obtain
s\ 2 _
L(DsDs) = L(Q2) — 8.1 + (2) (1 + w) < L(Qy).
vy 8(z2/z1 — v3/v))

https://doi.org/10.1017/etds.2021.36 Published online by Cambridge University Press


https://doi.org/10.1017/etds.2021.36

Flexibility of Lyapunov exponents 759

Then for the choice of parameters as in case 7.1 we have
hall

(L =pN/d

L(Q5) + e 2L(Q2) < v7L(Q2).
(2.23)

L(Fis(Q9) + L(F5(QY) = o

Let v = max{v7, v2} and g7 = min{f,, B7}. Then for any 8 € (0, B5) there exists 87 =
87(B, K, 1, A) € (0,1) such that for any § € (0, §7) we have L([p1, p2]) < vids(R").
Combining cases 1-7, we obtain the statement of the lemma. O

Similarly to Lemma 2.11, we can obtain the following lemma.

LEMMA 2.12. Consider the setting above. Then there exists B, € (0, (a +d — 2)/|b])
such that for any B € (0, B,) there exist §, = §,(B) € (0,1) and v, = v,(8,) € (0, 1) with
the following properties. Let § € (0, §,) and R be the partition for F; 5. Then for anyn € N
and any R € R" we have

du((F16) " (R)) < vudy (R™).

Proof of Lemma 2.8. First, let By = % min{f;s, B, }, where s and 8, are as in Lemmas 2.11
and 2.12. Then 8’ = J min{8,(Bo), 8. (Bo)}.

Let § € (0,8). Denote A = A((Bol + 8(1 — Bp))/8). Then for any vector v=
a1V (—Bo) + a2V, Where ajan > 0 and oz% + a% # 0, we have

N Uy ~_
v=|. ]=A ly
v2

(i o)) oo ()
N —c—sgn(b)dﬁ‘)(if’s) a+|b|‘3°(f;8) "\¢~(a+d—Iblo) S

[ -6
- %w (o1 (2d — ¢~ (a +d — blfo)) + a2) (_01)
-1 2ba1
A (alqﬁ(a +d — |blBo) — az) ‘
Thus,
- {0’ 2 } _i2, seb)pol=9)  a
bQ2d — ¢~ (a+d — |blBy)) 01 8 b

< max {0, 2 }
b(2d — ¢~ (a +d — |b| o))

Therefore, there exists 8y € (0, §’) such that the following assertion holds. Let § €
(0, 8p) and I be a segment of W*((0, 0)) contained in S>(8) with endpoints (m + 1 — §, y1)
and (m + [, y») on its boundary. Then |y, — y1| > %,BOI.

Let R be the Markov partition for Fjs5. Denote by 9;(R) the boundary of R that
is contained in W/ ((0,0)), where j = s, u. By Lemmas 2.4 and 2.12, there exists
ny =n1(8g) € N such that there are two distinct segments I, J C 9 (’R’l’) N S>(8) with
endpoints (m +1—8, 1), (m+1,y)) and (m +1—38,y]), (m+1,y])), respectively,
with the property that min{|y! — yJ|, |y/ — y/|} > $Bol. Then, using Lemma 2.11, there
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exists also ny = nz(8) € N such that there are two distinct segments W, V C 9,(R5) N
S>(8) with endpoints (m +1—8,y!"), (m+1,y)) and (m+1—8,y), (m+1,y)),
respectively, with the property that WNI1 £ @, WNJ #0, VNI #0,VNJ #@, and
the intersection does not contain the endpoints of 7, J, W, V. Thus for nyp = max{ny, ns}
there exists R € R such that R C {(x,y) € T}|x € (m +1 — 8, m +1)}. L]

2.3.2. Markov partition for F, l’fg when w > 0. We construct the Markov partition for
Fl“js in the same way as for F; 5. We quickly recall it while introducing some notation. Let
us draw segments of W.!((0, 0)) and W;} ((0, 0)) until they cross sufficiently many times
and separate T2 into two disjoint (curvilinear) rectangles R;, R»>. Define R, to be the
partition into rectangles determined by R; N Iﬁ”‘g(R ;),wherei, j =1,2.Forn € Nlet R},
be the partition into rectangles generated by (F; l’f(g)i (R)N (Fl"‘js)j (T),where S, T € Ry and
i, ] =—n,—n+1,...,n—1,n.LetRO=R.

LEMMA 2.13. Let Bo, 8o, and ng be as in Lemma 2.8. Let
S5 (8) = {(x, y)€T2|xe(m+l—8+w,m+l—w)}. (2.24)

Then for any § € (0, 8g) there exists wo = wo(S) € (0, 6/4) such that there exists R € RZ}%
such that R C S;U 9(8), where Ry, is the Markov partition described above for F;fso with
wo

B = Bo. In particular, there exists Q = Q(Bo, So) > 0 such that if v;§ is the measure of
maximal entropy for Flugo, then vluiso (S;U0 %)) = 0.

