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Abstract

In this paper, we prove a one level density result for the low-lying zeros of quadratic Hecke L-functions of
imaginary quadratic number fields of class number 1. As a corollary, we deduce, essentially, that at least
(19 — cot(1/4))/16 = 94.27 ... % of the L-functions under consideration do not vanish at 1/2.
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1. Introduction

The theory of random matrices provides fruitful predictions on the behaviors of the
zeros of L-functions by drawing analogues between the eigenvalues of ensembles
of random matrices and the zeros of L-functions. In this connection, the density
conjecture of Katz and Sarnak [23, 24] asserts that the statistics of the low-lying zeros
(zeros near the central point) of various families of L-functions are the same as those
of eigenvalues near 1 of a corresponding classical compact group. These statistics,
the n-level densities, have been studied for various families of L-functions for suitably
restricted test functions (see [2, 4, 5, 8, 9, 11, 12, 16-19, 22, 28, 29, 32, 34-36, 38]).
The results are shown to agree with the density conjecture.

To study the n-level densities, one needs to form families of L-functions, and
those of L-functions associated with quadratic characters are among the most natural
ones to consider. For the family of quadratic Dirichlet L-functions, Ozliik and Snyder
[32] calculated the one-level density and all n-level densities were calculated later
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by Rubinstein [36]. The support of the Fourier transform of the test function in
Rubinstein’s result was enlarged by the first-named author in [12]. It is shown in
[10, 27] that these results agree with the density conjecture and the family of quadratic
Dirichlet L-functions is a symplectic family. Recently, the authors [15] studied another
family of quadratic L-functions: quadratic Hecke L-functions of Q(7). Via its one level
density computations, it is shown that it is a symplectic family.

Our goal in this paper is to extend the methods used in [15] to study the
one-level density of the low-lying zeros of quadratic L-functions associated with the
imaginary quadratic number fields K = Q( Vd) of class number 1. Here d is a negative,
square-free integer and it is well known (see [21, (22.77)]) that the class number of K is
1 if and only if d € {-1,-2,-3,-7,—-11,-19, —43, —67, —163}. Since the case d = -1
has been studied in [15], we assume throughout the paper that

de{-2,-3,-7,-11,-19,-43, -67, -163}.

We note here that if K has class number 1, then all ideals in its ring of integers are
principal. Thus, sums over ideals in this setting can be recast as sums of the relevant
primary elements (see the discussion in Section 2). This reparametrization becomes
more difficult if the class number is greater than 1, giving a stumbling block to further
generalization.

The ring of integers Oy is a free Z module, Ox = Z + wgZ, where

11+ Vd) ifd=1(mod4),
wWr =
K7\ v if d = 2,3 (mod 4).
Let
Cx(X) ={c € Ok : (¢,2) = 1, ¢ square-free, X < N(c) < 2X}.

We define cx = V=2 when d = -2 and cx = 2 otherwise. We shall define in Sec-
tion 2.2 the primitive quadratic Kronecker symbol y~*«¢) for ¢ € Cx(X). We denote
the nontrivial zeros of the Hecke L-function L(s, x'~**<)) by § + iy, cico j. Without
assuming the generalized Riemann hypothesis (GRH), we order them as

e < Re ’)/X(744'Ke)’72 < Re ')/X(—44'Ke)’71 < O < Re ’y/\/(—-/chr)y] < Re ‘)/X(—4¢'Kc)’2 <.
Moreover, we normalize the y’s by setting

- Yyt
Y, (—hego) i = log X.
X J o0 g

This is done so that the average spacing of the zeros is 1. We also define, for an even
Schwartz class function ¢,

Sk, 4) = ) 9Ty )
J
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We further let ®x(r) be a nonnegative smooth function supported on (1,2)
satisfying ®x(r) =1 for t€ (1 +1/U, 2~ 1/U) with U =loglogX and such that
(Dg’()(t) <; U for all integers j > 0. We define the one-level density associated to the
quadratic family of {L(s, y'"*)} with ¢ € Cx(X) as

1 s
S (X(_4CKC),¢)-
#CK(X)(cz) 1 )

This is a weighted count of the low-lying zeros in our family.
Our result is the following theorem.

THEOREM 1.1. Suppose that the GRH is true. Let ¢(x) be an even Schwartz function
whose Fourier transform ¢(u) has compact support in (=2,2); then

(—dexe) N (C) f ]
SN #CK(X>( g Sl ‘”q’ g Wusp(r) dx,  (1-1)
where
sin(27x)
Wosp) = 1= Zﬂ:x

Here the ‘=’ on the sum over c means that the sum is restricted to square-free elements

c of Ok.

