Proceedings of the Edinburgh Mathematical Society (2015) 58, 683-696
DOI:10.1017/S001309151500005X

SKEW DERIVATIONS IN BANACH ALGEBRAS

PAO-KUEI LIAU AND CHENG-KAI LIU

Department of Mathematics, National Changhua University of Education,
Changhua 500, Taiwan (ckliu@cc.ncue.edu.tw)

(Received 4 March 2013)

Abstract We investigate the global versions of the Kleinecke—Shirokov theorem for skew derivations in
Banach algebras. Centralizing skew derivations on Banach algebras are also studied.

Keywords: Banach algebra; quasinilpotent; radical; skew derivation

2010 Mathematics subject classification: Primary 47B47; 47B48; 46H15

1. Introduction

Throughout, unless specially stated, A always denotes a complex Banach algebra with
centre Z(A). By rad(A) and Q(A), we denote the Jacobson radical of A and the set of
all quasinilpotent elements of A, respectively. For a,b € A, we denote by [a,b] = ab— ba
the commutator of a and b. A linear map d: A — A is called a derivation of A if
d(ab) = d(a)b + ad(b) for all a,b € A. For a € A, the map d,: b € A — [a,b] defines a
derivation of A called the inner derivation of A induced by a.

The classical Kleinecke—Shirokov theorem [19, 33] states that if @ and b are elements
in A such that [b, [b, a]] = 0, then [b, a] is quasinilpotent. A reformulation of the Kleinecke—
Shirokov theorem says that if an inner derivation dj, of A satisfies di(a) = 0 for a € A,
then dy(a) is quasinilpotent. This result has been generalized to continuous derivations
(see, for example, [26]) and to arbitrary derivations by Thomas [38]. In [31] Ptdk gave
a global version of the Kleinecke—Shirokov theorem and proved that if d is an inner
derivation of A such that d?(a) is quasinilpotent for every a € A, then d?(a)? lies in the
radical of A for every a € A. Later it was also generalized to arbitrary derivations by
Turovskii and Shul’'man [39]. On the other hand, according to the Kleinecke—Shirokov
theorem, we see that if an inner derivation d, of A satisfies [d,(b),b] = 0 for b € A, then
d,(b) is quasinilpotent. This result has also been extended to continuous derivations (see,
for example, [26]) but it is still unknown for discontinuous derivations. In [10], Bresar
and Vukman gave another global version of the Kleinecke—Shirokov theorem and proved
that if d is a continuous derivation of A such that [d(a),a] € rad(A) for every a € A,
then d(a) lies in the radical of A for every a € A. Later, Bresar [5] showed that if d is a
continuous derivation of A such that [d(a), a] is quasinilpotent for every a € A, then d(a)
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lies in the radical of A for every a € A. Recently, Lee [20] proved that if d is a derivation
of A such that [d(a), a] is quasinilpotent for every a € A, then d(Z 4) C rad(.A), where Z 4
is the ideal of A generated by all commutators of A.

Let o be a linear automorphism of A and let 1 4 denote the identity automorphism of A.
By a o-derivation of A we mean a linear map §: A — A such that §(ab) = o(a)d(b)+6(a)b
for all a,b € A. Generally, we call o-derivations skew derivations. Clearly, the map
0 — 14 is a o-derivation and 14-derivations are just ordinary derivations. Thus, the
concept of o-derivations can be viewed as an extension of derivations and automorphisms.
The skew derivations appear in g-Weyl algebras, enveloping algebras of solvable Lie
superalgebras and coordinate rings of quantum matrices [17]. See [1,6,8,9,12,14,18,
21-24,28] for some recent results concerning skew derivations in Banach algebras. Bresar
and Villena [9] proved that if § is a continuous o-derivation of A satisfying 6%(a) = 0 for
some a € A, where o is a continuous automorphism of A such that o = ¢4, then d(a)
is quasinilpotent. In this paper, we investigate global versions of the Kleinecke—Shirokov
theorem for skew derivations in Banach algebras. Our main results are as follows.

Theorem 1.1. Let A be a complex Banach algebra, let 0 be an automorphism of A
and let & be a o-derivation of A. If 6%(a) is quasinilpotent for every a € A, then §%(a)?
lies in the radical of A for every a € A.

An element a € A is said to be central modulo the radical of A if [a, b] € rad(A) for all
b € A. Some spectral characterizations of elements that are central modulo the radical
have been studied in [7,30].

Theorem 1.2. Let A be a complex Banach algebra, let o be an automorphism of A
and let § be a o-derivation of A. If [0(a), a] is quasinilpotent for every a € A, then §(a)
is central modulo the radical of A for every a € A.

In [11], Bresar and Vukman proved that if d is a continuous derivation of A such that
[d(a),a)? € rad(A) for every a € A, then d(A) C rad(A). An automorphism o of A is
said to be inner if there exists a unit u in A such that o(a) = uau™! for all @ € A. As
an application of Theorem 1.2, we have the following corollary.

Corollary 1.3. Let A be a complex Banach algebra, let o be an automorphism of A
and let § be a o-derivation of A. If [3(a),a]™® € rad(A) for every a € A, where n(a) > 1
is an integer depending on a, then [6(A), A] C rad(A). Moreover, 6(A) C rad(A) if o is
inner and 0 is continuous.

