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ABSTRACT

The purpose of this paper is to extend the explicit geometric evaluation of semisimple
orbital integrals for smooth kernels for the Casimir operator obtained by the first author
to the case of kernels for arbitrary elements in the center of the enveloping algebra.
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1. Introduction

In [Bisll, Chapter 6], the first author established a geometric formula for the semisimple orbital
integrals of smooth kernels associated with the Casimir. The purpose of this paper is to extend
this formula to the smooth kernels where more general elements of the center of the enveloping
algebra also appear.

Let us briefly describe our main result in more detail. Let G be a connected real reductive
group, and let g be its Lie algebra. Let 6 € Aut(G) be a Cartan involution, and let K C G be the
corresponding maximal compact subgroup with Lie algebra €. Let g = p & £ be the associated
Cartan splitting. Let B be a symmetric nondegenerate bilinear form on g which is G and 6
invariant, positive on p and negative on £. Let X = G/K be the associated symmetric space, a
Riemannian manifold with parallel nonpositive curvature.

Let p¥ : K — U(E) be a finite-dimensional unitary representation of K, and let F = G xx E
be the corresponding vector bundle on X. Then G acts on the left on C*°(X, F'). Let U(g) be
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the enveloping algebra of g, and let Z(g) be the center of U(g). Then Z(g) acts on C*°(X, F)
and its action commutes with the left action of G. Among the elements of Z(g), there is the
Casimir C%, whose action on C*(X, F') is denoted by C®X.

Let S¢V°"(R) denote the even real functions on R that lie in the Schwartz space S(R). Let
p € SV(R) be such that if 1 € S®*"(R) is its Fourier transform, there is C' > 0, and for any
k € N, there is ¢ > 0 such that

W (y)] < erexp(=Cy?). (1.1)

If AeR, u(vVC9X + A) is a well-defined operator with a smooth kernel.

If v € G is semisimple, as explained in [Bis11, § 6.2], the orbital integral Trl] ((vVCeX + A)]
is well-defined, and it only depends on the conjugacy class of v in G. After conjugation, we can
write v in the form v =e®% ™!, a€p, k€ K, Ad(k~Y)a = a. If Z(y) C G is the centralizer of
~ with Lie algebra 3(v), then 6 acts on Z(v), and Z(v) is a possibly nonconnected reductive
group.! Let 3(7) = p(7) @ €(7) be the associated Cartan splitting.

Let I'(g) be the algebra of invariant polynomials on g*, and let mp : I'(g) ~ Z(g) denote
the Duflo isomorphism [Duf70, Théoreme V.2]. If h C g is a Cartan subalgebra, let I'(h,g)
denote the algebra of polynomials on h* that are invariant under the corresponding algebraic
Weyl group, so that we have the canonical identification I'(g) ~ I'(h,g).2 There is a Harish-
Chandra isomorphism ¢pc : Z(g) ~ I'(h,g). By [Duf70, Lemme V.1], the Duflo and Harish-
Chandra isomorphisms are known to be compatible.

There is a canonical projection g — 3(7), that induces a corresponding projection I'(g) —
I'(3(7)). If L € Z(g), let L3 denote the differential operator on 3(v) canonically associated
with the projection of ;'L on I"(3(7)). In particular, up to a constant, —(C?)3(?) extends to the
standard Laplacian on the Euclidean vector space 3;(7) = p(v) ® i€(7), and L} also extends to
a differential operator on 3;(7).

Following [Bis11, Chapter 5], in Definition 2.6, we define a smooth function 7 : it(y) — C.
Let us briefly explain the construction of 7,, more details being given in § 2.6. Recall that g(m) =
(z/2) /sinh(z/2). We identify A with the corresponding ad-invariant function on endomorphisms
of vector spaces. Let Z(a) C G be the stabilizer of a, and let 3(a) C g be its Lie algebra. Then
3(7) C 3(a). In addition, 3(a) splits as 3(a) = p(a) ® &(a). Let 31 (a) be the orthogonal vector
space to 3(a) in g. Let 3. (v) be the orthogonal vector space to 3(7) in 3(a). This space splits as
3 (V) = pa (v) @t ().

If Y € it(y), set

det(1 — Ad(k™'e™0)) |y

LY = ,
’Y( 0) det(l — Ad(]{ifle_yoe)ﬂpé_(y)
) 1 ) 1/2
_ 1.2
M’Y(%) det(l — Ad k_l))‘gé-(ﬂy) E’Y(%) ’ ( )
1 Ad(YH) o)
(%) oM ().

[ det(1 = Ad() 5 ()12 A(ad(Y) )

The way square roots are taken in (1.2) is explained in §2.6.

! This means here that the connected component of the identity Z°(7) is reductive, and the group Z(v)/Z°(y) is
finite.

2 This isomorphism is usually written in its complex version I'(gc)~ I'(hc,gc). In §§3.3 and 6.3, the
corresponding real version is derived. Such considerations will also apply to other complex isomorphisms.

