J. Inst. Math. Jussieu (2020) 19(1), 175-208 175
doi:10.1017/S1474748017000494  © The Author(s) 2018. Published by Cambridge University Press

PERIODS OF DRINFELD MODULES AND LOCAL SHTUKAS WITH
COMPLEX MULTIPLICATION

URS HARTL! AND RAJNEESH KUMAR SINGH?

L Universitit Minster, Mathematisches Institut, Einsteinstr. 62,
D - 48149 Miinster, Germany
URL: www.math.uni-muenster.de/u/urs.hartl/
2 Ramakrishna Mission Vivekananda University, PO Belur Math,
Dist Howrah 711202, West Bengal, India

(Received 6 June 2016; revised 1 December 2017; accepted 1 December 2017,
first published online 20 March 2018)

Abstract Colmez [Périodes des variétés abéliennes a multiplication complexe, Ann. of Math. (2) 138(3)
(1993), 625—683; available at http://www.math.jussieu.fr/~colmez| conjectured a product formula for
periods of abelian varieties over number fields with complex multiplication and proved it in some cases.
His conjecture is equivalent to a formula for the Faltings height of CM abelian varieties in terms of the
logarithmic derivatives at s =0 of certain Artin L-functions. In a series of articles we investigate the
analog of Colmez’s theory in the arithmetic of function fields. There abelian varieties are replaced by
Drinfeld modules and their higher-dimensional generalizations, so-called A-motives. In the present article
we prove the product formula for the Carlitz module and we compute the valuations of the periods of a
CM A-motive at all finite places in terms of Artin L-series. The latter is achieved by investigating the
local shtukas associated with the A-motive.
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1. Introduction

In [10] Colmez considers product formulas for periods of abelian varieties. Let X be
an abelian variety defined over a number field K with complex multiplication by the
ring of integers in a CM-field E and of CM-type ®. Let Q%€ be the algebraic closure
of Q in C, let Hg := Homg(E, Q%2) be the set of all ring homomorphisms E — Q¢
and assume that K contains ¥ (E) for every ¥ € Hg. For a ¢ € Hg let oy € H<11R(Xv K)
be a non-zero cohomology class such that a*wy = ¥(a)-wy for all a € E. For every
embedding n: K < Q¥¢, let X" and a):}j be deduced from X and wy by base extension. Let
(uy)y € HneHK H;(X"(C), Z) be a family of cycles compatible with complex conjugation.
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Let v be a place of Q. If v = 0o the de Rham isomorphism between Betti and de Rham
cohomology yields a complex number fun w:]b and its absolute value ‘ fu” w:}/‘w eR.If

v corresponds to a prime number p € Z, we fix an inclusion Q2 — Q?,lg. With this
data Colmez [10] associates a period f“n a):}/ in Fontaine’s p-adic period field Bqr and
an absolute value |f’4n )|, € R. He considers the product [T, TT,cp, |f’4n wy |, and (after
some modifications) conjectures that this product evaluates to 1; see [10, Conjecture 0.1]
for the precise formulation. This conjecture is equivalent to a conjectural formula for
the Faltings height of a CM abelian variety in terms of the logarithmic derivatives
at s =0 of certain Artin L-functions. Colmez proves the conjectures when E is an
abelian extension of Q. On the way, he computes HneHK| 0 a):/’/|v at a finite place v
in terms of the local factor at v of the Artin L-series associated with an Artin character
aOEJ//@: Gal(Q¥€/Q) — C that only depends on E, y and ® but not on X and v; see [10,
Théoréme 1.3.15]. There has been further progress on Colmez’s conjecture by Obus [21],
Yang [31], Andreatta, Goren, Howard and Madapusi Pera [2], Yuan and Zhang [32],
Barquero-Sanchez and Masri [4] and others.

Our goal in this article is to develop the analog of Colmez’s theory in the ‘Arithmetic
of function fields’. Here abelian varieties are replaced by Drinfeld modules [11, 14]
and their higher- dimensional generalizations, so-called A-motives, which also generalize
Anderson’s r-motives [1]. To define them let F, be a finite field with g elements, let C be
a smooth projective, geometrically irreducible curve over F,, let oo € C be a fixed closed
point and let A :=I'(C \ {o0}, O¢) be the ring of regular functions on C outside oco. Let
0 be the fraction field of A and let K be a finite field extension of Q contained in a fixed
algebraic closure Q¥ of Q. We write Ag := A ®r, K and consider the endomorphism
o :=1idy ® Frob, ¥ of Ak, where Frob, g (b) = b? for b € K. For an Ag-module M we
set 0*M := M @, o Ax and for a homomorphism f: M — N of Ag-modules we set
o*f:=f®idag: 0*M — 0*N. Let y: A — K be the inclusion A C Q C K, and set
J=@®1—-1®Qy(a):ae A) C Akx. Then y can be recovered as the homomorphism
A— Ag/TJ =K.

Definition 1.1. An A-motive of rank r over K is a pair M = (M, tp;) consisting of a
locally free Agx-module M of rank r and an isomorphism of the associated sheaves
v 0 Mspec Ax\V(T) —> Mlspec Ax\v(7) outside V(J) C Spec Ax. We write tk M :=r.
A morphism between A-motives f: (M, ty) — (N, ty) is an Ag-homomorphism between
the underlying Ax-modules f: M — N with fory =tyoo™*f.

Let us first give a rough sketch of the function field analog of Colmez’s conjecture, before
we explain more details and our main results later in this introduction. An A-motive has
various (co-)homology realizations, for example a de Rham realization HéR (M, K), and if
it is uniformizable also a Betti realization Hi Bewi(M, A). For every place v of Q, that is
a closed point v € C there is a comparison isomorphism between the Betti and de Rham
cohomology of M, which for w € HéR(]\_l, K) and u € Hj Bewi(M, A) is given by a pairing
(w, u), and allows to define the absolute value |fu w’v = |(w, u)v|v € R. Now we say that
M has complex multiplication if QEndg (M) := Endg (M) ® 4 Q contains a commutative,
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semi-simple Q-algebra E of dimension dimgp E = rk M. Here semi-simple means that E is
a product of fields and we do not assume that E is itself a field. Let M be a uniformizable
A-motive over a finite Galois extension K C Q¥ of Q, which has complex multiplication
by a separable Q-algebra E. Let 0 # wy, € H(ljR(Zl_/I, K) satisfy a*wy = ¥ (a) - wy foralla €
E, where ¢ : E — K is a Q-homomorphism. Then in Theorem 5.24 and Corollary 5.25
we, for all finite places v, compute | fu Wy |v and its average over all Q-automorphisms of
K in terms of the local factor at v of an Artin L-series. The question analogous to [10] is
then, whether one can make sense of the product I—[U| fu Wy |v over all places v including
00, and whether this product evaluates to 1.

After this vague sketch let us give more details and precise definitions in order to
formulate our main results. We start by introducing the cohomology realizations of an
A-motive M over K. First, there is the de Rham realization H}iR(A_/I, K):=0"M/J -0*M
and for each maximal ideal v C A a v-adic étale realization H,lj (M, Ay) where A, is the
v-adic completion of A; see Definition 3.3 below. We let O, be the fraction field of A,, and
we let Qs be the co-adic completion of O and C4, be the completion of a fixed algebraic
closure of Qn. We fix a Q-embedding Q%2 <> C4, and consider the base extension of
M to Cy. There is a notion of M being uniformizable and a uniformizable M has a
Betti realization Hllaem(ﬂ_/[’ A); see [17, §3.5]. These realizations are related by period
isomorphisms

hieti, v Hpei (M, A) ®4 Ay => Hy(M, A,) and

hBeti. ar: Hboi(M, A) ®4 Coo = Hlp(M, K) ®k Coo;

see [17, Theorem 3.23]. Also for every place v of Q, let F, be its residue field and set
qy = #F, = q[ﬂ?”:ﬂrq]‘ Let z := z, € Q be a uniformizing parameter at v. Then there is a
canonical isomorphism A, = Fy[z,]. Let ¢ := ¢, := y(zy) denote the image of z, in K.
We simply write z, respectively ¢ for the elements z ® 1, respectively 1® ¢ of 0 ®p, K.
Then the power series ring K[z —¢] in the ‘variable’ z — ¢ is canonically isomorphic to
the completion of the local ring of Cx := C xp, K at V(J); see [17, Lemmas 1.2 and 1.3],
and thus independent of v. We always consider the embedding Q — K[z —¢] given by
z+> z2=2C,+4(z—2¢). The de Rham realization lifts to

Hir(M. K[z~ ¢]) i= 0" M ®a, K[z~ <],
which is the analog of the (conjectural) g-de Rham cohomology of Bhatt, Morrow and
Scholze [5, 6, 24], and the vector space Hip (M, K [z — {]])[%] over the field K((z —¢)) :=
K[z— ;]][ﬁ] contains the K [z — ¢]-lattice g4 := r;ll(M ®ax K[z —¢]), which is called
the Hodge—Pink lattice of M and is the analog of the Hodge-filtration of an abelian variety;
see [18, Remark 5.13].

If v # oo we also fix a Q-embedding of Q¢ into a fixed algebraic closure Qﬁlg of O,
and we let C, be the v-adic completion of Q?,lg. Again we denote the image of 7z, in Qilg
and C, by ¢,. We let K, C Q%lg be the induced completion of K and we let R be its
valuation ring. There is a period isomorphism by [18, Remark 4.16]

hyar: HL(M, Ay) ®4, Cy((zo — &) = H(]‘JR(M’ Kzy— fv]]) QK [zy—t] Co(zv = &v))-
The field Cy((zy —&y)) is the analog of Fontaine’s p-adic period field Bgr; see [18,
Remark 4.17].
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Let M have complex multiplication by a commutative, semi-simple Q-algebra E
of dimension dimg E =1k M. Let O be the integral closure of A in E. It is a
locally free A-module of tky O = dimg E. We let Hg := Homg(E, 0%2) be the set of
Q-homomorphisms ¥ : E — Q¢ and we assume that K contains ¥ (E) for every ¥ € Hg.
Then by Lemma A.3 in the appendix there is a decomposition

E@oK[z—¢]= [] Ky —v oyl
Y EHE
where yy is a uniformizer at a place of E such that ¥ (yy) # 0. Again by [17, Lemmas 1.2
and 1.3] the factors are obtained as the completion of O ® 4 Ax = Of ®F, . K along the
kernels (a® 1 —1® ¢ (a): a € Of) of the homomorphisms ¢ ® idg : O Qr, K — K for
Y € Hg. Correspondingly H(liR(]l_l, K[z —¢]) decomposes into eigenspaces

HY (M, K[yy — ¥ (yy)]) := Hig M, K[z — ¢]) ®cgoklz—c] Kyy — ¥ y)]
each of which is free of rank 1 over K[yy — ¥ (yy)]. There are integers dy such that
the Hodge Pink lattice is ¥ = [T, (yy — ¥ (yy)) ™ HY (M, K [yy — ¥ (yy)]). The tuple
® = (dy)yen, is the CM-type of M.
We fix elements u € Hj pewi (M, Q) := HomA(
Then we can define

(W, )00 = u®idc,, (hgelm’dR(w mod z — ;‘)) € Cx and (1.1)

LM, A), Q) and 0 e Hip (M, K [z —¢]).

fa)‘ = Hw, #)soloo € R, (1.2)

where | .|, is the normalized absolute value on C, with [£,], = #F,)™' = =q, ! for every
place v. We also consider the valuation v: C; — Q on C, with v(¢,) = 1. The expressions
in (1.1) and (1.2) only depend on the image of w in HcllR(I\_/I, K). Also at a finite place
v # 0o of Q we consider on elements x # 0 of the discretely valued field C,((zy — &)) the
valuation ¥(x) := ord;, ¢, (x), and in addition we define

xlo =] ((zy = €)™ - x) mod z, — &, and
v(x) := —log|x|y/logg, induced from
((zo— £,) 70 -x) mod z, — ¢ € C,.
Note that |x|, and v(x) are not a norm, respectively a valuation, because they do

not satisfy the triangle inequality. The value |x|, does not depend on the choice of
the uniformizer z, of A,, because if z, = ZZOZO b,7} =: f(zy) with b, € IF, is another

uniformizer and &, = f(&,), then 2= = f(¢,) mod z, — ¢, in Og, [2,] =Fy[2,]®F, ., Oc,
by Lemma A.1 in the appendix and f'(¢,) € Fy[¢,]™ with inverse dz” | . We define

Z_

(0, u)y == u®C,(z0-20)) (hBem » Oy lR(a))) € Cy((zv — &) and (1.3)

[o

If E is separable over Q and if w € HY (M, K[yy — ¥ (yy)]) has non-zero image in
H(l1R (M, K), then we will show in Theorem 5.24 below that the absolute value (1.4) only
depends on that image.