In [6] Bresar proved that if o is an automorphism of A such that [o(a),a] € rad(A)
for every a € A, then (0 — 1 4)(a) is central modulo the radical of A for every a € A. As
an application of Theorem 1.2, we have the following corollary.

Corollary 1.4. Let A be a complex Banach algebra and let ¢ be an automorphism
of A. If [0(a),a] € Q(A) for every a € A, then (o0 —14)(a) is central modulo the radical
of A for every a € A.

In 1955 Singer and Wermer [36] showed that every continuous derivation on a com-
mutative Banach algebra A has its range in rad(.A). They also conjectured that the
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continuity assumption for the derivations was superfluous. It was more than 30 years
before this conjecture was finally proved by Thomas [37]. In [27] Mathieu and Runde
gave a noncommutative version of the Singer—Wermer theorem and proved that if d is a
derivation of A such that [d(a),a] € Z(A) for every a € A, then d(A) C rad(A). Using
Theorem 1.2, we obtain the following theorem.

Theorem 1.5. Let A be a complex Banach algebra, let o be an automorphism of A
and let § be a o-derivation of A. If [0(a),a] € Z(A) for every a € A, then [§(A), A] C
rad(.A). Moreover, 6(A) C rad(A) if o is inner.

It is noteworthy to mention that our approaches to the proofs of this paper are quite
different from those in [5,10,11,20,25,31] and are based on the extended Jacobson den-
sity theorems for rings with automorphisms and skew derivations. Such density theorems
connect the concept of a dense action of irreducible representations with the concept
of outerness of automorphisms and skew derivations recently developed by Beidar and
Bresar [2,6] and by Chuang and Liu [14], respectively. It is also our aim here to present
a new possible technique that can be used in the study of skew derivations in Banach
algebras.

2. Preliminaries

Throughout this section, .4 denotes a complex Banach algebra. By Prim(.A) we denote
the set of all primitive ideals of A. The (Jacobson) radical rad(A) of A is defined to be
the intersection of all primitive ideals of A and, by the usual convention, rad(A) = A if
there are no primitive ideals of A. For a complex Banach space X, we denote by L(X)
the algebra of all linear operators on X and B(X) by the Banach algebra of all bounded
linear operators on X. We say that 7 is a continuous irreducible representation of 4 on a
complex Banach space X if 7 is a continuous algebra homomorphism from 4 into B(X)
such that the only invariant subspaces of X under 7(A) are {0} and X. It is known that
the kernel of a continuous irreducible representation of A is a primitive ideal of A and for
each primitive ideal P of A there exists a continuous irreducible representation 7wp of A
on a complex Banach space Xp such that kermp = P and 7p(A) = A/P acts densely
on Xp. We write sp(z) for the spectrum of x € A. If Prim(A4) # ), we have the following
result [32, Theorem 2.2.9]:

U sp(mp(x)) if A is unital,
PePrim(A)
sp(z) =
p() U sp(mp(xz)) U {0} if A is non-unital.
PePrim(A)

Throughout this section, 7 always denotes a continuous irreducible representation of A
on the complex Banach space X. Following [6], we call an automorphism o of A 7-inner
if there exists an invertible S € L(X) such that wo(a) = Sm(a)S~! for all @ € A. An
automorphism that is not 7-inner is called m-outer. Two automorphisms o and 7 of A are

1

called m-dependent if o771 is w-inner, that is, there exists an invertible S € L(X) such
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that 7o (a) = Sm7(a)S~! for all a € A. Otherwise, they are called 7-independent. Clearly,
an automorphism o of A and the identity automorphism 14 of A are m-independent if
and only if ¢ is 7m-outer.

To prove our results, we need the notion generalized in [14] (or see [21]) to o-derivations
of A into L(X). Let o be an automorphism of A. By a o-derivation 6: A — L(X), we
mean that § is a linear map satisfying 8(ab) = wo(a)d(b) + &(a)m(b) for all a,b € A.
Clearly, if 6: A — A is a o-derivation of A, then the map § = 76: A — L(X) is a
o-derivation. A o-derivation 6: A — L(X) is called 7-inner if there exists T € L(X)
such that 6(a) = wo(a)T — Tw(a) for all a € A. Otherwise, it is called m-outer. Note
that a o-derivation & of A is called m-inner if § = 7 is 7-inner. We have the extended
Jacobson density theorems on m-outer o-derivations and automorphisms as follows.

Theorem 2.1 (Chuang and Liu [14, Theorem 2.7]). Let 6: A — L(X) be a 7-

outer o-derivation, where o is m-outer. Then, for any C-independent z1,...,x, € X and
arbitrary Y1, ..., Yn, 21, - -+ Zn, Wi, ..., Wy € X, there exists a € A such that é(a)x; = y;,
mo(a)x; = z; and w(a)x; = w; for alli=1,... n.

Theorem 2.2 (Chuang and Liu [14, Theorem 2.6]). Let 6: A — L(X) be a
m-outer o-derivation, where o is m-inner. Then, for any C-independent x1,...,x, € X
and arbitrary y1,...,Yn, #1,-..,2n € X, there exists a € A such that §(a)x; = y; and
m(a)r; =z foralli=1,... n.

