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Abstract. We consider products of an independent and identically distributed sequence
in a set {f1,..., fin} of orientation-preserving diffeomorphisms of the circle. We can
naturally associate a Lyapunov exponent A. Under few assumptions, it is known that 1. < 0
and that the equality holds if and only if fi, ..., fi; are simultaneously conjugated to
rotations. In this paper, we state a quantitative version of this fact in the case where
fis. .., fm are ck perturbations of rotations with rotation numbers p(f1), ..., o(fn)
satisfying a simultaneous diophantine condition in the sense of Moser [On commuting
circle mappings and simultaneous diophantine approximations. Math. Z. 205(1) (1990),
105-121]: we give a precise estimate of A (Taylor expansion) and we prove that there exist
a diffeomorphism g and rotations r; such that dist(gf,-g_l, ri) K |)L|1/2 fori=1,...,m.
We also state analogous results for random products of 2 x 2 matrices, without any
diophantine condition.
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1. Statement of results

1.1. Lyapunov exponent of random product of diffeomorphisms of the torus. We con-
sider the random compositions g, = f,—1 o - - - o fo, where (f)ken is a sequence of inde-
pendent and identically distributed (i.i.d.) copies of some random diffeomorphism f of the
one-dimensional torus T = R/Z. The general expected behaviour under few assumptions
is that, almost surely (a.s.), the random orbits (g, (x)),en distribute themselves toward
a unique stationary probability measure p on T and that the derivatives g/, (x) decrease
toward O with a fixed exponential rate given by a Lyapunov exponent A (we will recall the
precise definitions). The objective is to estimate the measure p and the number A when
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Lyapunov exponent of random dynamical systems on the circle 2081

f is the perturbation of a random rotation and to obtain by an explicit estimate that A
is an obstruction to the existence of a linearization of f, that is to say, a deterministic
diffeomorphism g such that gfg~!

Let us begin by introducing some notation: the circle is identified with the torus T =
R/Z. For k € N, we identify C*(T) with the space of 1-periodic C¥ maps from R into
R endowed with its standard norm || - [[x defined by ||@llx = sup;; yer | (x)]. In the

is a rotation.

same way Diffﬁ (T) is the space of increasing diffeomorphisms f from R onto R of the
form f =Id+ ¢ withgp € C k). Noting that the difference of two elements of Diffﬁ_ (T)
belongs to C k (T) allows one to naturally endow Diff’_i (T) with the metric dy defined by
di(f,8) = I|f — gllk. With these definitions, a rotation of T of angle « is simply the
translation Id + o, which we denote r,.

A random diffeomorphism of T is a random variable valued in Diff (T). In the paper all
the random variables are implicitly assumed to be defined on the same probability space
(2, F,P). Let us recall the notions of stationary measure and Lyapunov exponent for a
random diffeomorphism.

Definition 1.1. Let f be a random diffeomorphism of T valued in Diff"+ (T) such that
Ing || fllo € LI(Q). A probability measure p on T is stationary for f if E[fiu]l = u
(such a measure always exists by the Kakutani fixed point theorem). The associated (mean)
Lyapunov exponent is

A(p) =E/T1n |f' GOl dp(x).

We recall some known facts about stationary measures and Lyapunov exponents. We
will not use them in this paper but it may enlighten the reader on their meaning and their
interest.

PROPOSITION 1.1. Let f be a random diffeomorphism valued in lefi_(T) such that

Ing || f'llo € LY(RQ) and let g, = fo_10-- -0 fo, where (fi)reN is a sequence of i.i.d.

copies of f.

o [f f is minimal in the sense that the unique closed sets of T almost surely invariant by
f are § and T, then the stationary measure is unique (see [5, 10]).

e [fthere is a unique stationary measure |4 for f and so a unique Lyapunov exponent
A = A(u), then for every x in T we have

1
—In(g),(x)) —— A a.s.
n n—400

e A(u) is a negative number unless maybe if almost every (a.e.) realization of f
preserves | (it is an early version due to Crauel [4] of the so-called ‘invariance
principle’ of Avila and Viana [2], both inspired by the linear version in the seminal
paper [9] of Ledrappier).

If f is minimal, it implies the existence of a homeomorphism h of T such that hf h=1
is almost surely a rotation and so implies in particular that almost all realizations of
f commute.

We are going to give an estimate for A(u) when f is a perturbation of a random rotation.
We need an arithmetical condition on the angle of the random rotation. We recall that a
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number « is diophantine if for some A, o > 0 we have dist(qc, Z) > A/|q|° for any g in
Z — {0}. By the generalized definition of Moser in [11], m numbers «1, . . . , oy, are said to
be simultaneously diophantine if for some A, o > 0 we have sup; dist(qa;, Z) > A/|q|”
for any g in Z — {0} (in particular, it holds if at least one of the «; is diophantine). Here we
introduce a definition generalizing the classical notion of diophantine number for random
variables.

Definition 1.2. Let « be a random variable in T. For any A > 0 and ¢ > 0, we say that «
is diophantine of type (A, o) if for any g in Z — {0},

. A
Idist(ga )20y = 1 (1)
We say that « is diophantine if there exist A > 0 and ¢ > 0 such that « is diophantine of
type (A, o).
Remark 1.1.

e If @ is deterministic (that is, is a constant random variable), then we obtain the classical
definition of diophantine number and, if the set of realizations of « is a finite set
{a1, ..., o}, then « is diophantine if and only if «y, ..., ®, are simultaneously
diophantine.

e If o has positive probability to be a diophantine number, then « is a diophantine
random variable.

o Contrary to the deterministic case, it can happen that o = 0. It is for example the case
if o is uniform on T by a simple computation (or more generally if the law of « is not
Lebesgue singular, by a consequence of the Riemann Lebesgue lemma).

To check the second point, consider the sets E4, of x in T such that for every g in
Z*, dist(gx, Z) > A/|q|°. If « has positive probability to be diophantine, then there must
exist A and o such that o belongs to E4 , with positive probability p and then for all ¢ €
Zx, \dist(qat, Z) | 12(q) = (A/1917)/P-

Our first theorem gives a precise estimate for the Lyapunov exponent of a random
diffeomorphism f = r, 4+ ¢ when f is a perturbation (in a smooth sense) of order ¢ of a
random rotation r, with o diophantine. We obtain a quadratic estimate A = O (¢2) (instead
of the obvious bound A = O(¢)) and a formula for the quadratic term. In the statement of
the theorem, a term O (M) means a term bounded by CM with C a constant depending
onlyon A and o.

THEOREM 1. Let a be a diophantine random variable of type (A, o). Then there exists an
integer k depending only on o such that for any random diffeomorphism in Difjd_‘Ir (T) of the
form f = ry + € and for any Lyapunov exponent A associated to any stationary measure

of f, we have
. 1 ’ / I 2 3
k——zlE C+n —nory) dx+ 0()
T

(and so L = O(e?)), where & = ||di(f. ra)ll 3 = Eldk(f, re)* 13, and where v is
a deterministic map depending linearly on ¢ and satisfying |n'| = O(¢). The non-zero
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Fourier coefficients of n are given by the formula

_ E[g(p)e= %P
T 1= E[e—2impa] :

1(p) 2

The formula (2) can also be rewritten by the Parseval identity as

1 2
r=—3E > p
pEL*

E[¢(p)e=27Pe]

2
2i 3
TRz L =€ )| TOE.

t(p) +

Remark 1.2. Our method can actually allow us to obtain the higher terms in the Taylor
expansion of A, of the form A = Z;’;i q;j () + O(e"), where ¢;(¢) is a j-linear form
evaluated at (¢, . . ., ).

In the next theorem we prove that if f is a random diffeomorphism close to rotations
whose rotation number p (f) is diophantine, then A measures in an explicit sense how close
to rotations f can be (smoothly) conjugated by a deterministic diffeomorphism. Note that
A is indeed a natural obstruction to the existence of such a diffeomorphism because X is
invariant under conjugation.