Proof. Recall that in a neighborhood of (0,0) we have Fj5 = Fllfs =Ly for we
(0, 6/4). In particular, the corresponding stable and unstable manifolds coincide in a
neighborhood of (0, 0). Let R be the constructed Markov partition for F;s. From (2.16),
there exists N = N (ng, k) € N such that for any point p € 9;(R") for j =+, u there
existg € Wi((0,0), k) = WJ((0,0), k) and n € Z such that |n| < N and p = (Fi5)"(q).
Moreover, (Fl’fs)”(q) € W,{;((O, 0)). By Lemma 2.2, we obtain that dist(p, (Fl’,‘:s)" (g)) can
be made arbitrarily small by choosing a sufficiently small w, and this choice can be made
in a uniform way on compact sets for |n| < N. Therefore, using Lemma 2.8, we obtain that
there exists a sufficiently small wo > O such that there exists R € RZ)% with R C S;” 0(8).
The statement about the measure of maximal entropy follows from the fact that Fl'fgo
is topologically semiconjugate to the topological Markov chain defined using the Markov
partition constructed. Moreover, the semiconjugacy is one-to-one on all periodic points
except for the fixed points. In particular, the measure of maximal entropy for Fl“;" is defined
by the measure of maximal entropy for the topological Markov shift (Parry measure; see,
for example, [KH95, Proposition 4.4.2]) using the topological semiconjugacy. O

2.3.3. Lower bound on hmme (F; l'fs). We now work towards obtaining a lower bound on
hmme (F5).

We are in the setting of Lemma 2.13. We will use the same notation as in Proposition 2.3
and Lemma 2.4.
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Let v§ =et((Bol +8(1 —fo0))/8) and v§=e ((Bol +8(1 — f0))/8)/lle” ((Bol+
8(1 — Bo))/8)|l. Denote

o [ +6(1 — N
d=a+d+ Ibl<w — 1) and Bo=a+d —|b|po.
Then
8 5,8 o
Vr-;ax = Cﬁlaxvg + cfnaxvg
where
cliox 1 $ + V82 —4 1 .
ss ) T 7 52 Bol +901—fi) 3] asé— oo,
ai) /e \(VE—4-8) e ( )|} o
and
8
V:r_lin(_ﬂ()) - Cﬁnnvg + cmln 8
where

in 5 —ﬂ0+\/r+\/?
(cfr;‘fn) - 2\/m (ﬂo—a+\/ﬂ_\/f ) H ( ol+8§1—ﬂo))H

1 R
— (BO—\/@) as § — o0.

As a result, if § is sufficiently small, then for any v = alvmax + agv;;m( Bo), where
ajap > 0 and a% + oe% # 0, we have for any n € N,

(2= (o (RO e oy

where C = [b| min{1/Q2[[Vihy, ). /15, (—B0) 1} € (0. 1),
Let S, (8) be as in Lemma 2.13. Then Vs /5(5,°(8)) = Q. We obtain the lower bound on
mme(Fl ) in a similar way as in §2.2 by replacing S by T2 \ S;”O (8) and Leb by v and

using Birkhoff’s ergodic theorem for vl 5. More precisely, consider p € T? and a natural
number n. We write

”—Z”J’

where n € {0} UN and the numbers n; € N for j=1, , s are chosen in the following

way.

(1) The number n; is the first moment when (Fl”‘:s)"l (p) € T2\ S;UO (8).

(2) The number n, is such that the number n; + n, is the first moment when
(51472 (p) € 53°(6).

(3) The rest of the numbers are defined in the same way. For any £ € N, the number

2%+1
nk+1 is such that the number Z?kﬁl nj is the first moment when (Fl“3)21=1 "i(p) e

T2 \ S;” 9(8), and the number ny; is such that the number Zikﬁz n; is the first

2k+2
moment when (Fllfg)ZF‘ " (p) € ,°(5).

https://doi.org/10.1017/etds.2021.36 Published online by Cambridge University Press


https://doi.org/10.1017/etds.2021.36

762 A. Erchenko

Letv € C} and |[v]| = 1. Then we have

s
log | Dy (F/5)"VIl = Y 10g | D g yninaeein; 1 () (F5)" 1,
j=1 ’

where vi = v, vp = Dp(Fl'fg)"lV1/||D[,(Fl'f3)"1v1 I, and

D(F[ujs)n]+n2+m+nj_2 » (Fll’%)njflvj‘_]

\f forj=3,...,s.

” D(Flujs)”l+”2+‘“+”j—2 ») (Fllz‘)njilvj—l ”

In particular, ||v;||=1for j =1,...,s.
Recall that DFI’% = A((Bol +3(1 — Bp))/8) on S;”O(S). Thus, using (2.12) and (2.25),
we obtain for k € N,

n
+ ﬂol+8(1—ﬂo)>> e oy
. T e C ifj=2k—1,
1D g ymsmtns ) () V51 2 ( | ( R o
ui if j = 2k.
As a result, using the fact that © > 1, we have

[s/2] [s/2]

s +( Bol +3(1 — Bo)
log | D, (F')"v|l = [5] logC+pn (f ; nog—1 + (log w) ,; nok

[s/2]
s +f Bol +8(1 — Bo)
> [5] log C 4+ 1 (f ; nok—1.-

Since Fllf(g is a smooth Anosov diffeomorphism, by Birkhoff’s ergodic theorem we
obtain that

1 [s/2] [s/2]
- Z nak—1 = 12(8,°(8)) and - Z ok — (1= v/P(85°(8))) asn — oo.
k=1 k=1

Moreover, each visit to T? \ S;” %(8) is at least one iterate, so lim sup,_, . ([s/2]/n) < (1 —
3 (8°@)) < 1= 0.