The kernel of the integral Wys,, in (1-1) is the same function which occurs in the
one-level density of the eigenvalues of unitary symplectic matrices. This shows that
the family of quadratic Hecke L-functions of Ok is a symplectic family. We remark
here that a kind of repulsion of zeros from the central point has been observed in
symplectic families, that is, the probability of finding an L-function in a symplectic
family with a low first zero above the central point is very small. See, for example,
[26, 30] for detailed discussions of the phenomenon.

Our proof of Theorem 1.1 proceeds along the same lines of arguments as those in
[15]. The allowable range of the support of the Fourier transform of the test function
in (1-1) depends on certain character sums. To get a better estimation, we apply a
two-dimensional Poisson summation over Ok to convert long character sums to shorter
ones, which leads to a second main term in the computation of the one-level density.
In this process, we need to evaluate explicitly certain Gauss sums at prime arguments,
which we achieve by combining the quadratic reciprocity laws for imaginary quadratic
number fields and the approaches used in [1, 3].

A conjecture that goes back to Chowla [6] asserts that L(1/2,y) # 0 for any
primitive quadratic Dirichlet character y. In general, it is believed that an L-function
does not vanish at its central points unless there is a compelling reason (the sign of
the functional equation is —1 or the L-function is associated with an elliptic curve of
positive rank, a connection given by the Birch—-Swinnerton-Dyer conjecture). Thus,
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it stands to reason that the same statement should hold for Hecke characters as well.
Motivated by this conjecture, we use Theorem 1.1 to deduce the following result.

COROLLARY 1.2. Suppose that the GRH is true and that 1/2 is a zero of L(s, y'~*¢))
of order m. > 0. As X — oo,

1_
(L%Z mCQX(N)((c)) < (cot; 3 + 0(1))#CK(X). (1-2)

Moreover, as X — oo,

#{ eC(X)-L(1 <—4CKC>)¢0}>(19_ 4
i Ui {76

> 0.9427 - #Cg(X).

LoDC0

PROOF. The proof is similar to that of [5, Corollary 2.1] and goes along the same
lines as the optimization carried out in [22, Appendix A]. Suppose that ¢ satisfies the
conditions of Theorem 1.1 and ¢(0) = 1. Discarding all terms in Sx(y"*, ¢) with
Vysexo j # 0,

1 N(c)

FOR %), (DX f P(x)Wusp(x) dx. (1-4)

It thus remains to minimize the right-hand side of the above expression, by taking the
infimum over all admissible ¢.
Following the computations carried out in [5, 22],

cot(1/4)

-3
;felgfﬂx)wusp(x) dx = — s (1-5)
R

Here & consists of even Schwartz functions ¢ € L'(R) with ¢(0) = 1 and Fourier
transform supported in (—2,2). The infimum is attained by the function ¢ whose
Fourier transform ¢ is

$(y) = (hx DY)
Here f % g denotes the convolution of f and g, h(y) is the even extension of

sin (y/2 = (mr + 1)/4)
h(y) = V2 sin(1/4) — cos(r + 1)/4°

0<y<l,

0, y >0,
and h(y) = h(-y).

The infimum of the right-hand side of (1-4) taken over all admissible ¢’s under the
conditions of Theorem 1.1 does not exceed the quantity in (1-5). This proves (1-2).
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Moreover, as we are dealing with a family of quadratic characters and hence the
root numbers of these L-functions are 1, m. must be even and thus at least 2 if positive.
From this observation and (1-2), we arrive at (1-3). O

1.1. Notation. The following notation and conventions are used throughout the
paper.

(i)  We write O(r) for Ox(7).

(i) e(z) = exp(2miz) = ¥

(iii) f = O(g) or f < g means that |f| < cg for some unspecified positive constant c.
(iv) f = o(g) means that )}E?o fx)/gx) =0.

(v)  ug denotes the Mobius function on O.

(vi) xp-1.1; denotes the characteristic function of [-1, 1].

2. Preliminaries
2.1. Imaginary quadratic number fields of class number 1. The following facts
concerning K = Q( \/3) can be found in [21, Section 3.8]. The group of units Uy = {1}
based on our assumption on d. The discriminant Dg of K is

d ifd=1(mod4),

Dk = .
4d ifd =2,3 (mod 4).
The different of K is the principal ideal (6gx) = ( VDg). The Kronecker symbol in

Z, xp(-) = (Di/-)z, is a real primitive character of conductor —Dg and the law of
factorization of rational primes p into prime ideals in K asserts the following:

Xpx(p) = 0,then p ramifies, (p) = p>  with N(p) = p,
Xpy(p) = 1,then p splits, (p) = pp  with p # p and N(p) = p,
Xpi(p) = —1,then pisinert,(p) = p with N(p) = pz.

