Bull. Aust. Math. Soc. (First published online 2024), page 1 of 10*
doi:10.1017/S0004972724000273
*Provisional—final page numbers to be inserted when paper edition is published

FIRST EIGENVALUE CHARACTERISATION OF CLIFFORD
HYPERSURFACES AND VERONESE SURFACES

PEIYI WU

(Received 2 March 2024; accepted 17 March 2024)

Abstract

We give a sharp estimate for the first eigenvalue of the Schrédinger operator L := —A — o which is defined
on the closed minimal submanifold M" in the unit sphere S"*", where o is the square norm of the second
fundamental form.
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1. Introduction

The study of rigidity theorems plays an important role in the theory of minimal
submanifolds. There has been extensive research on rigidity theorems for minimal
submanifolds in spheres since the pioneering results obtained by Simons [9], Lawson
[3] and Chern et al. [2]. Let o denote the square norm of the second fundamental
form and let M" be a compact minimal submanifold in a unit sphere S"*”. From
this work, if 0 < o < n/(2 — 1/m), then either oo =0 or o = n/(2 - 1/m), and M is
the Clifford hypersurface or the Veronese surface in S*. Later, Li [4] and Chen and
Xu [1] improved the pinching number n/(2 — 1/m) to 2n/3. They showed that if
0 < o < 2n/3, then either o = 0 or o = 2n/3, and M is the Veronese surface in S*.
Recently, Lu generalised this result and proved the following rigidity theorem. Here, A,
denotes the second largest eigenvalue of the fundamental matrix (see Definition 2.5).

THEOREM 1.1 (Lu [5]). Let O < 0 + A, < n. Then either M is totally geodesic or is one
of the Clifford hypersurfaces M,,—, (1 < r <n)in S, m > 1, or a Veronese surface
in ¥, m > 2.

REMARK 1.2. Lu suggests that the quantity o + A, might be the right object for
studying pinching theorems.

Using Lu’s inequality [5, Lemma 2] (see Lemma 2.4), we investigate the first
eigenvalue of the Schrodinger operator L := —A + g, where ¢ is a continuous function
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2 P. Wu 2]

on M. If there is a nonzero f € C*(M) satisfying Lf = uf, we call u an eigenvalue
of L. Since A is elliptic, so is L and the set of eigenvalues can be written as

Spec(L) = {pi : 1 <pp S pz < -+ ).

We call y; the first eigenvalue of L.

The pinching theorems cited above give a characterisation of Clifford hypersurfaces
and Veronese surfaces. The proofs make use of Simons’ identity. Similar argu-
ments lead to estimates of the first eigenvalue of the Schrodinger operator, which
gives another way of characterising Clifford hypersurfaces and Veronese surfaces.
Simons [9] studied the Schrodinger operator L; := —A — o of minimal hypersurfaces
M" — S and proved that its first eigenvalue 4} < —n if M is not totally geodesic.
Later, Wu [10] and Perdomo [7] independently proved that if u{ > —n, then M is either
totally geodesic or a Clifford hypersurface. Define L := —A — (2 — 1/m)o on the
minimal submanifold M" — S™" and L;; := —A — %0’ on the minimal submanifold
M" — §™" m > 2, and denote by p! and " their respective first eigenvalues. For
Ly;, Wu [10] proved that ,u{l < —n if M is not totally geodesic, and if u{l > —n, then
M is either totally geodesic, or u{’ = —n and M is either a Clifford hypersurface or a

Veronese surface. Also, for Ly, pi! < —n if M is not totally geodesic, and if u!" > —n,

then M is either totally geodesic, or /! = —n and M is a Veronese surface. Similar
results hold in the Legendrian case. Using a pinching rigidity result in [6], Yin and
Qi [11] gave a sharp estimate for the first eigenvalue of the Schrodinger operator
defined on a minimal Legendrian submanifold M> — S7.

Based on the correspondence between pinching theorems and estimates of the first
eigenvalue of certain Schrodinger operators, one expects to find the same phenomenon
for Lu’s rigidity Theorem 1.1. That observation leads to our main theorem. Define the

Schrodinger operator L := —A — o and denote the first eigenvalue of L by y;.

THEOREM 1.3 (Main Theorem). Let M" be a closed minimal submanifold in S™™(1).
If M is not totally geodesic, then

My < —n+ max A;.
peM

Moreover, if uy > —n + maxpey Az, then either py = 0 and M is totally geodesic, or
M1 = —n+ maxXpey A2 and M is the Clifford hypersurface in S"™(1) or the Veronese
surface in S*(1).

