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Abstract  The paper deals with problems of the type —Au + a(z)u = |u[P~™2u, u > 0, with zero
Dirichlet boundary condition on unbounded domains in RN, N > 2, with a(z) = ¢ > 0, p > 2 and
p < 2N/(N —2) if N > 3. The lack of compactness in the problem, related to the unboundedness of
the domain, is analysed. Moreover, if the potential a(z) has k suitable ‘bumps’ and the domain has h
suitable ‘holes’, it is proved that the problem has at least 2(h+ k) positive solutions (h or k can be zero).
The multiplicity results are obtained under a geometric assumption on {2 at infinity which ensures the
validity of a local Palais—Smale condition.

Keywords: unbounded boundary domains; Palais—Smale condition; multiplicity of solutions

2000 Mathematics subject classification: Primary 35J60; 35J20; 35J25

1. Introduction

This paper is concerned with problems of the form

~Au+ (1+a(z))u =uP~" in D,
u>0 in D, P(a, D)
u=20 on JD,

where D is an unbounded domain in RY, p > 2, p < 2N/(N —2) if N > 3 and a(z) is a
non-negative function in LV/2(D).

Classical arguments show that, when D is bounded, problem P(a, D) has a solution,
whose existence does not depend either on the geometry or on the topology of D. The
geometrical-topological properties of D and the shape of a affect only the multiplicity
of solutions; indeed, the number of solutions increases when the structure of D becomes
more complex and when a has more peaks (see, for example, [4,5,8,15,25]).
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The solutions of problem P(a,D) correspond to the positive functions that are critical
points of the energy functional

Ea(w) = [ (V6P + (14 a(e))ed] do
D
constrained on the manifold
M(D) = {u e Hy(D) : |u|r» = 1}.

The unboundedness of the domain causes a lack of compactness for E, constrained
on M(D), as a consequence of the non-compact embedding H} (D) < LP(D); hence, the
topological methods of the calculus of variations do not work directly. This is not only a
technical problem. Indeed, there is a large class of domains D (that includes half-spaces,
for instance) in which P(0,D) has no solution (see [13]). On the other hand, it is well
known (see [6,14,16,22]) that P(0,R"Y) has a solution and that this solution, which
is unique modulo translation, corresponds to the unique radially symmetric function v,
vp > 0, that realizes

m = uerj\n{{l(%N) Eo(u). (1.1)

When D is an exterior domain (that is RY \ D is bounded), F, satisfies the well-
known Palais-Smale compactness condition on M (D) in the energy range (m,2'~2/Pm)
(see [2,3]) and so it is possible to relate the number of solutions of P(a,D) to the shape
of D and a (see [2,3,7,9,10,19-21] and references therein).

If not only D but also 0D is unbounded, different situations can occur, from the
point of view of the Palais—Smale condition (we refer the reader to [24] for a detailed
discussion on the Palais—Smale condition on unbounded domains). For example, in [12] it
is proved that, in strip-like domains D, problem P(0, D) has a solution up; consequently,
for these domains the compactness condition cannot hold at level Ey(up/|up|r»), because
up generates a non-compact family of solutions, by translation. Also, for the domains
considered in [11], every solution causes a lack of compactness at the corresponding
energy level. More precisely, in [11], domains with periodicity in some directions are
studied and, after an analysis of the compactness failure, the multiplicity of solutions is
proved. In [17], assumptions on the shape of D at infinity are stated which guarantee
a local compactness condition for E, constrained on M (D). Let us remark that, in the
examples mentioned above, a non-converging Palais—Smale sequence actually only exists
at some energy levels. In §2 we construct a domain (with unbounded boundary) such
that for every energy level ¢ there exists a non-relatively compact Palais—Smale sequence,
at level ¢, and we remark that easy examples of domains, thin at infinity, can be given, in
which the compactness condition globally holds (see also [18]). In this paper we also want
to analyse the effect of the shape of D and of a on the number of solutions of P(a,D),
when D is a domain with unbounded boundary.

We make the following assumption on the shape of D at infinity.
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Assumption (C).

lim inf{r(z):2z €D, |z| = R} = 400, (C1)
R—4o0
lim sup{h(y):y € 0D, |y| = R} =0, (C2)
R—+o0

where, for x € D and y € 0D we define

r(z) = sup{p > 0: 3T € D such that x € B(z, p) and B(Z,p) C D},

h(y) = sup{dist(z, Top,y N B(y,1)) : z is in the connected component of
0D N B(y, 1) containing y},

with B(y,r), 7 > 0, the ball centred in y with radius r, and Typ ,, the hyperplane tangent
to D in y.

Assumption (C) says that D enlarges at infinity and that its boundary flattens (or
shrinks) at infinity.

The potential a(z) is assumed to decay exponentially. Namely, we suppose that the
following condition holds:

/ a(z)e?® (1 + 2|V "V9/2) d < 400 for some o € (1,2]. (1.2)
RN

Now, our goal is to see in which way the presence of ‘holes’ in the domain and of
‘bumps’ in the potential affects the number of solutions of P(a,D). To this aim, the
effect on the functional E, constrained on M (D) of the holes and the bumps is analysed.
Namely, one can see what happens when the holes enlarge, or narrow, and the bumps
increase, or vanish. For example, every hole provides a kind of local maximum level in
the constrained energy, whose value increases as the size of the hole increases, and the
same holds for the bumps in the potential. Moreover, the interaction of two holes (or
bumps) produces a saddle-type level in the constrained energy and an analogous effect is
given by the interaction of the holes with the bumps and with the ‘exterior’ boundary of
the domain. The saddle-type level related to the interaction of two holes (or bumps) goes
down as the holes (bumps) move away from each other. Exploiting the effects described
above, it is possible to state that if there are h suitably large holes in the domain and k
suitably high bumps in the potential, with appropriate spacing in between them, then
our problem has at least 2(h 4 k) solutions (see Theorem 4.1). Note that a key factor
in the variational arguments used is a local compactness condition, which is related to
Assumption (C) (see Proposition 2.2).

The method used in the proof of Theorem 4.1 can also be employed to cover the case
of small holes and small bumps (see §5).

The paper is organized as follows. Section 2 deals with Palais—Smale condition. In § 3 we
introduce some tools and preliminary results, which are used in § 4 to prove Theorem 4.1.
In §5 we discuss the asymptotic behaviour of the solutions given by Theorem 4.1 and
present other multiplicity results (see Theorem 5.1, for instance).
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2. The Palais—Smale condition

In order to find positive functions that are critical points for E, on M (D), we use minimax
techniques of the calculus of variations. In general, a basic tool with which to apply these
methods is the Palais—Smale compactness condition for E, on M (D). When D is bounded,
it is well known that global compactness holds, as a consequence of the Rellich’s compact
embedding theorem, and variational methods work (see, for example, [23, §§11-2, 11-6]).
Actually, to obtain the Palais—Smale condition it is sufficient to have

H(D) — LP(D)

compact. Hence, taking into account [1, Theorem 6.16], for instance, if D becomes thin at
infinity, then compactness holds. As an example, the following domain can be considered:

1+ |.’£N|

N-1 1
O o PRI
=1

+oo

1
U RV -t (21
U{xe n<|a:|<n+n} (2.1)

n=2

While in Dy every Palais—Smale sequence at every energy level is relatively compact,
the following example provides a domain in which, conversely, for every energy level there
exist non-relatively compact Palais—Smale sequences.