In particular, the rational prime 2 splits when d = 1 (mod 8), is inert when d =
5 (mod 8) and ramifies when d = 2.

2.2. Quadratic characters and Kronecker symbols. The symbol (-/n) is
the quadratic residue symbol in the ring of integers Og. For a prime @ €
Ok, (w,2) = 1, the quadratic character is defined for a € Ok, (a,w) = 1 by (a/w) =
a™@-D2(mod w) with (a/w) € {+1}. When wla, we define (a/w)=0. Then
the quadratic character can be extended to any composite n with (N(n),2) =1
multiplicatively. We further define (-/n) = 1 when # is a unit in O.

For any n € Ok, (n,2) = 1, let n = a + bwg and nwg = ¢ + dwg with a, b, c,d € Z.
Then y(n) = i*, where w = (b*> — a + 2)c + (a*> — b + 2)d + ad, defines a map defined
modulo 40k and we have the following quadratic reciprocity law for quadratic
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imaginary number fields [25, Theorem 8.15] that for (mn,2) = 1,

n\/m _ _ — —
(m)(n): (= 1)NE=D/2 Nm=D/2, (\Nem) (N=D/2, (N (N =1)/2.

It follows from the above quadratic reciprocity law that when (mn,2) =1 and
m=1 (mod 4), then (see [25, Proposition 8.17])

K-

One also has the following supplementary laws (see [25, Proposition 4.2(ii), (iii)]):
-1 2 2

) = —pyWe-n2 (_) :( ) )

(=)=cD () =) 2-2)

where (-/-)z denotes the Jacobi symbol in Z. Moreover, it follows from [25, Proposition
4.2(iii)] that fora € Z,m € Ok, (a,2) = 1,

N
()2,
a a Iz
We deduce from (2-2) that when d # -2, for n = 1 (mod 4ckc),
4
(ﬁ) - 1. (2-4)
n

Now assume that d = —2 and n = 1 (mod 4cgc). In this case, we have cx = wg. We
write n = a + bwg with a,b € Z to see that a = 1 (mod 8) and we can write b = 2/b’
with (b’,2) = 1,b’,1 € Z,1 > 0. We consider

( a ):( —box ):( b )(cKa+ba)K). (2-5)

a+ bwg a+ bwg a+ bwg

On the other hand, as @ = 1 (mod 8), it follows from (2-3) that when a,b € Z,a =

1 (mod 8), then
B () (22) )

We deduce from the above and (2-1) that

(i) = ()= (525 = CNE) = @9

()= ) = (o ) = ()=
a+bwg) \a+bwg!) \a+bwg v ) \=p)
Combining (2-5) and (2-6), we see that (2-4) still holds for n = 1 (mod 4ckc)

when d = -2. The above discussions allow us to define a quadratic Dirichlet
character ¥~ (mod 4cgc) for any element c € O, (c,2) = 1 such that for any
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n € (Ok/(4cgcOx))",
, —4
K HKO() = ( ’:Kc)‘

One deduces from (2-4) and the quadratic reciprocity that y=**)(n) = 1 when n =
1 (mod 4ckc). It follows from this that y*«9(n) is well defined. As y"*«9(n) is
clearly multiplicative and of order 2 and is trivial on units, it can be regarded as a
quadratic Hecke character (mod 4ckc) of trivial infinite type. We denote y4x) for
this Hecke character as well and we call it the Kronecker symbol. Furthermore, when
c is square-free, y~*<) is nonprincipal and primitive. To see this, we write ¢ = u, -
@) - - w@y with u. a unit and w; being primes. Suppose that ¥ %% is induced by
some y modulo ¢’ with @; 1 ¢’; then, by the Chinese remainder theorem, there exists
an n such that n = 1 (mod 4cgc/w@;) and (w;/n) # 1. It follows from this and (2-1)
that y(n) = 1 but y=*«9(n) # 1, which is a contradiction. Thus, y=**) can only be
possibly induced by some y modulo 4akc, where ax = wg or wxg when d = 1 (mod 8)
(note that in this case d = =7 and 2 = wgwg) and ax = 1 otherwise. Suppose that it
is induced by some y modulo 4akc; then, by the Chinese remainder theorem, there
exists an n such that n = 1 (mod ¢) and n = 1 + 4bg (mod 8), where by = wx when
d =5 (mod 8) and bx = ax otherwise. When d = —2, we can further take this n to
satisfy n € Z (for example, we can take any n € Z satisfying n = 1 (mod N(c)) and
n =5 (mod 8)). As this n = 1 (mod 4ag), it follows that n = 1 (mod 4akc) and hence
x(n) = 1 but y“*x9)(n) = (cx/n) = -1 (note that (u/n) = 1 when u is a unit in Og),
where the last equality follows from (2-2) when d # —2 and (2-3) when d = —2. This
implies that y*< is primitive. This also shows that y(~#¢<¢) is nonprincipal.