Theorem 2.3 (BreSar [6, Theorem 1.2]). Suppose that o1,...,0,, are auto-

morphisms of A such that o; and o; are m-independent for all i # j. Then, for any
C-independent z1,...,x, € X and arbitrary y;; € X, there exists a € A such that
noi(a)x; =y;; foralli=1,...,mand j=1,...,n.

Lemma 2.4 (Chebotar et al. [13, Lemma 2.7]). Let X be a vector space over C
and let T: X — X and U: X — X be linear operators. Suppose that Tx € CUx for all
x € X. Then T = aU for some o € C.

3. Proof of Theorem 1.1

Let A be a complex Banach algebra and let § be a o-derivation of A, where o is an
automorphism of A. For a,b € A, we have

62(ab) = §(o(a)d(b) 4 6(a)b) = 0%(a)62(b) + (60 + 06)(a)ds(b) + 6%(a)b,
and hence
6% (o7 (a)b) = a(a)s?(b) + (6 + oda 1) (a)d(b) + 6%~ *(a)b.

Let 7 be a continuous irreducible representation of A on a complex Banach space X.
Then,
76%(ab) = wo?(a)w6%(b) + w(60 + 06)(a)wd(b) + 7% (a)m (D) (3.1)

and
76% (0" (a)b) = 7o (a)m6?(b) + 7(8 + odo ™) (a)wd(b) + w820 (a)w(b) (3.2)
for all a,b € A.

https://doi.org/10.1017/5001309151500005X Published online by Cambridge University Press


https://doi.org/10.1017/S001309151500005X

Skew derivations in Banach algebras 687

Lemma 3.1. Let A be a complex Banach algebra, let o be an automorphism of A
and let § be a o-derivation of A. Suppose that 6%(a) is quasinilpotent for every a € A.
If 7 is a continuous irreducible representation of A on a complex Banach space X such
that & is w-outer, then 76%(a) = 0 and 7(do + 8)(a) = 0 for every a € A.

Proof. Note that ¢doc~! and § + 0do~! are both o-derivations of A. We divide the
proof into two cases.

Case 1 (6 + 0do~! is m-outer). Choose 0 # z € X. By Theorem 2.1 and 2.2,
there is b € A such that 7d(b)x = x and 7(b)x = 0. Assume first that o is m-outer. Let
Y = Cz + Cr6?(b)z. By Theorem 2.1, there is a € A such that 7(§ + oéo~1)(a)r = =
and 7o(a)Y = 0. Thus, 7o(a)7é?(b)z = 0. In view of (3.2), 76%(c"1(a)b)z = =, a
contradiction. Assume next that o is m-inner. Then there is an invertible S € L(X) such
that 7o (a) = Sm(a)S~! for alla € A. Let Y = Cx+CS~ 762 (b)z. By Theorem 2.2, there
isan a € Asuch that 7(6+0do~1)(a)xr = z and 7(a)Y = 0. Thus, 7(a)S~t7§%(b)z = 0. In
particular, o (a)md?(b)z = S7(a)S~t7x8%(b)x = 0. In view of (3.2), 76%(c(a)b)x = =,
a contradiction.

Case 2 (4080~ is w-inner). So, thereisa T € L(X) such that 7(6+cdo~1)(a) =
wo(a)T — Tr(a) for all a € A. In this case, (3.2) becomes

762 (0 (a)b) = mo(a)wd?(b) + (7o (a)T — T (a))wd(b) + 7620~ (a)w(b)
= 7o (a)(76%(b) + T (b)) — Tr(a)md(b) + 760~ (a)m(b) (3.3)

for all a,b € A.
Assume first that T' = 0. Then 7(J + 0do~!) = 0, and hence 7(do + o8) = 0. By (3.1),

76%(ab) = wo?(a)w6%(b) + w62 (a)m(b)

for all a,b € A. This implies that 7§%: A — L(X) is a o%-derivation. Moreover, 762 must
be m-inner; otherwise, by Theorem 2.1 and 2.2, for any 0 # x € X there would exist a € A
such that 762(a)z = z, a contradiction. Let U € L(X) be such that 76%(a) = 702 (a)U —
Un(a) for all @ € A. If U = 0, then 762 = 0 and we are done. Assume that Uz # 0 for
some z € X. Then o2 is 7-inner; otherwise, by Theorem 2.3, there would exist a € A
such that mo?(a)Uz = x and 7(a)z = 0, and so 762(a)z = (70?(a)U — Un(a))x = z, a
contradiction. Hence, there exists an invertible S € L(X) such that mo?(a) = Sm(a)S™?
and so 762(a) = Sw(a)S~U—~Ur(a) for alla € A.If ST1U ¢ CI, there would exist x € X
such that S~'Uxz and x are C-independent, letting a € A be such that (a)x = 0 and
7(a)S~ Uz = S~1z, and then 76%(a)x = (S7(a)S~'U — Un(a))z = z, a contradiction.
Hence, S~1U € CI. Thus, 762(a) = S7(a)S™U — Un(a) = S(S~1U)n(a) — Un(a) = 0
for all a € A and we are done.

