Proceedings of the Edinburgh Mathematical Society: page 1 of 19
doi:10.1017/S0013091524000877

THE ABELIANIZATION OF THE ELEMENTARY GROUP OF
RANK TWO

BEHROOZ MIRZAII' (5 AND ELVIS TORRES PEREZ>

" Instituto de Ciéncias Matemdticas e de Computagao (ICMC), Universidade de Sdo
Paulo, Sao Carlos, Brazil
*Factultad de Ciencias, Universidad Nacional de Ingenieria (UNI), Lima, Peri

Corresponding author: Elvis Torres Pérez, email: elvis.torres.p@uni.pe

(Received 13 February 2024)

Abstract For an arbitrary ring A, we study the abelianization of the elementary group E2(A). In
particular, we show that for a commutative ring A there exists an exact sequence

K2(2,A)/C(2,4) = A/M — Eg(A)* — 1,

where C(2, A) is the central subgroup of the Steinberg group St(2, A) generated by the Steinberg symbols
and M is the additive subgroup of A generated by x(a? — 1) and 3(b+1)(c+1), with € A,a,b,c € AX.
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Let A be an associative ring with 1. Let Eo(A) be the elementary subgroup of the general
linear group GLa(A). In the current paper, we study the abelianization of Eo(A), i.e. the

group

Eo(A)™ := Ez(A)/[E2(A), E2(A)].

This group has been studied in the literature before. The first important result in this
direction was proved by P.M. Cohn. In his seminal paper [5, Theorem 9.3], Cohn showed
that if A is quasi-free for GE; and A* is abelian, then

Eo(A)™ ~ A/M,

where M is the additive subgroup of A generated by ara —z and 3(b + 1)(c + 1) with
x € A and a,b,c € A% (see [5, p. 10] for a definition of quasi-free for GEz). Later Cohn
generalized this result to rings that are universal for GE5 [6, Theorem 2]. In particular,
he showed that for any ring A, there is a homomorphism A/M — Ey(A)2b.
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2 B. Mirzaii and E. Torres Pérez

As the main result of this paper, we show that the homomorphism A/M — Eo(A)2P
is a part of an exact sequence with interesting terms. In particular, we show that for any
commutative ring A, there is an exact sequence of Z[A* /(A*)?]-modules

Ko(2,A)
[K2(27 A)a St(27 A)}C(Z A)

Hy(Ey(A),Z) — — A/M — Eo(A)* — 0.

We refer the reader to Theorem 3.1 for a general statement over an arbitrary ring. For
the definition of St(2, A), K2(2, A) and C(2, A), see § 1.

Many of known results about the structure of Eo(A)2P, that we could find, follow from
this exact sequence and we generalize most of them (see for example [11, Theorem], [5,
Theorem 9.3], [6, Theorem 2], [15, Corollary 4.4]). For example, it follows immediately
that if A is universal for GEy, then Eo(A4)*® ~ A/M. Moreover, we show that for any
square free integer m, we have

0 if 2|m, 3|m
Z/3 if2m, 3tm
Z/4 i 24m, 3m
7/12 if 24m, 3tm.

Eo(Z[ )™ ~

Some parts of the above isomorphism were known. But during the preparation of this arti-
cle we could not find this general result in the literature. After that this paper appeared
on arXiv, Nyberg-Brodda informed us that he also proved the above isomorphism with
a different method. His proof now can be found in [13].

Finally, we study Ex(A)*" over the ring of algebraic integers of a quadratic filed Q(v/d).
When d <0, this group was calculated by Cohn in [5, 6]. If d > 0, then this group is finite
and we give an estimate of its structure.

1. Elementary groups of rank 2 and rings universal for GE,
Let A be a ring (associative with 1). Let Eo(A) be the subgroup of GLy(A) generated by

1 (1)>, a € A. The group

the elementary matrices FE12(a) := ((1) ?) and Fai(a) := (
a

E2(A) is generated by the matrices

In fact

E(0) = E15(1) By (—1) E12(1).
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The abelianization of the elementary group of rank two 3

Let D2(A) be the subgroup of GL2(A) generated by diagonal matrices and let GE2(A)
be the subgroup of GL2(A) generated by Da(A) and Ez(A). For any a € A%, let

D(a) = (“ 0 ) € Dy(A).