2.3. The Gauss sums. For any n € O, (n,2) = 1, the quadratic Gauss sum gg(n) is

defined by
won= 5 (Bf()

xmod n

where

‘ex(2) = exp (Zni( \/ZD_K - \/ZD_K))

The following well-known relation (see [33, page 195]) holds for all #:

VN(n) if nis square-free,
0 otherwise.

lgx(n)| = {
From the definition of gx(n), one easily derives the relation

gx(miny) = (Z_?)(Z_;)gl((nl)gk(nz), (n1,m) = 1.
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For primes in Ok that are coprime to 2Dk and (1 — d)/4 when d = 1 (mod 4), we
now introduce the notion of primary. When a prime is also a rational prime p, then
we say that it is primary when p > 0. When a prime @ satisfies N(w) = p with p a
rational prime, then we write @ = a + bwg to see that

1-d
2 2_ 1 =
b= {a +ab+b 7 ifd =1 (mod 4), 27

a* - db* if d = 2,3 (mod 4).
Note that p is also coprime to 2D and (1 — d)/4 when d = 1 (mod 4). One deduces

easily from this and the above expression for p that (ab, p) = 1.
We first consider the case when d = 1 (mod 4). In this case,

- _ 2
( b(a+b;1 a')/4))Z _ (a;)z _ 1

It follows that

(b) 3 (—(a +b(1 - d)/4))
b’z p z

We now define the prime @w = a + bwg to be primary if b =1 (mod 4) or else
a+b(l —d)/4 = -1 (mod 4) when (b, 2) # 1. Note that when (b, 2) # 1, we must have
(a,2) = 1 for otherwise we will have 2|p, contradicting the fact that p is coprime to 2.
Since Uk = {£1}, it is easy to see that each prime ideal in K has a unique primary
generator @w. When @ is primary, we deduce via quadratic reciprocity and (2-7) that

(b) B (—(a + (1 —d)/4)) _1
plz P z

Now suppose that d = —2. In this case, we define the prime @ = a + bwg to be
primary if b = 2k’ with k,b’ € Z,k > 0,0’ = 1 (mod 4). Note that when k > 1, then
again (a,2) = 1 and it follows from (2-7) that p = 1 (mod 8); hence, (2/p)z = 1. Again
each prime ideal in K has a unique primary generator @ and, when @ is primary, we
deduce via quadratic reciprocity and (2-7) that

(2-8)

b
(—) 1. (2-9)
P’z
We now evaluate the Gauss sum at each primary prime @w. We have the following

result.
LEMMA 2.1. Let @ be a primary prime in Ok. Then

N(w)'/? if N(w) = 1 (mod 4),

gk(w) = {—iN(W)l/z if N(w) = —1 (mod 4).

PROOF. First, assume that p = N(w) is a rational prime so that p = N(@w) = wm with
(w,@) =1 (note that by our definition of primary, (p) does not ramify in Og). We
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use R to denote a quadratic residue (mod @) and N to denote a quadratic nonresidue
(mod ). Note first that

e 5 a1 5wl 3 ()

x mod @ R mod @ N mod @

x mod @ x mod @
_ (XxT (X
- 3 A(D)- 3 All)
x mod @ P x mod @ p

On summing over a set of representatives (mod p) instead of (mod @) and noting that

wg — wg = VD,

by = 5 ()= 2 ()= ¥ A5)-o

x mod p V.2€Z/pZ

We conclude that Ex = 0 and it follows that

wor= 3, a()- % (Y

R mod @ N mod @
_ (R _ (v
=142 Z 81((—)2 Z 81((—).
w w
R mod @ v mod @
Now gk (@) can be further rewritten as

gx(@) = Z ZK(Z_Z)Z Z ?K(VZTFJ)-

v mod @ v mod @

On setting v = x + ywg, @ = a + bwg so that @ = a + bwg, we sum over a set of
representatives (mod p) instead of (mod @) to deduce that