= [{w, u)yly := }((Zv - gv)_ﬁ(@’u)v) Hw, M)v) mod z, — §v|v e R. (1~4>

v
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With these definitions we can now consider the product ]_[U} fl . a)‘v, or equivalently its
logarithm log ]_[v}fu a)’v =->, v(fu a)) log gy. Like in Colmez’s theory, these products
or sums do not converge and one has to give a convergent interpretation to their finite
parts ]_[v¢oo|fua)|v, respectively — " ([, w)logqy; see Convention 1.4 below. To
formulate the convention we make the following

Definition 1.2. For F = Q or F = Q, let F*P be the separable closure of F in F¥€ and
let ¥ := Gal(F*P/F). For a finite field extension F’ of F let Hp := Homp(F’, F¥€) be
the set of F-homomorphisms ¥ : F/ — F¥2 Let C(¥r, Q) be the Q-vector space of locally
constant functions a: ¥ — Q and let C°(%, Q) be the subspace of those functions which
are constant on conjugacy classes, that is, which satisfy a(h~'gh) = a(g) for all g, h € Y.
Then the C-vector space C%(¥r, Q) ®@ C is spanned by the traces of representations
p: 9r — GL,(C) with open kernel for varying n by [26, §2.5, Theorem 6]. Via the
fixed embedding Q%P < Q3* we consider the induced inclusion Y0, C 9o and morphism
C(%p,Q) — C(“p,, Q). If x is the trace of a representation p: ¥y — GL,(C) with open
kernel we let L(x,s) :=[[. , Lv(X, ), respectively L®(x,s) := ]_[#oo L,(x,s) be the
Artin L-function of p, respectively without the factor at oo. It only depends on x and
converges for all s € C with Re(s) > 1; see [22, pp. 126ff]. We also set

d
= L(x,s)
Z(x,s):= 2070 — Zy(x,s)logg, and 1.5
Lone ~ 2 Al oloza: (-9
d 7o
dr ’
Z%(x, s) = ds—(XS) =— Z Zy(x,s)logg, with (1.6)
L>(x,s) oo
d —4_1.(x,s)
_L N s v X7
Zu(xs) = — D da (1.7)

—Ly(x.8)-loggy g3 Lo(x,s)
Moreover, we let f, be the Artin conductor of x. It is an effective divisor f, =
> MAr,u(x) - () on C; see [27, Chapter VI, §§2, 3], where uar,(x) is denoted f(x, v).

We set
Hart(x) = deg(f,) logg := Z Hart,o GOy :Fq]logq = Z Mar,v(x)logg, and (1'8)
all v all v
o () =Y tar(X)loggy. (1.9)

VF#00
In particular, only finitely many values par (x) are non-zero. By linearity we extend
Z>®(.,s)and u3 toalla e CO(%Q, Q) and Z,(.,s) and pary toalla € CO(%QU, Q). The
map Z,(.,s) takes values in Q(g, ).

In terms of this definition we prove in this article a formula for | fu a)|U with v # oo for a
uniformizable A-motive M over K with complex multiplication by a semi-simple separable
CM-algebra E of CM-type ® = (dy)yecH; as follows. Let us assume that O C Endg (M),
that K is a finite Galois extension of Q which contains ¥ (E) for all ¥ € Hg, and that M
has good reduction at all primes of K. (By unpublished results of Schindler [23] this is
no restriction of generality, because for every A-motive M’ with complex multiplication
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by a semi-simple separable CM-algebra E there is an A-motive M isogenous to M’ such
that the integral closure Of of A in E is contained in Endg (M) and M’ and M have good
reduction everywhere after replacing K by a finite separable extension. Moreover, every
A-motive over a field extension of Q with O C Endg (M) is already defined over a finite
separable extension K of Q). For ¢ € Hg we define the functions

agyeo: 99 —> Z, gr>dgy and (1.10)
1
dryot Yo Q g o Z =1 gy (1.11)
#Hk nedl
K

which factor through Gal(K/Q). In particular, ag 4 ¢ € C(¥4p, Q) and a%’w’(b € CO(gQ, Q)
is independent of K.

Note that Hy peui(M, Q) is a free E-module of rank 1 by [7, Lemma 7.2] and that the
cigenspace HY (M, K) := HY (M, K [yy — v (yy)])/ Oy — ¥ (o) HY (M, K [yy — v )]
in H(liR(]l_l, K) of the character ¥: E — K is a K-vector space of dimension 1 by
Proposition 4.9 below. For an E-generator u € Hjpewi(M, Q) and a generator wy €
HY (M, Kyy — ¥ ()] as K[yy — ¥ (yy)]-module we next define integers v(wy) and
vy (1) for all v # oo which are all zero except for finitely many. Let O, := O ®4 A,
and let ¢ € E, := E ®¢ Q, be such that ¢ luisan OE,-generator of H Bewi (M, A) @4 Ay,
which exists because O, is a product of discrete valuation rings. Then ¢ is unique up to
multiplication by an element of (’)Ev and we set

vy (u) == v(¥(c)) € Z, (1.12)

where we extend ¥ € Hg by continuity to ¢: E, — Qilg. Also let M = (M, tr)
be an A-motive over R := Ok, with good reduction and M@oKU Ky = M Qg Ky; see
Example 3.2. Then there is an element x € K, unique up to multiplication by R*, such
that x_la)w mod yy — ¥ (yy) is an R-generator of the free R-module of rank one

HY (M, R) := {w € Hix(M, R) := 0* M ®u,.yidz R: [b]*0 = (b) -0 ¥ b € O},
and we set
v(wy) == v(x) € Z. (1.13)
This value only depends on the image of wy in H(liR(]l_l , K). It also does not depend on

the choice of the model M with good reduction, because all such models are isomorphic
over R by [13, Proposition 2.13(ii)]. In this situation our first main result is the following

Theorem 1.3. Let wy € HY (M, K [yy — ¥ (yy)]) be a K [yy — ¥ (yy)]-generator. For every
n € Hyg let M" and a)nw e H' (M, Kyny —n¥ (ynpy)]) be obtained by extension of scalars
via 17, and choose an E-generator u, € Hi gewi(M", Q). Then for every place v # oo of C

we have
1 vy (&)/0)
#iix 2 ”(/u “’3) = 2@y o0 D= Hanalah y0) ~ [ o)
neHg n
1
—i-% Z (v(w@)—i—vnw(un)),

neHg
where 0y gy @ 15 the discriminant of the field extension ¥ (E)/Q.
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We prove this theorem at the end of § 5 by using the local shtuka at v attached to M.
The latter is an analog of the Dieudonné-module of the p-divisible group attached to an
abelian variety; see [16, §3.2]. The theorem allows us to make the following convention
which is the analog of [10, Convention 0].

Convention 1.4. Let (x,)y200 be a tuple of complex numbers indexed by the finite places

v of Q. We give a sense to the (divergent) series X Z > Xy in the following situation.

v#£00
We suppose that there exists an element a € CO(gQ, Q) such that x, = —Z,(a, 1) log g, for
all v except for finitely many. Then we let a™ € CO(%Q, Q) be defined by a*(g) := a(g™").
We further assume that Z°°(a*, s) does not have a pole at s = 0, and we define the limit

of the series Y Xy as

VF#00

3= 2%, 0) - (@) + Y (xy + Zy(a, 1) logqy) (1.14)

V70O

inspired by Weil’s [30, p. 82] functional equation
Z(x,1—s)=—Z(x",s)— (2- genus(C) —2) x (1) log g — par(x)

deprived of the summands at oo, where the genus term is considered as belonging to co.

The Convention 1.4 and the Theorem 1.3 allow us to give a convergent interpretation to
the sum — > >y, v(fm7 wy,) log gy and the product [T, [T,cpy |fun wy|,, and we can
ask whether this product is 1. In §2 we prove our second main result, namely that the
answer to the question is ‘yes’ in the easiest case of the Carlitz motive which is related to
the zeta function of IF,[7] and is the analog of the multiplicative group G,, g considered
by Colmez. For general CM A-motives we plan to address the question in a sequel to this
article and also discuss its consequences for the Faltings height of CM A-motives similar
to [10, Théoreme 0.3 and Conjecture 0.4] and conditions under which Z*(a*, s) does not
have a pole at s = 0.

Let us describe the structure of this article. In §3 we recall from [18] the definition
of local shtukas, how to attach a local shtuka at v C A to an A-motive M over L with
good reduction, and we discuss its cohomology realizations. In §4 we define the notions
of complex multiplication and CM-type of a local shtuka, and in §5 we compute the
periods and their valuations of a local shtuka with complex multiplication, and we prove
Theorem 1.3. Finally in Appendix A we prove the facts used above.

2. The Carlitz motive

Let A =TFy[t] and C = Pﬁ,q. Let K =T, (&) be the rational function field in the variable

¥ and let y : A — K be given by y () = 9. We also set z := 700 1= Land ¢ := ¢ = %.

t
It satisfies |¢]oo = ¢! < 1. The Carlitz motive over K is the A-motive
C=(Kltl,ig=t—-1)

which is associated with the Carlitz module; see [9] or [14, Chapter 3]. It has rank 1
and dimension 1, and complex multiplication by the ring of integers A in E := Q with
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CM-type @ = (dig), where Hg = {id} and dig = 1. As is well known, its cohomology
satisfies HéR(Q, K[z—=¢]) = K[z—¢] and ngem(g, A)=A- B, where 8 € Cy satisfies
B?~! = —¢ and b = [T72,(1 = {qit); see for example [17, Example 3.34]. We denote the
generator 1 of H(liR(Q, K[z—¢]) by w and we take u € Hy Bewi(C, Fy[f]) as the generator
which is dual to ﬁﬂg € H}M(g, F,[t]). The de Rham isomorphism /petti,dr sends ﬂEE to

o (BL;) @ = plo*(t;) - w € Hg(M, Coolz —¢]) = Coor — ¢] - @,

respectively to BYo*(€;)|i=p - = B4 [T72,a - ' .owe Hix (M, Cy) = Cos - @. Here

the coefficient B4 ]2, (1 —qu_l) is the function field analog of the complex number
(2i)~!, the inverse of the period of the multiplicative group G- We obtain

00 ) -1
[of = o-er)
woleo i=1

At a finite place v C Fy[t] let v = (zy) and ¢, = y(zy). Then Hl(]\_4, Ay) =A,- (Ez})_l,
where Za =Y 020tz € Cyllzy] with Zg”_l =—¢y and £ +¢ply = £,—1; see [18,
Example 4.19]. This implies |£,| = |6y /@ =D < 1. The v-adic comparison isomorphism
hy.ar sends the generator ZZSU of H,lj M, Ay) to

(zy — fv)_l(ezrv)_l EONS H(ljR(M’ Cy ((Zv - é‘v))) =G, ((Zv - é‘v)) T,

where the coefficient of w is the v-adic Carlitz period which has a pole of order one at
2o = G- So (@, u)y = (2o — &u){;, has D((w, u),) = 1 and

o0
/w Zﬁngl’f
u n=0

So the product ]_[v|fu a)|v of the norms at all places has logarithm

logl—[/a) /w‘ +10g1_[/a)
u u o0 u
INe)

all v VF£00
Note that this series is not convergent, but that the sum over v # 0o is equal to )

and the summand at oo is equal to gﬁig;, where ¢4 is the zeta function associated with

A, which does not converge at s = 1. Namely, the zeta functions are defined as the
following products which converge for s € C with Re(s) > 1

=1Blo = g7,

o0

= loly = g, /@7,

v

= IQU mod zy — &yly =

v

—1
= log =14 10gq+z logg,. (2.1)

v q_l U;éooqv_l

v

1

= 11— @#F,) ™" = 1—g = d
Ze(s) al]:[v( (#F,) ™) al]:[y( ) = oA ™
1
aa) = [Ta-F) ™™ = [Ta-¢" = 17—
VF#00 v#00 4

see for example [28, Chapter V, Example 2.1]. In particular, (1 —qvﬂ')*1 =L,1,1)
and ¢4(s) = L*®°(1,s) where 1: g+ 1 is the trivial character in CO(%Q,(@)7 which

Z‘E:; = Z%°(1, s) in the notation of

equals agiq,e = a%’id@. Then ‘Ii%l =Z,(1,s) and
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Definition 1.2. Applying Convention 1.4 with a = 1 and uar(1) =0 and genus(]P’%q) =0
we define the limit of the series as

logq—i-z logqv .:qq_llogq— ZZU(]I,l)logqv

v;ﬁoo vF£00

— 1 _logq—7(1,0)
q—1

9o 40
1277 00

=0.
So the value of the product ]—[U|fu a)|v is 1 for the Carlitz motive.