Example 2.1. Let (¢;); = Q" and define
SZ‘ = {(ml,...,xN) € RN : —%%‘ <z < %qz}

Then set

N
@:{x:m,...,m)ewzzx;a}

j=2

e’} i—1
usS; U {U [S,-+ (z‘+2qj+§qi,0,...,0>”.
) j=1

i—o

For every a € LN/?(D), E,(M(D)) = (m, +00) holds and, for every ¢ € [m, +00), there

exists a Palais—Smale sequence for E, constrained on M (D), at level ¢, that is not rela-
tively compact.

To prove our assertions, let us recall that for every ¢ € N there exists a critical point u;
for Ey on M(S;), corresponding to the ‘minimal’ solution of P(0,.5;) (see [12]). Namely,
u; satisfies

O(q;) := ﬁ&n) Ey(u) = Eo(u;). (2.2)
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From (2.2) it follows that the map © : Q — R is a monotone decreasing continuous
function and we claim that

qigriloo Eo(u;) =m, (2.3)
lim Ey(u;) = +o0. (2.4)
q;—0

Taking into account (2.2), to prove (2.3) it is sufficient to construct, for every ¢ € N, a
function w; € M(S;) such that

lim Ey(w;) =m. (2.5)

qi—>+o0

It is well known that the unique radially symmetric function v, that realizes (1.1) satisfies

lim vy (z)] || N1/ 2elel = g > 0, (2.6)
|z|—+o0
lim |V, (z)| 2] N~/ 2ol = g, (2.7)
|z| =400

for a suitable positive constant d (see [6]). Moreover, for every ¢ € N let us introduce
the function ¢; : RY — [0, 1] defined by c¢;(z) = f(|x|/q;), where f € C°(R*,[0,1]) is a
non-increasing function such that

1 in[0,%],
f= .
0 in [5,+00)
From (2.6) and (2.7) it follows that
lim cv, =v, in LP(RY) and in H'(RY). (2.8)

q; —>+00

So, (2.5) follows by setting w; = c;vp,/|c;vp|Lr.
To prove (2.4) observe that, by the Poincaré inequality on a strip, there exists a
constant ¢ > 0 such that

|U|Lp < E|V’U,|L2, Yu € H&(Sl) (29)

(see [1, Theorem 6.30], for example). To simplify the notation, let us assume ¢; = 1 and
set 4;(z) = u;(g;x); applying (2.9) to 4; we get

~[2N—p(N-2)]/(2p

) < E|VU1“L2(S%),

because |u;|» = 1 Vi € N, which implies our claim.
Now, if ¢ = O(g;) for some i € N, let us construct the sequence (u; ;); in M (D) by

i—1
’U,i7j($1,...,$N) :ul‘(.ﬁl - (i-l—qu—i— é%),l‘g +j,.’L‘3,...,3’,‘N)
r=1

https://doi.org/10.1017/50013091504001592 Published online by Cambridge University Press


https://doi.org/10.1017/S0013091504001592

714 J. Molina and R. Molle

(u; is extended by 0 outside S;). It is not then difficult to see that (u;;); is a Palais—
Smale sequence for Ey constrained on M (15), at level ¢, and it cannot have a converging
subsequence.

If ¢ € [m,+00) \ O(Q), let (¢;;); be a sequence in Q such that ¢ =lim; ;. O(q;,).
Then (uy;, ;); is a Palais-Smale sequence for Ey constrained on M (D) at level c that has
no converging subsequence.

The equality (m,+o00) = Eo(M(D)) is a direct consequence of (1.1), (2.3), (2.4) and
of the continuity of Ej.

Now, to conclude, it is sufficient to observe that, for every fixed non-negative a €

LNI2(D), E,(u) > Eo(u) Vu € HL(D) and
lim |Ea(uivj) — Eo(uiyj” = O, Vi € N,

Jj—+o0
[ Ea(us ) — Eo(uiy )| =0,
hm VEa(um) — VEO(um) = O, Vi € N,
Jj—+oo
lim VE,(us;, ;) — VEo(us, ;) =0 in H (D).
Jj—+oo

In the domains we consider, we cannot expect a nice situation, as in (2.1), from the
point of view of compactness, but, because of Assumption (C), the situation is also not
as bad as in Example 2.1. In fact, we have the following local compactness result.

Proposition 2.2. Assume that D C RY satisfies Assumption (C) and let a be a non-
negative function in L™/?(D). If (uy), is a Palais-Smale sequence for E, constrained
on M(D) at a level ¢ € (m,2'~2/Pm), then (u,), is relatively compact.

Proof. The proof can be obtained arguing exactly as in the proof of [17, Lemma 3.1].
O

By using Proposition 2.2, in the proof of Theorem 4.1 we will find 2(h + k) distinct
critical values for E, on M (D) in the energy range (m,2'~2/Pm). The following propo-
sition states that the critical points that correspond to critical values in (m, 21*2/”m)
are functions that do not change sign in D; actually, they have constant sign, by the
maximum principle, and so solve P(a, D).

Proposition 2.3. Let D be an open set in RN and let a be a non-negative function
in LN/2(D). If u € H}(D) is such that

‘UlLP = 1, Ea(u) = C, VEa|M(D) (u) = 0,
then ut # 0 and u~ # 0 implies ¢ > 2'=2/Pm,

Proof. The proof is contained in the proof of [9, Theorem 1.1] and can be deduced
by the minimality of m (see (1.1)). O

Finally, observe that, in our domains, the Palais—-Smale condition cannot hold at level m
and that P(a, D) cannot be solved by a minimization argument, because of the following
result.
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Proposition 2.4. Let D be an open set in RY satisfying (C1) and a(z) be a non-
negative function in LN/?(RY). Then

inf E,=m (2.10)
M(D)

and, if D # RY or a # 0, the infimum in (2.10) is not achieved.

Proof. Observe that, by (Cy), for every n € N there exists z, € D such that
B(zp,n) C D. Then, arguing as for (2.5), we have

inf  E,(u) = m. 2.11
. (u) =m (2.11)

If u* € M(D) realizes (2.11), then u* also realizes (1.1), because
m < Ep(u*) < E (u*) =m. (2.12)

Then, by the uniqueness of the minimizers of (1.1), there exists y* € RM such that
u*(z) = v,(z — y*). Since v, > 0 in RY, we can conclude that D = RY. Moreover,

m=Eala) = [ (190,00 =) + (1 +alo)b(o — ")) do

- / [Vop(@ — y*)? + v2(x — )] da + / a(e)d(x — y*) da
RN RN

=m+ /RN a(z)v(z —y*) da, (2.13)

which implies that ¢ = 0 because a is non-negative. a

3. Tools, preliminary results and known facts

For every smooth domain D C RY, we define a cut-off function ¢p, which is a function
in C*°(R¥,[0,1]) such that cp = 0 on RV \ D, ep(z) =1 if 2 € D and dist(z,dD) > 1.
If D=R"Y, set ep = 1.