0 a!
Since
D(~a) = E(a)E(a™")E(a),
the element D(a) belongs to Eo(A). It is straightforward to check that

(1) E(x)E(0)E(y) = D(-1)E(z +y),

(2) E(x)D(a) = D(a')E(aza),

(3) TI'_,D(asb)D(a; 1 )D(b;7 ) =1 provided TT\_, [as, bi] =1,

where z,y € A and a,a;,b; € A*. If A* is abelian, then (3) just is
(3") D(ab)D(a=Y)D(b~') =1 for any a,b € A*.

Note that Eo(A) is normal in GE3(A) [5, Theorem 2.2].
Let C(A) be the group generated by symbols e(a), a € A, subject to the relations

(1) e(x)e(0)e(y) = h(—1)e(x + y) for any x,y € A,
( = h(a=1)e(aza), for any x € A and a € A%,
iii l.: h(aib)h(a; })h(b; 1) =1 for any a;,b; € A* provided l-: a;,b;|=1,
=1 =1

K3

Note that by (iii), 2(1) = 1 and h(—1)? = 1. Moreover, e(—1)3 = h(1) = 1 and £(1)% =
h(—1). There is a natural surjective map

C(A) —» Ez(A), e(x)— E(x).
We denote the kernel of this map by U(A). Thus, we have the extension
1—U(4) —» C(A) — Ex(4) — 1.

A ring A is called universal for GEg if U(A) = 1, i.e. the relations (i), (ii) and (iii) form
a complete set of defining relations for Eo(A).

Example 1.1. (i) Any local ring is universal for GEg [5, Theorem 4.1]. (ii) Let A
be semilocal. Then A is universal for GE; if and only if none of the rings Z/2 x Z/2,
Z/6 and M3(Z/2) are a direct factor of A/J(A), where J(A) is the Jacobson radical of
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4 B. Mirzaii and E. Torres Pérez

A [11, Theorem 2.14]. (iii) If A4 is quasi-free for GEq, then it is universal for GE5 (see
[5, p. 10]). (iv) Any discretely normed ring is quasi-free for GEs and hence is universal
for GE; [5, Theorem 5.2] (see [5, § 5] for the definition of a discretely normed ring). (v)
Let Oy be the ring of algebraic integers of an imaginary quadratic field Q(v/d) (d <0).
Let A be a subring of O4. Then A is discretely normed except for the rings O_1, O_o,
O_3, O_7, O_y1;1 and Z[\/=3] (see [7, Propositions 1, 2] and [5, § 6]). (vi) Discretely
ordered rings are universal for GEg [5, Theorem 8.2] (see [5, § 8] for the definition of a
discretely ordered ring). If A is discretely ordered, then A[X] is discretely ordered. The
most obvious example of a discretely ordered ring is the ring Z. Therefore Z[ X1, . .., X,]
is universal for GEs.

2. Rank-one Steinberg group

The elementary matrices E;;(z), 4,7 € {1,2} with ¢ # j, satisfy the following relations

(a) Eij(r)Eij(s) = Eij(r+s) for any r,s € A,
(b) Wij(w)Eji(r)Wij(u)~! = E;j(—uru), for any u € A% and r € 4,

where W;;(u) := E;j(u)Ej;(—u™')E;;(u). Observe that
0 wu 0 —u!
ng(u) = <—u1 O) 5 W21 (u) = (u 0 ) .

ng(u) = W12(u)W12(—1) = D(u), Hgl(’u) = ng(u)ng(—l) = D(u)_l.

Set

The Steinberg group St(2, A) is the group with generators z12(r) and x2;(s), r,s € A,
subject to the Steinberg relations

(o) x45(r)xij(s) = @ij(r + s) for any r,s € A,
(B) wij(w)zji(r)w;(u)~! = z;;(—uru), for any u € A* and r € A,

where
wij(u) = zij(u)xji(fufl)zij(u).
The natural map
O : St(Q,A) — EQ(A), Tij (’/‘) — Eij (T)

is a well-defined homomorphism. The kernel of this map is denoted by K2(2, A) and is
called the unstable Ks-group of degree 2. For u € A%, let

hij(u) = wi;(u)w;(—1).

It is not difficult to see that h;j(u)~! = hj;(u) [10, Corollary A.5].
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The abelianization of the elementary group of rank two 5
Let u,v € A* commute and let
{u,v}ij = hij(uo)hyj(u) " hig(v) 7
Since ©(hi2(u)) = Hi2(u) = D(u) and O(ho1(u)) = Hai(u) = D(u)~!, we have
O({u,v}12) = D(uwv)D(u) 'D(v) ™' =0, O({u,v}a1) = D(uv) ' D(u)D(v) = 0.