2

@ = Y w(7)

N(TD') vy mod p

ifd =2,3 (mod 4),

—bx* + 2axy — bdyz)
e
x,yeZ|pZ p
= (2-10)
—bx* + 2axy + (a + b(1 — d)/4)y*
e
P

) if d = 1 (mod 4),
X,yEZ[pZ
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We are thus led to consider the evaluation of the following exponential sum:

(fx2 + gxy + hyz)
e b
XYEZIMZ M

where M, f,g,h € Z with 2|g,2 t M.
Let A be any rational integer coprime to M which is represented by the binary
quadratic form fx? + gxy + hy®. Then there exist integers r and ¢ such that

A = fr* + grt + h* £ 0 (mod M).
Define rational integers s and u by

s=—gr—2ht, u=2fr+gt.

Then
Ca 0 0=6 amlen
t u)\g/2 h N\t u"\0 @fh-gHA
in GL(2,Z/MZ).
Moreover,
ru— st =2A % 0 (mod M).
Thus,

(: ;) € GL(2,Z/MZ).

The above matrix hence induces an invertible change of variables, so that

e(fxz + gxy + hyz) _ Z e(Ax2 + (4fh — gHAY? )

M M
X,YEZ|/MZ X,yEZI/MZ

We can now apply the discussions above to study the expression for gx (@) in (2-10).
Note that by taking x = 1,y = 0, we see that we can take A to be —b in our case and in
either case

pgx(@) = Z e(M)

X,yEZ[pZ 14
—bx? -b
=p Z e( )= p(—) 7(Xp)»
xezpz P Pz

where
2

CORDWE S

X€Z/pZ
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is the quadratic Gauss sum in Q. It follows from (2-8) and (2-9) that
-1
g(@) = (= ).
p

It follows from [7, Ch. 2] that 7(y,) = p'? = N(w)!/?> when p =1 (mod 4) and
(xp) = ip'’? = iN(w)'/? when p = 3 (mod 4).

Now, if @ = p is an odd rational prime, we compute g(p) directly. As in [7, Ch. 2]
(note that in this case, we still have ¥, 04 , €(x/p) = 0),

2

gm=§]4%)

x mod p

We now write x = a + bwg with a, b (mod p) in Z to see that

P\ = (2ab-D?
gp)= )] e(—) =>> e(—) =p=Np)'"
x mod p 14 b=1 a=1 p
Recall that N(p) = p?> = 1 (mod 4). The proof is complete. O

Now we define more generally, for any n, k € Ok, (n,2) = 1,

win= 3 ()

x mod n
and
1-1 —1\1+1
@mm—(z-%7)2)amm
Note that
1+1 —1\1 -1
&wm=(“+@ﬁ ﬁ@wm @-11)
2 n 2

The notion of Gk (k, n) is motivated by the work of Soundararajan [37, Section 2.2].
For our purpose in this paper, we only need know the explicit values of Gg(k,n) at
primary primes n, which are given in the following lemma, whose proof is omitted as
it is similar to that of [15, Lemma 2.4].

LEMMA 2.2

(i) We have

Grs.n) = (%)GK(r, ), (s.n) =1 (2-12)
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(i) Let @ be a primary prime in Ok. Suppose that @w" is the largest power of @
dividing k. (If k = 0, then set h = c0.) Then, for [ > 1,

0 ifl < his odd,
o(w') = #( Ok /(@)*  ifl < his even,

Gy (k, @") = _Nk(w?:l ifl=h+1iseven,
(_ Z )N(W)Z‘”2 ifl=h+1isodd,
0 ’ ifl>h+2.

2.4. The explicit formula. Our approach in this paper relies on the following
explicit formula, which essentially converts a sum over zeros of an L-function to
a sum over primes. As it is similar to that of [15, Lemma 2.7], we omit the proof
here.

LEMMA 2.3. Let ¢(x) be an even Schwartz function whose Fourier transform ¢(u) is
compactly supported. For any square-free ¢ € Ok, (c,2) = 1,X < N(¢) < 2X,

s = [ owai-3 [ b

loglog SX)

—28('"*%9, X; ) + 0(
(¥ ¢) log X

with the implicit constant depending on ¢, where

logN(w) 4 log N(w)
S0, X, O (g )¢( )
log m;n:ary VN (@) log X

We note that in the expression of S(y"**9, X; @), the sum is only over primary
primes as there are only finitely many prime ideals that have no primary prime
generators and hence they only contribute to the error term.