THEOREM 2. Let (A, o) be a couple of positive real numbers. There exists an integer r
depending only on o such that for any integer K larger than r, there exists in Difff (T) a
neighbourhood U of the set of rotations such that for any random diffeomorphism f valued
in U whose rotation number o = p(f) is (A, o)-diophantine, there exists in Difff (T a
(non-random) diffeomorphism h such that

Ido(hf ™", ra)ll 2y < 3IAI1V2

for any Lyapunov exponent )\ associated to a stationary measure of f, with h satisfying
dx—r(h,1d) < C|dg (f, rot)||L2(Q) for some C depending on A, o and K.

The constant 3 in the inequality above is not optimal. By analysing carefully our proof
we could actually replace it by any number larger than /2. However, the bound |A|!/2 is
essentially optimal since, by Theorem 1, Y2 = O(dy (hfh=!, ry)) for some integer k.
The number r represents the ‘loss of derivative’. As a result of our proof it can be made
explicit as an affine function of o, though we did not try to obtain an optimal expression.

Remark 1.3. If . =0 and f is valued in a finite set {fi, ..., fi}, the theorem gives
a smooth diffeomorphism / conjugating simultaneously fi, ..., f,; to rotations. This
particular case can actually be obtained by using a succession of already known results:
f is minimal by the Denjoy theorem (the diophantine condition implies that at least one
of the rotation numbers p( f;) is irrational), so if A = 0 the maps f; are simultaneously
CO-conjugated to rotations r1, . . ., r, and so pairwise commute (see Proposition 1.1).
Then one can use a result of Moser [11] which generalizes the classical works of Arnold
[1] and Moser on the linearization of a single map close to rotations in the case of several
commuting maps, and which states that under the diophantine condition given in the
assumption, the conjugacy 4 can be taken smooth and close to the identity with the estimate
dg—r(h,1d) = O(sup; di (f}.77).
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Since the maps close to rotations almost commute, we can deduce from Theorem 2 the
following corollary.

COROLLARY 1. Let (A, o) be a couple of positive real numbers. Then there exist an
integer k and a neighbourhood U of the set of rotations in Difﬁ (T) such that for any
random diffeomorphism f valued in U, if « = p(f) is (A, o)-diophantine, then, by
denoting by f an independent copy of f, we have

ldo(f o f. f o Fll2 < CIAIM?

for any Lyapunov exponent ) associated to a stationary measure of f, where C is a
universal constant.

By Theorem 2, there exist an integer k and a neighbourhood U/ of rotations in Diff*(T)
such that for f valued in U, there exists A in Diffl+ (T) with max(h’, (h~1)’) < 2 such
that fi = hfh~" satisfies |do(f1.ra)ll 2(q) < 3IA|"/%. Then, setting fi = hfh~' and
& = p(f), we deduce that ||do(f1 o f1.rata)ll12(q) < 6IA1'/? and so [ldo(f1 o fi. fi o
2@ < 12|1|/? and finally by the mean value inequality ||do(f o f, f o Mg =
48|12,

Remark 1.4. One could expect a converse inequality by using Moser’s ideas [11] to obtain
a diffeomorphism / such that ||dx _,(hfh~!, ra)llpz) K ldk (f o fy f o fliLzgq) and
then deduce from Theorem 1 that [A|'/? < ||dg (f o f, fo D2 ) for some K.

The proof of Theorem 2 follows a ‘KAM scheme’ (from the so-called Kolmogorov—
Arnold—Moser theory): in the same way as the Arnold linearization theorem [1] for a single
diffeomorphism or the Moser linearization theorem [11] for commuting diffeomorphisms,
we linearize the equation Afh~' =r, at h = Id, f = r, so that a solution of the linear
equation gives an approximate solution of the initial equation and thus define a conjugation
h such that hfh~! is closer to rotations than f. We prove that this can be achieved if the
obstruction X is small enough by using the estimate given by Theorem 1. Then we reiterate
the process in order to conjugate f to random diffeomorphisms f, closer and closer to
rotations. Thanks to the diophantine condition, we bound the C¥ norms of the conjugations
(though there is a loss of derivatives phenomenon as almost always in these kinds of KAM
schemes but that can be handled by standard methods). The assumption p( f) = « ensures
that the diophantine condition is satisfied at each step of the process. Finally, if A = 0, we
check that the sequence of conjugations converges and gives a conjugation between f and
ry and, if A # 0, we stop the process when A becomes large in front of dist(f;, r,) and it
gives the wanted conjugation.

This scheme of the proof is similar to the one in the paper of Dolgopyat and Krikorian
[6], where they proved an analogous result on the sphere S¢ for d > 2 (though only for the
case A = 0).

1.2. Lyapunov exponent of random product of matrices. Our techniques also apply to
estimate the Lyapunov exponent of the product of i.i.d. random 2 x 2 matrices close to
rotation matrices, by studying the action on the projective line, identified to T. And in this
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case we do not require a diophantine condition on the angle of the rotation but only a weak
non-degeneracy condition.

Let || - || be a norm in M3,(R). Let M be a random variable in GL;(R) such that
E[| Iny |[M]]] < 4oo. It is a well-known result of Furstenberg and Kesten [8] that if
(Mp)nen 1s a sequence of independent copies of M, then the limit

A= lim n(|M,—1 ol

n— 00 n

exists almost surely, is not random and does not depend on the norm. We call this number
the Lyapunov exponent of M.
For @ € T, we denote by R,, the rotation matrix of angle w«, that is to say,

cosma —sinmwo
Ry =1 . .
sinmae  cosmo
The following theorem is the analogue of Theorem 1 for a random product of matrices.

THEOREM 3. Let « be a random variable in T which does not belong almost surely
to {0, %}. Let M be a random variable in SLy(R) of the form M = Ry + E. Let ¢ =
E[||E|I*1'/3, which we assume to be finite, and let A be the Lyapunov exponent of M.

Then
1 ) ) 1 — e2ima
A= g]E( Zei™ — E[Ze”m]<;)

2

3
g | ) HOE
Z=(a+d)+i(b—c)=Ti(E)+iT(ER) )

where

(in particular, A = O(&?)). If a is constant (that is, non-random), the formula simplifies
and becomes

1 Var(Z
A= gIE:[|Z —E[Z]21+ 0(?) = % + 0(&d).
The term O(g>) represents here a quantity bounded by Cs, where C is a constant
depending only on o (and is actually uniformly bounded on the sets {||d(«, {0, %}Ile(Q) >

const.}).

Remark 1.5.

e In the general case M € GL,(R) (instead of SL,(R)), we can also obtain a Taylor
expansion of its Lyapunov exponent A by applying the theorem to estimate the
Lyapunov exponent A of M = M//det(M), since then A = A + sE[In(det(M))].

e Asin Theorem I, the method can be generalized to obtain a Taylor expansion of any
order, but it requires more restrictions on «: to obtain an expansion of order g, & must
not belong a.s. to {0, 1/q, ..., (g — 1)/q}.

e We can obtain from the theorem an estimate of Pastur and Figotin [12] for the
Lyapunov exponent of a Schrodinger matrix with small random potential: if M =
( E—]gV _Ol ), with E = 2 cos(f) € ]—2,2[ — {0} and V a random real variable having
a third moment, then M is conjugated to Ry + gV ( (1) °°(§9 ) and then, by Theorem 1,
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when g tends to 0,
_ Var(V) ,
T gsinl6°

Var(V)
2(4 — E?)

+0(g = g2+ 0(gd.

The following theorem is the analogue of Theorem 2 for a random product of matrices.

THEOREM 4. Let R be the set of rotation matrices. For any & > 0, there exists a
neighbourhood U of R in SLy(R) such that for any random variable M in U satisfying
ITe(M) |l 2(q) < 2 — 8, there exists P € SLao(R) such that

ld(PM P, R)ll 20y < CAY2,

where A is the Lyapunov exponent of M and C is a constant depending only on the chosen
norm on My (R). Moreover, |P — L|| < C'||d(M, Rl 12(q) for some C’ depending on §
and the norm.

From the proof it should not be difficult to obtain an explicit constant C for a given
norm. The assumption || Tr(M)[;2(q) < 2 — & gives a control of the average ellipticity of
M and should be seen as the analogue of the the diophantine condition on p(f) in the
nonlinear case.

We also deduce the same corollary as in the nonlinear case (with the same proof).