Assume now that 7' # 0. Choose x € X such that T'x # 0. Suppose that o is m-outer.
By Theorem 2.1, there is b € A such that 7§(b)Tx = x and 7(b)Tx = 0. Let Y = Cx +
C(762(b)+Tw6(b))Tx. By Theorem 2.3, there is a € A such that 7o(a)Y = 0 and 7(a)x =
—x. In particular, 7o (a)(76%(b) + T (b))Tz = 0. Then, by (3.3), 76%(c = (a)b) Tz = Tz,
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a contradiction. Hence, o is m-inner. That is, there exists an invertible S € L(X) such
that mo(a) = Sm(a)S™! and so (3.3) becomes

76%(0 " (a)b) = S(a)S™ (w62 (b) + T7d(b)) — Tr(a)wd(b) + w620 (a)n(b)  (3.4)

for all a,b € A. Suppose that S~!T € CI. Then, 7(§ + oo~ 1)(a) = wo(a)T — Tw(a) =
S7(a)S™IT — T'r(a) = S(S™T)m(a) — Tw(a) = 0, and thus 7(do + 06) = 0. With this
and (3.1), we see that m§%: A — L(X) is a o-derivation. By the same proof as above,
we obtain 762 = 0, as desired. Hence, we may assume that S~!7" ¢ CI. Choose z € X
such that S~'Tx and z are C-independent. Then Tz and Sz are C-independent. By
Theorems 2.1 and 2.2, there exists b € A such that 7(b)Tx = w(b)Sz =0, 7d(b)Tx = Tx
and w6(b)Sx = Sx. Thus, for p,y € C, n(b)(uTx + vSz) = 0, wd(b)(uTx + vSz) =
uTz 4+ Sz, and by (3.4) we have

76%(o~ (a)b)(uTx 4 vS)
= Sm(a)S™ (n6%(b) + Tms(b))(uTx + vSz) — Tr(a)(uTx + ySx)
= S7(a)U(uTx + vSx) — Tw(a)(uTx + vSx) (3.5)
for all @ € A, where U = S™Y(w6%(b) + Twd(b)). If U(uTx + vSz) and pTz + vSz are
C-independent for some p,y € C, letting a € A such that n(a)U(uTx + vSz) = ~a

and 7(a)(uTx + vSx) = —pz, then by (3.5), 762(c~1(a)b)(uTx + vSx) = pTx + vSx, a
contradiction. Hence, we conclude that

U(uTx 4+ vSx) and puTx + vSx are C-dependent for all u,y € C.

This implies that UTx = oTz, USz = 8Sx and U(Txz + Sz) = (Tz + Sz) for «, 5, €
C. Thus, ((Txz + Sz) = UTz + Sz) = UTz + USz = oTx + §Sz, implying that
({ —a)Tz+ (£ — B)Sz = 0. By the C-independence of Tx and Sz, we obtain a = 3 = /.
This implies that USz = aSxz. Thus, U(Tz — aSz) = a(Tz — aSz). With this, and
setting p =1 and v = —a in (3.5), we obtain

76%(0 " (a)b)(Tx — aSz) = (aS — T)7(a)(Tx — aSz) (3.6)
for all @ € A. Let a € A be such that 7(a)(Tx — aSz) = —z. By (3.6), we obtain
762(071(a)b)(Tx — aSz) = Tz — aSxz, a contradiction. O

Lemma 3.2. Let A be a complex Banach algebra, let o be an automorphism of A
and let § be a o-derivation of A. Suppose that 6%(a) is quasinilpotent for every a € A.
If 7 is a continuous irreducible representation of A on a complex Banach space X such
that § and o are both m-inner, then mw(62(a)?) = 0 for every a € A.

Proof. By assumption, there exist T € L(X) and an invertible S € L(X) such
that m0(a) = wo(a)T — Tr(a) and wo(a) = Sm(a)S~! for all @ € A. Thus, 76(a) =
S7(a)S™T — Tr(a) for all a € A. We then have

76%(a) = S7(6(a))S™'T — T (5(a))
= S(S7(a)S™'T — Tn(a))S™'T — T(S7(a)S™'T — Tn(a))
= S?1(a)(STT)? — (ST + TS)w(a)S™'T + T?%x(a) (3.7)
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for all a € A. If there is # € X such that (S71T)%z, S~!Tz and x are C-independent,
letting a € A such that 7(a)(S71T)%z = S22 and 7(a)S™'Tz = m(a)z = 0, then,
by (3.7), m§%(a)z = =z, a contradiction. So (S~!T)2z, S™1Tx and x are C-dependent
for every x € X. This implies that (S7'T)? = pS™1T + vI for some p,v € C, where [
denotes the identity operator on X. Then (3.7) reduces to

76%(a) = (uS* — ST — TS)7(a)S™T + (vS? + T?)7(a)
= Am(a)B + Cn(a) (3.8)

for all a € A, where A = uS? — ST — TS, B= ST and C = vS? + T?. Suppose that
A = \C for some A € C. Then (3.8) becomes 76%(a) = Cm(a)D for all a € A, where
D =AB+1.If DCx # 0 for some x € X, letting a € A such that 7(a)DCx = z, then
76%(a)Cz = Cr(a)DCx = Cz, a contradiction. If DC' = 0, then 7(6%(a)?) = (m§°(a))? =
0, proving the lemma. Hence, we may assume that A ¢ CC. Similarly, we may assume
C ¢ CA.