2. Preliminaries and Lu’s inequality

Let M" be a compact minimal submanifold in a unit sphere S"*”. We shall make
use of the following convention on the range of indices:

1<ABC,...<n+m; 1=<ijk,...<n;, n+l1<apB,y,...<n+m.

We choose a local field of orthonormal frames {e;, e,, . . ., €,4m} in S"* such that when
restricted to M, {e}, ey, ..., e,} are tangent to M and {e,+1, €n+2, - - - » €44m} are normal
to M. Also, {w1, ..., Wnm} 1s the corresponding dual frame. It is well known that
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1
Wi = ) hw;, RS =, b= Hwi®w®e, H= - > hea,
j a,i

a,i,j
Ria = S — Sudyc + ) (highty = h3hsy), 2.1)
Ropa = ) (Wil = ), 2.2)
he = h. (2.3)

where h, H, Rjju, Ropu, are respectively the second fundamental form, the mean
curvature vector, the curvature tensor and the normal curvature tensor of M. We define

o= |h|2’ Ay = (h;)nxw

Denote by h;.k the component of the covariant derivative of hg,, defined by

W = dhy = > Hgwy = > Hgwi+ ) Hwes. (2.4)
1 l B
From the Gauss—Codazzi—Ricci equations (2.1)—(2.3), the well-known Simons identity
follows:
Z 3 AR = n|All* + Z Tr(AeAp — ApAa)* — Z(TrAaAﬁ)z. 2.5)
if B B

Now, we introduce Lu’s inequality [5, Lemma 2] (see Lemma 2.4), which is the
main tool in the proof of Theorems 1.1 and 1.3. The proof of Lu’s inequality relies
on an algebraic inequality [5, Lemma 1]. We use the Lagrange multiplier method
to give another proof and find that there are more cases when the equality holds.
Consequently, we restate Lu’s lemma [5, Lemma 1] as the following lemma.

LEMMA 2.1. Suppose ny,...,n, are real numbers, ny +---+n, =0 and 17% +--- 4
2 = 1. Let rij 2 0 be nonnegative numbers for i < j. Then
Z(ni - nj)zrij < Z rij + max(ry). (2.6)
i<j i<j

Ifny 2 -+ 2 n, and r;j are not simultaneously zero, then equality holds in (2.6) only in

one of the following cases. Fix an integer k with k € {1,...,n—1}.
(M) r=0if2<i<jrp=-=rg=0,r1="--=71;,>0,
Vn—k 0 -1
m=———= Mm="""=M=Y, M1 === .
Vi—k+1 " Va-k+ Dn-5)
(2) rijzoifi<j<n,rn—1n="'Zrn—k+1nzoarn—knz"'=r1n>0
—-Vn—-k
M = nn—lznn—Z"':nn—k+lzos

\/n—k+1’
1

No—k+Dn-k)

Mook =+ =M1 =
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REMARK 2.2. We prove the lemma in two steps. The first step is the same as Lu’s
original proof of [5, Lemma 1] which reduces the problem to proving the inequality

2
Z(m = 1)1 < Z rij+ nllgjx(ru)-
1<j 1<j
Then, we apply the Lagrange multiplier method to prove this inequality.

PROOF. First step. Assume n; > --->n,. If n; —n, < 1 orn =2, then (2.6) is trivial.

So assume n>2 and 5 —1, > 1. Observe that 7, —m; <1 for 2<i<j<n-1.
Otherwise,

L2t +np+0; +0 2 3 = n)” + (i —)H) > 1,

which is a contradiction.
Using the same reasoning, if n; — 1n,-1 > 1, then n, — 1, < 1; and if n, — 1, > 1,

then n; — n,-1 < 1. Replacing ny,...,n, by —n,, ..., —n; if necessary, we can always
assume that 7, — 1, < 1. Thus, ; —n; < 1 if 2 <i <, and (2.6) is implied by the
inequality
D =Py < ) rj +max(ry). 2.7)
" 4 1<j
1<j 1<j

Before proving (2.7), we observe that if equality holds in (2.6), we must have
nm — 1, > 1. Otherwise,

Z(ni - nj)zrij < Z rij < Z rij + max(r;),
i<j i<j i<j
which is a contradiction.
Notice that when n; — 1, > 1, by the discussion above, 17; —n; < 1 for2 <i <j <n.

So, rj = 0 for 2 < i < j < n. Otherwise, by (2.7), equality cannot hold in (2.6). Thus,
when discussing equality in (2.6), we only need to analyse the inequality (2.7).