COROLLARY 2. Forany § > 0, there exists a neighbourhood U of R in SL,(R) such that
Jor any random variable M in U satisfying |[Tt(M)12(q) < 2 — 6, if M is an independent
copy of M, we have

E[|MM — MM|*] < CA,
where A is the Lyapunov exponent of M and C is a constant depending only on the chosen

norm on M>(R).

From the proof it should not be difficult to obtain an explicit constant C for a given
norm. Moreover, by using compactness arguments in M (R), we can deduce global results
in more specific contexts, but then one can no longer hope to obtain explicit constants
without additional work. Here is an example of a global result.

COROLLARY 3. Let m be an integer and let § and C be two positive numbers. Then there
exists C > 0 such that for any matrices Ay, . . . , Ay, in SLo(R) satisfying |Tr(A;)| <2 -6
(control of the ellipticity) and ||A;|| < Co (control of the norm), we have

sup |A;A; — Aj Al < CA'2,
i.j

where A is the Lyapunov exponent of the uniformly distributed random matrix in
{Ar, ..., An}

Proof. Let us consider A as a function of Ay, ..., A, on SLo(R)™. It is known by [3]
that this function is continuous. In particular, it is continuous on the compact subset

K={(A1 ..., An), IAill = Co, ITr(Aj)| <2 — 8}
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(the continuity of A is actually a lot easier to prove on this subset K thanks to the ellipticity
condition |Tr(A;)| <2 —§).

Moreover, if the function A vanishes at a point (Ay, ..., A;), then by the classical
Furstenberg theorem [7] (and the ellipticity condition) the matrices A; commute. Thus,
there exists P in SL,(R) such that PA; P~! is a rotation for every i and, using that
|A;|l < Co and |Tr(A;)| <2 — 8, one can actually choose P with a bound || P|| < C; for
some constant C; depending only on Cy and § (we leave this detail to the reader).

Let U be the open set given by Corollary 2 and let

v= [ PurP~Hy" c SLa®)™
IPI<C

Then A is continuous and does not vanish on the compact set /C \ V; hence, A > m for

some m > 0. Then:

e if (Ay,...,A,) €V, there is P in SL(R) with |P|| <C; such that
B; = PA; P! €U for every i, by Corollary 2 ||B;B; — B;B;|| < CA'/? for some
constant C, and then [|A;A; — AjA;|| < C’A'/? for some new constant C’ = CC12;

o if (Al,...,Ay) ¢V, then A >m so [|[A;Aj — A;A;]| <2C3 < CAY? with C =
2% /m1/2. O

Remark 1.6. In the corollary above, one can actually obtain also a converse inequality
sup; ; AiAj — AjAll = cA'/2, by using that we can find P with bounded norm and
rotation matrices R; so that sup; IPA; P~ — Ri|| € sup; ; |AiA; — AjA;| and then by
using Theorem 3 to get A < (sup; ||[PA; P~' — R;|)>.

2. Preliminaries

2.1. Some CF estimates. 'We begin by stating various estimates in Diff’fF (T). All of them

are classical estimates of KAM theory. Nevertheless, we give proofs in an appendix (§A).
A key tool is the so-called Kolmogorov inequality.

PROPOSITION 2.1. (Kolmogorov inequality) For any integers j < k and for any ¢ in
chm,

ik 1=j/k
lell; < Cliely el ™", 3)

where C is a constant depending only on k.

The three following propositions give C* estimates of gfg~! when f is a diffeomor-
phism close to a rotation r,, and g is a diffeomorphism close to Id. The first estimate allows
us to bound the large C*¥ norms of such a conjugation.

PROPOSITION 2.2. Let f, g be in Difjﬁ(T) and let o be in T with di(f,ry) <1 and
di(g,1d) < 1. Then

di(gfg™ ", ra) < Cdi(f, rg) +di(g, 1d)),

where C is a constant depending only on k.
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The assumption of the bound 1 for di (f, Id) is arbitrary and could be replaced by any
other number. In the same way the bound % for d; (g, Id) could be replaced by any number
less than 1.

The second estimate bounds the distance between two conjugations in a function of the
distance between the conjugacies.

PROPOSITION 2.3. Let f, g and g be in Difffs_ (T) and let a be in T, with di(f,rq) < 1,
di(g.1d) < 3 and d\(§,1d) < 5. Then
do(gfg™".8f27") < Codo(s. ).

where Cy is an absolute constant.

1

Remark 2.1. Tt is actually more generally possible to bound di(gfg~ ', gfg~") as a

function of di (g, g), but we will not need it.

The third estimate gives a classical linear approximation of gfg~!.

PROPOSITION 2.4. Let k > 2, let f, g be in Difﬁ(’ﬂ‘) and let a be in T. Writing f =
re + ¢ g = Id + m and denoting ¢ = max(||¢|l2, [Inll2), we have

gfeg ' =ra+@C+norg —m+R,

where R is a quadratic remainder satisfying | R||1 < Ce? for some absolute constant C.

Remark 2.2. The €2 upper bound can actually be replaced by the more precise term
max(|[c|l2, [Imll2) - max(||¢]lo, [In]lo). There also exists a C¥ version of this estimate.

We conclude with a last required estimate.
PROPOSITION 2.5. Let f, g, h be in Dy‘ﬁ(ﬂf) with di(h, 1d) < 1. Then
dk(f Ohv 8 Oh) = Cdk(f7 g),

where C is a constant depending only on k.

Remark 2.3. The assumption di (h, Id) < 1 is strong (in the previous propositions we only
assumed bounds on C'! distances). Under the weaker assumption d; (h, Id) < 1 we actually
have di(f oh, g oh) < C(1 + di(h, 1d))dk(f, g)-

2.2. Cohomological equation. ~We fix a random rotation r, = Id + « and a perturbation
f =rq +¢of ry. We assume that « is (A, o)-diophantine. We will assume that o is an
integer, in order to avoid the use of C*-norms with k a non-integer. It is obviously not a
restriction since we can replace o by [o] + 1.

We denote respectively by Ty and T the transfer operators of r, and f. That is, for any
mapg : T — R,

Top =Elporyl, T =El[po f].

Since f is a perturbation of ry, T is a perturbation of 7. Note also that a measure u is
stationary for f if and only if [ ¢ diu = [ T dp for any map ¢ € C(T).
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The understanding of stationary measures is naturally related to the understanding of
the cohomological equation ¢ — T¢ = . Our main ingredient in our proofs is that the
approximated cohomological equation ¢ — Topgp = ¥ is easily solvable in ¢ by Fourier
methods, in the same way as in the classical deterministic case: the equation can be
rewritten

forall ¢ € Z, $(¢)(1 — E[¢%™9%]) = v/ (q).

For g = 0, we get the obvious restriction 1/}(0) = fT ¥ (x) dx = 0and, forg # 0, if go is
not almost surely an integer (which is the case for « diophantine), then E[¢%79%] # 1 and
we obtain ¢(g) = ¥ (q)/(1 — E[e*749%]). It leads us to define the following operator U:
fory : T — R,
_ ‘ﬁ (q) 2imgx
UV = ) et
qeZ*

a priori well defined at least if i is a trigonometric polynomial. If ¢ = U is well defined,
then it is the unique solution of the equation

<p—To¢=w—/T1ﬂ(x)dx

such that [, ¢ dx = 0.
It is also convenient to define its adjoint U by

T7 &(Q) ITgx
Uy (x) = Z T Rl —2imqa] _H*:[eizl,nqw]e2 -,
qEL*

so that for any trigonometric polynomials yr; and v, we have
/T U1 (x)yn(x) dx = /T V1)U (x) dx.

The following lemma states that under the diophantine condition, U and U are actually
well defined on sufficiently smooth maps and are bounded up to some loss of derivative.

LEMMA 2.1. Let ko =20 + 2. Then the operators U and U are well defined on
C*(T) and, for any integer k, if ¥ € C¥%(T), then Uy € CK(T) and Uy <
(1/A2) 1V | k+ko- The same estimate holds if we replace U by U.