Therefore, we obtain
Bol + (1 — Bo)

mme (F)'Y) > Q log u*( 5

)+(1—Q)10gC—>+oo as§ — 0,
(2.26)

as C € (0, 1) and Q = Q(Bo, o) € (0, 1) are independent of § while wy depends on §.

3. Construction 11

In this section we show how to decrease the Lyapunov exponent with respect to the
Lebesgue probability measure while controlling the Lyapunov exponent with respect to the
measure of maximal entropy starting from the Anosov diffeomorphisms in Theorem 2.1.
In this section we use the construction described in [HJJ17] while providing estimates of
the Lyapunov exponents. As before, we first state the main theorem of the section and give
its proof before stating and proving the necessary lemmas.
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THEOREM 3.1. Suppose La and A as in Theorem C. For any H such that A < H

and positive number y, let {gs}se(0,1] be a smooth family of area-preserving Anosov

diffeomorphisms on T2 homotopic to L 4 from Theorem C applied for y and H with lower

bound on Amme(g1) coming from Lemma 2.7 being larger than H. Then there exists a

constant C such that forany o > 0, S > A there exists a smooth family { f 1} (s.1)€[0,11x[0,1]

of Anosov diffeomorphisms on T? homotopic to L 4 such that:

(A) fso0=gsforalls €0, 1];

(B) fs preserves a probability measure [Ls; wWhich is absolutely continuous with respect
to the Lebesgue measure;

(C) Aabs(fs,1) <y foralls € [0, 1];

(D) Amme(fo,r) < Sforallt € [0, 1];

(E) Amme(f11) = H + Co.

Proof. We define f; 0 = g5 forall s € [0, 1] so we automatically have (A) in the theorem.
Moreover, by Theorem C, we have that Aaps(f50) > A — y and Amme(f1,0) > H due to
the special form of the lower bound on Amme(f1,0) (see the proof of Theorem 2.1). Let
C= log(Kle_l) + log(C) be as in Lemma 3.10. Choose rg small enough such that
Lemmas 3.7 and 3.10 hold for desired estimates. Apply Construction II to the family { f; o}
with the chosen rg and n changing up to 1y /2 where | comes from Lemma 3.5. Thus, we
have (B) in the theorem. Furthermore, the choice of n; guarantees that we have (C) in the
theorem. Also, by the choice of r( satisfying Lemma 3.7 with appropriate choice of x, we
have (D) in the theorem. Finally, from the form of the lower bound 2 in Lemma 3.10, we
obtain (E) in the theorem. O

3.1. Construction II: slow-down deformation near a fixed point. ~We will now describe
the slow-down deformation near a fixed point that we will use. The construction comes
from [HJJ17] but was originally introduced by A. Katok to give an example of a
Bernoulli area-preserving smooth diffeomorphism (on the boundary of the set of Anosov
diffeomorphism) with non-zero Lyapunov exponents on any surface (see [Kat79]). For
more explanation, see Remark 3.2.

Recall that the family of diffeomorphisms, {fso0}sefo0,17, built by Construction I
has the properties that each f;o has (0,0) as a fixed point and is equal to L4 on
T2\ {(x,y) € T?|m —wg < x <m + 1+ wo} where m € (0,1), [ € (0,1 —m), and
wo > 0 (very small). We choose a coordinate system centered at (0, 0) with the basis
consisting of eigenvectors v¥ = e* (1) and v* = e~ (1) of A (see (2.7)). In this coordinate
system, A = ("’(I)\ 69,\ )

Let D, = {(s1, S2)|s12 + sg < r2} be a disk of radius r centered at (0, 0). Choose 0 <
ro < 1 and set r; = 2rgA. Then we have

Dy, C Int A(D,,) NInt A~Y(D,).

The linear map x +— Ax is the time-one map of the local flow generated by the
following system of differential equations in D,:

dsi_ a0 9% A (.1)
— =s51A, — = —5A. .
dt ! dt 2
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FIGURE 6. (a) An example of ¥ (u), (b) An example of ¥, (u).

Let o € (0, %) and € € (0, 1) such that (1 +a)/(1 —¢)2I+®) < %. Choose a C*
function v : [0, 1] — [0, 1] satisfying:
(1) Yo(u) =1 foru > rg;
() Yo) = (u/ry)"+* for 0 < u < (r0/2);
(3) Yo(u) > 0and Yy(u) > 0for0 < u < rg;

@ Yow) > (u/rd)'** and
ro < l+o u\*
%(u) - a- 8)2(1+"‘)78 %

foru € [(ro/2)2, r31;
(5) in particular, for the « and ¢ considered, we have

/ 4 2 2
Yo(u) < =3 when u € [(ro/2)", rgl.
3ry
Notice that by (2) the derivative of g at (ro/2)* is (1 4+ a)/(2%*r2). See Figure 6(a) for
an example of ¥ (u).
Define a one-parameter family of C*° functions

Yy 2 10,11 — [0, 11 where 0 < n < 273,

such that:
(1) yy,(u) > 0and 1/1,’7(14) >0for0<u < rg;
() Yyu) = 1foru >ri;
(3) Yp(u) = Yo(n/2) for0 < u < n/4;
@ Yy(u) = Yo(u) foru = n;
(5) if n1 < n2, then ¥y, (u) < Yy, (u) for every u € [0, 1];
(6)
1+ «a u 4
lﬁ,/,(u) = O_‘E‘)—"_Ta)rg <%) < % foru € (0, 1);
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(7) ¥ry(u) — Yo(u) as n — 0 pointwise on [0, 1];
(8) the map (n, u) — ¥ (u) is C* smooth.