Let &n € C. If there is + € X such that B(EA + nC)z and (£A 4+ nC)x are
C-independent, letting a € A such that 7(a) B(6A+nC)z = £z and 7w(a)(EA+nC)x = nz,
then, by (3.8), 76%(a)(€A + nC)x = (€A + nC)z, a contradiction. So we conclude that

B(§A 4+ nC)x and (§A + nC)a are C-dependent for all £,n € C and z € X.

In particular, BAx and Az are C-dependent, BCx and Cz are C-dependent and B(A +
C)z and (A + C)z are C-dependent for every € X. From Lemma 2.4, it follows that
BA = aA, BC = pC and B(A+C) = v(A+C) for some «, 3,7 € C. Then, v(A+C) =
B(A+C) = BA+ BC = aA + §B. Thus, (a« —v)A = (v — 8)C. Recall that A ¢ CC
and C' ¢ CA. This implies that & = 8 = 7. Consequently, BA = aA and BC = aC.
Choose x € X such that («¢A+ C)x # 0 and let a € A be such that 7(a)(cA+ C)z = x.
By (3.8), 62(a)(aA + C)z = (A + C)z, a contradiction. This proves the lemma. [

Now we are ready to give the following proof.

Proof of Theorem 1.1. To prove that 62(a)? lies in the radical of A, it suffices to
show that 7(6%(a)?) = (76%(a))? = 0 for any continuous irreducible representation 7
of A. Let 7 be a continuous irreducible representation of A on a complex Banach space
X. By Lemma 3.1, we may assume that § is m-inner. That is, there is T € L(X) such
that 7d(a) = mo(a)T — T'w(a) for all a € A. Then (3.2) becomes

76% (o~ (a)b)
o(a)m6?(b) + (6 + odo 1) (a)né(b) + w620 (a)m(b)
o(a)n6?(b) + (ro(a)T — Tr(a))ws(b) + modo ™ (a)md(b) + w620~ (a)m(b). (3.9)

Il
303

Moreover, by Lemma 3.2, we may assume that o is m-outer.

Assume first that odo~! is m-outer. If T = 0, then m§ = 0 and hence m§? = 0,
as desired. So assume that T # 0 and let z € X be such that Tz # 0. Let ¥ =
Cx + CT'z. Since o is m-outer, by Theorem 2.3 there is b € A such that 7o (b)Tz # 0 and
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m(b)Y = 0. This implies that w(b)z = 0 and 7d(b)x = (7o (b)T — T (b))x = 7o (b)Tx # 0.
Let Z = Crd(b)x + Crd?(b)x + CTmwd(b)x. By Theorem 2.1, there is a € A such that
nodo~t(a)nd(b)x = z, mo(a)Z = 0 and w(a)Z = 0. This implies that 7o (a)7é(b)x =
no(a)Tré(b)x =0 and 7(a)7d(b)x = 0. By (3.9), 762(c~1(a)b)x = z, a contradiction.

Assume now that odo~! is 7-inner. That is, there exists U € L(X) such that
nodo1(a) = mo(a)U — Un(a) for all a € A. Thus, mod(a) = no?(a)U — Uro(a) for
all a € A. With this, we now have

76%(a) = 7o (8(a))T — Tr(5(a))
=70d(a)T — Tmd(a)
= (r0?(a)U — Urno(a))T — T(rwo(a)T — Tr(a))
=7102(a)UT — (U + T)7ro(a)T + T*n(a) (3.10)

for all a € A. We divide the proof into two cases.

Case 1 (02, 0, and 14 are pairwise m-independent). Suppose that UTxz # 0
for some x € X. Let Y = CUTz + CTx 4+ Cx. By Theorem 2.3, there is a € A such
that mo?(a)UTz = x, mo(a)Y = 0 and 7(a)Y = 0. This implies that 7o (a)Tx = 0 and
m(a)z = 0. By (3.10), 76%(a)x = x, a contradiction. Hence, we assume that UT = 0.
Then (3.10) becomes

76%(a) = —(U + T)ro(a)T + T?*n(a) (3.11)

for all a € A. Suppose that T(U+T)x # 0 for some z € X. Let Y = CT(U+T)x+C(U +
T)x. By Theorem 2.3, there is a € A such that 7o (a)T'(U + T)z = = and w(a)Y = 0,
implying that m(a)(U+T)z = 0. From (3.11), it follows that m6%(a)(U+T)z = —(U+T)x,
a contradiction. Thus, T(U + T) = 0. Suppose that T2z # 0 for some =z € X. Let
Z = CT?r + CT3z. By Theorem 2.3, there is a € A such that 7(a)T?z = z and
no(a)Z = 0, implying that o (a)T3z = 0. From (3.11), it follows that 76%(a)T%x = T?x,
a contradiction. Thus, 7% = 0. Now, using T(U +T) = T? = 0 and (3.11), we have
(762(a))? = 7(62%(a)?) = 0 for all a € A, proving the theorem.