Then we introduce the map v, p : RV — M (D) as

_ co(@)vp(z —y)
’UP,D[y](x) - |CDUp(' — y)|LP .

Fixing ¢ € 9B(0,1) and z € RY, we define
Y. =0B(z+(2)={yeR" : [y— (= + | =2}

and, for p > 0, we define
Up .t 2. x[0,1] = M(D)

as

(@)1~ (e — [+ ply — )]) + tople — (= + pO))]
020 1@) = T 00—t ol - D) + 0l — G PO
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Notice that
Upp2[y, 0] = vpplz + p(y — 2)], ¥,y 1] =vpplz +pC], Vze RY, vy e X,.

For z € RN let 8, : LP(RN)\ {0} — R¥ be the function defined by

1
Bo(u) =2+ —5— / x(z — 2)|u(z)|? dz, (3.1)
|“|Lv RN
where
(2) = — (3.2)
X 1+ |z '
For u € LP(RY) we set
B 1
i) == [ Juwldy
WN JB(x,1)

where wy is the measure of the unit ball in RY, and

We then define the map
B: LP(RY)\ {0} — RY

by
1

Blu) = T, /]RN [@(z)]Px de. (3.3)

The ‘barycentre-type’ functions 3, and 3 are well defined and continuous in the LP-norm.
Moreover,

Blu(z — 7)) = B(u) +z, Yue LP(RV)\ {0}, Vz € RV, (3.4)
and, by the radial symmetry of v,
Blp(-—y)) =y, VyeRY. (3.5)
Finally, for z,y € RV, we denote the segment joining = and y by
[z,y] ={x +t(y —x):t €[0,1]}.

Proposition 3.1. Let a(z) be a non-negative function in LV/?(RN), and 2 and w be
open domains in RN, 2,w # RN, If a(x) # 0 or w # (), then there exists y > m such
that

inf{E,_zn(u):2€RY, ue M2\ (@
inf{E,._z(u) 2 €RY, ue M(2\ (@

(with the notation inf ) = +00).
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Proof. Since M(2\ (@ +z)) € M(£2) and Ey(._z)(u) > Ey(u), for all u € H'(RY)
and all z € RV, in order to prove (3.6) it is sufficient to verify that

inf{Ey(u) : uw € M(£2), B(u) =0} >m. (3.8)

Assume, by contradiction, that (3.8) does not hold, i.e. there exists a sequence (uy)n
in M(£2) such that 8(u,) =0 for all n € N and lim,_, 4o Fo(u,) = m. Since (up), is a
minimizing sequence for (1.1), there exists, as proved in [3], a sequence of points (y, ).
in RY and a sequence of functions (wy,), in H'(RY) such that

un () = vp(x — ypn) + wp(z) with lir_~r_1 |wn ||z = 0. (3.9)
n—+00

The sequence (Y, )n has to be unbounded. Indeed, if y, ~—+~+ 7, up to a subsequence,
n—-+oo
then from (3.9) it follows that

lin_Eoun) = [ (Vople = 5)f + (vyl = 9))*)do < m (3.10)
n o0 .Q
because the function v, that realizes (1.1) is strictly positive on RY, while 2 # RY;
hence, a contradiction arises.
Observe that, from (3.4), (3.5) and the continuity of 3, it follows that
lim |ﬁ(un) - yn‘ = lim ‘ﬁ(vp(x - yn) + wn(x)) - yn|

n—-+4oo n—-+oo
=l [B(uy(e) + wale+ )] = 0, (3.11)
and this contradicts the fact that (y,), is unbounded, because G(u,) = 0. So (3.8), and
thus (3.6), is proved.
Taking into account (3.4) and M ((2 —z)\ @) C M(RN \ ©), in order to prove (3.7)
it is sufficient to verify that

inf{E,(u) : u € M(RY \ @), B(u) =0} >m. (3.12)

If w # @, then (3.12) can be proved by arguing as for the proof of (3.8). Therefore, assume
that w = 0 and suppose, by contradiction, that (3.12) does not hold, i.e. there exists a
sequence (v,), in H'(RY) such that

E,(v,) ——m
n—-+oo
and f(v,) = 0 for all n € N. Since m < Eo(v,) < Eq(vn), because m = min g~y Eo and
a(z) > 0 for all x € RY, we find that (v,), is a minimizing sequence for (1.1). There
then exists a sequence of points (i, ) in R and a sequence of functions (w,, ), in H!(RY)
such that (3.9) holds with v, in place of u,,. The sequence (y, ), is unbounded, otherwise

Yn — Y, Up to a subsequence, and
n—-+oo

lim_Fu(o) = [ (90,0 =0)F +(1+ a@)(sy(a = )] da > m,

n——+oo
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because v, >0 in RY and a # 0. But (y,), cannot be unbounded; indeed, arguing as
in (3.11), we find that

1B(vn) = ynl 7= 0
and that 8(v,) = 0 holds. So a contradiction arises and (3.12) is proved. O

Proposition 3.2. Let 2 and w be open domains in RY and let a € LY(RY) for some
q € [1,400); moreover, assume that w is bounded and that §2 verifies (Cy). If () is
such that B(z,,n) C {2, then

a) lim sup Eo(—2,)(Up, o\ (@+2,) Y]) = ™M,
(®) N+ ycoB(2n,n/2) (=2 .\ @+2n) U])

(b) lim sup | B(vp, 0\ @420 [W]) =yl = 0.
n—=+00 ycoB(z,,n/2)

Proof. From (2.6) and (2.7) we may infer that

lim sup [Up (- = Y) = Co\(@420)Vp (- —¥)|Lr =0, (3.13)
"0 y€aB (2 n/2)
lim sup lvp(- = ¥) = cor\(@+2,)Vp (- = W)l = 0; (3.14)

n—=+0 4 coB(2n,n/2)

therefore

lim sup  lop(- = ¥) = Vp o\ (@420) W] 1 = 0. (3.15)
00 e o an m/2) p P, 02\ (@+ )[ 1| ez

Moreover, we claim that
/ a(e — 2)03(z — ) da = / a(@)o2(z — (F—2)dz -0 as [§— 2| — +oo. (3.16)
RN RN

Indeed, assume that ¢ > 1 and call ¢ = ¢/(¢ — 1) the conjugate exponent. Let us
fix n > 0 and choose R to be large enough to have

la| Lo\ B0,y < (n/2)[V] Z(}/(RN)
and let |§ — Z| be large enough to have

‘U12)|L4’(B(zfg’3)) < (n/2)|a|2ql(RN)