Therefore, {u,v}; ; € Ko(2, A).
The element {u,v};; lies in the centre of St(2, A) [8, § 9]. It is straightforward to check
that {u,v};; = {v, u};jl. We call {u,v};; a Steinberg symbol and set

{v,u} = {v,uti2 = h12<u’0)h1—21 (u)hia(v) ™ .

For a commutative ring A, let C(2, A) be the subgroup of K5(2, A) generated by the
Steinberg symbols {u, v}, u,v € A*. Then C(2, A) is a central subgroup of K5(2, A).

For a ring A let V3(A) be the subgroup of A* generated by all elements a € A* such
that diag(a,1) is in Eo(A). The following theorem is due to Dennis [8, § 9 (d), p. 251].

Theorem 2.1. (Dennis). A ring A is universal for GEy if and only if Ko(2, A) is
contained in the subgroup of St(2, A) generated by hia(u), ho1(u), u € A% and Vo(A) =
[A*, AX] (the commutator subgroup of A* ). If A is commutative, then A is universal for
GE> if and only if Ko(2, A) is generated by the Steinberg symbols.

This result was known to experts of the field but apparently no proof of it exists in the
literature. Recently, Hutchinson gave a proof of the second part of the above theorem
(see [10, App. A]).

Proposition 2.2. (Hutchinson). Let A be a commutative ring. Then the natural
map St(2, A) — C(A) given by z12(a) = &(—a)e(0)3 and xa1(a) — £(0)3e(a) induces

isomorphisms
St(2, A) Ky (2, A)
~ C(A ——1 = ~TU(A).
ce.a) =W gy =V
In particular, A is universal for GEy if and only if Ko(2, A) is generated by Steinberg
symbols.
Proof. See [10, Theorem A.14, App. A]. O

Example 2.3. (i) (Morita) Let A be a Dedekind domain, and p € A a non-zero prime
element. Suppose that

A* = (A/pA)*

is surjective. If Ko(2, A) is generated by Steinberg symbols, then the same is true for

K2(2,A|:%:|) [12, Theorem 3.1]. In particular, if A is universal for GE2, then A[ﬂ is
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universal for GE,. For example, since the natural map Z* — (Z/p)* is surjective for
p =23, Z[%] and Z[%} are universal for GEq. (ii) (Morita) Let p be a prime number.

Then K»(2,7Z [ﬂ) is generated by Steinberg symbols if and only if p = 2,3 [12, Theorem

5.8]. Thus, Z{H is universal for GE; if and only if p = 2, 3. See also [10, Example 6.13,

Lemma 6.15].
(iii) Let m = p; - - - px be an integer such that p; are primes and p; < - -+ < pg. Then it

follows from (i) that Kg(ZZ{i]) is generated by Steinberg symbols whenever (Z/p;)*

is generated by the residue classes {—1,p1,...,p;—1} for all ¢ < k. Observe that the map

7> — (Z/p)* is surjective only for p = 2,3. Thus p; in above chain should be either 2
or 3. For example Z[%], Z[l—lo}, Z[l—lf)} and Z{%} are universal for GEs. (iv) Let k be
a field. If A is either k[T] or k[T, T~'], then Ky(2, A) is generated by Steinberg symbols
[14, Theorem 6], [2, Theorem 1].

Let a,b € A be any two elements such that 1 — ab € A*. We define

—b

(a,b)ij == xj; (ld)>$ij(—a)$ji(b)$ij <1aab)hzj(1 —ab)~t.

If @ and b commute, then (a,b);; € K2(2, A). We call (a,b);; a Dennis-Stein symbol. If
u,v € A* commute, then

1-— 1-—
{u,v}ij = <u, U> = < u,v> .
u /oy v i

Hence over commutative rings, Dennis—Stein symbols generalize Steinberg symbols.