3. Local shtukas

In the rest of the article we fix a place v # oo of Q. We keep the notation from the
introduction, except that we write L = «((7r1)) for the field K, and let R = [z ] be its
valuation ring. We write z := z,. Then A, = Fy[z] and Q, = F,((z)). The homomorphism
y: A — K extends by continuity to y : A, — L and factors through y: A, — R with ¢ :=
&y = y(2) € T R\ {0}. Let R[z] be the power series ring in the variable z over R and & the
endomorphlsm of R[z] with cr(z) =z and 6(b) =b% for b € R where Q= #IF,,. For an
R[z]-module M we let 6*M := M®R[[Z]] o+ R[z] as well as M[ ;] = M®R[[Z]] Rﬂzﬂ[

and M[z] = M®R[[z]] R[[ZH[Z].

Definition 3.1. A local 6 -shtuka of rank r over R is a pair M = (M, 7)) consisting of
a free R[z]-module M of rank r, and an isomorphism Tyt *M[ ]L> ]\;I[ﬁ]. It is
effective if ‘L'M(O'*M) C M and étale if TM(U*M) = M. We write rk[l_4 for the rank ofA_Al.

A morphism of local shtukas f: M = (M, ;) - N = (N, ty) over R is a morphism
of the underlying modules f : M — N which satisfies Tyo00*f = fory. We denote
the AU—IAnO(iule of homomorphisms f: A_/I — N by HomR(A_/I,N) and write EndR(A_/I) =
Homg (W, M1). . )

A quasi-morphism between local shtukas f: (M, ;) — (N, t5) over R is a morphism
of R[[z]][%]—modules Vi M[%] = N[%] with 73 06*f = foty,. It is called a quasi-isogeny
if it is an isomorphism of R [[z]}[%]—modules. We denote the Q,-vector space of
quasi-morphisms from M to N by QHomp (M, N) and write QEndz (M) = QHomg (M, M).

Note that Homg (Il_;[, _]\Al) is a finite free A,-module of rank at most rkM . rk_N by
[18, Corollary 4.5] and QHomg (M, N) = Homg (M, N) ®4, Q. Also every quasi-isogeny
f: M— _N induces an isomorphism of Q,-algebras QEndp (M) => QEnd R (_N ), by sending
g fef".

Example 3.2. We assume that the A-motive M = (M, ty;) has good reduction, that is,
there exist a pair M = (M, taq) consisting of a locally free module M of finite rank
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over Ag := A®p, R and an isomorphism tarq : 0" Mlspec Ap\v(7) —> Mlspec ag\v(7) of
the associated sheaves outside the vanishing locus V(J) C Spec Ag of the ideal

J =@®1—-1Qya):aecA) C AR,

such that M ®g L = M. The reduction M ®p k is an A-motive over k of A-characteristic
v =ker(y : A — k). The pair M is called an A-motive over R and a good model of M.
We consider the v-adic completions A, g of Ag and

MQap Av.R i= (M®a, Ay R, TM ®1d)

of M. We let dy, := [F, : F;] and discuss the two cases d, = 1 and d, > 1 separately. If
dy =1, and hence g, = ¢ and 6 = o, we have Ay g = R[z], and M ®4, Ay g is a local
6-shtuka over Spec R which we denote by ]\_A4 » (M) and call the local shtuka at v associated
with M.

If dy > 1, the situation is more complicated, because F, ®p, R and A, g fail to be
integral domains. Namely,

F,9r,R= [| Fo®rnR= [| Fu®r, R/@®1-10y@ :acF,)
Gal(IFy /Fy) ieZ/dyZ

and o transports the ith factor to the (i + 1)th factor. In particular, & stabilizes each
factor. Denote by a; the ideal of A, g generated by (e ®1—-1® y(@)? :a €TF,}. Then

Ay R = H AU®]FUR = 1_[ Ay R/
Gal(IFv/]Fq) i€Z/dyZ

Note that each factor is isomorphic to R[z]] and the ideals a; correspond precisely to the
places v; of Cr, lying above v. The ideal J decomposes as follows [J - Ay r/a0 = (2 —¢)
and J - Ay r/a; = (1) for i # 0. We define the local shtuka at v associated with M as

M (M) = (M, t5) = (M®a, Ay r/00, (tpr ® D®),

where tjl\ﬁl ‘=tpmo00* Ty 000 @ D*r 0 Of course if d, = 1 we get back the definition
of M, (M) given above. Also if M is effective, then M/tr((0* M) = M /7, (6*M).
The local shtuka M (M) allows to recover M ®4, Ay r via the isomorphism

dy—1 dy—1
@(‘L’M ®1)" mod a; : <@ (M ®ag Ay.r/M0), (T ® DD @@id) ——> M ®uag Av,R:
i=0 i=0 i#0

because for i # 0 the equality J-A, r/a; = (1) implies that to4® 1 is an isomorphism
modulo a;; see [8, Propositions 8.8 and 8.5] for more details.

Next we define the v-adic realization and the de Rham realization of a local shtuka M =
M, 7y;) over R. Since 7, induces an isomorphism 7, : 6*M ®r[ L[z] = M ®r[z Llz]
because z — ¢ € L[z]*, we can think of M ®Rr[z) L[z] as an étale local shtuka over L.
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Definition 3.3. The v-adic realization Hllj (]\_Al, Ay) of a local 6-shtuka A_Al = (M, 7)) is the
4 = Gal(L5®? /L)-module of t- invariants

Hy (M, Ay) := (M ®gey L*P[2])7 i= {m € M @y L*P[2] : 73(6m) = m),

where we set 8;[m =mQle M@RM ¢ R[z] =:0*M for m € M. One also writes

sometimes T, M H! (M A,) and calls this the dual Tate module of M By [18,
Pr0p051t10n 4.2] it is a free A,-module of the same rank as M. We also write H) (L/I B) =
H!(M, A,) ®4, B for an A,-algebra B.

If M = (M, t)y) is an A-motive over L with good model M and M = MU(M) is the local
shtuka at v associated with M, then H}) (M, A,) is by [18, Proposition 4.6] canonically
isomorphic as a representation of ¢, to the v-adic realization of M, which is defined as

H (M, Ay) = {m € M®a, Ay rs0: Ty (opm) = m},

where we set oyym :=mQ®1 e M®ayzo Ag =:0*M for m € M and where Ay s is the
v-adic completion of Ajsep.

Definition 3.4. Let M =M, ty;) be a local 6-shtuka over R. We define the de Rham
realizations of M as
H}iR(A_;I, R):=6*M/(z—0)6*M = 6*M ®R[],z—¢ R, as well as
Hig(M, L[z —¢]) := 6*"M ®pp L[z = ¢]  and
Hip(M. L) := 6" M @iz L = Hg M. L[z~ ¢]) @Lpz—c) LIz — £/ = ©)
=Hgr(M, R) ®r L.

It carries the Hodge—Pink lattice q’ﬁ = 1’;1] (M Qrpg Lz —¢]) C HéR(Z\_AL Llz— {ﬂ)[#]
We also write H(IIR(A_;I, B) := H(]iR(A_;I, Lz —¢]) ®L[z—¢) B for an L[z — ¢]-algebra B.

If M = (M, ty) is an A-motive over L with good model M and M = MU(M is the
local shtuka at v associated with M and d, = [F, : F4] is as in Example 3.2, the map

dy—1 _ ~
o*ty T =o'ty oty 0-0a@ g, ad“*M(X)AR Ay r/00 > 0*M ®a, Ay r/00

is an isomorphism, because tjs is an isomorphism over A, gr/a; for all i # 0. Therefore,
it defines canonical isomorphisms of the de Rham realizations

0"y 't Hig(M. L[z —¢]) = Hig(M. L[z —¢]) and
o*ry ! Hig(M, L) => Hig(M, L),
which are compatible with the Hodge—Pink lattices.

Remark 3.5. By [18, Theorem 4.15] there is a canonical comparison isomorphism

hyar: HY(M, Cy(z—¢)) = Hig(M, Cy((z — 7)) (3.1)
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which is equivariant for the action of ¢ . For our computations below we need an explicit
description of h, gr. It is constructed as follows. The natural inclusion Hll) (M, Ay) C
M QR L*P[z] defines a canonical isomorphism of L*P[z]-modules

H (M, Ay) ®a, L*P[z] = M ®gpy L*P[2], (3.2)

which is 47 and t-equivariant, where on the left module ¥} acts on both factors and t
is id® & and on the right module ¢, acts only on L*P[z] and 7 is (zj; 08;’) ® 6. Since

(LML = L we obtain
M ®gpy Llz] = HL(M, Ay) @4, LP[]%.

It turns out, see [18, Remark 4.3], that the isomorphism (3.2) extends to an equivariant
isomorphism
h: HY(M, Ay) ®a, L

where for an r € R. g we use the notation

2) = M Qg LP(Z), (3.3)

oo
L) = {Zbizi: bi € L?, |bi| [¢]" — 0(i — +oo)}.
=0

These are subrings of L*P[z] and the endomorphism 6: Y, bz’ > Y, bi'z" of L¥P[Z]
restricts to a homomorphism 6 : Lsep(;—,) — L5P( g,zqv ). Note that the t-equivariance of
h means h ®idLsep<{q;U) = 1y, 06*h. Now the period isomorphism is defined as

hodr = (tg o h) @ide, (—¢): Hy(M, Col(z=¢)) = 6*M ®rpe Col(z = ¢))
= HRW. Co((z—=¢). (3.4)

4. Local shtukas with complex multiplication

Definition 4.1. Let M be a local 6-shtuka over R and assume that there is a commutative,
semi-simple Q,-algebra E, C QEndg(M) := Endg(M) ®4, Qv with dimg, E, =1k M.
Then we say that M has complex multiplication (by Ey).

Here again semi-simple means that E, is a direct product E, = Ey 1 x -+ x Ey ¢ of
finite field extensions of Q,. We do not assume that E, is itself a field and in §4 we do
not assume that the E,; are separable over Q,. We let Of, be the integral closure of A,
in Ey. It is a product O, = Of, | x --- x O, ; of complete discrete valuation rings where
OE,, is the integral closure of A, in the field E, ;. For every i we write Og,; = Fy [yi]
and set f; :=[F5 :Fy] and e; := ordy,(z). Then f;e; =[Ey; : Qy] and ¢; is divisible by
the inseparability degree of E,; over Q,. Also we write g; := #F; = qf.

Proposition 4.2. If]l_Al has complex multiplication by E,, then there is a local shtuka ]l_Al’
over R quasi-isogenous to M with O, C Endg(M’).