(from (2.6), it follows that v2 € L"(R™) for all 7 € [1,400)). Then

a(z)v*(x — (7 — 2))dz = a(z)v?(x — (7 — 2)) d=
[ a@ie—G=de= [ a@iie--2)d

B(0,R)
+/’ a(2)d(z — (§ — 7)) da
RN\B(0,R)
< lal @m0 ot e + 0] o\ (0. 102 o
X |CILaRN)YplLd (B(z—7,R)) La(RN\B(0,R))|YplLa" (RN)
<n

and (3.16) follows on letting 7 — 0.
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If ¢ = 1, then (3.16) follows from the Lebesgue theorem and (2.6).
By using (3.16) and (3.15) we obtain

lim sup / a(x — 2,) (Up, 2\ (042 (z — y))? dz = 0. (3.17)
N+ 4coB(2n,m/2) JRY

Assertion (a) follows from (3.15) and (3.17).
By (3.15) we have

lim sup U o\ (@+2m) W] — Vp(- —¥)|Lr =0,
n—+o0 y€OB(zn,n/2)

and hence (b) follows from the continuity of § and from (3.5). O

Remark 3.3. By Proposition 3.2 (b) we find that, for n large enough, there exists
y € OB(zy, 3n) such that 3(v, o\ (@42, [¥]) € [0, 2n].

The same arguments used to prove Propositions 2.4, 3.1 and 3.2 can be used to state
the following results, where the effects on the energy functional of the ‘holes’ in the

domain and of the bumps in the potential are described. In particular, these results show
that the holes and the bumps play the same role.

Proposition 3.4. For 21,25 € RY and Dy, Dy bounded non-empty open sets in RY,
define D = RN \ Ule(l_)i + x;). There then exists up, p, > m such that

inf inf{Ey(u): ue M(D), B(u) € {x1,22}} > up, p, > m.

ml,xgelRN
Moreover,
(a) inf{Ey(u) : u € M(D), B(u) € [x1,x2]} > m,

(b) lim sup{Eo(vpply]) : y € 0B(x1, %|x2 —z1])} =m,

|z1—22|—+00

(c) ~ lim sup 18(vp,ply]) — yl = 0.

|1 —22|—=+00 yedB (21|21 —22|/2)

Proposition 3.5. Let a; and as be non-negative functions in LN/? (RN, with as £ 0,
and let w be a bounded open set in RY. Define D = RN \ (0 + z1) and a(z) = ai(z —
x1) + as(x — 13), 11,72 € RY; if ay # 0 or w # (), then there exists Hw,ar,as > M such
that

inf  inf{E,(u): u € M(D), B(u) € {x1,22}} > lw.ay,a0 > M-

z1,z2ERN

Moreover,
(a) inf{E,(u):u € M(D), B(u) € [x1,x2]} > m,

(b) lim sup{Eq(vpp(- —y)) : y € 0B(x1, %|$2 —z1])} =m,

|z1—22|—+00

(¢)  lim sup |8(vp,ply]) —yl = 0.
|£1—22|=+00 ycoB(a1,|z0—21]/2)
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Remark 3.6. From Proposition 3.4 (¢) it follows that, for sufficiently large |zo — 1],
there exists y € 9B(x1, 5|z2 — x1]) such that B(vp ply]) € [x1,22], where D = RV \
U?:l(Di + ;). An analogous assertion follows from Proposition 3.5 (c).

Proposition 3.7. If a € L™V/?(RY) is a non-negative function, a # 0, and & € RY,
then

(a) I, == inf{E,(_z)(u) :u € MRY), Bz(u) =z} >m,
(b) pli}rfoo sup{ Eq(.—z) (Yrv . z[Y,0]) 1y € Yz} = m.

Remark 3.8. From the symmetry of vy, it follows that, for all p > 0 and all y € Xz,

8l

y—
ly —

Bz (Prn . 5[y,0]) = T + 0(ply — z|) ,  with 8(7) >0, V7 > 0.

£l

Then, as a consequence of the continuity of 3z, for every p > 0 there exists (¢,) €
Yz x [0,1] such that B;(Pgn~ , z[0,1]) = Z.

Proposition 3.9. Let w C RY be a bounded non-empty open set and z € RN, If
D =RY\ (@+7), then

(a) Jy:=inf{Ey(u) : u € M(D), Bz(u) =z} > m,

(b) lim sup{Eo(¥p,p[y,0]) : y € Xz} =m,

p—r—+o0

(€l sup |88 4fy.0)) — (2 + x(ply ~ 2)] = 0
? veZa (see (3.2) for the definition of x).

Remark 3.10. From Proposition 3.9(c) it follows that, for large p, there exists
(:gvtA) € Zi’ X [07 1] SuCh that ﬂi(w'D,p,i[gvﬂ) =12

Now, let us establish what happens when w enlarges and a increases. For w C R¥ let
us set
D(w) = sup{r € R* : B(y,r) C w for some y € RV}, (3.18)

Proposition 3.11. Let w C RY be a bounded open set, Z € RY and define D =
RN\ (@ + 7). There then exists p = p(w) such that

max  Eo(Up ,z[y,t]) < 2'72Pm, Vp> p. (3.19)
2 %[0,1]

Moreover, if B(0, D(w)) C @, then

lim  J, =27"%Pm. (3.20)
D(w)—+o0

(J, was introduced in Proposition 3.9 (a).)
Inequality (3.19) is [10, Lemma 3.5]; (3.20) is [19, Lemma 3.3].
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Proposition 3.12. Let (a,), be a sequence of non-negative functions in LN/?(RY)
that verify condition (1.2), and let z € RN. For every n € N there exists p = p(a,) such

that
Sax Bz (T, 2ly,t]) < 2'7%Pm, Yp > p. (3.21)
If
lim a,(z) = +oo for a.a. x € RY,
n=too
then
im T, = 21=2/ppy, (3.22)

(I, was introduced in Proposition 3.7 (a).)

We can prove (3.21) and (3.22) by arguing as in the proof of [21, Lemmas 2.7 and 3.2],
where condition (1.2) has been considered with o = 2.

4. A multiplicity result

Theorem 4.1. Let h,k € N, h+ k # 0. Assume that {2 is a smooth open set in RY,
2 # RN, that satisfies Assumption (C) and that (al),,...,(ak), are k sequences of
non-negative functions in LN/?(R™) verifying condition (1.2) and such that

lim af(z) = +oo foraa zeRY forj=1,... k.
n—-+oo
There then exist
Dy = Dy(w1),
D3 = Dg(LUQ),
Dy, = Dy (wh—1),

ny =mny (wh)7

No = ﬁg(ail),

Tp = Zp(2, w1, %1, ... ,Wh—1, Th—1,Wh),

i‘h+1 - :i‘h+1 (D7 a}zl),

= = 1 = k—1 = k
Th4k = xh+k.(7), anl,xm_l, cee ,am%l s Th4k—15 ank),
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such that problem P(a, D), where D = 2\ U?Zl(@i + Z;), has at least 2(k + h) distinct
solutions whenever w; are open bounded sets in RN such that D(w;) > D, for i =
2,...,h, and a(x) has the form

a(e) =Y al, (x — #hsy), (4.1)

with n; > n;, forj=1,...,k.