Second step. Let s; = ry;, where j = 2,...,n. We write (2.7) as

2
2(771 -7n)°s; < Zsj + nllile(Sj)-

1<j 1<j
Write

f(?]], M2, s Mn-1, r]n) = Z(nl - 77j)2Sj-

1<j
We apply the Lagrange multiplier method to f with constraints
m+---+n,=0, n%+---+nﬁ—1=0.
Consider the function

Q@1 Myl M) = ) (1 = )28+ AG0 + -+ +0a) + O} + -+ 72 = 1),
1<j
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where A and y are the Lagrange multipliers. Setting the partial derivatives with respect
to each variable to zero gives the equations

0D
= 22(771 —n)si+A+2un =0,
g
0D
p =20 —np)sj+A+2un; =0 forj=2,...,n-1,n. (2.8)
7j
Now
5 0D 50D
— =nl=0, mi— =2 (m—mn)s+2u=0,
P on; ; on; g
and so

1=0, Z(Th —m)’sp = —p.

1<j

Hence, the critical values of f are given by —pu.
Assume —u # 0. We can also assume that u + max;(s;) < 0. Otherwise,

2
= — ) < . . ).
" Z;m m)%—W?“0<Z;%+Wg@»
Then by (2.8),

_ms;

- , j=2,...,n—1,n. (2.9)
,u+sj

nj

Substituting (2.9) into 7 + -+ - + 17, = 0 gives

s
1+ E =0
,U+Sj

l<j
Hence,
S; Y
0=1+ >y ——L 2.10
Z;_ H+si ; M+ maxi<;(s;) ( )
Multiplying both sides of (2.10) by p + max;;(s;) gives
= Y =) < ) s+ max(s). @.11)
1<j 1<j

Notice that if 5s; > O for any j, then

5 5

0> >
HEs;  p+maxg(s;)

and that equality in (2.11) is equivalent to equality in (2.10). If equality holds in (2.10),
then for each j > 1,
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Sj Sj

pts pmaxig(s)’

which means that either s; = 0 or the nonzero s; = max;.;(s;) and so all nonzero s; are
equal.

Thus, from (2.9) and the assumption above, there are n — 1 cases, one for each k
with k € {1,...,n — 1}, namely,

Vn -k 0 1
m=s———= Mm="""=m=U, My ="""=1n=- .
Vi—k+1 " " Nm—k+Dm-h
Case (2) in the statement of the lemma is just a permutation of Case (1) under a
different assumption at the beginning. This completes the proof. |

REMARK 2.3. The values k=n—-1 and k=1 in Lemma 2.1(1) correspond to
[5, Cases (1) and (2) in Lemma 1], respectively.

The new version of [5, Lemma 1] changes [5, Lemma 2], but Lu’s rigidity theorem
still holds, as we discuss later.

Define the inner product of two n X n matrices A, B by (A,B) = TrAB" and let
AP = (A,A) = 3;; al.zj, where (a;) are the entries of A. The next lemma gives the
revised version of Lu’s inequality [5, Lemma 2].

LEMMA 2.4. Let Ay be an n xn diagonal matrix of norm 1. Let A,,...,A,, be
symmetric matrices such that:

(1) (A, Ap) =0ifa #B;
2 Asll z - = [JAnll.

Then,

DAL AP < D AP + 14, (2.12)

a=2 a=2
Equality holds in (2.12) if and only if, after an orthonormal base change and up to a
sign, and for each integer k with k € {1,...,n — 1}, Ay is the diagonal matrix

k 1 1 1
A1=diag( vk - ,...,——,0,...,0), 2.13)
Vk+1 ~Vktk+1) ~k(k+1) Vk(k + 1)

with k entries —1/\k(k + 1) and n — k — 1 entries 0, and A; is u times the matrix whose
only nonzero entries are 1 at the (1,i) and (i, 1) places, where i =2,...,k+ 1 and
App=---=4,=0.

Next, we briefly review the proof of Lu’s rigidity theorem to set up the notation and
state some formulae for later use.
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DEFINITION 2.5. The fundamental matrix S of M is an m X m matrix-valued function
defined by S = (aqp), where

dop = <AmA,8>-

We denote the eigenvalues of the fundamental matrix S by 4y > - -+ > A,,. In particular,
Ay is the largest eigenvalue and A, is the second largest eigenvalue of the matrix S, and
r is defined by

A== > Ay > > Ay

Using this notation, the trace of the fundamental matrix is o = A4; + - -+ + 4,,. For a
positive integer p > 2, we define

Fr=Te@) = ) Gue, Gaes oy

and g, := (f,)"/?. Using the Simons identity (2.5) and Lemma 2.4, Lu derived the
following inequalities.