Proof. The A,-submodule 7' := O, ~H11)(1\_A4, Ay) C Hll)(ll_;l, Q) is ¥ -invariant and
contains H})(A_/I, Ay). Since Op, C QEndg(M) = Endp(M) ®4, Q, there is an element
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ae€ Ay witha-Og, C EndR(M)7 and therefore a-T' C HIIJ(A_AL A,) is a finitely generated
Ay-module, that is an A,-lattice. By [18, Proposition 4.22] there is a local shtuka
M’ and a quasi-isogeny f: M — M’ which maps T’ isomorphically onto Hl(M’ Ay).
In particular, O, acts as ¥j-equivariant endomorphisms of HU(M’ , Ay). Since the
functor M’ — H! (M', Ay) from local shtukas to A,[%;]-modules is fully faithful by [18,
Theorem 4.20], we see that Og, C Endg ). O

Definition 4.3. If O, C EndR(_A) we say that M has complex multiplication by Of,. This
makes the underlying module M into a module over the rlng Og,.r = Og, ®a, R[z] =
Ok, ®IF R. For a € Of, note that a® 1 € Og, g acts on M as the endomorphlsm a and
on 6*M as the endomorphism 6*a and Ty is OE,-linear because a o Ty =Ty od*a.

4.4. Let us assume that L contains ¥ (E,) for every ¥ € Hg,. This implies ¥ (Og,) C R
for every ¥ € Hg,. Under this assumption let us describe the ring O, r = ]_[f:1 OE,;.r-
Fix an i and choose and fix an F,-homomorphism Fj, < «. Then Hj; := Homp,(Fj,, «) =

Z/fiZ under the map that sends j € Z/f;Z to the homomorphism (A kqu’) € Hj,. Also

j
Fs @, R=[[R= [] Fs ®, R/A®1—-101% : 1 eFy)
Hy, JELIfiZ
and 6* transports the jth factor to the (j + 1)th factor. Denote by b; ; C Of,; the ideal
generated by A®1—-1® A9 e F5.). Then

O,k =F5[vi]®a, Rl = [] Folyil®r,pg R/ bij = l_[ R[yi]. (4.1)
JeL/fiL Hy,

Definition 4.5. For every v € Hg, we let i () be such that ¢ factors through the quotient

j (V)
Ey — Ey i) and we let j(¥) € Z/fiy)Z be the element such that ¥ (A) = )»‘1'{( for all
A € Fy,,,- Then the morphism OE, = R equals the composition O, — Of, r —

OF, i R/ iy, jw)s Yiy) — ¥ Oiyy)) and He,, ={y € Hg,: i(y) = i}.

Lemma 4.6. Let p™ be the inseparability degree of E,; over Q,. Then in the jth
component R[yi] of (4.1) we have

72— =¢€- 1_[ i = O?” (4.2)
YeHE,: (i,))(¥)=0,Jj)

for a unit € € R[yi].

Proof. Set y/ :=y!" andlet P = P(z,¥) = Y., , buvz"Y" € Fy,[2][Y] with by, € Fy, be
the minimal polynomial of y! over Fy ((z)). It is an Eisenstein polynomial of degree
e;/p™, because Fy,((y))) is purely ramified and separable over Fy ((z)) by Lemma A.2
in the appendix. In particular, by, =0 for 0 < v < ¢;/p™, and by 9 # 0. Consider the

polynomials P (z,Y) := Z”’VbZiz“Y” € F;, [][Y] € R[z][Y] and PY)(¢,Y) € RIY].
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If € Hg, satisfies (i, j)(¥) = (i, j) then P(/)(C Y (] )) w(P(z i ) ¥ (0) = 0. These
zeros ¥ (y;) of P(/)@' Y) in L are pa1rw1be different, because if ¥ (y)) = t//(yl) then
@, H) = (@, J)(tﬂ) implies that ¥ and 1/f coincide on E,; and hence on E,. It follows
that PU)(¢,Y) = [y G hw)=ip¥ =¥ () in LIY], whence already in R[Y]. In the
jth component R[y;] of (4.1) we have 0 = Zu)vbwz“(yi’)”@] = Zu,u()’,{)v ®bfjﬁ,zl‘ =
PU(z, y;), and we compute

[T ©i—von” =PP@0 )
VG DW)=G,))
= PYC.y) =PV )
S b — 2 ()"

v

=@(¢-2- Zb T e+ THOD

j j
The factor )_, , b (T eH 274+ 247 (p])Y is congruent to bllljjo # 0 modulo the
maximal ideal (7, y;) C R[y;] and therefore a unit in R[y;]. This finishes the proof.
Note that since

anpW)
PO, y) =PV, y) = Z— @) (=",

a n
n>1

the proof could also be phrased by saying that (“D (z y) = Zu v l,L * ](yf)" lies in

(’);:, In fact this partial derivative is congruent to b 1.0 7 0 modulo i OE’ O

Let us draw a direct corollary from the proof of this lemma. To formulate it, recall that
if Ey; is separable over Q,, the different D, /0, of Ey; over Q, is defined as the ideal
in Of,; which annihilates the module Q%QE A, of relative differentials.

Corollary 4.7. If E,; is separable over Qy then Dy(g, /0, = (yi i;fyi)

y-—sa(y‘)) n Oy
for every ¢ € Hg, ;.

Proof. By [27, Chapter 111, §4 Proposition 8] the different is multiplicative, that
is Dg,;/0, = QEU,/IF‘ ) - DF; ((2))/0,- Moreover, Q]Fﬁi (z)/0, =1 because [y [z]
unramified over A,. AS in the proof of the preceding lemma let P(z,Y) be the minimal

polynomial of y! over Fy, ((z)) and note that y; = y; under our separability assumption.
Then %—f(z, vi) € Ogvi and

Ql = Op Adz,dy; daP Nd op N dy;
Ok, /Fy;[2] = E,;{dz, dyi) Z,E(Z’}’t) Z+8_Y(Z’yl) Vi

P
= OEu,i -dy,-/(W(z,y,-)dyi).
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We write z = f(y;) € Fy [yi]. Then

df i)
dy;

d P
0=——P(f(yi),y) = ——(f (i), yi) + —(f(yl) yi)

dyi 0z
and Dg, /0, = (g—ﬁ(z,yi)) = (%) Now Lemma A.l in the appendix implies that

i)‘/’(Ev,i)/Qv = (p(dj;gi)) = (yii;f)’i)) yi=p(i)" -

Now we explore the consequences of these decompositions for local shtukas with
complex multiplication.

Proposition 4.8. Let M = (M, Ty) have complex multiplication by Og,. Then the
Ok, r-module M is free of rank 1. In particular, 1\_% = —M®0Ev OE,,; is a local 6 -shtuka
over R with rk[l_% =[Ey;: Oyl and M = Di_, A_;Il

Proof. By faithfully flat descent [15, IV,, Proposition 2.5.2], we may replace R by a
finite extension of discrete valuation rings. Therefore, it suffices to prove the proposition
in the case where R contains ¥ (Og,) for all ¥ € Hg,. In this case Og, r is a product
of two-dimensional regular local rings R[y;] by (4.1). By [25, §6, Lemme 6] a finitely
generated module M over such a ring is free if and only if it is reflexive, that is
M is isomorphic to its bidual M, where M = Homg(y,j (M, R[y;]). In particular,
M, which is isomorphic to (M~ )" is free. We apply this to M := M@@E%R R[yi]
and consider the base changes M ®g[y, L[yi] = M Qg L[z] and M ®g[y,] R[[)’i]][%] =
M QR[] R[[zﬂ[%]. Like L[y;] also R[[y,‘]}[%] is a principal ideal domain, because it is a
factorial ring of dimension 1. Using [12, Proposition 2.10] and that both base changes
of M are torsion free, whence free, we see that the canonical morphism M — M s an
isomorphism after both base changes. Since R[z] = L[z] N R[[z]][%] C L((z)) and M and
M’ are free R[z]-modules, M equals the intersection (M ®g[ L[z]) N (M ®g[] R[[z]][%])
inside M @[] L((z)), and likewise for M. This shows that M — M "~ is an isomorphism
and M is free over R[y;].

It remains to compute the rank. Let r;; := rkR[[yl.H(A;l ®0%, r OE,;.r/bi j) for all
i=1,....s and all j €Z/fiZ. Then ), e = rkA_Al. We first prove that for a
fixed i all r; ; are equal. Since (6*M) ®0p, r OE, .. R/bij =6*(M ®(9EU OE, .. r/bij—1) =

R[y:]""7=", we can write the isomorphism t; : *M[z ;]_’ M[ ]1n the form
1 r, i1~ L i
l_[R[[)’z =" —>1_[R[b’i]][ﬁ] 7
J

which gives us r; j_1 =r;; =:r; for all j, and hence Zi ri fiei = rkll_;[ =dimg, E, =
Y idimp, E,; =), fie;. Thus if we prove that r; #0 then all ;, must be 1 and so
M is a free O, g-module of rank 1 and rkMi = fiei = [E’i”' : 0y]. Now r; =0 means
that M®OEU (’)Ew_ = (0), and hence E,; acts as zero on M in contradiction to E, C
QEndp (M). This finishes the proof. O
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Proposition 4.9. If ]l_Al has compler multiplication by a commutative semi-simple
Qy-algebra E, then Hll,(]\_;l, 0y) is a free Ey-module of rank 1 and HéR(]\_Al, Llz—¢]) is
a free Ey®g, L[z —¢]]-module of rank one, where the homomorphism Q, =F,((z)) —
L[z —¢] is given by z > z = ¢+ (z—¢). If we assume that L D ¥ (Ey) for all ¢ € HE,
then the decomposition (A 1) induces a decomposition

HigM, L[z =t = @ H M. L]yiy) — ¥ Gig)D: (4.3)
Y eHE,

where HY (M, Lyicy)y — ¥ Qi) is free of rank 1 over Ly — ¥ (Viw))]. In particular,

HigM.L)= P H/ (M. R)®r L (4.4)
YeHE,

is the decomposition into generalized eigenspaces of the E,-action. Here
HY (M, R) := {o € Hixg (M, R): ([a]* — (@) "1 @ W, = 0V a € E, NEndg(M)}

is a free R-module of rank equal to the inseparability degree [Ey icy) @ Qulinsep 0of Ev,icy)
over Qy.

Proof. By the faithfulness of the functor M — H! (M Qy,) we have an inclusion of rings
E, C EndQ H! (M 0y). So the first statement follows from [7, Lemma 7.2].

Since H} R(M L[z — ¢]) is an isogeny invariant, we may by Proposition 4.2 assume that
Og, C Endg (A/I) and then M is free of rank 1 over OE,.r by Proposition 4.8. It follows that
H(liR(Z\_;I, Llz—¢]) :=6*M Qrp] Lz —¢] = Ey®g, L[z — ¢]. Now we use Lemma A.3. In
particular, (4.4) and the statement about HY (M, R) follow from (A 2) and the equation
Hig(M, L) = Hlg(M, R) ®& L. =

The proposition allows us to make two definitions.

Definition 4.10. Let M have complex multiplication by Of, and assume that L O ¥ (E,)
for all ¥ € Hg,. Fix a y € Hg, and let i :=i(¥). Let j, e HY (M, L[y; — ¥ (y)]) be an
L[y: — ¥ (yi)]-generator whose reduction

wf, mod (yi — ¥ () € HY (M, L)/ (vi — ¥ (y)) HY (M, L)

is a generator of the free R-module of rank one H'/’@;I, R)/(yi — (i) HY (1\_;1, R). Such a

o

Wy, is uniquely determined up to multiplication by R* + (y; — ¥ (y:))L[yi — ¥ ()] Note
that if E, ; is separable over Q, then y; — ¥ (y;) acts trivially on HY (A_Al, L) and HY (A_;I, R)
is a free R-module of rank 1. Also L[y; — ()] = L[z —¢]-

If wy € HY (M, L[y; — ¥ (y)]) is any generator, there is an element x € L[y; — ¥ (y;)]*
with wy = x w . We define the valuation of wy as v(wy) = v(x mod y; — w(yi)). It only

depends on the image of wy in HdR (M, L) and is also independent of the choice of a);
Note that if M = (M, tyy) is an A-motive over L with good model M over R, and
M =M, (M) is the local shtuka at v associated with M as in Example 3.2, then for an

L[y — ¥ (yi)]-generator wy € HY (M, L]y; — ¥ (y)]) = HY (M, L[y; — ¥/ (y)]) the present
definition of v(wy) coincides with the definition of v(wy) from (1.13).
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Definition 4.11. A local CM-type at v is a pair (E,, ®) with E, a semi-simple commutative
Qy-algebra and ® = (dy)yeng, a tuple of integers dy, € Z.