3. The abelianization of Ez(A)
The following theorem is the main result of this paper.
Theorem 3.1. Let A be a ring and let M be the additive subgroup of A generated

by ara—z and 22:1 3(b; + 1)(¢c; + 1), where x € A and a,b;,c; € A* provided that
Hézl[bi,ci] = 1. Then there is an exact sequence of abelian groups

Hy(Es(A), Z) — U(A)/[U(A), C(A)] %5 A/M 25 By (A)™ — 0,

where « is induced by the map C(A) — A/M, e(x) — x — 3, and B is induced by
y — E12(y). Moreover, if A is commutative, then this exact sequence is an exact sequence
of Z|A* /(A*)?]-modules.
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Proof. From the Lyndon/Hochschild-Serre spectral sequence associated to the exten-
sion

1—-U(A) - C(A) — Ex(A) — 1,
we obtain the five-term exact sequence
Hy(C(A),Z) = Ha(Ea(A), Z) = H1(U(A), Z)g, ) — H1(C(A), Z) — H1(E2(A), Z) =0
(see [4, Corollary 6.4, Chp. VII]). For the middle term, we have

~ U(A) L v
H(U(A), Z)ey(4) = ([U(A),U(AH>E2<A)  [U(A), c)

We show that H;(C(A),Z) ~ A/M. Consider the map
¢:C(A) = A/M,  [[eta) > (ai—
This map is well-defined. First note that in A/M we have a = a~! and 12 = 0. Thus
d(h(a))=(—a—3)+(—a ' =3)+(-a—3)=-3a—-9=-3a+3=—-3(a—1).

Now we have

d(e(x)e(0)e(y) =2 —3+0—-3+y—3=az+y—9=x+y+3,

dph(-De(z+y)=-3(-1-1)+r+y—3=z+y+3,

o(e(x)h(a)) =2 —3—-3(a—1) =z — 3a,

#(h(a Ve(aza)) = —3(a™ —1) +ara —3=-3(a—1)+x -3 =2 — 3a.

Moreover
¢(h(ab)h(a™)h(b™ )) =3(ab—1) =3(a™" —1) = 37" ~ 1)

—3(ab—1)—3(a—1)—-3(b—-1)
—3(ab+a+b+1)
—3(a+1)(b+1).

These show that the map ¢ is a well-defined homomorphism. Since A/M is an abelian
group, we have the homomorphism

é:C(A)/[C(A),C(A)] = A/M, &(x)+— x—3.
Now we define

Y A/M — C(A)/[C(A),C(A)], =+ e(z)e(0) .
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We show that this map is a well-defined homomorphism. Consider the items (i), (i) and
(iii) from the definition of C(A4) (§ 1). If in (i) we put y = —z, then we get

Now we have
Y(aza) = e(aza)z(0)"! = h(a)e(z)h(a)e(0) ™ = h(a)2e(x)e(0) ™ = e(x)e(0) ™ = ¥(a).
Moreover using (ii) for z =0 in C(A)/[C(A), C(A)], we have
e(a) = h(a)e(a=)h(a) = h(a)?e(a™t) = (a™Y).
This implies that h(—a) = e(a)e(a~)e(a) = e(a)? and hence
h(a) = h(—1)e(a)® = h(~1)e(a~ 1),

Furthermore by (i), we have £(3z) = h(—1)e(x)3. Using this formula, we obtain

Thus
Y(3(a+1)(b+1)) =e(3(a+1)(b+1))e(0)~! = h(ab)h(a" )h(b™1).
This shows that 1 is well-defined. Since
U@ +y) = el +y)e(0)™ = h(=1e(@)e(0)e(y)e(0) ™" = h(=1e(z)e(y) = d(@)d(y),

1) is a homomorphism of groups. Now it is easy to see that ¢ and 1) are inverses of each
other. Thus ¢ is an isomorphism. This shows that the desired sequence is exact.
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The abelianization of the elementary group of rank two 9
Now let A be commutative. We know that A* acts as follows on Eq(A):
a.E(x) := diag(a, 1) E(z)diag(a™*,1) = D(a)E(a'x).
Now let us define the following action of A* on C(A):

a.e(x) := h(a)e(a™'x),

Observe that

a.(e(2)e(y)) = e(az)e(a"y).

We show that this is in fact an action. Clearly 1-£(z) = e(x). Moreover, for any a,b € A*,
we have

a-(b-e(x))

Il
IS
VS
>
—~

b>g<b—1x))

—
Q
>

~
om

—

—
]
S

\/

\_/

= (ab) - £(z).

This shows that the above action is well-defined.