We shall also need the following result.

LEMMA 2.4. Suppose that the GRH is true. For any nonprincipal Hecke character y
of trivial infinite type with modulus n, we have for x > 1,

S(x,y) = Z (@) log N() < min {x, x'/> log}(x) log N(n)}.

N(@)<x
@ primary

PROOF. The x in the minimum is trivial and the other term comes from the standard
analysis of L'(s, x)/L(s, ). This lemma is the same as [15, Lemma 2.5] and the proof
is given there. o
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2.5. Poisson summation. Our proof of Theorem 1.1 requires the following
application of Poisson summation.

LEMMA 2.5. Let n € Ok, (n,2) = 1 and (-/n) be the quadratic symbol (mod n). For
any Schwartz class function W, we have for all a > 0,

5 (MR- g S oceomd B85 )

meOk

where

WK(Z) = foo foo W(N(x + ywg))e(—tH(x + ywg)) dxdy, t=0.

PROOF. We first recall the following Poisson summation formula for Ok (see the proof
of [13, Lemma 4.1]), which is itself an easy consequence of the classical Poisson
summation formula in two dimensions:

Y=Y, [ [ sona- ks yor) dvas
jeOk keOk
We then have

> M) 2 (f)ZW(M)

meQg r(mod n) n JjeOk

Z f f aN(r +(x + wa)n))

r(mod n) keOg
X e(—k(x + ywg)) dx dy.

We change variables in the integral, writing

u+ vwg

k(r+(x+ ya)K)n)
N(k) n X/a

with u,v e R. (If k =0, we omit the factors involving k/n.) The Jacobian of this
transformation being aN(n)/X, we find that

foo fw W(aN(r i ();: wa)n))?(— k(x + ywg)) dx dy

o) [ [ovis o
X?( — (u + vwg) ‘/N(S)%( ) dudv,
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whence

3, ({2

meOK

- a]\in) kz WK( ]:]i/k()n)i ) Z (g)é(%r)

€Ok r (mod n)

The inner sum of the last expression above is gg(k, n) by definition. We apply (2-11) to
write gx(k, n) in terms of Gk (k, n), using that Gg (k, n) = (—1/n)Gg(—k, n) (by (2-12)),
and recombining the k and —k terms to see that (2-13) holds. This completes the proof
of the lemma. O

From Lemma 2.5, we readily deduce the following result.

COROLLARY 2.6. Let n € Ok, (n,2) = 1. For any Schwartz class function W,

> ()

ceOk
(c.2)=1
ck\ X g (m) ~ N(kX
- (IK)W (; ]\I/((m) k;i Gk, ”)WK( \| N(cxoN(n) )

mc K
lex K |k

PROOF. By Lemma 2.5,
X ()
= > utm)( %) 2 (S)w( )

mlck

m__X — N(OX
=%MK<m>(;)W;0K Gtk m Wi W)- (2-14)
m|ck

Using (2-12),

GK(CZKk, n) _ (CK/ m)GK(k, n).

n

Substituting this back into the last expression in (2-14) gives the desired result. O
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We require some simple estimates on V~VK(t) and its derivatives. It is easy to see that

1-d
f W(x2 +xy +y? )e(ty) dxdy ifd=1 (mod4),
RZ

_ 4
Wk () =
f W&? — dy*)e(ty) dxedy ifd = 2,3 (mod 4).
R2
We change variables in the integral, writing
—d
X+ % =¥, —=y=y ifd=1(mod4)

and
x=x, V=dy=y ifd=2,3(mod4).

The Jacobians of these transformations are V—d/2 when d = 1 (mod 4) and V—d
otherwise. So, we find that if d = 1 (mod 4), then
— 2 4rty’
Wk(t) = — f W2 +y?) cos( ) dx'dy
V—d Jr2 V-d

and, if d = 2, 3 (mod 4), then

/

_ 1 4
Wk(t) = \/_—_d LZ W2 +y?) cos( \7/1%

We deduce from the above that VT/K(I) € R for any ¢ > 0. Suppose that W(¢) is a
nonnegative smooth function supported on (1, 2) satisfying

) dx'dy’.

W) =1forte(l+1/U,2~-1/U)and W) <; I/ for all integers j > 0.