PROPOSITION 2.6 (Lu [5]). With the notation as above,
VP < 0, Z A7 (Vojanea)s (2.14)

11/1 1 1/p-2 2
Mgy == Af 4 (2 1)
N P\ g

3 e S

a ij.k

m
27 (AP (n = AP = ) WGP = d2) = 3l ) 215)
a=2

By integrating both sides of (2.15) and letting p — oo, since ﬂf w1/ fp — Oasptends
to oo, Lu derived

f PINCAE: ||A1||2(n — 1Ay - i Mol - 22) < 0. (2.16)
a=2

ijk asr

If equality holds in (2.16), then equality holds in (2.12), so A, takes the form in
Lemma 2.4. Using the structure equation case by case, Lu proved Theorem 1.1.

REMARK 2.7. Although we have found more cases when equality holds in (2.12), we
can rule out the new cases using similar arguments to those in the original proof. To
be precise, if n > k + 1,j > k + 2, then from 0 = dh{!" = I{}'w;, we conclude wy; = 0.

Similarly, by computing dh’“rl fori=2,...,k+1, we also have wy; = = w41, =0
forj > k + 2. By the structure equations, 0 dwij = w1 A wj, which is a contradiction
if n > k + 1. Thus, Theorem 1.1 is still correct.
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3. Proof of the main theorem

Let g. = (g, + €)'/?, where € > 0 is a constant. We first prove the inequality in the
main theorem.

PROPOSITION 3.1. If M" is a closed nontotally geodesic minimal submanifold in
S™™(1), then

2 fM[ Zw k Zoz<n+r(h,]k
n+2 fM A

PROOF. By direct computation, using (2.15),

M1 £ —n+maxdp —
PEM

-1/2 -3/2

1 1
Agez _(gp"'e) Agp_zlvé'plz(gp"'f)

- - 1/1
Ol Y L A G s A B L M R

= 5o 2 3 (1 Y 0)

1,/k
a=2

1 _
- Z |Vgp|2 (gp +€) 32

> (g + 0 gy + 0 £ e 2050 ?) - 3 98]

1

m
+ (gt 07 £ (AP (= 1ALIE = Y 1AWl = da)) = 3 70, .

a=2

1

To deal with I, we use the next lemma which follows from [8, (1.9) and (1.11) in
Proposition 1].

LEMMA 3.2 (Shen [8]). If M" is a closed minimal submanifold in S"™*™(1), then

VOAPIR < iAo | D (k2]

ijk

Applying Lemma 3.2 to (2.14) yields

Vel = 517 < £ YAl < ‘Z = > o)

ij.k
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Thus,

> (g, + 02|y + 0" Z (A” ! Z(h,,k) )

ij.k

1 2/p-1 4n p—1
i a2 (ﬂ Z(hvk )]

—(g +e) 2,1 ][Z(/l” NN )]

ij.k
> 0.

Inserting the definition of g, into u; = infrecoqy) fM L(f)f/ fM 12, yields

#1Lg§SLL(ge)ge=f—geAge—rfzﬁ:f—ge(1+11)—0g§
<[ S Son)

+ f | ,l’p*‘(r||A1||2"(n—|ml||2—ZnAauz—ﬂz)) 3nmfy 70,
M a=2

—faé
M

Then, letting p — oo and € — 0, and using the fact that /l .1/ fp — 0 almost every-
where when p — co completes the proof. ]

PROOF OF THEOREM 1.3. From the proof of Proposition 3.1, if

M1 = —n 4+ max Ay,
pEM

then either M is totally geodesic so py = 0 or u; = —n + maxpey 4> and
” Z Z (hyk -
ij.k asn+r

We claim that o is a constant. By Lemma 2.4, there are two cases.

Case 1. Ay #0 and A, =A3=---=A,,=0. By Lemma 3.2, 0 = lAII> = A, is a
constant.

Case 2. There is a positive integer k with 1 <k < n — 1 such that A; is A times the
diagonal matrix in (2.13), A; is u/vVk(k + 1) times the matrix whose only nonzero
entries are 1 at the (1,7) and (i, 1) places for 2 <i<k+1,and Ayp =---=A,, =0.
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Since ); J,k(h;’;' 2=, by (2.4), it follows that A is constant. Also, y is constant since
Ay = maxpey Az. Thus, o is constant.

Since o is constant when p; = —n + max,cy 4> and the first eigenvalue of L is
—0o, it follows that o + A, = n. Then, by Theorem 1.1, M is either one of the Clifford

hypersurfaces or the Veronese surface. |
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