Clearly, the natural map C(A) — Ea(A) respects the above actions. Therefore, the
group A* acts naturally on the Lyndon/Hochschild—Serre spectral sequence of the
extension 1 — U(A4) — C(A) — Eq(A) — 1:

E;, = HP(E2(A)7 Hq(U(A)aZ)) = Hp+q(C(A)aZ)-

p,q

This induces an action of A* on the five-term exact sequence discussed in the beginning
of this proof.

Now we study the action of A*> on the terms of this exact sequence. For E2(4), we
have

a®.E(z) —dlag(aQ,l)E(az)dlag( —21)
D(a)(al2)E(x)(a™"I2)D(a) ™!
D(a)E(z)D(a) "

Since D(a) € E2(A) and since the conjugation action induces a trivial action on homology
groups [4, Proposition 6.2, Chap. II], the action of A*? on homology groups Hy(E2(A),Z)
is trivial. The action of A% on C(A) also is induced by a conjugation:
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a®.e(z) = h(a®)e(a%x)
)

h(a™ e(z)h(a™t)

This shows that the action of A** on homology groups Hy(C(A), Z) is trivial. For example
through the isomorphism H;(C(A),Z) ~ A/M, on sees that A acts on A/M by the
formula a - T = ax. Now we have

2

a® - T=ad*r=x(a®>-1)+T=T.

Finally if X € U(A)/[U(A), C(A)], then

a’®- X = h(a)Xh(a)~ = h(a)Xh(a)1X1 X = X.

Thus, A*? acts trivially on the terms of the above exact sequence. This implies that the
discussed sequence is an exact sequence of Z[A* /(A*)?]-modules. This completes the
proof of the theorem. O

Remark 3.2. If A is commutative, then by Proposition 2.2, we have the isomorphism

U(A) Ka(2,A)

~

[U(A),C(A)] — [Ka(2,4),St(2,4)]C(2,A)

Corollary 3.3. (Cohn [6]). Let A be universal for GEy and M the additive subgroup
of A as described in the above theorem. Then Eq(A)*® ~ A/M.

Proof. Since 4 is universal for GE2, U(A) = 1. Thus, the claim follows from the above
theorem. 0

Example 3.4. (i) If A* = {1, -1}, then A/M = A/127Z. Thus Ey(A)?" is a quotient of
A/127. In particular, if A is universal for GEy and A* = {1, —1}, then Eo(A)*> ~ A/12Z.
Now by Example 1.1(vi),

Eo(Z(X1, ..., Xa))™ ~ Z[Xy,..., X,) /122 ~ Z/12 & @ Z.
€N

(ii) Let 6 € A*. Then for any = € A,
r=3(222—1x)— (3z3 —z) € M.

This shows that M = A and thus Eo(A)2P = 1.
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Corollary 3.5. For any commutative ring A, we have the exact sequence
Ko(2,A4)/C(2,A) = A/M — Ep(A)* — 1.

In particular, if Ko(2, A) is generated by Dennis-Stein symbols, then Eq(A)*P ~ A/N,
where N is the additive subgroup

N:=M+ (de(d+e—3):d,e € A such that 1 — de € A™).

Proof. The exact sequence follows from Theorem 3.1 and Proposition 2.2. It is
straightforward to check that through the composition

St(2,A) —» C(A) —» A/M
we have
z12(r) = =7, @21(r) > 1, hia(a) = —3(a —1).
Now if (d, e)12 € Ka(2, A) is a Dennis—Stein symbol, then under this composition we have

(d,e)1p — —e(1 —de) ' +d+e—d(l —de)™ +3(1 —de—1)
=—e(l—de)+d+e—d(l—de)+3(1—de—1)
= +de(d+ e — 3).

This completes the proof. O

Corollary 3.6. Let A be a ring such that 2 € A*. Then we have the exact sequence

U(4) A .
Ha(E2(4), 2) = [U(A),C(A)] - (aza —x:a € A%, x € A) = Ea(4) = 1.

In particular, if A is commutative and 2 € A*, then we have the exact sequence
Ky (2,4)/C(2,A) = A/I — Eo(A)™ — 1,
where I is the ideal generated by the elements a®> — 1, a € AX.

Proof. Since 3 =22 — 1, for any = € A, we have
3r=022-1)r =202z € (axa—2x:a€ A, x c A).
This implies that
M=(axa—z:a€ A",z € A).

Thus, the claim follows from Theorem 3.1. O
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4. The abelianization of E;(A) for certain rings

Let A be a local ring with maximal ideal m 4. If char(A/m4) # 2,3, then 6 € A*. Thus
by Example 3.4(ii), we have Eo(A)2P = 1. The following proposition gives the precise
structure of Eo(A)*P over commutative local rings.