If M is a local shtuka with complex multiplication by a commutative semi-simple
Qv—algebra E, and if L DAw(Ev) for all ¢ € Hg, then the Hodge-Pink lattice qM =
r;ll (M ®pz L]z —¢]) of M satisfies

ot = H (i) — I/f(yi(w)))ﬂi"' HY (M., L[yiy) = ¥ Gip)D
Y eHE,

for integers dy under the decomposition (4.3). We call ® = (dy)yen,, the local CM-type
of M

Note that if M = (M, ty) is an A-motive over L with good model M over R,
and M :MU(M) is the local shtuka at v associated with M as in Example 3.2,
and E, := E®g Qy, then we see from the isomorphism HY (M, Llyicwy =¥ Qi) =
H‘”(A_;[, Lyicy) — ¥ iw))]) that the local CM-type of A_;I is equal to the CM-type of
M under the identification Hg ~> Hg,, which extends ¥ : E — Q¥ C Qﬁlg to the

completion ¥ : E, — Q;ﬂg.

5. Periods of local shtukas with complex multiplication

5.1. In this section we let A_;I be a local 6-shtuka over R with complex multiplication by
Ok, where E, is a commutative semi-simple Q,-algebra as in the preceding section. From
Theorem 5.13 on we assume that the factors E,; of E, are separable field extensions of
Q. Throughout we assume that L D ¢ (E,) for all ¢ € Hg,. Using Proposition 4.8 we
may choose a basis of M and write it under the decomposition (4.1) as

M = 1_[ 1_[ (R[[y,']], Ti,j) with T,j € Rﬂyiﬂ[ﬁ]x.
i JEL/fil
Let ¢ € Ny be such that (z —¢)°7;j, (z — ;‘)Cri;l € R[yi]. Since the y; — @(y;) for ¢ € Hg,
with (i, j)(¢) = (i, j) are prime elements in the factorial ring R[y;], Lemma 4.6 applied
to (z—¢)tij- (2 — {)cfi;] = (z — ¢)*¢ shows that

Tij =€ [1 (i — ()% (5.1)
@eHEg, : (i,/)(@)=(.))
for a unit ¢; ; € R[y;]* and integers d, € Z. By Definition 4.11 the tuple ® = (dy),, is the
local CM-type of M
Note that we can view M as the tensor product A_;IE,),O‘X’ ®(p A—;IEu,sa@dw over O, g of
MEU,O i= (Og,,r, 70 =[] j €,;) and all the dy,th powers of A_;IEM) = (Og,.r, [1;j T0.i.)
where

1 it @, j) # (G, ),
yi —e(i) G, J) = )He).
Likewise the cohomology realizations decompose as tensor products

HY(M. A) SH)(Mp . A ® Q) H (M, . A)®%,
pe€HE,

To.ij =
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where the tensor product is over O, , and

Hig(M, L[z - ¢]) Hig(M g, o, Llz—¢D® Q) Hig(Mp, . LIz —])®%,
peHg,

where the tensor product is over E, ®¢, L[z —¢]. For the purpose of computing the
period isomorphism £, ¢r, we may therefore treat all factors of 7; ; separately; see 5.4
below.

5.2. We first treat the case of A_;IE,,,O = (OF,.r, 10 = (€i,j)i,j), where € ; € R[y;]". We
compute the t-invariants HIIJ(A_AlEu,O,AU) as the set of tuples (¢;;);; with ¢; ;=
Yoo Cijn Y € L5P[y;] subject to the condition

(C,',j),',j =1 06‘((6,',]'),',/'), that is Ci,j =€ -5‘(6‘,"./'_1) for all i, j.
The latter implies ¢; ; =€ j-0(€j—1) ... 677 1€ 1) 67 (cip) and ¢ =€ -&fi(ci,o),

where we set €; :=€;0-6 (€, f—1) ... 6 e ) = Yoo bin v € R[yi]*. In particular,
bio € R*. The resulting formulas for the coefficients

cioo=bio-cly, and c¢ion—bio-c] sz ¢ C, On—ts
where g; = qv , lead to the formulas

a: n a:

_ bl and Ci.0n (Ci,o,n>q’ o bie (Ci,o,n—zz)q’

00 i,0 - =) ,
% €00  \€i,00 = bio \ cioo

which have solutions c; 0., € Opser With ¢; 0,0 € Oj«p. In particular, the field extension of
L generated by the ¢; j, is unramified. Then (c; ;)i ; is an Og,-basis of H,IJ(A_;IEU,O, Ay).
Under the period isomorphism #, gr it is mapped to

(e }ci.j)ij € (O, ®a, Oc,[2])* C Ey®g, Colz— ] = Hig (M g, o, Cyz —¢]).

5.3. Next we compute the period isomorphism for the local shtuka M Ev.o from above.
For an element 0 # & € (7)) C R we consider the equation

sl )= 0i—8-4,, fortl .= Zﬁny, € L**[y]. (5.2)
n=0

U= & oand €7 el =0,

This implies that |£,]| = |§|‘§7n/(‘§"*1) <1 and ¢, € Opsep. Note that this solution is not
unique, but that every other solution Zy g of (5.2) is obtained by multiplying Ey & by an
064 e 0

}1
e
(i E)Z)iv Z i €

The equation can be solved by taking ¢, € L5P with Egi

P
element of Fy, [yi] = O, ,, because 67i (Z+—) € L*P[y;] is invariant
&

under 6/i and hence lies in Fj, [y;].
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According to the decomposition (4.1) the r-invariants i € H,lj (]l_AlEv’(p, Ay) of A_;IEU)(/) have
the form it = (it;, )i, € [; ; L*P[yi] with it = 7, -6 (@), that is

6 (i, j—1) if (i, J) # (@, (@),
i —eWi)) -6 @i j—1) if G, j) =, j)(e).

i j =

For j, j' € Z/f;Z we denote by (j, j') the representative of j — j in {0, ..., f; — 1}. This
implies that i) = Vitg) = 9 i)) - 6710 (i, jyp), and thigg). j = 6VT (i jy(p)), as
well as 1i; ; € Fy, [yi] for alli # i(p) and all j. In particular, an Of,-basis of H! Mg, o Av)

is given by
= ()i with i j=&U i@t i) = (¢* ) i@ (5.3)
i ij yi,00) (i (@) :
Vi, (yi)t
where §; i) is the Kronecker §. The comparison isomorphism %, gr sends this & to the
element 5
PR NN —3iitp)
i = (=m0 ) ) 5.0
ij

of Ey®g, Co((z—¢)) = HigMg, ,. Col(z—2))).

5.4. Putting everything together we see that our 1\_;[ = (OE,,R: ]_[i‘j 7;,;) with 7; ; from

(5.1) has
= (ﬁi,j)i,j = (Ci,j ’ 1_[ &(j,/'((ﬂ))(e;r’i’w(yi))—dtp)
(pEHEv,i i’j

as an Of,-basis of H\(M, A,) = HIIJ(A_;IEU’O, A) ®Qyeny. HL(A_?EU’(/,, A)®% . where the
tensor product is over Of,. Under hy gr this & is mapped to the element

L. —d,
TA?II U= (61‘,]‘101',] . 1_[ (()’i — (p(yl-))‘sj,j(w) '6(]’](@)(@;1,(#()&'))) “’>' | (5.5)
peHr, ij
of
E,®0, Co((z—¢)) = Hig(M,Cy((z =)

= Hig(Mg, 0. Colz—¢D) ® KR) HigMpg, . Colz— %,
weHE,

where the tensor product is over E, ® g, Cy[z —¢].
Remark 5.5. Note that ]\_AlEv’(p ®0y, OF,,; With i =i(p) is the local 5-shtuka associated
with a Lubin—Tate formal group, and so our treatment is analogous to Colmez’s [10, §1.2].
Namely, let G = G4 g = Spf R[X] be the formal additive group over R with an action of
Ok, = Fy, [i] given by
Jj (@)
A X — oA - X =A% . X forrelFy,
[yil: X — X% +9(y) X.
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Then G is the Lubin Tate formal group over R associated with Oy(E, ) see [20].
It is a z-divisible local Anderson module in the sense of [19, Definition 7.1]. For an
element a € O, ; let Gla] := ker[a]. Under the anti-equivalence between z-divisible local
Anderson modules and effective local é-shtukas over S = Spec R from [19, Theorem 8.3]
the associated local shtuka is

fi—1
M := M(G) := limHomg(G[z"], Gy,) = limHomg (G[y;“']. Ga.r) = @) R[yi]*
S o k=0
with 79 :=id: G = (Ga,R and 7% = Frobq Gur ot%: X > X%, It is an OE, ;. r-module
via the Og,,-action on G[z”] and the R-action on G, g, and is equipped with

the Frobenius 7 : 6*M — M given by aﬂgmHFrObquGa,R om for me M. We set

A N k+j(9)
M(G) := (M, ty). In particular, we see that A € Fj acts on R[[y,']]l'k as A% and

S0 A;I/b,-,jl\;l = R[yiJtY-/®) under the decomposition (4.1). Since rM(c?A’i/;rfi_l) =i =
il = o) X > X9 = ([yi] = ¢(3)(X), we see that

1 if j # j(®),
yi—e(i) if j=je),

that is, M(G) = My, , ®0,, Ok,

Moreover, if we want to also consider the other components of Mp , for i #
i(¢p) we take the divisible local Anderson module Gg,, = G x ]_[i#(w)(Ev’i/OEm)R.
It has local shtuka M(Gg,.,) =M(é)@@i#(w)]l_;l((Ev,,-/OEv'i)R) ZA—;IEU,W because
M((Eyi/OE,)R) = (OF,; &, T =1).

5.6. We want to describe the Galois action of ¢ on H})(A_A4Ev)(p, Ay). Recall from [18,

Definition 4.8, Proposition 4.9 and Remark 4.10] that the Tate module of G is defined as
T,G := Homy, (Qy/Ay, G(L*P)) and that there is a perfect pairing of A,-modules

T,G x HL(M(G), A,) — Homg,(Q,/Ay, Fy),  (f,m) —> mo f, (5.6)

which is equivariant for the actioni of ¢ and EndR(l\_Al((A?)) = Endg(G)°P. Here
the A,-module Homg,(Q,/Ay, Fy) %ka/ﬂ,v =TF,[z]dz is free of rank one; see [18,
Equation (4.5) before Proposition 4.9]. We have already computed H,E(A_AlEuyw,Av) =
Eyi- (@ ;)i in (5.3). We now compute T,Gg,,, and the action of ¢ on both T,Gg, ¢

and H]IJ(A_;IEU‘W Ay). Let again i =i(p). Since Og,; acts on G(Lsep) we have

T,G = Homo, (O, ®4, (Qu/Av). G(L*)
G(L*P) > f

v,i?

= Homo, (Ev.i/OF

= {(Pn)n € 1_[ é[yin](Lsep): [yil(Pn) = Pn—l} 5 (Pu)n = (f(yl_n))na

nGNo

https://doi.org/10.1017/51474748017000494 Published online by Cambridge University Press


https://doi.org/10.1017/S1474748017000494

Periods of Drinfeld modules and local shtukas with complex multiplication 195

where f is reconstructed from (P,), as f(ayf") = [a](P,) for ae(’)zui. From

equation (5.2) we see that E;,-,w(y;) = oo ay! satisfies

[yil(€o) = €5 +9(y)o =0 and [yi1(€) = €5 + @)y = lo1.