Proof. tis enough to prove that for any integer k the inequality || Uy ||x < (1/ A2) 1 ko
holds for any trigonometric polynomial ¥ (the same estimate for U follows by replacing «
with —«). To estimate ||U ||k, we are going to bound for g # 0 the Fourier coefficient

¥ (q)
1— E[ezi”q“]

0¥ @) = ‘
The numerator can be bounded from above by

> 19 115440
1V (gl < (

27 |q)ktho”

“4)
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To bound the denominator from below, we use that for any real number x, writing x =
k46 withk € Z and || = d(x, Z) < }, we have

2
1 — cos(2x) = 2(sin(rx))* = 2(sin(7w0))> > 2(%;19) =8d(x,7Z)* > d(x, 7)*

and hence, by using the diophantine condition (1),
1 — E[e*79%]| > 1 — E[cos(2mqa)]
> Eld(qa, Z)*]
A2
> —. )
lq1%
Thus, (4) and (5) give, using that kg = 20 + 2,

— IVAIFEeS
|U¢(q)| = (27‘[)k+k0A2|q|k+2.

Consequently,

e 1 1
Ul < Y Rrgl 0¥ (@) < m( >

2
qeL* qeL* |61|

1
)||¢||k+k0 = ﬁ”l//”kJrko

since 1/Q2m) 3 7. (1/191%) < (1/Q@m)*)(x%/3) = 1/12. m

3. Proof of Theorem I

We fix a random rotation r, and a perturbation f = ry, + ¢, and we assume that « is
(A, o)-diophantine. The operators Ty, T, U and U are defined as in the previous section.
We are going to obtain a Taylor expansion for the stationary measures of f and the
associated Lyapunov exponents.

3.1. Estimate of the stationary measures.

PROPOSITION 3.1. If u is a stationary measure for f, then
/ pdp= f pdx+ OCellelk) = / @ dx +/(UE)¢/ dx + 0(&%(|¢llk,).
T T T T
where ki =20 +3, ky = 40 + 6, T = E[¢ o r_o] and & = E[|[¢|Ig 1'/*.

(As before, O (M) is a notation for a quantity bounded by C M, where C is a constant
depending only on A and o.)

Proof. To prove the first equality of the statement, we start from the Taylor formula of
order 0: ¢ o f = @ ory + O(|IClloll¢ll1) and we take the expectation, so

To =Top + Oellell).

Then we use the invariance of ju:

/T(w ~ Top) du = OCellol).
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For v in C23(T), we apply the previous formula to ¢ = Uy and we get, thanks to
Lemma 2.1 withk =1,

/ vdp = / Y dx + O(el|¥ll2o+3)- (6)
T T

That gives the first equality.
To prove the second equality of the statement, we use this time a Taylor formula of
order 1:

Ty = Top + E[(¢ 0 ra)¢] + O(e?[lgll2).
Using the invariance of u, the first estimate (6) and the inequality [luv|x < 2 ||lullx]lvx (a
consequence of the Leibnitz formula), we get

fT (0 —Top)dp = /T El[(¢ o ro)¢]l du + O(2]lgl2)
= /T El(¢' 0 )¢l dx + O(e*|@ll2 + el E[(@' 0 7)€l l2043)

=/T<P/E dx + O(e*llgll20+4)-

As before, for i in CcHo+5 (T), we take ¢ = Uy to get, thanks to Lemma 2.1 with k =
20 + 4,

/ ¥ dp =f ¥ dx +/<U¢>’E dx + 0 Ullao+4)
T T T
- /T v dx + /T VT dx + OE ¥ l40s6)- 0

Remark 3.1. We got that u can be approximated by the density Ay = 1 with accuracy ¢,
and by the density #; = 1 — U’ with accuracy &> (omitting the detail of the C¥-norms
involved). We can easily generalize the method to have higher accuracy. Once having
defined an approximation /,_; with accuracy &"~!, we write Tg = Top + Tip + - - - +
Th—19 + O ||@l), where Trp = (l/k!)E[((p(k) o re)ck]. By a computation similar to
the one in the proof, we get [(¢ — Top) du = ZZ;} Jp @Tchn—i dx + O(e"|l¢l]), where
Trp = (=1%/kDE[(®¢k) o r; 1], Then we apply this to ¢ = U and we obtain that the
density h, = 1 + ZZ;} U Tih,_y approximates u with accuracy &”.

3.2. Estimate of the Lyapunov exponents. Thanks to Proposition 3.1, we can estimate
the Lyapunov exponents of f.

PROPOSITION 3.2. Let ko =40 + 7. If u is a stationary probability for f and X is the
associated Lyapunov exponent, then

1 — .
h=—3E / © — (T o1y + (T dx + 0,
T
where T =E[g o r_q] and & = E[[ig|} 1'>.

This will conclude the proof of Theorem 1, setting n = UC.
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Proof. Letn=Ut g=1Id—n, f =gfg~" (Inlli = O(e), so g is invertible if ¢ is small
enough), = f —rgand i = guu. If p isin Cclots (T), then, thanks to Proposition 3.1,
writing ¢ o g = ¢ — ¢’ + O(e?), we have, keeping the notation k; = 20 + 3 and k =
40 + 6,

/wdﬁ =/<pogdu
T T

=fT<pdu—fT<p/ndu+0(szll<pllz)

= (/ de+/ @'n dX> —/ @'ndx + 0E@llk, + ellnlle, 1€ 1lx,)
T T T
=fT<pdx+0<sz||wuk2),

where we used Lemma 2.1 to get ||k, = 0(||E||k1+2(,+2) = O(g). Thus, [ is ‘e“-close’
to Lebesgue measure.

The Lyapunov exponent A of f associated to u is equal to the Lyapunov exponent of
f associated to /i (this invariance of Lyapunov exponent under conjugation follows by
taking the expectation and integrating with respect to u the equality In((gfg~!)) o g =
In "+ (In g’ o f —1n g’)). We use this fact and the previous computation to estimate A.
We also use that by Proposition 2.2, [|T]lx = O(|[¢|lx + |In|lx) and that, by Proposition 2.4,
U= —n ore+n)+ R withE[R?*]'/? = O(&?). Then

A:E/Tln(l +8)d
—E @~/ dii+ 0
=E /T @ —T?/2) dx + O(?)
_ —%]E /T 2 dx + 0(cY)

1
:—EJE/(C/—n/oro,—i—n/)z dx + 0(&3). 0
T

Remark 3.2. A quicker way to obtain an estimate of A is to skip the construction of
the conjugacy g and to directly expand E [ In f’(x) dju(x) by using Proposition 3.1.
The method we used has two advantages, though: it makes appear a main term clearly
non-positive in the expansion of A, and in the context of Theorem 2 the conjugation by
g will be the first step of the KAM scheme in order to conjugate f to a diffeomorphism
closer to rotations.

4. Proof of Theorem 2
4.1. Preliminaries. We begin by introducing some convenient notation: if # is a random
variable valued in C*(T), we set

luelll = ELllu)?].

https://doi.org/10.1017/etds.2021.22 Published online by Cambridge University Press


https://doi.org/10.1017/etds.2021.22

Lyapunov exponent of random dynamical systems on the circle 2093

To avoid the profusion of constants, if k is an integer, we write X <; Y if X < CY
with C a constant depending only on A, o and k, or simply X « Y if C depends only on
Aando.

Another important tool is the smoothing operators, allowing us to fix the loss of
derivative phenomenon which will occur in the KAM scheme. Here we are going to simply
use Fourier truncation, which does not give the optimal estimates but is sufficient for our
purpose. So, for ¢ : T — R and 7 > 0, we denote

Sre) =Y §(p)e*rY,
IpI=T

Rro(x) = Y ¢(p)e* .
Ip|>T

Then we have the standard Fourier estimates.
PROPOSITION 4.1. For any integers j and k with j < k, we have

forallg € C/(T), |IStollk <k T/ oll;,

7)
el (
forallg € CX(T), |IRroll; <& Th=j—T"
4.2. First conjugation. In this section we fix a random diffeomorphism f = ry + ¢ with
o = p(f) diophantine of type (A, o), and A a Lyapunov exponent of f associated to some
stationary measure (. We assume that f is valued in the open set

Uy = {h e Diff\, (D), |' — 1] < 3}
In other words, Uj is the %—neighbourhood of the set of rotations in Diff 1+ (T).