Proposition 4.1. Let A be a commutative local Ting with mazimal ideal ma. Then

A/m? if |A/ma| =2
SLy(A)™ =Ea(A)*® ~ ¢ A/my  if |A/ma| = 3.
0 if |[A/mgy| >4
Proof. If |[A/my4| > 4, then there is a € A* such that a® — 1 € A*X. This implies that

A=M and thus E3(A)*® = 1. Let A/my ~ F,. Then 2 € mu,3 € AX. Moreover, for
a€ A%, at1l€my. Thus M Qmi. Now if a,b € m 4, then

ab = 3(a/3)b = 3[((a/3) 1)+ 1} [((b 1)+ 1} e M.

This implies that m%4 C M. Thus M = m% and we have E5(A4)*® ~ A/m%. Finally let
A/my ~TF3. If a € my, thena—1,a — 2 € A*. Since

a=(a—2)"((a-1)*-1)€ M,
we have my C M. Clearly M C m4. Therefore Eo(A)*” ~ A/my ~ 7Z/3. O

Example 4.2. Let A be a commutative local ring such that A/m4 ~ F5. Since mA/mi
is a Fo-vector space, from the exact sequence

0—=my/m4 - A/m%4 - Fy =0
it follows that
|E2(A)ab| =1+ diHl]F2 (mA/mil)

Let A be a discrete valuation ring. Then m,4 is generated by a prime element and thus
my/m% ~ Fy. Therefore either A/m?% ~ Z/2 x Z/2, or A/m?% ~ Z/4. For example, if
A =TFo[X]/(X?), then m% = 0 and thus Eg(A)*® ~ A ~7Z/2 x Z/2. If p is a prime and
A= Z(p), then EQ(A)ab ~ Z/4

Example 4.3. Let A be a local ring not necessary commutative. Let A’ := Z(A) be
the centre of A. It is known that A’ is a local ring. If |A’/m /| > 4, then as in above
proposition we have E(A4)*® = 1: Let a € (A’)* such that a> —1 € (A")*. If y € A and
y' = (a® — 1)1y, then y = ay’'a —y € M.

Understanding the structure of the homology groups of SLQ(Z[%]) has been topic of
many articles, see for example [1, 3, 17]. The following result completely calculates the
first integral homology of these groups.
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Proposition 4.4. Let m be a square free natural number. Then

0 if 2|m, 3|m
Z/3  if2lm, 31m
Z/4  if24m, 3|m
Z/12 if24m, 3{m.

SLa(Z[7;1)™ = Ba(Z[5 )™ ~

Proof. Let A, := Z[-]. Note that A, = {#n’ : n | m,i € Z}. Since A,, is Euclidean,
we have Eo(A,,) = SLa(An).

If 2/m and 3|m, then 6 € A). Thus by Example 3.4(ii), we have Ey(Z[-L])* = 1.

Let 2/m and 3 + m. Then 2 € AX and hence 3 = 22 — 1 € M. This implies that
3A,, € M. On the other hand, for any a,b € A, clearly 3(a +1)(b+ 1) € 34,,. Now
consider n’ € A, i € Z. Since 3 { n, we have 3|n? — 1. Therefore 3|(n*)? —1 for any i € Z.
This implies that M C 3A,,. Thus 34,, = M. Now it is easy to see that A,,/M ~ 7Z/3.

The inclusion A,, C Z3) induces the commutative diagram

7)3 —=— Ap/M —— BEa(An,)*

| | !

7]3 —=— Z3y/M = EQ(Z(g))ab.

By Proposition 4.1, the bottom maps are isomorphisms. Thus, the upper right map is
injective. This proves that Eo(A,, )" ~ Z/3.
Let 21 m and 3 | m. Note that 3 € AY,. We show that M = 4A4,,. First note that

4=12-8=3(1+1)(1+1)—(32-1) e M.