Notice that ‘l’zrg (u) = 1 foru € [0, 1]. See Figure 6(b) for an example of ¥, (u). Also,
we have

1 1 1 1
f du diverges and / du < oo forn > 0. 3.2)
o Yolu) 0o Yy

Remark 3.2. Note that in [Kat79] the function 1/ (in the notation above) is such that
fol (1/v0(u)) du converges. In comparison to [HJJ17, Kat79], we consider a more explicit
choice of 1y which allows for the estimation of Lyapunov exponents. Furthermore, the
maps that we work with are Anosov as we are not considering the map coming from g
itself. This is analogous to [Kat79, Corollary 4.2].

Consider the following slow-down deformation of the flow described by the system (3.1)
in Dy,
ds 52

d
o= 1%y (57 + 53)A, o= — 52y (s7 + 53)A. (3.3)

Let g, be the time-one map of this flow. Observe that g, is defined and of class C* in D,
and it coincides with L 4 in a neighborhood of d D, by the choice of v, 79, and r1. As a
result, for sufficiently small rg we obtain a C*° diffeomorphism
fso(x) ifx € T\ Dy,

] 3.4
gn(x) ifx e D,.

Gx,n x) = {

Using (3.2) for n > 0, we can define a positive C*° function

2 20—l .
Kﬂ(sl, sz) = {Ewn(sl +52)) if (Sl,s2) € Dro’

otherwise,

and its average

K, ::/ ky dLeb.
'HQ

For n > 0 and s € [0, 1], the diffeomorphism Gy ; preserves the probability measure
dun = K, Ui, dLeb, that is, , is absolutely continuous with respect to the Lebesgue
measure. See the paragraph containing equation (3.2) in [HJJ17] for the idea of the proof.

Let p € T2. Consider the cones

KH(p) ={Ev" + &V £, & e R, 6] < &1},
K= (p) ={&v" + &V | &1, 6 e R, |&] <&} (3.9)

. 2
in T, T-.

LEMMA 3.3. (Cf. [Kat79, Proposition 4.1]) For every s € [0, 1], n > 0, and p € T2 we
have

DG, ,K*(p) C K (Gyy(p)) and DG K™ (p) S K™ (G, (p)).
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Moreover, Es'fn(p) = ﬂ;‘;o DG/KY(G7I(p)) and E;,(p) = ﬂ?ozo DG/K~(G'(p))

are one-dimensional subspaces of TpTz.

Proof. The cases for KT (p) and K~ (p) are similar. Thus, we restrict ourselves to the
inclusion for K (p).

Notice that the vector () in the standard Euclidean coordinates is equal to
W —v%)/(2y/(a + d)? — 4). As a result, using (2.13), we obtain that C;,r c KT (p) and
C; C K™ (p) (see Lemma 2.4 for notation). By the constructions of f;o and G, and
Proposition 2.3, the desired inclusion holds outside of the disk D,,.

The system of variational equations corresponding to the system (3.3) implies that the
following equation holds for the tangent &;:

dg
= 2T+ ) + 6T + DT+ )G + 152057 + 5D (&g + 1),
(3.6)
Since ¥, (s% + s%) > 0in D;, forn > 0, substituting ¢, = 1 and ¢, = —1in (3.6) gives,
respectively,

dg

—F = T2AW T 453 + (1 52?67 +5D) <0,

dg

d_t” = 2A(Wy (st +53) + (51 — 52)°Y (57 +53)) > 0.

Thus, the result about the desired inclusion follows.
The statement that E ;r 2 (P) and E ,(p) are one-dimensional subspaces follows from
the argument in [Kat79, Proposition 4.1]. O

Lemma 3.3 and the fact that G, preserves a smooth positive measure imply the
following corollary.

COROLLARY 3.4. Gy, is a C* Anosov diffeomorphism on T2 for any n > 0.

3.2. Estimation of laps in Construction II. ' We use the notation introduced in §3.1. The
estimation of Aups(Gy,y;) follows from the estimation of metric entropy in [HJJ17, §3]
which we provide here for completeness. From the following lemma, we can guarantee (2)
in Theorem B.

LEMMA 3.5. For any y > 0 there exists 11 such that for any 0 < n < ny and s € [0, 1]
we have Ays(Gy,yy) = A, (Gsp) <.

Proof. Let U be any fixed neighborhood of (0, 0) and U C D,,. By (3.2) and properties
(5) and (7) of the family of positive functions {Wihhero 2] defined above, applying the
monotone convergence theorem, we have

lim ky dLeb = / lim «, dLeb = / ko dLeb = 00
n—0 Jr2 T2 n—0 T2

and

lim ky dLeb = [ lim «, dLeb = / ko dLeb < oo.
n—0 T2\U T2\U n—0 T2\U
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Therefore, we have the following equalities:

Jp2\y Ky dLeb B

lim 1, (T?\ U) = lim K, iy dLeb = lim =0 (3.7
n—0

n—0 T2\U n—0 sz Ky dLeb
and
lim pu,(U) = 1.
n—0

By the ergodicity of u, for G, for n > 0, (1.2) implies

)‘Hn (Gsp) = /]I‘Z log |DGs,n|E)‘C‘(GM)| dﬂn’

where E¥(Gy ) is the unstable subspace at x with respect to Gy j,.