The following estimations for WK(Z) and its derivatives are from [14, Section 2.8]
(beware of the difference between the supports of the functions):

W) <; min(1, U1} (2-15)

for all integers 4 > 0,j > 1 and all > 0.
We also have

Wi(0) = Ag + 0(%), (2-16)

where

Ak =

2r
—— ifd =1 (mod 4),
V-d

T .
—— ifd =2,3 (mod 4).
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As @(r) satisfies the assumptions on W(), the estimations (2-15)—(2-16) are valid
for ®k(7). In what follows, we shall hence use these estimations for ®x(f) without
further justification.

3. Proof of Theorem 1.1
3.1. Evaluation of Cx(X). We have

D1 > m@= 3 Y uk

N(c)<X N(c)<X N@)<X ()
(e2)=1 (c.2)=1 (€2=1 P
(1,2)=1
= > w1,
0] N(c)<X/N(P?)
N()<VX (e,2)=1
1,2)=1

where the ‘+’ on the sum over ¢ means that the sum is restricted to square-free elements

cof OK.
Using analyses similar to those in the study of the Gauss circle problem, we have,

with 6 = 131/416 (see [20]), that

Z 1 = Agx + OGS,

N(a)<x

This implies that

2 1= AK( (; l;\;(((z:)))NZZ) * O((Ni;))e)'

N()<X/N(P)
(c2)=1 mlck

‘We then deduce that

* i (m) k(D) 1/2
1 = XAx + O(X'7).
N;X &S Nim) %: N(?)

(c.2)=1 milck (12)=1

We conclude from this that as X — oo,

(N R Hk(m) uk(D)
(C;ch( X ) #Cx(0 XAK%‘ N(m) %: N@)
mlck (1,2)=1
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Using arguments similar to those in [15, Section 3.1] and Lemma 2.3, we see that
Theorem 1.1 follows from

. Sk(X.Y:$,9)
lim ————2—=
X-eo  XlogX
_ Ak uk(m) px (D) . (3-1)
__4%;NW)U)NWLf(1 K)o,
mlck (1,2)=1

where ¢ is any Schwartz function with ¢ supported in (-2 + &,2 — &) forany 0 < & < 1
and
Sk(X,Y: 4, ®)

-3 3 R el )

(¢,2)=1 @ primary
N(w)<Y

Here Y = X>~¢ and we shall write the condition N(w@) < Y explicitly throughout this
section.

3.2. Expressions Sk (X, Y; ¢, &) and Sx (X, Y; ¢, ®). LetZ = log’ X and write
Hx(c) = Mk z(c) + R z(c), where

Mgy (c)= ) px() and  Rez(e)= ) pux(D.

), Plc ), Ple

N=z N(>Z
Define
Skm(X,Y;$, @)
log N(w) N(W) 4 log N(@)\ . (N(c)
= Z MKZ(C) Z ( CKC)( )¢( )(D( )
(c.2)=1 @ primary VN (@ log X X
N(o)<Y
and
Skr(X,Y; $, @)
logN(@) (4, log N(w)\ . (N(c)
- % b0 3 I o )
(¢,2)=1 wN[zri)m;;‘y N(w IOgX X
m<

so that Sg(X, Y; ¢, @) = Sk m(X, Y; ¢, @) + Sk r(X, Y; §, D).
As the proof of Theorem 1.1 is similar to that of [15, Theorem 1.1], we focus on
obtaining the (secondary) main term and are brief on the error terms in what follows.
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We write Sk (X, Y; ¢, @) as

Skm(X,Y;, @) = wl;ndry 105}#)( )QAS( 10?0];](;3))

< mofl) 3 ()

) ceOk
(1,2)=1 (¢2)=1
N()<Z
Applying Corollary 2.6,
N(cl?

2 (SR

CEO[( w

(c2)=1

(¢ X g (m) ~ Nk)X
- (EK)N(lzw) 2 I\[;(m) kezolk Gk (k. w)(b’(( \/ N(cxPw) )

X p
m|ck 7K|k
We can now recast S (X, Y; ¢, D) as

Sxkm(X,Y;p, @)

px(D) o g (m) log N(@) (2
ZD: NIEIZ) Z ]\If{(m) k;:{ wp;ary N(w)32 (E)
(1,2)=1 mIcK %'k

N()<Z

ot 21, [FOC )

Hx (D) pk (m) log N(w) ( kI
Z NIZIZ) Z ]\I’((m) k; wp;dry N(w) (w)

@, 2) 1 mch K Ik
N()<Z o

< Por( ey )

as one deduces easily from Lemma 2.1 that Gx(0, @) = 0 and, when k # 0,

Gk, @) = (‘;")N(w)”z.