Since for any ¢ > 0,

. ) . . ) 4 . 4 )
4m' =12m' —m' (3% — 1), 4/m’=4m’ — E((ml)Q —1)=12m' — W((nﬁ)2 —1),

(2

where m’ € Z, we have 44, € M. On the other hand, let n | m. Since n is odd, 2 divides
n—1and n+ 1. Thus for any i,j € Z, 4 | (n*)?> — 1 and 4 | 3(&n’ + 1)(£n’ + 1). These
facts imply that M C 4A,,. Therefore M = 4A,,. Now one easily verifies that

Am/M = A, /4A,, ~7/4.
Since 2 { m, A, € Z(z). Now with an argument similar to the previous case, using
Proposition 4.1 and Example 4.2, one can show that Eo(A,,)*® ~ Z/4. Finally let 2 m
and 3 1m. As previous cases, we can show that M = 12A4,,. Thus

A /M = A, J124,, ~ 7,/12.

Since 2 { m and 3 { m, we have A,, C Z) and A, C Z3). Now from the commutative
diagram
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712 —=— Ay /M —— Fo(A,,)* 7)12 —=— A /M —— BEa(Ap,)*
Z/4 é Z(Q)/M é Eg(Z(g))ab Z/3 é Z(g)/M é EQ(Z(?)))ab

it follows that the composition
7.)12 =5 A, /M — Ey(A,,)*

is injective. This completes the proof of the proposition. O

Corollary 4.5. Let m be a square free natural number. Then

0 if 2| m,3|m
Z/3 if2|m,3tm
Z/2 if24m,3|m
Z/6 if24m,3tm.

PSLy(Z[L])?P ~

Proof. Let A,, = Z[-=]. From the extension

1
1 — pa(Am) = SLa(An) — PSLa(A,,) — 1,
we obtain the exact sequence
po(Ay) = SLa(A,,)* — PSLy(A,,)* — 1.
Now the claim follows from the above proposition and the fact that
PSLy(Ap)*™ o Hi(PSLy(An), Z) = (Z/2)* @ (Z/3)°
for some « and 8 by [17, Corollary 4.4]. O

Let Oy be the ring of algebraic integers of the quadratic field Q(v/d), where d is a
square-free integer. It is known that

Z[\d) ifd=2,3 (mod 4)

ZIHY4) ifd=1 (mod 4).

Oq =

If d <0, then O} has at most six elements. In fact

OX) = {£1,+i}, 0X;={£l, w,+(w-1)},
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14 /=
where i = v/—1, w = %3 and for d # —1,—3,

Oy ={£1}.

It is known that O, is norm-Euclidean if and only if d = —1, -2, —3, -7, —11 if and only
if

E2(04) = SLa(0y)
(see [9, Theorem 5.1] and [5, Theorem 6.1]). Observe that for d <0, Oy is universal for

GE; if and only if d # —2,—7,—11 (see Example 1.1(v) and [6, Remarks, pp. 162-163]).
It is easy to see that

20_1 ifd=-1
M = 2w —-1)0_5 ifd=-3
127 otherwise.

It follows from this that

Z)2xZ)2 ifd=—1
Oa/M =< 7/3 if d=—3
Z/12 x Z  otherwise.

Example 4.6. If d = —2,—7,—11, then we have a surjective map
Z)12 X 7~ Oq/M — Ey(O04)?". (4.1)

(i) For d = —2, we have 1 — (—v/=2)(v/=2) € O*,. Thus (—v/—2,v/—2)12 € K2(2,0_5)

is a Dennis—Stein symbol. Hence under the map (4.1), the element

—6 = (—v-2)(vV-2) ( —V=2+v-2- 3) —2(=3) € O_y/M

maps to zero (see Corollary 3.5). Thus, we have a surjective map Z/6 x Z — Eo(O_5)?P.

(ii) For d = —7, we have 1 — (1 +;/j7) (1 _;/j7> € OX,. Thus
<1 +;/?7’ 1 _ﬁ>12 € Ks(2,0-1)

is a Dennis—Stein symbol. Again under the map (4.1), the element

L+y/-T7 1—V/=T (1+/-T 1-+/-T7
A )< R

4=( )607/M
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maps to zero. Thus we have a surjective map Z/4 x Z — Ey(O_7)?P. (iii) Let d = —11.
It is easy to see that in K5(2,0_11) any Dennis—Stein symbol is a Steinberg symbol.
In fact, there are no z,y € O_11, such that 1 — xzy = —1 or equivalently zy =2. But if

1+v-11
r=—"
2

, then 27 = 3. Now we have

From this, we obtain the element

K2 (2,0_
0 := h(—1)(e(z)e(@))® € U(O_1;) =~ 02((201111))
Ko (2,0_
Now it is straightforward to see that under the map (32((2’(9011)) — O_11/M, we have
, U —11

O—-3-1-1)+3z—-3+7—-3)=6—-15=-9=3.
Thus we have a surjective map Z/3 x Z — Ea(O_11)?P.
The following theorem is due to P.M. Cohn.