Thus £,_; € é[yi”](Lsep) and Tvé = OE,; - (ly—1)n- To compute the ¢ -action on Tvé we
need the following

Proposition 5.7. Let Fy (9(0))) o :=F5,(9(3i))(€n :n € Ng). Then there is an
isomorphism of topological groups

x: Gal(Fs, (0(yi) oo/ F () — Fy, [vi]* = OF, |

satisfying g(€% ) == Y008y = x(8)- €, 4y i Fiy (90))solyil for g in the
Galois group. The isomorphism x is independent of the choice of E;’_ oGi) and is called
the cyclotomic character of the field E,; = Fy (yi)).

Proof. The existence of yx follows from the equation cArﬁ(E;fi,(p(yi))=(y,-—<p(yi))o

€ oon) o Afoe . x

; o(y)» Which implies that x(g) := geﬁ’& is 6/i-invariant, that is x(g) € Fy, [v:]*.
P i 0 (7)

Furthermore, x is an isomorphism because ¢,_; is a uniformizing parameter of
F;, (i) (Lo, ..., €,—1) and so the equations defining the ¢, are irreducible by
Eisenstein. Every other solution of (5.2) is of the form a -E;ﬁ o0y With a € Fy [yi] and so
gla .E;i,(ﬂ(yi)? = aJr-g(K;i’(p(yi)) =x(g)-a- K;i,w(yi)‘ This shows that x(g) does not depend
on the solution Eyi,w(yi)' O
Let Z; C ¢; be the inertia subgroup and similarly for other fields. By local class field

theory, see Lubin and Tate [20, Corollary on p. 386], the image of g € Zy(g, ;) in g‘;(bEv D

equals the norm residue symbol (X(g)71|yl:¢,(yi),go(Ev,i)ab/w(Ev,i)) where gz)(Ev,i)ab is
the maximal abelian extension of ¢(E,;) in Qf)ep. In general, the homomorphism
xL: Iy — Of with gljw = (x(g)~', L®/L) is sometimes called the character of local
class field theory of the field L. So we see that x(&)ly=¢(y) = XeE, (&) If L is
separable over ¢(E, ;) these characters are compatible for g € Z; in the sense that

Xo(Ey.)(8) = NLjo(E, ) (XL(8))-

14

5.8. From Tvé = Og,, - (ly—1)n it follows that g acts on Tvé in the same way as an
endomorphism in OZ-U r Let us compute this endomorphism. We write x(g) = Y jo ax y{‘
with a; € Fj. Then the expansion g(E;ﬁi’w(yi)) T)x(g) 'Z;’i’(p(yl,) =320 > deo akln—i )"
—J@
implies that g(€,) = Y j_gakln—k = > j_o <p(aZ” )[yf](ﬁn). Thus every element g € Z;,
—J (@)

acts on T,G as the endomorphism Y2, al' " Y =679 (9) = e X (@Dly=p(r) =

<p_1 °© Xo(E, ) (8) € Ogvi and on TUGEU,(/, as the endomorphism (&‘j(W)(X (g))5i~i(w)),~ € OEU'

Definition 5.9. We define the character xg, ., = (¢~ 0X<p(EU,,-))5""'(“’))ii 1L — Of, by
mapping g = (6@ (x ()% @) = (1,.... L7 o Xk, n (@), 1., 1.
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5.10. Due to the equivariance of the pairing (5.6) under ¢, and EndR((A?EU,(p) the action
of g€ on H,E(A_;I(CA}EUW),AU) is given by the endomorphism XEU,(p(g)’l. We can
also compute this action directly as follows. It factors through the restriction of g to
Gal(Fy, (9 (3))) oo /Fs; (9 (v)))) which we denote again by g. Then on the basis (it; j); of
Hllj M(G), Ay) from (5.3) we compute

gl ) = (@O ) O);
_ U,J (@) + —8i,i(p)
= (6 X (@) 45, yiy) ")

= (51— 1 311( ) Ui @) ot
= (¢ (x(§))%® & (AP
= 67V HO )Y i),

for the element 6 /@ (x(g) " H®1 € OE,; ®a, R[z]. That is, the action of ¢ € 4. on

Hllj (A_Al(é), A,) coincides with the endomorphism 6 /@) (x(g)~!) and the action of g € 7.
on Hll)(A_/I(GEv)(/,), Ay) = H})(MEU’(/), Ay) coincides with the endomorphism )(Ev,(r,,(g)_l €
Op .

)~ 3zz<«z>)j

Proposition 5.11. Let A_Al have complexr multiplication by a commutative, semi-simple
Qy-algebra E, with local CM-type ® = (dy)yeng, - Then the action of g €I on

Hllj(]l_;l, Ay) coincides with the endomorphism ]_[%HE XEv,(p(g)_dq’ € OEU.

Proof. This follows from the computations in 5.4, 5.10 and 5.2 by observing that Z
acts trivially on H,lj (Mg, o, Av), because its generator (¢;,j);,; is defined over the maximal
unramified extension of L. O

5.12. To compute the absolute value Uu a)|v we again treat each factor MEU,O and A_AlEMp
of A_;I separately. We begin with A_AlEv,(p and set i := i(p). Let

wy =1¢€ H'/’(A_;IE, o Li =¥ oD

It is a generator as L[y; — ¥ (y;)]-module as in Definition 4.10, and is mapped under the
period isomorphism of A_/IEM) from (5.4) to

GO0 g )) O 0)

(5.7)
where the non-zero entry is in component . We denote this entry by Q(E,, ¢, ¥). It
is analogous to Colmez’s [10, Théoréme 1.2.1] element of Bgr with the same name. It
satisfies the following

) dR(ww) ( . ((yi(llf) @) W@ . & Vit 0 Ui

Theorem 5.13. Let ¢, € Hg, satisfy i(p) =i(y) =:i and assume that E,; is separable
over Qy. Then the element

QUEy, ¢, ¥) := (i — ()1 0i@ . gUDIO gr e Col(yi =¥ () = Col(z = ¢))

satisfies
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(a) D(QUEy, ¢, ¥)) =1 ifo=v and 0(QEy, ¢, %) =0 if ¢ # V.

(b)
1 .
aG-1 vy, n0) ife=1,
1
V(QUEy, ¢, V) = a1 +o (i) —eO) if ¢ #FY¥ and je) = j{¥),
g -ie)
G =1 if j(p) # JW),

where Dy (g, )0, 18 the different of Yy (Ey;) over Q.

(c) If g€y, then g(QEy, ¢, ¥)) = Y (XE,.0(8) QEy, ¢, ¥). Note that if L is
separable over Qy then Y (XE,.¢(8)) = ¥ (@ ' (NLjp(E, ) XL(8)))-

(d) Let u € Hl,U(A_AlEMp, Ay) = HomAU(H,lj(A_;IEU’W Ay), Ay) be a generator as Og,-
module and let o) be an L{y: — ¥ (yi)]-generator of H'/’(A_;IEU,W Llyi =¥ )]

subject to the conditions in Definition 4.10, that is subject to the condition
that a)a mod y; — ¢(y;) € H111(MEU,¢’ L) is an R-generator of the free R-module of

rank one Hw(ﬁl, R)/(yi — ¥ () H‘/’(A_Ad, R). Moreover, let Dy be a generator as
Y (Og, ;)-module of the different Dy (k, )0, Then

/ a); =u ®id(cv((zfg)) (hv_(liR(a);/)) S Cv((z — E))

equals Q(Ey, ¢, V) - DIZI up to multiplication by R* + (z—¢)- Lz —¢].

Remark 5.14. Note that in contrast to the number field case [10, Théoréme 1.2.1]
the element Q(E,, ¢, ¥) € Cy(z—1¢)) is by (a)—(c) uniquely determined only up to
multiplication by an element of (’)I%< +(z—2¢)-Llz—¢], where L is the completion of

the compositum of Fglg with the perfect closure of L in Qilg, because the fixed field of
Zr in Cy((z—¢)) equals L((z—¢)) by the Ax—Sen—Tate theorem [3].

Proof of Theorem 5.13. In 5.3 we have seen that the coefficients of the series E;fi oO1)

Yoneo bny!! satisfy v(€n) = v(e())-q; "/ (@ — 1. From vy () =1/ei = v(p(y)) it
L (). (@)
follows that the evaluation of 3(1(%']«0))(e;,-,(p(y,-)”yi:l/f(yi) =y EZ”J ! Y(y)" at

vi = ¥(y;) satisfies

qi-i @) ; qu(t/f),j(w))
v (el v = —- (n+ L), (5.8)
ei q;(qi—1)

Since 0 < (j(¥), j(¢)) < fi — 1 the second fraction in the parenthesis is strictly smaller

than 1, and so the valuations in (5.8) are strictly increasing with n and attain their
G @) o
. . qU _ . ~ s . .
minimum “m—p- for n = 0. This shows that 6 ®) ]((p))(E;i,(p(yi))|Yi=‘/f(yi) is non-zero in
L and (W), @)

_ 9

yl-=x/f<y,->) ei(@—1 "
; ion D(6GW-J@) p+ =
In particular, the valuation v(a (KYi,(/)()’i))) 0.

5 G W), J @) p+
v (U (Zyt,w(yi)
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(a) Lemma A.l1 implies that in the y-component of E,®g, L[z —¢] we have
ordy, _y(y) =ord; . If j(p) = j(¥), that is (phyﬁi = 1/f|]1<‘l—)i then ¢ # ¢ implies that
Y (yi) —@(yi) #0in L, because E,; = Fy,((yi)). Therefore, the valuation v of

Vi =) = W) =) + i =¥ (i)
equals zero for ¢ # ¥ and j(¢) = j(¢¥). This implies (a).
(b) We calculate v((Q (Ey, @, w)) in three different cases separately as follows.
Case 1: ¥ = ¢. In this case f)(Q(EU, o, w)) =1 and so
yi=<0(yi)>

i— oG
v<<7 ’ EYMD(y,»)
)"(p(y-)) tv (l;i’fﬂ(yi) |Yi=W(yi)>

<)’i — (i)
v —_—
= @y /o) +

V(Q(Ey, ¢, ¥))

z—¢
1
i@ —1
by Corollary 4.7.
Case 2: ¥ # ¢ and j(¥) = j(¢). In this case ﬁ(Q(EU, ®, 1//)) =0 and so

”(((yl' =000 5 ) ’yi=w(y,«>>
(¥ () — ) + V(€] oy =)

V(Q(Ey, ¢, V)

1
v (i) (i) + ————.
ei(qgi—1)
Case 3: j(¥) # j(¢). In this case f)(Q(EU, o, W)) =0 and so
) _ ql()j(llf)qj(w))
v=von/ @i =1

— o U g+
VS (Ew, 9, V) = “(" o0

(c) For the Og, -basis i of Hllj(A_AlEMp,Av) from (5.3) we have seen in 5.10 that g(i)
= XE,0(@ 7 i and g0, ..., QEy, 9, ¥), ..., 00 g(0) = hy jp(g(@) =h k(@) =
©,...,2(E,,@,¥),...,0) 1. Thus g acts on the coefficient (0, ..., Q(E,, ¢, ¥),...,0)
as multiplication with xg, »(g) and on its y¥-component Q(E,, ¢, ) by multiplication
with ¥ (x£,.4(8))-

(d) Again we consider the O, -basis # of HL(I\_;IEU,W, Ay) from (5.3). Let D = (D;); €
Og, =[1; Og,; be a generator of the different ®g, 0, =[]; Dk,,/0, = D - Ok, and
let ¢ = (ci)i € O =1][; O . be the element(s) from Lemma 5.15 below for which
the pairing (., .): Hl,v(—ME,),ga’ Ay) X H,IJ(A_;IEU’W, Ay) — A, takes the value {(au, bu) =
Trg,,0,(abeD™") for a, b € Og,. If wy, = 1 is the generator from 5.12 then