Proof. We assume, in the first steps, that 2 = RY. Moreover, we can assume that
B(O,D(wz)) Cw;yi=1,... ,h.

Step 1. Let us fix i € {1,...,h}, z; € RY and set D; = RN \ (@; + z;).
From Propositions 2.4, 3.9 and 3.11, and taking into account Remark 3.10, it follows
that there exists p; > 0 such that

B, (WD, 5..2:y,0]) is homotopically equivalent in RY \ {z;} to the identity map on X,

(4.2)
and
m < sup{Eo(¥p, p:.;[¥,0]) 1 y € Xy, }
< inf{Ep(u) : u € M(D;), By, (u) = z;}
< sup{Eo(¥p, 5,,2: [y, t]) : (y,t) € Xy, x [0,1]}
< 2172/, (4.3)

Moreover, again by Proposition 3.11, we find that for every ¢ € {1,...,h — 1} there
exists D; 11 = D;y1(w;) > 0 such that

Sup{EU(WDi,ﬁuwi [y?t]) : (y7t> € 2901 X [O’ 1}}
< inf{Eo(u) : u € M(Diy1), Boyp,(u) = xip1} (4.4)

whenever D(w;41) > D;41. In the following, w; will be considered fixed, for i = 1,..., A,
as chosen in this step.

Step 2. Let us fix j € {1,...,k}, x4; € RY and n € N. By Propositions 2.4, 3.7,
3.12 and Remark 3.8, we can find p7 > 0 such that

B (WRN’ﬁ;71h+j [y,0]) is homotopically equivalent in R™ \ {zy,}

to the identity map on X, = (4.5)
and
m < Sup{Ea-ZL(_th)(QRN,ﬁ}Hij [v,0]) :y € Xu, )
< inf{EazL(.,”H)(u) tu€ MRY), By, (u) = zny s}
<UD {Eyy e B g [9:8]) £ (0:8) € Sy % [0,1])
< 2172/, (4.6)
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Moreover, by Proposition 3.12, we can choose n; € N such that

Sup{E(](l*pDh,,ﬁhwh [y»t]) : (yvt) € Ewh, X [07 1]}
< inf{Ea}lC*thrl)(u) RS M(RN)a ﬂxh+1 (U) = xh-i-l} (47)
for every n > fq and, fixing nj_1 € N for j € {2,...,k}, there exists n; = i, (aﬁl;}l) eN
such that

Sup{Eai}}i (WRN,pﬁjl,th,l[y’t]) s (y,t) € Yonpjor X [0,1]}
<inf{E,; _, (u):ueMRY), B, (u) =zns}, (48)

for every n > n;. In the following, n; will be considered fixed, for j =1,...,k, as chosen
in this step. Moreover, we will define ﬁ;” = Dh+tj-

1(=Thyjo1y

Notice that in Steps 1 and 2 p;, D; and n; are independent of the translation points z;.

Step 3. From Proposition 3.4, with w; in place of D; (hence D = RY \ U?Zl(@i + ),
and from Remark 3.6, it follows that there exists Ry = Ro(w1,ws) such that, if |zo —x1| >
Ry, then we have

m < inf{Ey(u) : w € M(D), B(u) € [x1,x2]}
< sup{Eo(vp,p[y]) : y € 0B(x1, §|x2 — 21|)}

< inf{Ey(u) : w € M(D), B(u) € {x1,22}} (4.9)
and
sup{Eo(vpp[y]) : y € 0B(x1, %|x2 —z1|)} <inf{Ep(u) :u € M(RN \ @1), Bo(u) =0}.
(4.10)

Moreover, we can choose Ry large enough that we also have the following:

the homotopy H1 : 0B(x1, 2|z2 — 1)) x [0,1] — RV \ {21, 22}
given by H1(y,t) = (1 —t)y + tB(vp,ply]) is well defined. (4.11)

We can apply this procedure recursively for j = 3,...,h, fixing z;, i = 1,...,5 — 1.
Proposition 3.4, with Dy = | J/Z} (w; + ;) and Dy = w; (hence D = RN\ U/_, (@i + =),

and Remark 3.6 guarantee the existence of R; = Rj(w1,w2,T2,...,2j_1,w;) such that,
for |.7Jj — Ll?j,1| > Rj7
m < inf{Ey(u) : w € M(D), B(u) € [xj_1,x;]}
< sup{Eo(vp,p[y]) : y € 0B(j-1, 5l2; — xj-1))}
<inf{Ey(u) : uw € M(D), B(u) € {z;—1,2,}} (4.12)

and
sup{ Eo(vp,p[y]) 1 y € OB(wj—1, 5|j —xj-1])}

j—1

< inf{Eo(u) ‘u € M(RN \ (@i —|—a:i)>, Blu) € [xj_g,xj_l]}. (4.13)

i=1
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Moreover, R; can be chosen large enough that we also have the following:

the homotopy H;_1 : 9B(z;_1, 3|lz; — zj-1]) x [0,1] = RV \ {z;_1,2;}
given by H;_1(y,t) = (1 — t)y + t8(vp,ply]) is well defined. (4.14)
Step 4. Fix D = RV \ U?Zl(u?i +z;) and, for n € N and 541 € RV, set a(z) =
a (T = Thir)-
From Proposition 3.5, with a; = 0 and as = a}, and Remark 3.6, it follows that there
exists Rp11 = Rp4+1(D,n) > 0 such that, if |xp1 — k| > Rpta,
m < inf{E,(u) : uw € M (D), B(u) € [Tn, Tht1]}
< sup{Eo(vp,ply]) 1 y € OB(xp, 3lTn1 — 1))}
<inf{E4(u) : uw € M(D), B(u) € {zn, Tht+1}} (4.15)

and

sup{ Ea(vp,p[y]) : y € O0B(xn, §lwni1 — xnl)}
< inf{Ep(u) : uw € M(D), B(u) € [xph—1,zn]}. (4.16)