By property (2) of yrg and the property (8) of r,), we obtain that for any y > 0 there exist
p > 0and no > 0 such that DGy, is close to the identity map and log | DG ;| (G,,)| <
y/2in D, for s € [0, 1] and 0 < 5 < no. Therefore, for any s € [0, 1],

14
/D log |DGs,r)|E)‘:(GS,,;)| du,] < 5 (3.8)
o

Moreover, by property (8), we have that log |DGj y|g«(G,,)| is uniformly bounded.
Therefore, there exists ;1 < no such that for any 0 < n < n; we have

14
,/11*2\D log |DGs,7]|E)‘(‘(GS,,7)| duy < CR 3.9)
o

By (3.8) and (3.9), we obtain the lemma. ]
3.3. Estimation of Amme in Construction II.  We use the notation introduced in §3.1.

3.3.1. Upper bound on Apmme. Here, we prove Lemma 3.7 which provides an upper
bound on Ay for a family of maps in Construction II.
The main ingredient to obtain an upper bound on Apme is to estimate the consecutive
time each trajectory spends in the annulus Dy, \ Dyy/24) independent of ry and 7.
Recall that A = hiop(La) and o is a constant that appears in the second condition on

Yo (see §3.1).

LEMMA 3.6. (Cf. [PSZ19, Lemma 5.6]) There exists Ty > 0 depending only on A and o
such that for any solution s, (t) = (s1(t), s2(t)), of (3.3) with s,(0) € D,,, we have

max{tlsn(t) S Dr] \Dro/(ZA)} < T()
for any n € [0, 2;’3], where ri = 2Ary.

Proof. We omit the dependence of s1 and s, on 7 in the notation below. Let u = s12 + s%.
Assume sl2 < s%. Then, by (3.3), we have

‘;—L: = DAY (u) (57 — 52) = —2 Ay () (u® — 4s2s3)7. (3.10)
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For s% < slz, by (3.3), we have
du 2N 2 422 L
= 2A1//,7(u)(s1 §5) = 2AMY, (u)(u 4s155)2. (3.11)

dt

Recall that by (3.3) we have 51 (#)s2(¢) = s1(0)s2(0) for any ¢.
If 4s%(0)s§ 0 < rg / (32A%), then, under the assumptions s12 < 522 and
rg/(ZA)2 <u < rlz, we have

du A 4 rg %_ A-l - Al 2 rg
dr = W”)«z/\) _32A4> N W”)T‘_ w‘)((zA)Z)zI

< 242322

IA

Similarly, under the assumption s% < 52 { and r§ / (2A)2 <u< r12, we have

du ! o 2 4-2 3202
—>2A > QTITTAYATITAY S
dr w”“”((zz\) 32A4) = "0

Therefore, under the assumptions s1 < s2, starting from u(0) = r1 = 4A2r0, it takes at
most 1 = 2222 A1+2¢(16A% — 1) time toreachu = r /(2A)2, unless the assumption s12 <
s% is violated. If the assumption s% < s% is violated, then, by symmetry of (3.10) and (3.11),
the orbit will leave D, in at most 2 - 22+F2¥ A1+2%(16A% — 1) time. A similar argument
works if we start from u(0) = r 2 /(2A)? under the assumption s% < sl2

Assume that 4s%(0)s§(0) > ré/(32A4). If the trajectory is in D,,, then r1 >8] 2(1) +
s22(t) > $(1)%, in particular, rg/(32A4) < 4s%(t)s2 (1) < 4512(t)r1 , and therefore, sz(t) >

r5/(512A°). Using (3.3), we obtain

d —
—(sl) dtsl =253, (W) A > A7+2a2 102
Therefore, s; 2(t) will increase to rl and the orbit will leave D,, in at most 2!2+2 A9+2«
time.
Finally, TO = max{23+20‘A1+2‘1(16A4 _ 1), 212+2aA9+2a}. O

The following lemma could be of independent interest as we obtain an upper bound
on the forward Lyapunov exponents for Go ;. We recall that G, depends on the size of
the ball where the slow-down deformation is done, that is, it depends on ro. Moreover,
Go,zrg = La.

LEMMA 3.7. Forany x > O there existsry € (0, 1) such that for anyrg € (0,71y), x € T2
and v € T T? with ||v|| # 0,

)“(GOJ), -xa V) < A + X

for all n € (0, 2r§], where AM(Goy, X, V) = lim sup,_, ..(1/n) log ||DXG8J7V|| is the for-
ward Lyapunov exponent of (x, v) with respect to G y. In particular,

Amme(Goy) < A+ x  forall n € (0, 2r31.
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Proof. Consider x € T? and v € T, T? with ||v]| # 0. Let n be a natural number. We write

s
=2 nj
=1

where the numbers n; € {0} U N are chosen in the following way.

(1) The number n; is the first moment when Gg’ln (x) € Dy \ Dyyj2n)-

(2) The number n; is such that the number n; + n5 is the first moment when Gg‘;r"z (x) e

Dry/20).-

(3) The number n3 is such that the number n{ + ny + n3 is the first moment when
Go, " (x) € Dy \ Dryjan;

(4) The number n4 is such that the number n| + ny + n3 + ng4 is the first moment when
G8,1+”2+"3+”4 (X) ¢ Dr1 .

"
(5) The rest of the numbers are defined following the same pattern.

If x € T? is such that the G,,-orbit of x does not enter into D, then A(Go,,, x, V) < A
because Gy, = L4 outside of D,,.