/wf,, =Trg, 0,0, ..., Ep, ¢, %) - ¥(cD™,...,0) = QEy, 0, ¥) - ¥(ci D ).
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Any other generator wy, differs from wy =1 by multiplication by an element

x € R+ i =) - Llyi =9 C Ey®g, Lyi —¢()].
Under the pairing (., .) this leads to fu a)zj =Q(Ey, 0, ¥)- w(c,-xDi_l) with ¥ (D;) = Dy
and
V(cix) € R+ (i —o(i) - Lyi —o ()] = R* +(z—¢) - L[z —¢]. O

It remains to record the following well known

Lemma 5.15. If E,;/Qy is separable let D; € Op,; be a generator of the different
DE,:/0, = Di - Ok, ;. Then for any perfect pairing (., .): Of,; x Og,; — Ay satisfying
(a,b) = (ab, 1) = (1, ab), there is an element ¢; € (’)Evi with (a, b) = TrEv_l./Qv(abciDi_l),

Proof. The set of bilinear forms Og,; x Og,;, — Ay equals Homu, (OE,; ®a, OE, ;, Ay)
and the condition (a, b) = {(ab, 1) = (1, ab) implies that (., .) lies in

HOHIAU (OEUY,' ®OEU,1 OEU,,'? Av) = HOHIAU (OEUY," AU)
The condition that (., .) is perfect implies that
Og,; —> Homy (O, ;, Ay), avr— [br> (a,b)] (5.9)

is an isomorphism of O, ;-modules. On the other hand, by definition of the different in
[27, §II1.3], there are also isomorphisms of O, ;-modules

D40, =D Ok, <> Homy, (0%, ;, A),  aD; ' +— [b+> Trg,,/0,@bD; ]

for a € Og,;, and

Og,, = Homy, (O, . Ay), avr— [b+> Trg,, 0, @bD; H]. (5.10)
Comparing (5.9) and (5.10) yields a unit ¢; € O = with @ =cja and (a,b)=
TI“EUJ./QU(abC,'Di_l). O

5.16. Analogously to [10, §1.2], we can give a uniform formula for U(Q(Ev, ®, 1//)) by
introducing certain measures on ¥p,. Let C(¥p,, Q) be the Q-vector space of locally
constant functions a: 9o, — Q. If K is a finite separable extension of Q,, and ¢, ¥ € Hg,
let ag v € C(Yp,, Q) be the function given by

1 if gp =1,

0 otherwise.

aK,pv(8) ==

Note that the ak o y span C(¥p,, Q).
If L ¢ 03" is a finite Galois extension of Qy, let uy € C(¥p,. Q) be the function given
by the formula

0 lf g ¢ IQv’
prr(g) =13 —v(g(my) —nr) if g € Zp, and g(mp) # 7,
v(®r/0,) if g € g, and g(mr) = 7y,
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where 77, is a uniformizer of L and Dy /¢, is the different of L over Q,. Moreover, we let
ek be the ramification index of K over Q, and fx the degree of the residue field of K
over F,. We let W} := {g € 9p,: g(x) = x% mod m e ¥ X € OQalg}/IL. It is in bijection

with {g € Gal(L/Qy): g(x) = x% mod (7z)} under the map Yo, — Gal(L/Qy).

Lemma 5.17. Let K, L C Q)" be finite separable extensions of Q, with L finite Galois
over Q, containing all the conjugates of K, and let ¢, € Hi. The function ag 4y 1
constant modulo 91, and hence can be considered as a function on G := Gal(L/Q,).

Then
0 if j(@) # i),
D ak ey (@ 1nL(@) = 3 v@yx)/0.) ifo=1,
oo () —p(ug) if (@) = j () and ¢ # P,
and

G @), j(p)s
v

1 > aK,(p,lp(g) _ 1 q
LYy e L

ns e fks _
n=1geW} T K qv 1

In particular, the left-hand side of both equations does not depend on the choice of L.

Proof. The proof follows in the same way as [10, Lemma 1.2.4]. O

Since the ak o,y generate the vector space C(9p,, Q), we get the following proposition.

Proposition 5.18. There exist Q-linear homomorphisms Zy(.,s) : C(¥9g,. Q) = C if s €
C and par,v : C(@g,, Q) — Q defined by the following formulas: if a € C(9p,, Q) and if

L C 0y" is a finite Galois extension of Q, such that a is constant modulo 9y , then
panv(@) =Y a(@) - uL(g)
8eGL

with G := Gal(L/Qy), and Zy(a,s) is obtained by meromorphic extension from the
following formula, valid for Re(s) > 0:

Zv(a,s)ziZZ@ L]

ns
o

Remark 5.19. If V is a finite-dimensional C-vector space, p: 9o, — Autc(V) is a
continuous complex representation of ¥y, , and if x € CO(ng, Q) ®q C is the character
of p, then par,(x) is nothing else than the degree at v of the conductor f, of x; cf. [27,
Chapter VI, §2], where par.»(x) is denoted by f(x). And if W is the sub-vector space
of V stable by Ip,, we have

d _ _
Zu(x, @) logqy = ——log(det(l — g, p(Frobr0,) I w) h

by [29, Chapter 0, §4] or [22, Lemma 9.14]. So the linear maps par, and Z, (., s) coincide
with the maps with the same names in Definition 1.2 in the introduction.
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As a direct consequence of Theorem 5.13, Proposition 5.18 and Lemma 5.17 we get the
following

Theorem 5.20. If ¢, € Hg, satisfy i(¢) =i(y) =:i and E,; is separable over Q, then

V(QEy, 0, V) = Zy(ag,,y,0, 1) — Har,v(@E,,v,0),

where we set ag, . = AE,; y.p: & > Sgy.qp- O

Definition 5.21. If u € H; (M, Q,) := Homu,(H\ (M, A,), Q,) is an E,-generator there
is an a € E}, unique up to multiplication with an element of OIX:"U’ such that ¢~ 'u is an
OE,-generator of HLU(A_AL Ay). Then we define the valuation vy (u) := v(w (a)) e 7.

Note that if M = (M, 1)) is a uniformizable A-motive over L with good model M and
A_Al = J\_Alv (M) is the local shtuka at v associated with M as in Example 3.2, then for an
E-generator u € Hy ewi (M, Q) the present definition of vy, (hBem,v(u)) coincides with the
definition of vy (1) from (1.12).

Corollary 5.22. Let ¢, ¥ € Hg, with i(¢) =i(y) =:i and assume that E, ; is separable
over Qy. Let u € Hi (Mg, ,, Qv) be an Ey-generator and let wy be an Llyi — v ()]

generator of H‘lf(A_;IEv’w, Llyi—v)]). Then [, oy :=u®idc,(:—¢) (h;}iR(ww)) has
valuation

v</w1//> =Zy(@ag, y,0: D) — Harw(@E,,v,0) — V(Dy(£,)/0,) + v(wy) + vy (1),
u

where v(wy) and vy () were defined in Definitions 4.10 and 5.21, and Dy (g,)/0, 15 the
different.

Proof. Let a € E, be such that u°:=a " 'u is an Og,-generator of HLU(A_AlEUV(p,AU)
and let wj be an L[y: — ¥ (y;)]-generator of H'/’(A_;IED,W L[yi — ¥ (y:)]) such that the
residue a);f mod y; —p(y;) € H(liR(A_lEu’(p, L) is an R-generator of HéR(MEMp, R). Let
x € Lyi — ¥ (y)]” such that wy = x a); Moreover, let Dy be a generator as ¥ (O, )-
module of the different Dy (g, ,)/0,- Then

[a),/, _ (a®1)x-/ 0} = @® Dx-QEy, 9. 9)-D;' € Cul(z 1))
u u®

up to multiplication by an element of R* 4+ (z —¢)- L[z —¢]] by Theorem 5.13(d). The
element (a ® 1)x € E, ®¢, L[z — ¢] lies in the ¥-component L[y; — ¥ (y;)] of the product
decomposition (A 1), and in that component a ® 1 is congruent to ¥ (a) modulo y; — ¥ (y;).

Therefore,
v(/ww) = v(¥(a)x - Q(Ey, ¢, ¥) - D)
u
= Zy(ag, y.g: ) — barnv(@E, v.) = V(Dy(E,)/0,) + v(@y) + vy (1).
by Theorem 5.20. O
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To compute v( fu wy,) for general M we need the following

Definition 5.23. Let E, be separable over Q, and let ® = (dy)yen,, be alocal CM-type.
For ¢ € Hg, let ag, v, € C(¥p,, Q) and a%v,w’q, € CO(ng, Q) be given by the formulas

ag,y.o(@) == Y dy-ag, y.,(g) =dgy and (5.11)
9eHE,
1
0 .
AE,p.08) = g D gy (5.12)
neHy

Note that ag, ¢ and a%v’w‘q) factor through Gal(E}°"/Q,) where E*" is the Galois

closure of ¥ (E,) in Qilg. In particular, aOEM//@ does not depend on the field L provided
Y(Ey) C L for all ¥ € Hg,.

These functions are the local counterparts to the functions ag y,¢ € C(¥p, Q) and
aOE’w7¢ € C%Yp,Q) which were defined in (1.10) and (1.11). The membership in
C(%p,.Q), respectively C(¥p, Q) is indicated by the index which gives reference to the
Q,-algebra E,, respectively the Q-algebra E. In fact, if E, = E ®¢ Oy and hence Hg, =
Hg, then ag, y o is equal to the image of ag y ¢ under the map C(¥%p, Q) — C(%g,, Q)
from Definition 1.2. However, this is in general not true for aOEU’wy(D and a%’w’d), because

if L is the closure of K in Qilg , then Hyp is in general strictly contained in Hg.
For general M we can now prove the following

Theorem 5.24. Let I\_;I be a local shtuka over R with complex multiplication by the
ring of integers O, in a commutative, semi-simple, separable Q,-algebra E, with local
CM-type ®, and assume that ¥ (E,) C L for ally € Hg, and that L is separable over Q,.
Let u € Hl,v(]l_;l, Qy) be an E,-generator and let wy be an L{yiw) — ¥ (yiwy))]-generator

of H‘”(A_Al, Llyicyy =¥ Qiw)]). Then the period fu Wy =1Uu ®id@v((z_§))(h;hR(w¢)) has
valuation

v(/é%) =Zy(ag, y,0, 1) — parn @k, v,0) —v(Dy(E,)/0,) + v(wy) + vy (1),
u

where v(wy) and vy (1) were defined in Definitions 4.10 and 5.21, and Dy (g,)/0, 15 the
different.

Proof. As in 5.1 the local shtuka M is isomorphic to the tensor product of local
shtukas Mg (® ®w MEU’W@’% over Og, r. Let i :=i(y) and j := j(¥). For every Mg ,
we fix the L[y; — ¥ (y;)]-generator oy, =1€ HW(A_;[EU,W Llyi =¥ (y»)]). In addition,

we let wy =1 EH‘/’(A_AdEU’O,L[[y,‘—w(y,‘)]]). Then we can take the tensor product

o ._ ,0 o dy
@y = o ® ®WEHEU (a)w’(p)® ¢ in

HY (M, LIy =y (o)) EHY (Mg 0. Llyi —vG0D® & HY (Mg, . L[y — v ) ]D%.
peHE,
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It is an L[y; — ¥ (y;)]-generator as in Definition 4.10. Let x € L[y; — ¥ (y;)]* be such
that wy =x 'w;/, and let further a € E, be such that u° :=a~lu is an OE,-generator

of Hl,,,(A_Al,AU). Moreover, let Dy be a generator as ¥ (Og,)-module of the different
Dy (E,)/0,- Then (5.5), (5.7) and Lemma 5.15 imply that

/wf;sz,;l.e,-,jc;} [T e@.e.n®
MO

(/JEHEUJ

up to multiplication by R* +(z—¢)- L[z —¢]. Since Gi,jC;; € (OEU ®a, Oc, [[z]])X we
conclude as in the proof of Corollary 5.22 that fua)¢ =@®x- uoa)a and

()

U<le'1/f(a)x'€i,jci’; 1_[ Q(Ev,(p,w)dw)

qoel—IEv,i

v(wy) + vy () —v(Dy(E,)/0,) + Z (Zv(ag, 0. 1) = Harv(@E, y.9)) - dy
wEHEv,i

= Zy(@ag,y,0, 1) — parv(@E,,y,0) —v(Dy(E,)/0,) + v(wy) + vy (1),
because i(p) # i() implies that ag, y.,(g) = gy, =0 for all g € p,. O

Corollary 5.25. Keep the situation of Theorem 5.24. For every n € Hp note that i(ny) =
i(y), let M" and a):}/ e H™ (M, Lyicyy —n¥ Gi))]) be obtained by extension of scalars

via n, and choose an E,-generator u, € Hl,v(ll_;l”, 0y). Then

1 / n) 0 0 vy (£,)/0,)
— S ([ o)) = Zu@d e 1) — iare(@d o) — o ENIO)
#HL neH < iy v e CEy. @ [V (Ey) : Oul

1
v g} (@) + vyy (1)),

where Dy (£,)/0, C Ay 15 the discriminant of the field extension W (Ey)/Qy.