3.3. Estimation of Sk (X, Y; ¢, ®), the second main term. We define y*” to be
(k?/-). Similar to our discussions in Section 2.2, when k # 0 is not a square, y;2 can
be regarded as a nonprincipal Hecke character modulo 4k/? of trivial infinite type. Just
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as the estimations in [15, Section 3.6], we deduce via Lemma 2.4 that the contribution
of k # 0, Oin Sku(X,Y; d, @) is o(X log X).

We denote the contribution of the terms k=0, k#0 in Sku(X,Y; & ®) by
SkamoX,Y;$, ®). Thus,

Sk (X, Y;$,®@) = Sk yn(X, Y; ¢, @) + o(X log X). (3-2)

In what follows, we show that Sk (X, Y; @, @) gives rise to a second main term.
Before we proceed, we need the following result.

LEMMA 3.1. Fory >0,

g (m) N(k) ~ g (m) U?
— | = =0k (0) + 0| —= |
PO RS
mlcx Kk mlck
i
PROOF. Note that
Hx(m) ~ (N(k)
i Sied O —=2
(% N(m) k;:{ K( y )
mlck £ |k
k#0
Lk (m) N() uK(m)
= % N B = : |- cDK«))Z
mlck ‘K |k m\ck
and
i (m) (N(k))
N(m) keOg y
m\LK Kk
px(m) (N (cx /m)N (k) )
N( ) keOk
m|LK

By taking n = 1 in (2-13), we immediately obtain that for m|cg,

> W)= e (e )

kEOK y

where

o) = f“’ fm 5(N(u + vwg))e (— Hu + vwg)) dudv, t > 0.

https://doi.org/10.1017/51446788720000397 Published online by Cambridge University Press


https://doi.org/10.1017/S1446788720000397

[20] Low-lying zeros of Hecke L-functions 189

It follows that
Hk(m) 3 (N (cx/m)N (k))
(m) N(m) keOk Y
mlcg
0 (3-3)
NGy
Do) 3 &y o)
= Niew G e VNG
We have, when ¢ > 0, using (2-15) and via integration by parts,
y U?
() <« r
The lemma follows immediately from this bound and (3-3). O

Now, by a change of variables k ~— k2 and noting that k> = kf if and only if k = +k;,

SkmoX.Y; ¢, D)
X Z uk(D) Z IOgN(W)A(IOgN(W))
N(I?) i N(w) log X
U] (w,)=1
(1,2)=1 @ primary
N()<Z
px(m) ~ ( X
Oi(N(k) —)
%; kZO: K \/ N(cxPw)
mick K |k
k#0
(k@)=1
_X Z uk (D) Z IOgN(W)A(IOgN(W))
2 5 N(I?) e N(w) log X
(1,2)=1 @ primary
Nz N(@)=X/N(?)
(m) X
DI (N(k),/T))Jro(xmgX)
(m) keOx
mlck K |k
k#0
- X I
_ 30X Hg(m) Z /lK(z)
2 )N(m) D N(P)
mlcg (1,2)=1
N()<Z
log N(w) ~(log N(w)
x > ng( ) ( i) < )+0(XlogX),
(@,h)=1 @ g
@ primary
N(@)=X/N(1%)
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where the second equality above follows by noting that removing the condition
(k,) = 1 and then restricting the sum over @ to those satisfying N(w@) > X/N(%)
only gives rise to an error term of o(XlogX); the last equality above follows from
Lemma 3.1.

Applying the following consequence of the prime ideal theorem [31, Theorem 8.9],
which asserts that for x > 1,

log N(w)

W = logx + O(log log 3x),

N(w)<x
@ primary

we deduce via partial summation and (2-16),
SkmoX,Y; d, D)

XlogX l
_XlogX o g (m) Z ,UK(2)
4 N(m) N(I?)
(m) )
mlcg (1,2)=1

x f (1 = ¥ @)d(@) dt + o(X log X).

(3-4)

3.4. Conclusion. We estimate Sk z(X, Y; $, ®) as in [15, Section 3.3] to see that
Skr(X,Y;$, @) = o(X log X).

We now combine the above estimation with (3-2) and (3-4) to obtain that

Sx(X,Y; p, D)
XlogX pk(m) k(D)
= — A
4 K(Zm; N(m) % N(2)
m|cg (1,2)=1

X f (1 = x1.1(D)P(D) dt + o(X 1og X),

which implies (3-1); and this completes the proof of Theorem 1.1.
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