LEMMA 4.1. Let ko =40 +7 and r =20 + 2. There exists Co > 0 depending only
on A and o so that f is conjugated by a deterministic diffeomorphism g =1d —n to
f =gfg~ "' = ry + T such that either

= = 3/2
IElo < 31212 or Iy < Colllly,
with n satisfying that for any integer K > r,

Inllx—r <k ISl -

Proof. We begin with the same setting as in Proposition 3.2. First we set = Ut, which
satisfies the inequality [[n|lx—r <k |5/l by Lemma 2.1. In particular, [[n[[1 < [lI5llx,. SO
we can assume that [[[¢][|, is small enough so that [[n|[1 < 1/7 (if not, then g = Id satisfies

the conclusion of the statement). Then we set ¢ = Id — 7, which is invertible, f = gfg~!,

Ezf—”a and L = g.pL.

Now we follow the computation of the proof of Proposition 3.2 with one slight
difference: we cannot expand In(1 4 ¢’) at order 3 because we do not have a good bound
for the third moment of ||¢||;. Instead we use that for every ¢ in ] — 1, 1[, we have
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In(14+1¢) <t— 4—1Lt2. We can apply this inequality to = ¢’ because f € Uy, so

' < sup(f)(sup(g)/inf(g") < (1 + )i =2

and so —1 < ' < 1. We get

= ~ T ~ 1 =/
szf In(1 +8) duSE/(c — T4y dji = —chzdxw(nmn&o)
T T T

and hence there exists C depending only on A and o such that
=2 3
E/TC dx < 4|A] + Clllgllig, -

Next, we notice that for a fixed event, for every a, b, |t(a) —(b)| < [ |T| dx and,
since p(f) = p(f) = a, we have {(b) = 0 for some b and so ||Zllo < [ IC'| dx. Thus,
by Cauchy—Schwarz, ||E||% < fT T2 dx and taking the expectation we get

= 3/2
IEllo < 4141+ CIIElE,) "> < (max (8|41, 2CIglI},)) /= max3[a"/% V2C eI,
which concludes the proof with Co = +/2C. O

In view of the dichotomy given by this lemma, we will say that ‘A is an obstruction for
the linearization of f if |A|!/2 > C0/3|||§|||,3<éz, where Cp and kg are defined in the lemma.
Thus, if A is an obstruction, then one can find a conjugacy as stated in Theorem 2 and, if
it is not an obstruction, then f is conjugated to a new random diffeomorphism f closer to
ro and we can hope to iterate the process. However, we cannot directly use the lemma in
an iterating process because of the loss of regularity in the inequality |||Z|||0 < CoIIICIII% 2,
We fix that by replacing the conjugation g by a good C°° approximation. In that way, there
will be no loss of regularity any more (at the cost of a less sharp bound). Precisely, we have

the following result.

LEMMA 4.2. Let ko =40 + 7 and r = 60 + 11. If X is not an obstruction for f, then,
for any T > 1, f is conjugated by a diffeomorphism gr =1d — nr to fr = gr fg;1 =
o + Cr such that

~ 3 2 1
17l <& TSI + e gl .

lErlix <x T"liclig -

forallK >r,

Moreover,
Jorall K >r, |nrlg-r <k l5lk.

Proof. Letkg =40 + 7ands = 20 + 2. Let g = Id — n be the diffeomorphism given by
Lemma 4.1. We set n = Stn and gr = Id — n7. By Lemma 4.1 and Proposition 4.1, we
have for K > s + 1,

InTllg—s+1) <k Inllk-s <k MElllg- (8)

Applying with K = s + 2 < ko, we have [|[n[|1 < [[t]llx,, so we can assume that [[|g]l|, is
small enough so that ||n||; < % (if not, we set instead gr = Id). Then gr is invertible and
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we can set fr = ngg;1 = ry + 7. We also have for any K > s + 1,
Inzllx <k T lk—s <k T gl k-
so, by Proposition 2.2,
liErlix <& Mellx + Inrlx <x T il - ©)

On the other hand, since A is assumed not to be an obstruction for f, we have, by
Lemma 4.1,

_ 3/2
llgfs™" = rallo << eI,

and, by Proposition 2.3,

_ _ 1 1
ller fo7' —&fs ™" llo<llgr — gllo=lIRrnllo Kk ==y Ik~ Kk == lcllx-

The combination of the two last inequalities gives

_ _ 3/2 1
Sz llo = llgr f7" — rallo <& |||§|I|ké + mlll!lllz« (10)

Finally, we write {7 = S7Cr + (C7 — S7r) to use Proposition 4.1 and then by using (9)

and (10) we get

I e <x T el + ﬁmcmn
(11)

Thus, with r = kg + s +2 = 60 + 11, (8), (9) and (11) give all the estimates claimed in

the statement. O]

WS ey <& T o+

4.3. KAM iteration. Now we begin the KAM scheme by iterating the conjugation
process given by Lemma 4.2. We fix the numbers kg and r given by Lemma 4.2, and
we fix a sequence of numbers (7},),cn. We initialize the construction with fy = f, ¢y = €.
Then, assuming that f,_1 = rq + {,—1 is defined, if we have the two conditions:

(1)  fa-1 €Upas,;

(2) A is not an obstruction for f, i, that is, |A|'/> < Co/3llga—1 1}/,

then Lemma 4.2 applies, so that by choosing T = 7, we get a conjugation g,_; = Id —
Nu—1 and a random diffeomorphism f, = gy—1 fu-1g,,. _1 | = ra + G, satisfying for K > r

e llx <k Ty MGn—1lllg»

3 1
Mgnllnlk, <k T,flllcn—llllkz0 + F”Kn—l”“(
n

and

ln—illk—r <& T Mgn—1lllg-

If one of the two conditions is not satisfied, then we stop the process. Thus, we get a
sequence of random diffeomorphisms ( f;,), <y, where N € N U {+o0}.

We choose T,, as follows: T,, = 292" where Q is any number in (1, %). With this choice,
we prove that the large C*-norms of ¢ do not blow up too fast while the small C¥-norms
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b}

decrease quickly. Note that in the following we consider Q as fixed, for example, Q = %‘

so we will not explicitly state the dependence of the constants on Q.

LEMMA 4.3. There exist integers p and K¢ depending only on o such that for any K >
Ko, if ¢ = |||t|l| g is small enough, then, for anyn < N,

llenllx <x T e,

1
Snlll, <k Ft‘?-

Proof. There exists a constant C depending only on A, o and K such that forany n < N,

lenllx < CT Mgn-1ll

3/2 1
|mumosc<mMQ_mg +;77wg_mk)
n
By iteration of the first inequality we have for any n > 1,
el < C"(T -+ T Mol < €27 QT+ < cnprQ/(@=1Q",

and hence ||[g,llx <k T, e, where s = (2r Q/(Q — 1)). That proves the first part of the
statement if p > s.

Let &, = [||Cxllz,- Using in the second inequality that [[[5,—1[l[x <k T, ¢, we obtain, up
to modifying the constant C,

1
£ SC(Tre?’/_2 + 8),
’ SR
where we have set p = r + 5. If K is large enough and ¢ small enough, we are going to
prove by induction that for everyn < N,

2Ce

—.
T, ?

&p < (12)
It holds for n = 0 if C > 2X, which we can assume up to changing C one more time. Now,
forn < N, let us assume that g, | < (2C8/(TnK:1p)). Then if ¢ is small enough, we have
3/2 1 3/2
a1 = EnE—p 20O = Snew ¢
Tnfl Ty

and so

1 1
& < Cs( + ),
n Tn(3/2Q)(K—p)—r T,,K_p

which implies that

2Ce
&n TnK_p
provided that 3/2Q(K — p) —r > K — p or equivalently (since 3/2Q > 1)
1
K>p+s——7—.
(3/20) -1
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If it is satisfied, then (12) is proved by induction for any n < N. That concludes the proof
of the lemma, choosing Ko = [p +s(1/(3/20Q0) — 1)]. O]

In the following we fix the integer K given by Lemma 4.3, and an integer K > Kj.

LEMMA 4.4. There exists q depending only on o such that if ¢ = ||[¢|||x is small enough,
then, for anyn < N, |[Sxlllx -y Kk (1/Tn)e and |Innllx—q KLk (1/Ty)e.