Case 2 (02, o and 14 are not pairwise m-independent). Since o is 7-outer, we
see that 02 and 14 are m-dependent. That is, 02 is m-inner. So there exists an invertible
S € L(X) such that mo?(a) = Sm(a)S~! for all a € A. Then (3.10) becomes

76%(a) = Sm(a)ST'UT — (U + T)wa(a)T + T?n(a) (3.12)

for all a € A. Suppose that S~'UT ¢ CI. Then S~'UTx and z are C-independent for
some z € X. Let Y = CS~'UTx + Cx + CTz. According to Theorem 2.3, there is a € A
such that 7(a)S~'UTz = S~'z, n(a)z = 0 and 7o (a)Y = 0, implying that 7o (a)Tx = 0.
By (3.12), m6%(a)z = z, a contradiction. So S~1UT € CI and (3.12) reduces to

76%(a) = —(U + T)ro(a)T + (T? + UT)7(a) (3.13)

for all a € A. Suppose that T(U+T)x # 0 for some z € X. Let Y = CT(U+T)x+C(U +
T)x. By Theorem 2.3, there is a € A such that 7o (a)T(U 4+ T)z = z and 7(a)Y = 0,

https://doi.org/10.1017/5001309151500005X Published online by Cambridge University Press


https://doi.org/10.1017/S001309151500005X

Skew derivations in Banach algebras 691

implying that 7(a)(U+T)z = 0. From (3.13) it follows that 762 (a)(U+T)z = —(U+T)z,
a contradiction. Thus, T(U + T) = 0. Suppose that (T2 + UT)x # 0 for some z € X.
Let Z = C(T? + UT)z + CT(T? + UT)z. By Theorem 2.3, there is a € A such that
7(a)(T?+UT)x = x and 7o (a)Z = 0, implying that 7o (a)T(T?+UT)z = 0. From (3.13)
it follows that 76%(a)(T? + UT)x = (T? + UT)x, a contradiction. Thus, 7% + UT = 0.
Now, using T(U +T) = T? + UT = 0 and (3.13), we see that (76%(a))? = 7(6%(a)?) = 0,
proving the theorem. O

4. Proof of Theorems 1.2 and 1.5

Lemma 4.1. Let A = M5 (C), the 2x 2 matrix algebra over the complex field. Suppose
that S, A € A and that S is invertible in A. If [S[A, a],a]?> = 0 for alla € A, then A € ClI5,
where Iy is the identity matrix in A.

Proof. Clearly, for any invertible element P € A we have [PSP~[PAP~! a],a]?> =0
for all @ € A. Moreover, for any A € C, [PSP~1[PAP~! — \l3,a],a]?> =0 for all a € A.
Thus, writing A in its Jordan form modulo a scalar, we may assume that A = (¢ J) or
A =1(3%), where a € C. Clearly, if @ = 0, then we are done. So we may assume that

a # 0. Also write
S = (811 812> ,  where s;; € C.

S21 S22

Suppose that z = (31) € C? such that Az and z are C-independent. Then, C? =
CAxz + Cx. Write Sz = pAx + vx for pu,v € C. Let a € A such that ax = 0 and
aAzx = z. Then, [S[A,a],a]lr = (S(Aa — aA)a — aS(Aa — aA))x = aSaAx = pz. From
0 = [S[A,a],a]?z = p2x it follows that u = 0, and hence Sz = vx. So we conclude that

if Az and z are C-independent for z € C?, then Sz € Caz. (%)

Case 1 (A =1(%9)). Let z = (,ly), where 0 # v € C. Then, Az = (j) and 2 = (,ly)
are C-independent. By (%), we have Sz = {yx, where £, € C depending on ~. This
implies that s11 + ys12 = ¢4 and s21 + 7522 = £4y. Combining these two identities, we
obtain s1o72 + (811 — S22)r — s91 = 0 for all 0 # v € C. Consequently, s15 = so1 = 0 and
$11 = 822. S0 S = s1115. Setting a = (9 1), we have [S[A,a],a] = 2s11a(} % ). Thus,
0 = [S[A, a],a]® = 4(s11a)? I3, a contradiction.

Case 2 (A = (8¢)). Let z = (]), where 0 # v € C. Then, Az = (J) and = = (J)
are C-independent. By (%), we have Sz = {,x, where £, € C depending on 7. This
implies that ysi1 + s12 = €47 and vs21 + s22 = £,. Combining these two identities, we
obtain so17% 4 (S92 — 511)7 — 512 = 0 for all 0 # v € C. Consequently, s12 = 591 = 0
and s11 = S22. S0 S = s111. Setting a = (9 }), we have [S[A,a],a] = s;1a( % ). Thus,
0= [S[A4,a],a]?> = —4(s11a)*I2, a contradiction. This proves the lemma. O

Lemma 4.2. Let A be a complex Banach algebra, let o be an automorphism of A
and let 0 be a o-derivation of A. Suppose that [§(a), a] is quasinilpotent for every a € A.