Proof. Since A_A4’7 has complex multiplication by Og, with local CM-type n® := (d(/p)weHEv

with d;, = d,-1,,, Theorem 5.24 implies

v</ w:},) = Zy(ag, yy.no: 1) — LAt v (@B, py,n0) — V(D yy(E£,)/0,) + v(w:,',) + vyy (up).
iy

(5.13)
We sum over all n € Hy, divide by #H; = [L : Q,], and observe that ag, yy ,0(g) =

d;,m// = dﬂ’lgn’ﬁ and Dmlf(Ev)/Qu = n(gllf(Eu)/Qu)v and hence

> v@pyEs0) = v( I1 n(©w<Ev)/Qv)) =v(NL/0, Dy (£,)/0.)
neHy neHL

= V(Ny(£)/0, (NL/y(E) Dy (E,)/0,)) = [L : Y (EW)]-vQy(£,)/0,)-
This proves the corollary. O
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Finally we are ready to give the

Proof of Theorem 1.3. The proof proceeds like the one of the previous corollary applied
to M = MU(M) for a model M of M with good reduction. Setting E, := E ®¢g Qy, still
M” = MU(M”) has complex multiplication by Of, with local CM-type n® := (d(’p)(peHE
with d(; =d,-1,, where n runs over all elements in Hg. To translate the global

situation to the local one, we also use the elements hpewi,v () € Hl,v@”, 0y), and

wy, ®k L € HY (M, Lyigy) — 1% Qi) = H" (M, Lyity) — 0¥ (Viy))])- Then the
function ag, .o € C(9p,. Q) is the image of ag y o € C(Zp, Q), and (5.13) takes the form

v(/ w,’;) = Zy(ag gy, @5 1) = Raro(@E . p0) =V Qyy(E,)/0,) + v(@],) + vyy (),
Uy

(5.14)
because the value of vm/,(hBem,v(un)) from Definition 5.21 used in (5.13), coincides
with the value of vyy () from (1.12). This time we sum over all n € Hg, divide by

#Hg = [K : Q], and observe that ag, ,y, yo(g) = démﬁ = dn‘lgmﬂ’ and hence

1

#Hg neFix

Zy(@g gy 1) = tao@E gy n0) = Zo(@l 4 o0 1) — pano(@l 4 o). (5.15)

For every place w of the field W (E) above v let ¥ (E), be the completion. Then

V(E)®p Oy = ]_[w‘v V¥ (E)y. Via the fixed inclusion Q¥ ¢ Q?,lg we consider every n € Hg

as a morphism n: K — Q% ¢ Q?,lg. The induced morphism n ®idg,: K ®9 Q, — Q?,lg,

when restricted to a morphism ¥ (E) ®o Qv — Qilg factors over ¥ (E),, for a unique w
which we denote by w(n). We set Hk 4, := {n € Hg: w(n) = w} and consider the map

Hyg w — HykEy,, n+—— Qidg,)lyE),- (5.16)

The map is surjective, because every element of Hyg), can be restricted to a
Q-homomorphism ¥ (E) — Q¢ ¢ Qﬁlg , which extends to a Q-homomorphism (n: K —
0%2) € Hg that automatically lies in Hg . We claim that two elements 1,7 € Hg
have the same image under the map (5.16) if and only if 7 =noa for an element
a € Gal(K/y/(E)). Indeed the latter condition is sufficient, because a ®idg, induces
the identity on ¥ (E),. To see that it is necessary let n, € Hgx w C Hx = Gal(K/Q)
have the same image. Then their restrictions to ¥ (E) C ¥ (E), coincide, and hence
a:=n"loijeGal(K/Q) lies in Gal(K/y¥(E)) as claimed. For every n e Hg, the
different ®,y (£,)/0, equals (n®idg,)(®y k), /0,) and only depends on the image of n
under the map (5.16). Therefore, we compute

> v@nw<Eu>/Qv)=v< I (n®idQu)(©w(E)w/Qv)>

UGHK.W TIEHK,w

#Gal(K E
:U(NW(E)ul/Qu(@l//(E)w/QU) al(K /9 ( )))

[K : Y (E)]- vy (E),/0,)-
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Summing over all w|v and using that }_,, vQyk&),/0,) = vy &)0) by [27, §1IL4,
Corollary to Proposition 10] we obtain from (5.14) and (5.15)

1 v(d )

ny _ 0 0 Y(E)/Q
HHy U</; w¢) = ZU(aEJ/;,(I)’ D _MArt,v(aE,lp,q;) - [V (E): 0]

neHg "

1
+ e D w(@)) + vy ().
neHg

This proves Theorem 1.3. O

A. Appendix: Product decompositions of certain rings

In this appendix we establish certain product decompositions for the rings used in this
article. We begin with the following

Lemma A.1. Let k be a field and let z =Y oo byy" € k[y]. Let ¥: k[y] — R be a ring
homomorphism into a k-algebra R. Then in k[y|®k.y R = limk[y]/(") ®k.y R = R[y]
<«

Z®1-1QV (2)
yR1-1®v ()

Proof. The lemma follows from the computation

the fraction exists and is congruent to 1 ® W(Z,—j) modulo y® 1 —1Q ¥ (y).

@1-10Y@ = ) G"®1—-10Y )Y ()"

n=0

00 n—1
=Y AY®G)) - Y _¢'®YM» T (e 1-18¥ ()

n=1 v=0
o o
= <y®1—1®w(y>>-2y“®w< > bny”‘“>,
v=0 n=v+1
where the second factor converges in k[y]®,yR. Modulo y®1—1® ¥ (y) this factor
equals
0 n—1 00
D ARYB) Y PRy ) =Y 1@y b)) n(1@Y ()™
n=1 v=0 n=1
oo
= 1®¢<annyn_l>
n=1
dz
=1 — . O
®w<@)

We need the following well known fact from field theory. For the convenience of the
reader we include a proof.

Lemma A.2. Let E be a finite field extension of Q (or of Qy) of inseparability degree p™.
Then the separable closure E' of Q (respectively of Qy) in E equals EP" := {x?": x € E}.
If y is a uniformizing parameter at a place ¥ of E then y := yP" is a uniformizing
parameter at the place ' of E' below ¥ and E = E'(y) = E'[X]/(XP" — /).
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Proof. This is due to the fact that Q has transcendence degree one over Fg,
respectively that Q, is a discretely valued field. Namely, consider the case for Q.
Then E = k((y)) where k is the finite residue field of E. Clearly EP" = k((y')) and E =
EP" (y) = EP"[X]/(XP" — '), because XP" — ' is irreducible in EP"[X] by Eisenstein.
In particular, [E : EP"]= p™. On the other hand, the minimal polynomial f(X) of y
over E' is of the form g(X?" ) for a separable, irreducible polynom1al g over E’ and
an integer m’ > 0. Therefore, the mlnlmal polynomial of y?" over E’ is g and yP"
is separable over E’. This implies y?" € E’ and degg = 1, whence deg f = p™ "< p".
Therefore, m’ < m and y”" € E’, and hence EP" C E'. Since [E : E'] = p™ = [E : EP"]
it follows that E/ = EP". This proves the lemma for Q,.

For Q a proof for the equality E/ = EP" can be found for example in [28, Chapter II,
Corollary 2.12]. If Ogy is the valuation ring of E at ¥ then ((’)E’;,)Pm equals the
valuation ring Opy of E’ at ¥’ and so y’ is a uniformizing parameter of O 5. The
last equality follows from the fact that the polynomial X?" —y € O £ [ X1 is irreducible
by Eisenstein. O

In the next lemma we consider the embeddings Q < K[z, — ] and Q, < Lzy — &]
given by z, = zy = §y + (2v — &)-

Lemma A.3. Let E = E| X--- X Eg be a product of finite field extensions of Q and let
K C QY2 be a field extension of Q with y(E) C K for ally € Hg := Homg (E, 0%8). Let
i(Y) be such that Y factors through E — Ejy) and let y;y) € Eiy) be a uniformizing
parameter at a place of Eiyy above v. Then

E®oK[w—o]= [] KDig) =¥ 0iw)] and
Y eHE
E@oK = [] Ky — ¥ i)/ Qiyy — ¥ Qi) Ficw) " Climser,
VEHE
where [E;jwy) : Qlinsep 5 the insepambz'lity degree of Eji) over Q.

Likewise, let Ey = Ey 1 X -+ X Ey 5 be a product of finite field extensions of Q, and let
L C Qvlg be a field extension of Qy with Y (Ey) C L for all € Hg, :== Homg, (Ey, Qalg)
Let i(y) be such that  factors through E — Ey ;) and let yiqy) € Eyiq) be a
uniformizing parameter. Then

E,®¢, Llzv—&]= [] Llviw —vGig)] and (A1)
1//€HEU
E,®p, L= [] LDviw) =V 0i)]/Giep) — ¥ Qi) Frin Celimen - (A 2)
I[IEHEU

where [Ey i) @ Ovlinsep 5 the inseparability degree of E, i) over Q.

Proof. Fix a , set i :=i(y/) and let E!, respectively E/ . be the separable closure of Q
in E;, respectively of O, in E, ;. Then Hg, = HE(, respectively Hg,, = Hg’ , and

v,

E/®o K~ 1_[ K, respectively E,;®g, L l_[ L. (A3)
VY EHE; VeHr,
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Let p™ :=[E; : Qlinsep = [Ei : E,,]y respectively p™ = [Ey; : Qulinsep = [Ev,i : E;,i], and

let y/ := y”". Then Lemma A.2 implies that y/ € E/ is a uniformizing parameter at a
Vi Y i i
place above v. By Hensel’s lemma the decompositions (A 3) extend to decompositions

Ei®oK[zv—0] = [l Klzv—&]= [ Kly,—v()]. respectively
Y eHE,

VY EHE;

E,;®o, Llzo—0]— [l Llzw—¢l= TI LLy-v0o)Il

lZ/EHEUJ ]//EHEv,i

Here the last identifications in each line follow from [17, Lemmas 1.2 and 1.3] which states
that both K[z, —¢,] and K[y! — ¥(y/)] are canonically isomorphic to the completion of
the ring Op ®p, K at the ideal (a®1—1® Yy (a): a € Of/). The identification in the

second line also follows from Lemma A.1 by observing that the derivative % equals

—aiYi,m(Zv, Yi’)/aizvm(zv, Yi’)|yi,=yi, where m(zy, Y/) € Fy[z,][Y/] is the minimal polynomial

dz
dy!
injectivity of ¥ on E, ;. Now E; = E(y;), respectively E,; = E;’i(y,-), and hence

Ei®p Ky —v D] = KDy —v DI —v )] = K[yi =¥ )],
respectively  Ey;i ®p  L[y; =¥ (D] = LIy =¥ DIy =¥ )l = LLyi = ¢ ()] with

(yi - I/I(yi))pm =y, =¥ (). Since Hg = | J; HE;, respectively Hg, = |J; HE,;, the lemma
follows. 0

of y/ over Q,, and hence Iﬁ( ) is non-zero by the separability of y/ over Q,, and the
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