Proof. Let p be as in the previous lemma and let K > K. If ¢ is small enough, we
have |||¢,]llx <k TYe and e lllo K& (I/Tanp)a, so by the Kolomogorov inequality
(Proposition 2.1), for any £ < K, we have

k/K K—k/K
MEnlll x — <K |||€n|||o/ lSn 1 M <k 7

n
with
k K —k
T K( p) < X )p P

In particular, [[5allx—y <k (1/Th)e if ¢ = p+ 1, and Inallk—q Kk Cnlllg —g4r <Kk
(1/Ty)eitqg —r = p+ 1. So, we get the result withg = p + 1 +r. O

Now we consider the compositions h, = g,—1 0 - - - o go, so that f, = h, fh;l. The
diffeomorphisms 4, satisfy the following estimates.

LEMMA 4.5. Let q be as in the previous lemma. If ¢ = ||[¢||| ¢ is small enough, then, for
anyn < N, dg_g(hy,1d) <k e and Y, _y dx—q(hn, hy—1) <k &.

Proof. Let 6, =dg_4(hy,1d). For a fixed n, let us assume that §; <1 for j =
0,...,n — 1. Then, by Proposition 2.5 and Lemma 4.4,

&
dK—q(hns hno1) <Lk dK—q(gn, Id) <k F

n

and so

O < Zd[(fq(hj,hjfl) <Lk €.

j<n

So, if ¢ is small enough, we get §, < 1. Thus, we get by induction that for all n <
N, §, < 1. In particular, the estimates above hold for every n and the result follows. O

We are now ready to finish the proof of Theorem 2.

Proof of Theorem 2. We fix Ko and g as above, an integer K > K, we assume that

e = |ltllx is small enough so that the lemmas above apply and we also assume that

lff—1] < JT. We separate the cases N = +00 and N < 4-00.

o If N=+o0, then ), dx—g(hu, hn—1) <k & and hence (h,),en converges in
Diffffq (T) to a limit h satisfying dg_4(h,1d) < e. In particular, if & is small
enough, 7 is invertible and hfh~! = lim, h, fh;' = lim, f, = r, almost surely.
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o If N < +oo,then fy_1 =hny— 1fh _; withdg_4(hy—1,1d) <k €. Moreover, one
of the two conditions stated at the beginning of the section does not hold for fy_i,
that is, either fiy_1 ¢ Uy or A is an obstruction for fy_;. Since |f' — 1| < }‘ and
|h’ v_1 — 1l <k &, we deduce that the condition fy_1 € Uy is satisfied if ¢ is small
enough. So, it means that X is an obstruction for fy_i, that is, A2 > (Cy /3)83/2.
Then Lemma 4.1 glves a diffeomorphism g satisfying dx 4 (g, 1d) <k & conjugating
fn—1to f =1y + { such that |||§|||O < 3’|)\|1/2 and then the conjugation h = g o hy_|
satisfies the conclusion of Theorem 2.

Choosing € in (0, %) so that the lemmas above and the final argument apply for
lellx <€, we get the conclusion of Theorem 2 for any random diffeomorphism f such
that p(f) is (A, o)-diophantine and valued in the open set

U= {h e DiffX (T), dg (h, R) < %}

where R is the set of rotations: for such an f, we obviously have |f’ — 1| < }T,
and dg (f,rg) < (¢/2) for some B, so actually |8 —a| < (£€/2) with o = p(f), so
dg (f,ry) < € and in particular [||¢]|| ¢ < €. Hence, the argument above applies to f and
gives the conjugation stated in Theorem 2. O

5. Random products of matrices (Theorems 3 and 4)
5.1. Generalities. We consider M»>(R) equipped with any norm || - ||. By identifying
the complex plane with R?, any matrix M in Mj(R) naturally acts on C.

We denote by 7 the space of trigonometric polynomials p : T — R, generated by the
maps x — cos(2kmx) and x — sin(2kwx). We denote by 7, the space of trigonometric
polynomials of T of degree at most n. We fix anorm || - || on 7.

To any M in GL;(IR) we naturally associate a diffeomorphism fj; of T by

M(eiJTX)
|M (ei7)|

TIm(x)
We admit the following elementary lemma.

LEMMA 5.1. There exists a constant Ag > 0 depending only on the norm on M (R) such
that for any M in SLy(R) and o in T,

1
A—Odo(fM, re) < [IM — Ryl < Aodo(fm Ta)-

In particular, if M is a perturbation of R, of order ¢, then f), is a perturbation of ry of
order ¢. The next lemma specifies the form of the perturbation.

LEMMA 5.2. If M = Ry + E, then, writing fyy = ry + ¢, we can write { =1 + { + 3,
where ¢; € T{ and ||¢1|| = O(|E|)), ¢ € T> and ||&2]| = O(| E|?), ¢ € C(T) and
lczlli = O(IN|?). Moreover,

t1(x) = %Im(E(eiﬂx)efin(x+a))'
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Proof. From €M) = M (£1™*) /| M (¢!™*)|, we obtain the formula

1+ E(eiJTX)e—iJT(X+(X) )

1
C(x) = E In <|1 + E(einx)e—in(x+a)|

where the (complex) logarithm is well defined for || E|| small. Then the result follows by
doing Taylor expansions. O

The following lemma is a counterpart of the previous lemma when o = 0 that we will
use to create a conjugation matrix in the proof of Theorem 4.

LEMMA 5.3. If ¢ belongs to Ty, then one can find M in SL(R) such that |M — ;|| =
O(ligll) and

fu(x) = x +¢(x) + olEl®).

Proof. By assumption, {(x) = A + B cos(2rx) + C sin(2wx) for some A, B, C. Let us
set M =1, + E with E = (‘;Z), where a, b, ¢ have to be chosen, and d is deter-
mined so that det M = 1. Since det(M) = 1 + Tr(E) + O(| E||?), in particulard = —a +
O(| E||%). From Lemma 5.2 and a simple computation, we have

1 . .
ﬁmQ)=X+;+ﬁMEW”kﬂ””5+OWEW

c—b c+b d—a

=x+ + cos(2x) + sin27x) + O(|E|?)

b4
c—b
F14

c+b
=X+ +

2a . 5
cosrx) — — sin(Rmwx) + O(|| E||?).
b4

By choosing a, b, c sothatc —b =7 A, c + b = B and —2a = 7 C, we obviously have
IE|l = O(llg])) and so fu (x) = x +¢(x) + O(l[g]|?). 0

LEMMA 5.4. Let M be a random matrix in SLy(R) with E[lny || M||]] < 400, and let
A be the Lyapunov exponent of M. Then there exists a stationary measure |4 of the
random diffeomorphism fy; so that the corresponding Lyapunov exponent A(|L) satisfies

A= —3Mw).
Proof. Since M € SL;(R), we have for every 6 and 6 in T,
det(M (™), M(e™™)) = det(e™, &™)
that we can rewrite as
Isin(z (6 — 0"))| = |M(e™®)| |M(e™)| [sin(x (fur(0) — fu® )],
which leads to
L= M) 1y O)].

It is well known that there exists a stationary measure p such that we have A =
E fT In |M(e™?)| du(0) (see, for example, [7]), so the result follows. O]
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5.2. Proof of Theorem 3. We fix a random variable « in T and a random matrix M =
Ry + E of SLp(R). We naturally get a random diffeomorphism fy; = ry + ¢ of T, and
Lemma 5.2 gives a decomposition { = {1 + §> + 3.

We assume that o does not belong almost surely to {0, %}. So, 1dQa, Z)|lp2q) = 6
for some § > 0. In the following, a term O (M) means a term bounded by CM with C
depending only on § (and the chosen norms on 7 and M;(R)).

We keep the notation of the previous sections for the operators T, Tp, U and U,
that is to say, Tp(x) = Elp o fy(x)], Tog(x) = Elg 0 re ()], Up(x) = Y7+ (@(q)/
(1 = E[*74°]))e ™ and Up(x) = 3,7+ (@(q)/ (1 — E[e279%]))e? 4%,

LEMMA 5.5. The operators U and U are well defined and bounded on T>. Moreover, ||U||
and ||U | can be bounded by a constant depending only on § (and the norm | - || on T>).