Moreover, we can choose Rpy1 large enough that we also have the following:

the homotopy Hy, : 0B (zp, %|xh+1 —zp|) x [0,1] — RN \ {xn, Thi1}
given by Hp(y,t) = (1 —t)y + t68(vp,ply]) is well defined. (4.17)
Step 5. Fix D =RN\ Ule(@- + ;) and, for j =2,...,k, define
J

a(z) = Z ai” (T — Tha),

i=1

n; € N and x4, € RV. Taking into account Proposition 3.5 and Remark 3.6, we see
that there exists Rn1; = Rptj(D,n1, Thy1, ..., Nj—1,Thtj—1,7;) such that, for |xp4,; —
Thyj-1| > Ruyy,

m < inf{Eq(u) : u € M(D), B(u) € [Thtj—1,Tn;]}

< sup{Ea(vp,p[y]) : y € OB(Thtj—1, 31Thtj — Thyj—1])}
<inf{Eq(u) : w € M(D), B(u) € {Tn+j—1,Tn4;}} (4.18)

and

sup{ Ea(vp,p[y]) : ¥ € 0B(xn+j-1 51 Thtj — Thij1])}
< inf{Ea(u) U € M(D), B(U) S [xh+j_2,xh+j_1]}. (419)

Moreover, Rp4; can be chosen large enough that we also have:

the homotopy Hp1j—1 : OB(Th4j—1, %|xh+j — Tptj—1]) x [0,1] = RN\ {Zhtj—1,2n4j}
given by Hp1j-1(y,t) = (1 — t)y + tB(vp,ply]) is well defined. (4.20)
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Step 6. First, set Dy = RV \ Ule(a)i + x;). From (2.6), (2.7) it follows that, for
i=1,2,
lim maX{EO(WDLQ,ﬁi,M [yat]) : (yvt) € K} = maX{EO(W’Di,ﬁmri [yvt]) : (yvt) € K}a

|zg—x1|—+00
(4.21)
for every compact subset K in X, x [0, 1]. Moreover,

lim ﬂzq (QD1,27ﬁi797i [y’ 0]) = 6961 (WDi,ﬁiwi [y7 0]) uniformly in sz 1=1,2.

|zg—x1|—+00

(4.22)

Hence, in particular, for |z — x| sufficiently large, (4.2) holds with D 2 in place of D,
SO

3(22‘, fl) € Ewi X [O, 1] such that 611 (WD1,27ﬁi7fDi [Zi, Ez]) =x;. (423)

Now observe that
inf{Ep(u) : w € M(D;), Bs,(u) =x;}
<inf{Eyg(u) : u € M(D1,2), By, (u) =i}, i=1,2. (4.24)

From (4.21), (4.23) and (4.24) it follows that, if |z —x1] is sufficiently large, (4.3) holds
with D; 5 in place of D;, i = 1,2, and (4.4) holds with i =1 and Dy = Dy = D1 2.

Furthermore, we can also take |zo — 21| to be sufficiently large to get (4.9)—(4.11).

Now, set Dy 23 = RN\ Ule(@i + x;), with 1 and x4 fixed as in the previous claim.
We find that

lim maX{EO (WD1,2,37ﬁ37x3 [y7 tD : (yv t) € K}
|z3—x2|—>+00
= maX{EO(W'DSﬁS,ﬂJS [y7 t]) : (y7 t) € K}7 (425)

for every compact subset K in X, x [0, 1]. Moreover,

hm ﬂﬂcs (Lle,z,a,ﬁsﬂfa [y7 0]) = ﬂﬂ?s (WDs,ﬁsﬂfa [y7 O]) uniformly iIl Eﬂcsv (426)

|zs|——4o00
so, for |xs| sufficiently large, (4.2) holds for ¢ = 3, with D 5 3 in place of D3 and
3(Z3,t3) € Xy, x [0,1]  such that oy (Up, , 555,24 [23, 13]) = 3. (4.27)
Observe also that

mf{Eo(u) U € M(Dg), 61;3 (U) = J,‘3} < lnf{Eo(U,) U € M(D1,273), ﬂxg(u) = $3}.
(4.28)
From (4.25), (4.27) and (4.28) it follows that, for |x3| large enough, (4.3) holds, for
i = 3, with D 2 3 in place of Ds.
We have, for i =1, 2,
| ‘IE)I}'_ maX{EO(WDl,ZSyﬁi»ZEi [yat]) : (yvt) € K} = maX{EO(QDl,mﬁi,Ii [y’tD : (y’t) € K}’
xr3 o0
(4.29)
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for every compact subset K in X, x [0, 1]. Furthermore,

lim G, (WDI,Z,Syﬁiﬂ:i [yv OD = [a, (WDLz,ﬁi,wi [y’ O]) uniformly in Xy, (4'30)

|x3|——4o00

Hence, for |z3| sufficiently large, (4.2) holds with D; 2 3 in place of D;, for ¢ = 1,2, and

3(51‘712‘) S 2;” X [0, 1] such that ﬁa:l (WD1,2,37ﬁi;$i [Ei,ti]) = ;. (431)
Now, observe that
inf{Ep(u) : v € M(D12), Bu;,(u) =z}
<inf{Eyg(u) :u € M(D123), Bs,(u) =ax;} fori=1,2. (4.32)

So (4.29), (4.31) and (4.32) imply that, for sufficiently large |x3|, (4.3) also holds, for
1= 1, 2, with D17273 in place of DZ

Moreover, taking into account (4.25), (4.29) and (4.28), (4.32), we get (4.4) withi = 1,2
and D; = Dj11 = D123

We have

. }E}}m max{ By (vp,p, ., [y]) 1 y € OB(21, 3|22 — 21)}
= max{Ey(vp,p, ,[y]) : y € 0B (1, %|x2 —z1])} (4.33)
and
inf{Fo(u) : u € M(D12), B(u) € {z1,22}}
< inf{Eo(u) : u € M(D123), B(u) € {x1,29}}, Vaz € RN, (4.34)

Furthermore,

lim  B(vp,p, ,5Y]) = Bvp,p,,[y]) uniformly in 0B(z1, %|3§2 —11]), (4.35)

|z3|—+o00
so, for |z3| sufficiently large, (4.11) holds with D; 2 3 in place of D and, in particular,
Fy1,2 € OB(z1, 3|2 — x1|)  such that B(vyp, ,,[Y1,2]) € [#1,22]. (4.36)

Then, from (4.33)—(4.36) it follows that, for sufficiently large |3/, (4.9)—(4.11) hold with
D 2,3 in place of D.

We can also take |x3| sufficiently large to verify (4.12)—(4.14) with j = 3.

Iterating these arguments, we get (4.2), (4.3) with RV \ U?:l(u?i + z;) in place of D;,
i=1,...,h, (4.4) with

h
Di:Di+1:RN\U((Di+JJZ‘), i=1,...,h—1,
=1

and (4.9)-(4.14) with RV \ U?:I(wi + x;) in place of D.
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Now, fix D = RV \ Ule(wi + ;).
Notice that, arguing as for (3.16), for every a € LN/2(RY) we obtain

lim E,._,(w) = Eg(w) uniformly in w € K, K C H}(D) a compact set. (4.37)

|z| =400
Moreover, for a(x) = a,lll(x — ZTha1), Ther € RV,

inf{Ep(u) : w € M(D), By, (u) =x;}
< inf{E,(u) : u € M(D), B, (u) =z}, i=1,...,h, (4.38)

and

inf{Ep(u) : w € M(D), B(u) € {zi,xiy1}}
< inf{Eq(u) : w e M(D), B(u) € {x;,xix1}t}, i=1,...,h—1. (4.39)

Hence, we can choose |zp41]| sufficiently large in such a way that not only do (4.15)—
(4.17) hold, but also (4.3), (4.4), (4.9), (4.10) and (4.12), (4.13) hold, on the domain
D =RN\ U?zl(wi + x;), with the functional F, in place of Ey.