Assume the G ;-orbit of x enters into D,,. By the definition of A(Gg, x, v), in that
case it is enough to consider the case when G&}I(x) € D, butx & D,,.

We have
N
log [ DxG{ vl =log IV + > 1og | D _ntmysiniy Gl vl (3.12)
xGo .y g g Ggl matetnjor o Gon Vil .
j=1 "
where vi =v/||v|l, va = D+ G}, vi/I Dx Gy, vil, and
nj_1
DGn1+nz+---+nj,2 G()jr] Vi-1
0,n (x) ? .
\TE O G forj=3,...,s.
I Gg’1n+"2+"'+"j72(x) 05 Yi-l l
In particular, ||v;|| =1for j =1,...,s5.

Recall that G, coincides with L4 in T2 \ D;, (see (3.4)). Thus, for any N € N, there
exists a positive number & = 6(N, A) such that if r; < 6, that is, ro < 6/(2A), then for
any y such that Ga’}?(y) € D,, but y ¢ D, we have Gg’n(y) & D,, for any n € (0, 2r§]
and 0 < n < N. Therefore, if r¢ is sufficiently small, thenn; > N.

The coefficient matrix of the variational equation (3.3) is

Cp(s1(1), $2(1))
Yy (sT(0) + 55(1)) + 25T (Y] (sT(0) + 53(1))  251(D)s2(0) ) (5T () + s3(2))
=A —2s51()52() Y (s7 (1) + 53(1)) — Yy (sT(0) + s3(2))

—252(Y (s3(t) + 52(1))
(3.13)
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Let s, (t) = (s1(2), s2(t)); be the solution of (3.3) with initial condition s,(0) = x.
Denote by A, () a2 x 2 matrix solving the variational equation

dA, (1)

= Cylsy @) Ag(1) (3.14)

with initial condition A;(0) = Id. Then A, (1) = D, Go4.
Moreover, by (3.14) and the Cauchy—Schwarz inequality, we have for any vector v,

d||A d[A
14, OV ” A0V _ Cy sy () Ay (OVI < [1Cy (s () llopll A (VI (3.15)

dt dt

where || - [|op is the operator norm.

By (3.15), (3.13), the definition of v, and property (5) of o, we have that there exists
a positive constant M independent of r¢ and 1 such that | A, (®)v| < eM!||v| for any ¢ and
any vector v. In particular, || DG, llop < eMifx € D,y \ Dyy/20)-

Consider x € Dyj/2a). Note that, by (3.3), we have that for any ¢ € [0, 1] and n €
(0, 2r§] the image of x under the time-f map of the flow (3.3) is in D, >. In particular,
Go,y(Dryy20)) S Dryp2 for any n € (0, 2r§].

Recall that if u€[0, (r0/2)%], then Vo) = (u/rH)'*® and Yju) =
(u/rg)"‘(l + oe)/rg. Therefore, by the choice of v, (u) foru € [nz/rg, n], we can guarantee
that 0 < ¢ (u) <2727 and 0 < ;) <27 2*(1 +a)/ry for u € [0, (r0/2)*] and
n € (0, 2r2]. Then [|Cy(s; (1)) lop < A if 5,(t) € Dy, 2 because 272724 (3 + 2a) € (0, 3]
and 27172%(1 + &) € (0, %] fora > 0. Therefore, if x € Dyy/2), then | D, Go yllop < el
Thus, using (3.12) and Lemma 3.6, we obtain that for any y > 0 there exists sufficiently
small r, such that for any ro € (0,7,), n € (0, 2r§], x € T?, and v € T T? with ||v|| # 0,

2ToM
)“(GOJ)7 X, V) 5 A +

3.3.2. Lower bound on Amme. Our next and final goal is to prove Lemma 3.10 which
gives a lower bound on Apyme for the maps in Construction II.

LEMMA 3.8. Foranya € (0, %) ande € (0, 1) such that (1 + o) /(1 — g)?(1+) < %there
exists p = p(a, &) € (0, 1) such that for every s € [0, 1], n > 0, and p € D, we have

DG, K (p) C KF(Gsy(p)),
where IC;r (p) is the cone of size p in Tp']I‘z, that is,
Ki(p) ={&v' + &V 161, & €R, &) < pl&l} (3.16)

Moreover, p can be expressed as

_ _ o\ 2(0+4a) _ 2(+a) 2 _ 2
) — ((1—2¢) +14a)+/([(1 =20+ 41 1+ a)2 — (1 +a) e
(14+a)

https://doi.org/10.1017/etds.2021.36 Published online by Cambridge University Press


https://doi.org/10.1017/etds.2021.36

Flexibility of Lyapunov exponents 771

Proof. As in Lemma 3.3, using the system of variational equations corresponding to the
system (3.3), we look at the following equation for the tangent &;:

s,

o= —2A((Yry (7 + 53) + (57 + V7 (57 + D)y + 1529 (57 + 53) (¢ + 1)).

(3.18)

First, observe that if (s1,s2) € (Dy, \ Dy,) then v, is constant, in particular, ¢, is
decreasing when ¢, > 0 and increasing when ¢, < 0. Also, if 5152 = 0, then we have the
same conclusion about ¢;. Thus, we can assume in the consideration of the further cases
that s1s2 # 0. Due to symmetry, it is enough to analyze the case s1, s > O.