Proof. The operators U and U are well defined on 7, since the denominators 1 —
E[eZi”q“] do not vanish for ¢ = —2, —1, 1,2 thanks to the assumption that o does
not belong almost surely to {0, %}. These operators are automatically bounded since 7
is finite dimensional. Finally, the uniform bound of ||U| and ||U]| follows from the
inequality |1 — E[e?79%]| > 8E[d (g, Z)?*] (obtained in the proof of Lemma 2.1) applied
tog =-2,—1,1,2. O

LEMMA 5.6. We have
1 — —
A= ZE/(?;/I +(U) — (UG) org)* dx + O(e%),
T

where ¢; = E[¢) o ra_l] with ¢y given by Lemma 5.2 and ¢ = E[||E||3]1/3.

Proof. By Lemma 5.4, we have A = —%A(,u) for some stationary probability measure u
on T. If « is diophantine, the expansion in the statement is a consequence of Proposition
1. We are going to check that the estimate is still valid without the diophantine assumption
by mimicking the proof of Proposition 1, noticing that we only need to estimate w on
trigonometric polynomials of small degrees, and so we only need the boundedness of U
on 7, given by Lemma 5.5.

e Forevery ¢ in 7, with ¢ = U (€ T7), we have

/ vdu —/ 1/de=f(<p — Top) d,u=/(T</)— Top) du=0(ellpl) =O(ell¥ ).
T T T T

e Forevery ¢ in 71 with ¢ = U (€ Tq), we have

/wdu—fwdx =/(T<p—To<p)du
T T T

=/TE[(¢’ora)c] di+ Ol

:/TE[(ga’ora)cl]dHO(ezngon)

https://doi.org/10.1017/etds.2021.22 Published online by Cambridge University Press


https://doi.org/10.1017/etds.2021.22

Lyapunov exponent of random dynamical systems on the circle 2101

:/T"’El dx + 0% el

=[TI//UE] dx + 0>V )

(for the third equality we used that (¢’ o r,)¢; belongs to 7).
e Denotingn = U¢; (€ T7), g = Id — 1 and ji = g4/, we have for ¢ in 73,

/l/fdﬁ=/ 1/fdu+0(8||1/f||)=/ ¥ dx + 0|y
T T T

and, for v in 77,
fwdﬁ=/wdu—f VT, du+0(82||1/f||)=/ W dx + OE V).
T T T T

e Denoting f = go fy 0 g~ = ry + C (g is invertible if ¢ is small enough since ||n|| =
O(¢)), by using the decomposition { = §; + ¢ + ¢3 and Taylor expansions, we can
write { = §; + ¢ + {3 with

Gi=t¢ —norg+n, & €T, 5] = Omax(|E]l, [nlD)s
& e T 120l = Omax(IEI?, Inl?),

IE31l = O@max(| I, [Inl*)).

e We conclude that

Mo =B [ fdi
T
- - 1 -
—& [ dn+5 [ Gai-3E [ Fdi+oe)
T T T

1 -
= —= [ C/lz dx + 0(83),
2 Jr

from which the result follows since A = —%k(u). =

We can deduce Theorem 3 by a series of simple computations. Starting from the equality
E(e™) = J(Ze™ + Z'e" ™) with Z = (a +d) +i(c—b)and Z' = (a —d) +i(b+
¢), we successively obtain (using Lemma 5.2):
g1 (x) = (1/m)Im(E (™)e T3+ = (1/27)Im(Ze'™ > +9) + constant;
t1(x) = (1/2m)Im(E[Ze "% ]e*™*) + constant;

Uty (x) = (1/2m)Im(E[Ze ™)) /(1 — E[e” 27 *])e*™);
(€1 + U, — ULy org)(x) = (1/27)Im(Xe* ™) + constant,
where X =Ze'™ + ((E[Ze ™)) /(1—E[e”*"*])) — (E[Ze~'™*])/(1 — E[e~*7“])

621'7104;
o (T + TT) — (UT) ory)(x) = Re(Xe¥™);

1 _ . 1
o A=_E fT(ci + (UT)) — (UG)) org)* dx + 0(%) = §E(|X|2) + 0(Y).

The result follows by simply rewriting E(| X |?) = E(|Xe%7%|?).
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5.3. Proof of Theorem 4. 'We are going to prove Theorem 4 by mimicking the proof of
Theorem 2. Let § > 0 and let M be a random matrix in SL(R) such that [Tr(M) || ;2 q) <
2 —4.Letain Tbesothatd(M, R) = ||M — Ry ||, and let fy; = ro + C be the associated
random diffeomorphism of T. We assume that M is valued in the open set

Uy ={N € SL(R),d(N, R) < B},
where B is a constant depending only on § and | - || chosen so that for M in Uy we
have |f;, — 1| < % and |Tr(M) — Tr(Ry)| < (6/2). The second inequality implies that
ITr (Rl 12(q) = 2 — (8/2) and so [|[d(2a, Z)| 12y > &' for some positive §' (~ NE))
depending on §, so the techniques used to prove Theorem 3 still work.
Let us construct the first conjugation.

LEMMA 5.7. There exists P in SLy(R) such that either ||d(PMP71,R)||Lz(Q) <
440A"2 or lA(PM P~ , )l 20 < Clld(M, R)||i/22(9), where Ay is the constant
of Lemma 5.1, and C is a constant depending only on § and the norms. Moreover,

[P — Ll = ClldM, R)l 20

Proof. From the proof of Lemma 5.6, setting = U¢;, g = Id — 1, f =gfug ' =ro+
gand & = |[d(M, R)| 12(q). We have

1 -
> 1 / 2 dx + 0.
8 Jr

using that if ¢ is small enough, f " < 2,s0In( f nN<t - %8’2. So, there exists a constant C
such that

Ef T2 dx < 8A + Cé’,
T
SO
ldo(f, ra)ll 2y < 3AM? + C2602,

where & = o + [; T dx.
By Lemma 5.3, there exists P in SLy(R) such that | P — || = O(¢) and fp(x) = x —
&) + O(l?) = g(x) + O(e?). Let us set M = PM P! Slnce do(fp, ) = O(?),
we deduce from Proposition 2.3 that do(fj;, )= do(fprfP Lefug™ ) = 0(?).
Hence,

do(f57. ra)ll L2y < 3AY? + Ce¥2
for some new constant C. So, either ||do(f7, ra)ll 12(q) < 4A1/2 or do(f3z: rad)ll L2y <
4Ce3/? and the conclusion follows from the inequality | M — Ryl < Aodo(fiz.ra). O

We can now prove Theorem 4.

Proof of Theorem 4. Let M be a random matrix with Lyapunov exponent A. We are
going to assume that d(M,R) < (B/2) a.s. (in particular, M € Uy). We construct a
sequence of random matrices (M,,), by induction: we set My = M then, for all n in N, if
ld(My, R)|l 120y < 4AoA"/? or if M, does not belong almost surely to Uy, then we stop
the sequence, and if not then we use Lemma 5.7 and set M, .1 = P, M, Pn_l, where P, is
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given by the lemma. Thus, we get a sequence (M,,),<y, where N belongs to N U {4-o0}.
Finally, we set Q,, = P,—1 - - - Py, so that M, = Q,,MQ;l.

Let &, = ||d(Mp, R)|l12(q)- Due to invariance under conjugation, the Lyapunov expo-
nent of M, is A. So, from the construction and Lemma 5.7, we deduce that for every
n<N,éepp1 < Czaz/2 and, for every n < N, || P, — I1|| < Ceg,. It is then straightforward
that there are a constant C; and a positive number ¢ such that if g9 < &, then, for every
n<N,e, <C1276/2" and also |0, — || < Ci¢o, and then that d(M,,, R) < B, that
is, My, € Uy (so the sequence will only stop if |d(My, R)|l12(q) < 4A0A?).