Notice that from (2.6) and (2.7) it follows, for every a € LN/2(R™), that, for every
compact set K C Xy x [0, 1] and for every p > 0,

lim Eq._.)(Ypp:ly +2,t]) = Ea(Prn ,0ly,t]) uniformly in K. (4.40)

|z| =400

Moreover,

i sup (8 (Fp paly + 2,0) — 2) — fo(Faw poly, D[ = 0. (4.41)
|2]—+00 ye 5,

So, also taking into account relations (4.37), (4.40), (4.41) and arguing for the bumps
a;i (x —xpai), i =1,...,k, as we have done for the holes (o; + x;), i = 1,...,h, we can
choose recursively the ‘centre’ of the bumps zp4; in such a way that the inequalities
stated in Steps 1-5 hold with D = RV \ U?Zl(@i + ;) and E, in place of Ey, where
a(z) = Zf:ﬂi“ (z — xp4i). Namely, we obtain, for i =1,..., h + k,

m < Sup{Ea(&DD,pi,zi [y, 0]) HNTRS Ezi}
< by = inf{E,(u) : u € M(D), By, (u) =x;}
< bayi o= sup{Ea(Ip s, 0, [y 1]) : (1) € Zo, x [0,1]} < 2'72/Pm, (4.42)
Be, (WD 5, 2. [y, 0]) is homotopically equivalent in R \ {z;} to the identity map on %,

(4.43)
and, fori=1,...,h+k—1,

sup{Eo(¥p,5,,2, [y, 1]) : (y,1) € Ty, x [0,1]} < inf{Ea(u) : w € M(D), Bo,,, (u) = zis1}.
(4.44)
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Moreover, for i =1,...,h+k —1,
m < di; = inf{E,(u) : u € M(D), B(u) € [x;,xi41]}
< ds,; :=sup{E,(vpply]) : y € OB(w;, L|wis1 — zi))}
<inf{E,(u) : ue M(D), B(u) € {x;, Tit1}}, (4.45)
the homotopy H; : 9B(z;, 3|wit1 — 24]) x [0,1] = RV \ {2, 2441}
given by H;(y,t) = (1 — t)y + tB(vp,ply]) is well defined. (4.46)

Furthermore,
Sup{Ea(vp,D[y]) HEAS aB(xla %|{172 - $1|)}
< inf{E,(u) : u€ M(D), By, (u) =21} < 2'72/Pm  (4.47)
and, fori=2,... ,h+k—1,
sup{Ea(vpp[y]) : y € 0B(w, %|93i+1 —z])}
<inf{E,(u) : u € M(D), B(u) € [x;_1,x;]} < 2'72/Pm. (4.48)

Step 7. By Assumption (C), we can now consider a sequence of points z, € {2 such
that B(z,,n) C £2. Fix

h k
U (@j +2;) and a(x) = Zai_j (x — zhej).
j=1 j=1

Fori=1,...,h+ k we have

ngr_{_loo Sup{|Ea(-fzn) (WRN\(D+z,,L),ﬁi,wi tzn Y+ 20 t])
= Eo(—z) T\ (D420) 51wt 20 [V T 205 )] 2 (9, 1) € K} =0,
K compact in X, x [0,1], (4.49)

EIE sup  |Beitz, (WRN\(DJrzn) PirTitzn [v,0]) = Be, 12, (WQ\(D+Zn)7ﬁi73:i+zn [y, 0])] =0,
n R YETn, t2n

(4.50)
Inf{E, .. (w) :u€ MR\ (D +2,)), Bosis, (0) =2 + 2}
<inf{Eq_.,)(u) :u € M(2\ (D + z,)), Peitz,(u) =2+ 2,}, VneN. (4.51)

Moreover, for every compact K in RV,

Iim sup |Eo(—z,) (Vpe3\(D420) [Y + 20) = Ea(—20) (Vp,\(D+20) [y + 2a])| = 0, (4.52)
n OoyGK

lim sup |B(Vp RN\ (D42,) U + 20]) = B(p, o\ (D42 [¥ + 20])| = 0, (4.53)

n—>+oo

inf{Easzn)( ) RS M(RN \ (D + Zn))7 ﬁ(u) €K+ Zn}
<inf{Eq_.,)(u) ru € M(2\ (D + z,)), B(u) € K +2,}, VneN. (4.54)
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From (4.49)—(4.54) it follows that (4.42)—(4.48) hold, for n large, with

h k
D=0\ |J@i+ (@i +2)), a(z) =Y al, (z — (Tnii + 2n))
i=1 i=1
and setting
Ti=x+2zn, 1=1,....,h+k, (4.55)

in place of z;. Furthermore, by Propositions 3.1, 3.2 and Remark 3.3, n can be chosen
to be large enough to also have

m < dy pyr = Inf{Eq(u) : u € M(D), B(u) € [0, z,]}
< doptk = sup{Eq(vpp) : y € 0B(2p, %n)}
< inf{E,(u) : u € M(D), B(u) € {0, z,}}, (4.56)
the homotopy Hp4i : OB(2n, 3n) x [0,1] = RV \ {0, 2,,}
given by Hpyr(y,t) = (1 —t)y +tB(vpply]) is well defined  (4.57)

and, moreover,

m < sup{E,(v,p) : y € 0B(z, 3n)}

< inf{E,(u) : u € M(D), B(u) € [Tpik—1,Tnrx]} < 2'72/Pm. (4.58)

Step 8. We now prove Theorem 4.1 with D, ..., Dy as in Step 1, n1,...,7k as in
Step 2 and Z1,...,Zp4k as in Step 7. Henceforth,

h k
D=0\ U(@Z +z;) and a(z)= Zafu (x — Tpyq)- (4.59)

i=1 i=1
We denote the sublevels of E, in M (D) by
E;={ue M(D):E,(u)<c}, ceR

For i = 1,...,h + k, we claim that there exists a critical value ¢; € [b1,b2;] (see
(4.42), with a and D as in (4.59) and Z; in place of x;). Assume, by contradiction, that
such a critical value does not exist. Then, taking into account Proposition 2.2, standard
arguments (see [23], for example) show that there exist 7; > 0 and a continuous map

. b2, b1,i—n;
G, E2" = E, :

such that
Gi(u) =u, Yue Ebvi~m, (4.60)