Proposition 4.7. (Cohn [5, 6]). Let d<0 be a square free integer. Then

Z/2x7/2 ifd=-1
Z]6 X7 ifd=-2
73 ifd=—3
Z/AXZ  ifd=—T
Z/3xZ ifd=-11
Z/12 X Z  otherwise

E2 (Od)ab ~

Proof. We have seen that Oy is universal for GE5 if and only if d # —2, =7, —11 (see
Example 1.1 and [6, Remarks, pp. 162-163]). Thus by Corollary 3.3,

EQ(Od)ab ~ Od/M

This proves the claim for d # —2,—7,—11. For the case d = —2,—7,—11, see [6,
p. 162]. g

Now let d >0. Then O} has infinitely many units. In fact O = {£u" : n € Z}, where
w is a particular unit called a fundamental unit. For a fundamental unit wu, there are
three other fundamental units: u, —u and —u. In fact, one of these four elements which
is greater than 1 is called the ‘fundamental unit’. Observe that Eq(O4) = SL2(O4) [16,
p. 321, Theorem].
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Proposition 4.8. Let d>0 be a square free integer. Let u be the fundamental unit of
OF. Ifd=2,3 (mod 4) and u = a + bV/d, then

z z
2 N =1
Secd(bd 30530 <2 ITNW

Ou/M ~
Z Z
N (u) = —1
2gcd(a, 3) % 2 gcd(a, 3b) N ()
and if d=1 (mod 4) and u = a + b(1 4 /d)/2, then
Z Z
if N(u) =1
ed(0.6(a—1).12) * gedld 2@ -1 w6 on “NW
Ou/M ~
Z Z

i N (u) = 1.
ged(2a 1 b,6(a — 1),12) "« ged(2a 1 b, 6b) N ()

In particular, Eo(Og)* is a finite group.

Proof. Consider the isomorphism

Oa/M = (Od/<u2 - 1>)/(M/<u2 ~1).
Then

(u—w) I Nu) =1

u? —1) = @wu? -1)) =
< )= ) (w+7) if N(u) = —1.

First let d = 2,3 (mod 4). Then Oq = Z[Vd] and u — @ = 2bv/d when N(u) = 1 and
u+ U = 2a when N(u) = —1. Hence

Oq/(2bV/d) if N(u)=1 {Z/de x 7/2b if N(u) =1

Od/<U2 — 1> = { . - .
04/ (2a) if N(u) =-1 Z/2a x Z/2a if N(u) = —1.

Since u? = 1 in Og4/(u? — 1), we have

iy T < | FE N =
M/( 1) = (6(u+1),12) {<6(1+b\/3)712> NG 1

Thus

Z/ ged(2bd,6(a+),12) x Z/2b  if N(u) =1

O4/M ~ {
Z] gcd(2a,6)) x Z/2 ged(2a,6b) if N(u) = —1.
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Now let d = 1 (mod 4). Then Oy = Z[w], where w = (1++/d)/2. If u = a+bw € Oy, then
T = a+bw, where @ = (1 —+/d)/2. Note that u—u = bv/d if N(u) =1 and u+7 = 2a+b
if N(u) = —1. Thus, we have

Oa/(bVd)  if N(u) =1

Oaftw =1y = Oa4/(2a +b) if N(u) = -1

(Z x Z)/(b(~1,2),b((d — 1)/2,1)) if N(u) =1
Z)(2a +b) x Z)(2a + b) if N(u) = —1

1R

7./b x Z,/bd if N(u) =1
Z)(2a+b) x Z/(2a+b) if N(u) = —1,

12

where the isomorphism

(ZxZ)/(b(-1,2),b((d—1)/2,1)) = Z/b x Z]bd

is given by (r,s) — (r + s, 2r + s). Moreover, note that

M/{(u? —1) = (6(u—1),12)
= (6(a — 1) + 6bw, 12)
~ ((6(a — 1),65).(12,0))
) {(6(a—1),12(a — 1) 4 6b), (12,24)) if N(u) =1
| (6(a—1),60), (12,0)) if N(u) = —1.
Thus, we obtain the desired isomorphism. O
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