Let s1, 52 > 0. Then ¢, is decreasing when ¢, > 0, so we consider the case ¢, < 0.
Moreover, let k = slsz/(sl2 + s%). Notice that k € (0, %].

Assume (s1, 52) € Dy,. By properties (5) and (6) of v;;, we have

2 2N o N
sT+s 1+« ST+ s
wn<s%+s§>z( — 2) and ) (sf +53) < ( — 2) .

g (11— 8)2(1+"‘)rg g
Thus, plugging this expression into (3.18), we obtain
dé- 5 s 5 (1 _ 8)2(1+Ol) 5
_;7 > —2AY,(s7 +53) (57 + 53) ——ta + )&+ kG + 1D ).

It is easy to see that (d¢,/dr) > 0if ¢, € [¢~(k), £ T (k)], where

—((1 = )20 11 o) £/((1 — )20+ 4 1 + )2 — 4k2(1 + )2
2k(1 + @) '
Also, ¢+ (k) > §+(%) and ¢~ (k) < ;‘(%) for k € (0, %]. Thus, ¢, is non-decreasing for
&y €7 (3, £ ()]
As a result, using that £, is smooth and the above analysis, we obtain that p(«, &) =
§+(%) gives the desired cone.

) =

O

Let peT?and v e T,,’]I‘2. Then v = &;v* 4 &V°. Denote by || - ||,.s the norm in R2
such that ||v]|2 ; = &7 + &7

LEMMA 3.9. Assume we are in the setting of Lemma 3.8. For any p € D, and any v €

K} e (P) (see (3.16)), we have

”DGS,UV”u,s = ”V”u,s'
In particular, for any p € D,,, and any v € IC;(& S)(p),
IDGs vl = K1 K5 vl

where K1, K, are constants coming from the equivalence of norms || - || and || - ||,s in R2,
thatis, 0 < K1 <1 < Kz, Ki||ullus < [[ull < K2||ullys for any u € R2.

Moreover, let C+ be the union of the positive cone in the tangent space at p € T>
spanned by V;;m( ,B) and v (see (2.8)) and its symmetric complement. There exists

N € N such that for each p € T? we have

(DLAN(C)) C Ko (LA (P) and (DL (K (P)) € Cly
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Proof. Let p € D, and v(0) € IC;,r (p). Moreover, v(t) is the evolution of v(0) along the
flow. In particular, v(z) = & (£)v* 4 & (¢)v*® where |&(¢)| < p|&1(¢)| for any ¢ > 0.
By properties of v,,, we have

Y (s +53) __ lta 1
Yp(s2 +53) T (1 —g)2He) 2 4 27

Using (3.3), for any o € (0, 1) and & € (0, 1) such that (1 +a)/(1 — &)21+® < 1 we
have

d
SE+E)
= 2A((Yy (5T + 53) + 25797 (57 + SDVE — (Y (T + 53) + 25397 (57 + 3))€3)

Yy (st 4 53) + 25397 (s7 + s3) 2)
2
Yy (st 4 53) 4 25797 (s7 + 53)

= 2A (Y (s7 + 53) + 2579 (s + s%))(s% -~

/ - 1+
> 2A (W (57 + 53) + 2570 (57 + 99))83 <p Y, e) — (1 + 2(17);‘1%)) > 0.

Letz € (0, 1). Then for any n € N we have (DLA)"(IC;'(p)) = IC:_Z,,AZ(L'A (p)). Thus,
we obtain the statement about the cone inclusions. O]

Recall that ,3 , 8, and w are the values of the parameters in the construction of f o (see
(2.4)). Let D, be a disk of radius r centered at (0, 0) and

S={x,)eT?xem+1—5+w,m+1—w))},

that is, the region of the perturbation described in Construction I where DG, =
A((B +8(1 —8))/8) (see Proposition 2.3). Denote by vG,, the measure of maximal
entropy for G .

LEMMA 3.10. Let @ € (0,3) and & € (0, 1) such that (1 +a)/(1 —&)>17% < 2. Let
Q = vy, ((S). Then for any o > 0 there exists ry such that for all sufficiently small
ro € (0, rs) and for all n € (0, 2r§] the following assertions hold for G, obtained in
Construction II with the parameters o, €, ro, and n:

(1) v6,,(Dy,) <o
)

Amme(G1,7) = (log(K1K5 ") + log(C))o + log(C)(1 — Q)
+log uT((B+8(1 —8)/8)(Q — o),

where C is a constant that depends only on the matrix A and B (see (2.25)), and
K1, K> are constants in Lemma 3.9.

Proof. Recall that in Construction II, for any sufficiently small rg € (0, 1) we have
that fio = G2 and for any i € (0, 2rg]. G1,(x) = fio(x) if x € T2\ Dy, where
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r1 = 2rgA. Also, there exists ¥ > 0 such that for any r € (0, r), fl,o(:S') N D, =@ and
fio(D) NS =0.

Consider a periodic point g of fi o other than (0, 0). Build a Markov partition MP for
f1,0 using the point ¢ and its stable and unstable manifolds, W*¥(g) and W*(q), respectively
(Adler—Weiss construction). Since (0, 0) is a fixed point for fi, it follows that (0, 0) ¢
W9 (g) N W¥(q). In particular, there is a refinement M7P of MP such that:

o ifPS={ReMP|RCS}thenvy,(Upeps R) = 0 — 0
e there exists R, € MP such that (0, 0) is in the interior of R, and vy, ((Rs) < 0.