Moreover, by (4.42), n; can be chosen small enough to have

bl,i =1 > Sup{E@(Lppﬁi,ii [ya OD ty € EZL} (461)
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If we identify B(Z;,1) with Xz, x [0, 1], by polar coordinates (with the points of the form
(y,1), y € Xz,, corresponding to Z; in B(Z;,1)), then, by (4.42), (4.60), (4.61) and (4.43),
the map g; : B(z;,1) — RY given by

gi (ya t) = /3T7 (gi (LD'DJZ',@&, [ya t]))

is well defined, continuous and is such that g;,, ) is homotopically equivalent to the
identity in RY \ {Z;}. Hence, there exists (7;,;) € Xz, x [0,1] such that g;(7;, %) = Z;,
i.e. B2,(Gi(¥p 5,5, y,t])) = Z;, that is in contradiction to (4.60) and proves our claim.
Our next goal is to show that for every i = 1,... h+k — 1 there exists a critical value
Ciit1 € [d1,i,d2;] (see (4.45) with ¢ and D as in (4.59) and Z; in place of z;). Observe
that [dy 4, ds;] C (m,2'72/Pm) by (4.45), (4.47) and (4.48), and assume, by contradiction,
that such a critical point does not exist. Then, taking into account Proposition 2.2, we

see that there exist 7;,41 > 0 and a continuous deformation F; : EP x [0,1] — B
such that
Fi(u,0) =u, Yu € E%i and F;(u,1) C B&i—mi+1 | vy € Bz, (4.62)

Now, let us define f; : 8B(£1, %|fi+1 — jiz|) X [O, 1] — RN \ {i‘i, jii+1} by

fily,t) = {Hi(y’%) it e .3 (4.63)

B(Fi(vpply), 2t —1)) ifte[3,1].

By (4.46), (4.62) and (4.45), f; is a well-defined continuous deformation that verifies

fi(y,0) =y, Vy € 0B(Zi, §|Tiy1 — Ti),
Ji(y, 1) N [Zi, Zita] = 0, Yy € OB(Zi, §|Tiy1 — T4),
fl(y7t) ¢ {'fia'fi-ﬁ-l}v V(y,t) € 8B('fza %|‘fi+1 - jZ|) X [Oa 1]7

which is impossible. So the existence of the critical value ¢; ;11 is proved.
By using relations (4.56)—(4.58) and exactly the same argument developed to prove
the existence of the critical values ¢; ;41,7 =1,...,h+k — 1, we can find a critical value

Chtk,htkt1 € (A1 htks o]
To summarize: from (4.44), (4.47), (4.48) and (4.58) it follows that the critical levels

¢i, Cii+1, we have found for i = 1,..., h + k, verify
M < Chakhtktl < Chak—1htk < - <Clo2<cC < <Cpyg < 212/, (4.64)
Hence, they actually give rise to distinct critical points for the functional E, constrained

on M (D). These critical points are positive functions, by (4.64), Proposition 2.3 and the
maximum principle, so they provide 2(h + k) distinct solutions to problem P(a, D).

]
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5. Final remarks

In the proof of Theorem 4.1, h critical levels are related to the w;, k to the a;, h+k —1
to the interactions between the holes in the domain and the bump in the potential, and
another critical level comes from the action of the boundary of 2. In order to distinguish
the critical levels we have found (hence the solutions), a crucial role has been played by
the asymptotic behaviour stated in Proposition 3.2 (a), in Propositions 3.4 (b) and 3.5,
and in (3.20), (3.22). The application of these results in the proof of Theorem 4.1 shows
that if u,, are the solutions of P(a, D) related to w;, u,: are the solutions related to al,
and u; ;41 are the solutions given by the interactions, then the following energy estimates
hold:

lim FE, <

o h, 5.1
D(w;)—+o0 ( )

Ugqi )
lim &("1>:T4%mi:L“Wh (5.2)
>=m, i=1,...,h+k—1, (5.3)

. Us 541
lim E, <”+

|Zi41—T4| =400 ‘ui,i+1|LP

lim E<“h+kh+k+1> o (5.4)
n—-+o00 \Uh+k,h+k+1|m

(see (4.56) in Step 7 of the proof of Theorem 4.1 for the dependence on n of the solu-
tion wptk htkt1). In fact, (5.1) and (5.2) follow from (4.42), (5.3) follows from (4.45),
and (5.4) follows from (4.56).

A natural question is what happens if the ‘holes’ w; shrink, instead of enlarging, and
the bumps a' vanish, instead of increasing. To analyse this situation, arguing as in the
proof of [5, Theorem A.1] we can obtain the following asymptotic estimate:

lim sup{Eo(v,rmaly]) 1y € RV} =m, (5.5)

cap @—0
where, for a closed bounded set G C RY, the capacity of G is defined by
cap G = inf{||ul|gr : u € HY(RY), u > 1 on G in the H'-sense}.
Moreover, it is easily seen that

lim  sup{E,(v,(- —y)):y e RV} =m. (5.6)

la|, n/2—0
By the asymptotic behaviour stated in (5.5) and (5.6), the following result can be proved

by working as in Theorem 4.1.

Theorem 5.1. Let h,k € N, h+k # 0, and assume that §2 is an open set in R that
satisfies Assumption (C). If

h
D=0\ |Jwi +z), zeRY,
i=1
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with w; bounded open sets in RV, and a has the form
k
a(x) = Zaj(x — Tpyg), Thej €RY,
j=1

with a; non-negative functions in LV/2(RN) that satisfy assumption (1.2), then there

exist
Cz = Cg(u.)l),
Cg = 03((4)2),
Ch = Cr(wh-1),
Ly = Li(wn),
L2 = Lg(al),
Ly = Li(akg-1),

fl = il(Q,wl),

Ty =ZTp(2, w1, %1, ..., Wh—1,Th—1,Wh),

Zht1 = Tht1(D,ar),

Zhik = Thak(D, 01, Thg1s .-+ k-1, Thyk—1,0k)

such that problem P(a,D) has at least 2(k + h) distinct solutions u,,..., Uy, ,
Ugys -y Ugys Wi i+1, t=1,..., h+k, Whenevercap@i < Cz,Z =1,..., h,, and |CL1'|LN/2 < Li;

In the case of Theorem 5.1, as a consequence of (5.5) and (5.6), the following estimates
can be obtained, besides (5.3) and (5.4):

lim Ea( Yoo )m, i=1,...,h, (5.7)
cap w; —0 |uwi Lr
. Ug, .
lim Ea( ! ):m, i=1,...,k. (5.8)
lail, n/2—0 [ta, | e

Observe also that results similar to those stated in Theorems 4.1 and 5.1 can be proved
when there are holes that expand and holes that shrink and bumps that increase and
bumps that vanish simultaneously.
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Remark 5.2. If in Theorems 4.1 and 5.1 we consider 2 = RY then we find that

problem P(a,D) has at least 2(h + k) — 1 solutions.
In fact, if we consider Theorem 4.1, for example, we can repeat the proof developed
in §4, with the exception of Step 7, so the desired number of solutions can be found.
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