If w is a continuous irreducible representation of A on a complex Banach space X with
dime¢ X > 2, then 7§ = 0.
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Proof. Clearly, we have
#([6(a), a]) = [78(a), 7()] = 76(a)m(a) — T(a)wd(a) (4.1)

for all a € A.

Suppose first that § is m-outer. Choose x,y € X such that x and y are C-independent.
By Theorems 2.1 and 2.2, there is an a € A such that mé(a)z =y, 7(a)z = 0 and 7(a)y =
—x. Then, by (4.1), n([6(a),a])z = (wé(a)n(a) — w(a)wé(a))x = z, a contradiction.
Hence, § must be w-inner. That is, there exists T' € L(X) such that md(a) = wo(a)T —
Tr(a) for all a € A. Thus, (4.1) becomes

m([0(a),a]) = (wo(a)T — Tw(a))n(a) — 7(a)(wo(a)T — Tr(a)) (4.2)

for all a € A. If T = 0, then wd = 0, proving the lemma. So we may assume that T # 0.
Suppose next that o is m-outer. Assume first that T ¢ CI. Then Tz and z are
C-independent for some z € X. By Theorem 2.3, there is a € A such that wo(a)Tz = Tz,
m(a)Tex = —z and w(a)z = 0. By (4.2), 7([0(a),a])x = —7(a)mwo(a)Tx = x, a contra-
diction. Assume now that T' € CI and write T = al, where 0 # « € C. Then (4.2)

becomes
m([6(a), a]) = T(wo(a)m(a) — m(a)wo(a)) (4.3)

for all a € A. Choose z,y € X such that z and y are C-independent. By Theorem 2.3,
there is a € A such that no(a)z = y, n(a)z = 0 and 7(a)y = —=z. Then, by (4.3),
m([0(a),a])x = Tx = ax, a contradiction. Hence, o must be m-inner. That is, there exists
an invertible S € L(X) such that 7o (a) = Sm(a)S~! for all a € A. Thus, (4.2) reduces
to

7([6(a),a]) = (S7(a)S™'T — Tw(a))n(a) — 7(a)(S7(a)S™'T — Tr(a)) (4.4)

for all a € A. Note that
76(a) = 7o (a)T — Tr(a) = Sm(a)S™'T — Tr(a) = S(n(a)S™'T — S~ Tw(a)) (4.5)

for all @ € A. If S~'T € CI, then, by (4.5), 7§ = 0, proving the lemma. So we may
assume that S~'T ¢ CI. Hence, STz and x are C-independent for some z € X.

Case 1 (dimc X > 3). Choose y € X such that STz,  and y are C-independent.
Let a € A satisfy w(a)z = 0, 7(a)S™ Tz = S~'y and n(a)y = —z. Then, by (4.4),
7([0(a),a))x = —m(a)S7(a)S™ Tz = z, a contradiction.

Case 2 (dimc¢ X = 2). In this case, 7(A) = B(X) = M>(C). In view of (4.4),
we have that 7([6(a), a]) = [S[4,7(a)],7(a)] is quasinilpotent in 7(A) for every a € A,
where A = —S~!T. By Lemma 4.1, A = —S~1T € CI. This implies that 76 = 0 by (4.5),
proving the lemma. O

Proof of Theorem 1.2. Let 7 be a continuous irreducible representation of A on a
complex Banach space X with kerm = P. If dim¢c X > 2, then, by Lemma 4.2, 7§ = 0
and thus 7([0(a),b]) = [7d(a), 7(b)] =0 for all a,b € A. If dimc X = 1, then 7n(A) = CI
and hence 7([A, A]) = [r(A), 7(A)] = 0, implying that 7([6(a),b]) = 0 for all a,b € A.
Consequently, [6(A), A] C rad(A), proving the theorem. O
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Let Z4 be the ideal of A generated by [A, A], where [A, A] denotes the subspace
of A spanned by all commutators (that is, elements of the form [a,b] = ab — ba where
a,b € A) of A. From A[A, AJA C A[[A, A], Al + A%[A, A] C A[A, A], it follows that
Ta=[AA + A[A A]. For b € A, let by: A — A be the map defined by bs(a) = ba for
all a € A.

Theorem 4.3. Let A be a unital complex Banach algebra and let § be a o-derivation
of A, where ¢ is an inner automorphism of A. Suppose that [6(a), a] is quasinilpotent for
every a € A. Then, 6(Z4) C rad(A). Moreover, §(A) C rad(A) if § is continuous.

Proof. By assumption, o(a) = uau™! for all a € A, where u is a unit in A. Let
d= u[lé. Then it is easy to see that d is a derivation of A and § = wu,d.