Two cases can occur.

o IfI' >0, then N < +00. So, [|d(Mn, R)|| 12y < 4A0A"? with My = ONMQy',
and |Qn — Il < Cie.
e If A=0, then N = +o0. Since [[Qn+1 — Qnll = OUIQnll - I1Pn — L211) = O(en),

(Qn) converge to some matrix Q such that ||Q — ]| = O(gg) and, since
||d(QnMQ;1, RlL2q) = &n — 0, we conclude that QM 0~ ! € R almost surely.
Theorem 4 follows. O

A. Appendix: CF estimates
In this section we give a quick proof of the propositions stated in §2 and state some other
classical C¥ estimates.

In the following propositions we consider maps f : R — R. We denote by || - || the
supremum norm, that is, || f|lecc = supg | f|.

PROPOSITION A.l. (Kolmogorov inequality) For any integers j < k and for any f in
CKR),

; i/ky onl—j/k
1F oo = CIERNEL N 11057,
where C is a constant depending only on k.

Proof. Being given real numbers x and %, the Taylor—Lagrange formula gives the existence
of ¢ in R such that

k—1 I hk
— () (Y &)y
fath =3 @+ Y0 (A1)
n=0
We fix real numbers ag, . . . , ax—1 such that an_:lo amn™ =68, jforn=1,...,k—1by
inverting a Vandermonde system. For given ¢ € R, by a linear combinations of the formulas
(A.l)withh =0,1,2t, ..., (k— 1)t, we get
k—1 - tj n—1 tk
Yo anf+mn =P + < > amf“‘)(cm))—
Jj! k!
m=0 m=0
for some real numbers c1, . . ., ck—1. In particular,
1/ Plloe = €A1 flloo + 77 1f Do)
for some constant C and the result follows by optimizing in . O
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PROPOSITION A.2. (Product of norms of derivatives) For any f, g in C¥(R) and any
integer j <k,

1 oo llg® Moo < CULF P Nocliglloo + 11 Flloollg® lloo)s
where C is a constant depending only on k.

Proof. Tt is a consequence of the Kolmogorov inequality and the convexity inequality
a’b'=? < 0a+ (1 —0)b,

. . ik 1—j/k 1—-j/k i)k
1 Pllocllg® oo = CIFPNLENF1ST 1e® 1057 g%

j J
< c(%||f<">||oo||g||oo + (1 - E)||f||oo||g<">||oo). 0

PROPOSITION A.3. (Derivative of a product) For any integer k and any f, g in C*(R),

1) Pllos < CUFPloollglloo + 1 loallig®lloo)s

where C is a constant depending only on k.

Proof. By the Leibnitz formula, [[(f)®llo < Y0¥ fPlloollg® "l and, by
the proposition above, || [laollg* lles < CUFPlloollgllos + I flloollg® lloo) for

some C. O]

PROPOSITION A.4. (Derivative of a composition) Let M > 1. For any integer k > 1 and
any f, g in CK(R) such that |g'| < M on R,

1(f 0 9)Plloo < CM* 1A F PNl oo + 11 oo llg® o),
where C is a constant depending only on k.

Proof. We proceed by induction on k. The statement is obvious for k = 1. Letk > 2. Since
(fog)® = (f og-g)%* D, we obtain by Proposition A.3 for some constant C,

I(F o) Plloo < CU 0  Vlclig llos + 11f 0 gllsoll (€N i),

SO

10 @)®lloo < CMICF 0% Voo + 11F llosllg®lloo)-

By the induction hypothesis,

1 0 )% Voo < CM* 72U F PNl lloo + 11 o lig*Plloo)

for some constant C depending on k. So, for some new constant C,

10 @)® oo < CM (1 F PNl lig lloo + 11 Moo llg® ™o + 11 1o 1™ lloo)-

By Proposition A.2,

I oo lg® P lloe < CULFPlloclig lloo + 1 oo lg® o)
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for some constant C, so, finally, with a new constant C,

1(f 0 9)Plloo < CM* 1 U F P lollg oo + 11 F oo llg® o),

which completes the induction. O

From these general estimates, we deduce some more specific ones for our context.
We reintroduce the C*-norms: for ¢ in CK(R), we define its C*-norm by |ollx =
max([|@lloos 10 lloos - - - » 10 [loo) (in particular, || - [|o is also the supremum norm).
Alternatively, we could define [|¢|x = max(||¢]lso, [|¢* ||lso), Which is an equivalent norm
thanks to the Kolmogorov inequality.

LEMMA A.l. Let k be an integer, let M > 1 and let f, g be in C¥(R) such that | f'|, |g'| <
M on R. Then

If o g —Tdllx < CM (Il f —Tdllx + llg — TdIlx),

where C is a constant depending only on k.

Proof. Letop = f —Idand = g —Id. Since f o g —Id = + ¢ o g, we only need to

bound |lg o glx. We have [|¢ o gllo = ll¢llo. [[(¢ 0 &)'llo < g’ lloll¢’llo < Mlll1 and, if
k > 2, by Proposition A.4, for some constant C depending on k, we have

It 0)®llo < M llg®ollg"llo + 1 llollg“ o).
with [|¢llo < 1+ M < 2M, ||g'llo < M and [|g®]lo = ¥ Plo, s0
lp o glie = CM*(lglix + 1 11x) (A.2)
for some new constant C depending on k and the statement follows. O

LEMMA A.2. Let k be an integer, let ¢ < 1 and let f be in CK(R) such that | f' — 1| <
on R. Then

1
2

If =" = 1dllx < CIlf =1,

where C is a constant depending only on k.

Proof. Let g=f~', ¢ = f—1d and ¥ =g —Id, so that the identity fog=1Id
becomes Y = —¢ o g. We want to prove that ||z < C|l¢|lx for some constant C. It
is straightforward if £k = 0 or 1, so we assume that kK > 2 and we make the induction
assumption that for every j < k, |[/||; < C|l¢||; for some constant C. Then

k—1

k—1
IVik=llgoglk <llgllo+ g og & llk—1 < llello+ Z( i )II(P/ ogllillg llk—1-;-
j=0

For j =0,
e o gllollg'llk—1 < @ o + 19 llk=1) < el + S1¥ll

and, for j # 0, by using inequality (A.2) (with M = 2) and the induction assumption, we
can bound [|¢" o g||; < Cll¢||; for some constant C, and then by using Proposition A.2 we
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get |9’ o glljllg’llk—1—j < Cllgllx with a new constant C. So, we deduce finally that we
have for some constant C,

I¥lle < 5l + Cligl

and so | ¥ |lx < 2C||¢|lx, which completes the induction. L]

LEMMA A.3. (a C* mean value inequality) Let M > 1, let f, g be in CK(R) such that
L1181 1 f 0, 169 < M on R and let ¢ € C¥T1(R). Then

lgof—¢ogll=Clolitillf — gl

where C depends only on k and M.

Proof. We write

1
¢of—¢og=(f—g)/0 ¢ o hidi,

where h; = (1 —¢t) f + tg. Thus,

1
l¢of—doglk SCIIf—gIIk/0 19" o Ay llkdt

for some constant C depending only on k. By Proposition A.4 (and the Kolmogorov
inequality), ||¢’ o h;|lx < C|l@|lk+1 for some constant C depending on k and M. The result
follows. N

Finally, let us prove Propositions 2.2, 2.3, 2.4 and 2.5 of §2. Proposition 2.2 is an
immediate consequence of Lemmas A.l and A.2 and the fact that dy is invariant under
(left or right) composition by rotations. Proposition 2.5 is a straightforward consequence
of inequality (A.2) since di(f o h, g o h) = ||(f — g) o h||x. To prove Proposition 2.4, we
write f = ry + ¢ and g = Id 4+ n and then an algebraic computation gives

gofog l=rg+@og ' +no(fogH—nog™.

The difference between this map and the approximation r, + (L + nor, —n) can be
estimated in C'-norm thanks to Lemma A.3 (with k = 1), which gives the result
(alternatively, one can directly bound this difference and its derivative by elementary
calculus). Finally, Proposition 2.3 is an elementary consequence of the invariance of dy
under right composition and the mean value inequality:

do(gfe™",2fg™") <do(gfe™".8fe ) +do@fg " 2fe™h
<do(g.8) +do(ZfE 8. 8f)
<do(g. §) +do((§fg ") og. (gfgHod)
< (41 fg Y llo)do(g. 2),

with [|(8 &™) ||o easily bounded from above.
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