Choose r; < r such that D,, C R;.

Let p(«, €) be as in Lemma 3.8. Let C:,r be the union of the positive cone in the tangent
space at p € T? spanned by Vr';in(— B) and v,h . (see (2.8)) and its symmetric complement,
where g is the value of 8 in the construction of f7. By Lemma 3.9, we can choose N € N
such that for each p € T? we have

(DLDY(C) € Ko LA () and (DL (K0 (P) € Cly -

Let ro > O such that D, C D, . Recall that r; = 2rgA. Since f19 = L, in a neigh-
borhood of (0, 0), we can choose sufficiently small ry such that the following two facts

hold.
e LetpeT?andk,n € {0} UN be such that fX,(p) & Dy, fia?(p) € D, \ Dy, for
j=1,2,...,nand ff"(p) € D,,. Thenn > N.

e Let peT?andk,n e {0} UN be such that f{fo(p) € Dy, flk’arj(p) € D, \ Dy, for
j=12....nand f{{"""(p) ¢ D,,. Thenn > N.
Let G1,, be an Anosov diffeomorphism obtained from fi o using Construction II with
the parameter ro as above. Then for any n € (0, 2r§] we have the following assertions.
° ma(Drd) <o.
e 6,8 =0-o0.
e LetpeT?andk, n € {0} UN besuchthat GX, (p) & Dy,. G}/ (p) € Dy, \ Dy, for
j=12...,nand G{*"*(p) € D,,. Thenn > N.
e LetpeT?andk n € {0} UN be such that G§ (p) € Dy,. G/ (p) € Dy, \ Dy, for
j=12...,nand G{*""(p) ¢ D;,. Thenn > N.
Consider p € T?\ D, and a natural number n. We write n = Z;'=1 nj, where the
numbers n; € {0} UN are chosen in the following way (see Figure 7 for an example).

(1) The number n| is the first moment when (G1,,)"' (p) € Su D, .
(2) The number n; is such that the number n| 4 n, is the first moment when
(G1)" ™ (p) € T*\ (SU D,,).
(3) The rest of the numbers are defined following this pattern as done in the proof of
Lemma 3.7.

Notice that by the choice of r,, forany j = 1, 3, 5, . . . we have that either

(Gy Ttttk (py e § forallk € ZN[0,nj41)
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FIGURE 7. Partition of the orbit of p under G .

or

(G )t tnitk(py e D, forallk € ZN[0,nj41).
Letv e C?,‘ and ||v|| = 1. Then we have

N
10g [1Dp(G1)"VIl = D _10g DG, mtnteinii ) (GLa)" il
Jj=1

where vi = v, vo = D, (G;))"'vi/IIDp(G1)"'vi |, and

D(Gl,n)n1+n2+---+nj,2 » (Grp)"i-1vjq

= > forj=3,...,s.
”D(qun)”l“’Z*'“*”j—Z(p)(Gl,n) Jﬁle—l”

In particular, ||v;||=1forj=1,...,s.

Using (2.12), (2.25), and Lemma 3.9, we obtain for k € N that

||D(len)ill+n2+---+nj,1 » (G]s,,)njVj I

KiK' if j = 2k, (G1,)" "2+ (p) € Dy,
_ _ nj _
- (“ ' (W)) C i j =2k, (Gryymtmt-tni-i(p) €,
whi if j =2k —1,

where C is a constant that depends only on A and ,B_ (see (2.29)).
As aresult,

[s/2]
log [ Dp(G1,)"vll = log(K1K;") Y~ 1p, ((Gy,)" 2t 121 (p))
k=1
[5/2]
+10g(C) Y L5((Gy )"t tmisi(py)
k=1
Z 50 /2
+6(1 —6)
+log M+('BT> Z ”2k13((cl,n)nl+n2+ +n2k_1(p))
k=1
[s/2]
+ (log p) Z nok—1,
k=1

where 1p, and 1z are the characteristic functions of the corresponding sets.
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Since G, is a smooth Anosov diffeomorphism, using Birkhoff’s ergodic theorem, we
obtain, as n — 00,

[s/2]
LY (G A () = g, D)
k=1
and
1 [s/2] _
E-E:nﬁfl—>vmﬂﬂﬂ\(DkLh$)
k=1
Moreover, since ny; > 1fork = 1,2, ..., [s/2], we have
[s/2]
i — 4N+ +nog—1
Jim — > 1p,, (G )
k=1
[s/2]
< nll)n;o kX} n2k]1D,0 ((Gl’n)n1+n2+...+n2k—1 (p)) — VGL,, (Dr(,)‘

Also, notice that each visit to T2 \ (D, U 5’) is at least one iterate, so

[s/2]

1 B}
lim = > 15((G )"t 421 (p)) < lim —[5/2] < vg,, (T*\ (Dy, US))
n—oon part n—-oo n ’

= 1 - vGL,/](:S') - VGL,/}(DI’U)'
Thus, since K]Kz_l, Ce(,1),

Janme(G1) = log(K1 K5 e, , (Dr,) + log(C)(1 — vg, , (5) — vG,, (Dr,))

B4+5(1—8 -
+log u™* <%> V6,,& T dog wvg,, (T?\ (D, US))
_ _ B+6(1—38
> log(K1 K3 o +1og(C)(1 — 0 +0) + (Q — o) log ;ﬁ(%).
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