Let 7 be a continuous irreducible representation of A on a complex Banach space X
with kerm = P. Suppose first that dimc X > 2. Then, by Lemma 4.2, 7§(4) = 0
and thus 76(Z4) = 0. Suppose next that dim¢ X = 1. In this case, m(A) = CI and
A/P = C. Clearly, n([A, A]) = [7(A),7(A)] = 0 and thus 7(Z4) = 0. Using d([a,b]) =
[d(a),b] + [a,d(b)], we see that d(Z4) C Z4. So 7d(Z4) = 0, implying that 7d(Z4) = 0.
Note that d(1) = 0 and hence d(C) = 0. Suppose that J is continuous; then so is d.
By [34, Theorem 2.2], d(P) C P. So d naturally induces a derivation dp of A/P by the
rule: dp(a+ P) = d(a) + P for all a € A. Since A/P = C, we have dp(A/P) =0+ P.
This implies that d(A) C P. Thus, 7d(A) = 0, implying that 7§(A) = 0. Consequently,
0(Z4) Crad(A) and if ¢ is continuous, then §(A) C rad(A). O

The famous result of Halmos asserts that if H is a complex infinite-dimensional sep-
arable Hilbert space, then every element of A = B(H) is a sum of two commutators.
Consequently, A = Z 4. In [4, Lemma 2.6], Bresar proved that if A is a von Neumann
algebra with no non-zero central abelian summand, then A = Z 4. Moreover, if A is a uni-
tal properly infinitely C*-algebra or a unital stable C*-algebra [16] or a unital C*-algebra
without tracial states [29], then A = Z 4.

As an immediate consequence of Theorem 4.3, we have the following corollary.

Corollary 4.4. Let A be a unital complex Banach algebra with A = T4 and let ¢
be a o-derivation of A, where o is an inner automorphism of A. Suppose that [0(a), a] is
quasinilpotent for every a € A. Then, 6(A) C rad(A).

Proof of Corollary 1.3. Clearly, if a € A with a” € rad(A), then a and a™ are both
quasinilpotent. By Theorem 1.2 and Theorem 4.3, we are done. g

Proof of Corollary 1.4. Note that 6 = o — 14 is a o-derivation of A and [d(a),a] =
[(0 —14)(a),a] = [o0(a) — a,a] = [o(a),a] for all a € A. By Theorem 1.2, [§(.A), A] C
rad(A). Thus, 6(a) = (0 — 14)(a) is central modulo the radical for every a € A, as
desired.

O

To prove Theorem 1.5, we need the following result.
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Theorem 4.5 (Beidar et al. [3, Theorem 2]). Let A be a prime algebra and ¢ a
o-derivation of A, where o is an automorphism of A. If [§(a),a] € Z(A) for every a € A,
then § =0 or A is commutative.

Now we are ready for the following proof.

Proof of Theorem 1.5. Clearly, [[§(a),a],a] = 0 for every a € A. By the Kleinecke—-
Shirokov theorem, [6(a),a] is quasinilpotent for every a € A. So [§(A), A] C rad(A) by
Theorem 1.2.

Suppose that o is inner and o(a) = uau~! for all a € A, where u is a unit in A. Clearly,
d= u;lé is a derivation of A. Let @ be a primitive ideal of A. Using Zorn’s lemma, we
can find a minimal prime ideal P C Q. By [27, Lemma], d(P) C P and hence §(P) C P.
Clearly, o(P) C P.

Case 1 (P is closed in \A). Then d naturally induces a derivation dp of A/P defined
by dp(a+ P) = d(a)+ P for all a € A. In particular, dp = (u+ P)dp is a op-derivation
of A/P such that [6p(a + P),a + P] € Z(A/P) for all a € A, where op is an inner
automorphism of A/P defined by op(a+P) = (u+P)-(a+P)-(u+P)~! forall a € A.
By Theorem 4.5, §p = 0 or A/P is commutative. In the first case, §(A) C P and thus
d(A) € Q. In the latter case, by [37] dp(A/P) C rad(A/P). Using rad(A/P) C Q/P,
we obtain d(A) C @ and hence §(.A) C Q. So in both cases we have §(A) C Q.

Case 2 (P is not closed in A). By [15, Lemma 2.3], #(d) C P, where &(d) is
the separating space of d. Let mp: A — A/P be the canonical epimorphism defined by
np(a) = a+ P for all a € A. Since 7p(®(d)) = 0, by [35, Lemma 1.3], rpod: A —
A/P is continuous. By a standard argument [34, Theorem 2.2], 75 o d(P) = 0 + P.
This implies that d(P) C P. So d naturally induces a derivation dp of A/P defined by
dp(a+ P) = d(a) + P for all a € A. Note that dp is continuous by [35, Lemma 1.4].
Thus, 6p = (u+ P)¢dp is a continuous o p-derivation of A/P, where op is an inner
automorphism of A/P defined by op(a + P) = (u+ P) - (a+ P) - (u+ P)~! for all
a € A. Recall that [§(a),a] is quasinilpotent for every a € A. So [6p(a + P),a + P)
is quasinilpotent for every a € A. By Theorem 4.3, 65(A/P) C rad(A/P). Clearly,
P C Q as Q is closed in A. Using rad(.A/P) C Q/P, we obtain 6(A) C Q. Consequently,
d(A) C rad(.A). The proof is now complete. O

In general, a continuous skew derivation satisfying the assumptions in Theorem 1.2,
Theorem 1.5 or Corollary 1.4 does not necessarily map into the radical. See the example
below.

Example. Let A = C®C and let o be the automorphism of A defined by o((a1,as2)) =
(ag,aq) for all aj,as € C. Then, rad(A) = 0 and § = 0 — 14 is a non-zero continuous
o-derivation of A satisfying [§(a),a] = 0 for all a € A.
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