3 This projection is defined in §8.2.
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Let h C g be a f-stable Cartan subalgebra, so that b = b, @ be, and let H C G be the
corresponding Cartan subgroup. Let R be a root system associated with b, and let R™, R™ C R
be the corresponding real and imaginary roots. Then R™ splits as R™ = R}Jm u Rigm. If € R,
let &, : H — C* be the associated character. If & € R™ then |[£,| = 1. Then b is still a Cartan
subalgebra of 3(7), 3(k). Let R(v), R(k) denote the corresponding root system.

Let R, C R be a positive root system. Positive roots in R, R™ are denoted in the obvious
way. A factor ep(y) = £1 is also defined in Definition 4.1.

In Theorem 4.7, we prove the following crucial formula, that plays a key role in our proof of
the main result.

THEOREM 1.1. For hg € ibg, then
(~)MNEE Olep (9) Tae e s () €6 (1) Tlaepim, o Alfers b))
Mocr, i, &) — &% (7)) aerim 1) Alla; he))
Haejo;\Rggr(k)( (ke — e P (ke )
Haerim \mim, (k) (P (k—tehe) — &P (ktehe))
Let 0, be the Dirac mass at a € p(vy). Then
Ty (VTP P (ke ) @ 6,

jfy(hé) =

X

(1.3)

is a distribution on 3;(v).*

Our main result, which is repeated as Theorem 9.1, is as follows.

THEOREM 1.2. The following identity holds:

T Lp(VCoX + A)] = LV ([ (Cop0) + AT, (V) TP [P (k7' e70)]0,](0).  (1.4)

When L = 1, our theorem was already established in [Bisl1l, Theorem 6.2.2].

The proofs in [Bis11] used a construction of a new object, the hypoelliptic Laplacian. Here,
we only need the results of [Bis11].

Our proof is done in two steps. In a first step, using the results of [Bisll], we prove
Theorem 1.2 when ~ € G is regular. In this case, using the properties of the Harish-Chandra
isomorphism [Har66], the proof is relatively easy.

When ~ is nonregular, we combine our result for + regular with limit arguments due to
Harish-Chandra on the behavior of orbital integrals when +' regular converges to v. In both
steps, remarkable and nontrivial properties of the function 7, are used.

This paper is organized as follows. In § 2, we describe the geometric setting, and we explain
the formula for the semisimple orbital integrals that was obtained in [Bisl1]. In §3, we recall
some of the properties of Cartan subalgebras, Cartan subgroups, and of the corresponding root
systems. In §4, we express the restriction of the function J, to Cartan subalgebras in terms of
a positive root system. This is a fundamental result, that is made explicit in Theorem 4.7. In
§ 5, we specialize the results of the previous section to the case where ~ is regular. We prove
a crucial and unexpected smooth dependence of [J, on v. In §6, we explain in some detail the
Harish-Chandra isomorphism. In §7, we establish Theorem 1.2 when « is regular. In §8, when
7 is non-necessarily regular, we study the limit of 7./, and the limit of our formula for regular
orbital integrals as ' regular converges to « in a suitable sense. In §9, using the results of the

4 In the following, ® is omitted.
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previous section, we establish Theorem 1.2 in full generality. Finally, in § 10, we prove that our
formula is compatible to the index theory for Dirac operators, and also with known results on
Dirac cohomology [HP02].

The results contained in this paper were announced in [BS19].

2. Geometric formulas for orbital integrals and the Casimir

In this section, we explain the geometric formula given in [Bisl1, Chapter 6] for the semisimple
orbital integrals associated with the proper smooth kernels for the Casimir.

This section is organized as follows. In §2.1, we introduce the real reductive group G, its
maximal compact subgroup K, the Lie algebras g, ¢, and the symmetric space X = G/K. In
§ 2.2, we recall the definition of semisimple elements in GG, and of the corresponding displacement
function. In § 2.3, we introduce the enveloping algebra U(g), and the Casimir element C® € U(g).
In §2.4, given a unitary representation of K, we construct the corresponding vector bundle F
on X, and the elliptic operator C®% which is just the action of C® on C°°(X,F). In §2.5,
given p € S*¥**(R) such that its Fourier transform has the proper Gaussian decay, if A € R,
we recall the definition of the semisimple orbital integrals associated with the smooth kernel
for u(vC®X + A). Among these kernels, there is the heat kernel for C®X. In §2.6, if v € G is
semisimple, if Z(y) C G is its centralizer with Lie algebra 3(7), if €(7) is the compact part of 3(v),
we recall the definition of the function J, on i€(y) given in [Bisl1, Theorem 5.5.1]. In §2.7, we
study the behavior of 7, when replacing by ~ by ~~1, and also by complex conjugation. Finally,
in §2.8, we state the geometric formula obtained in [Bisl1] for the above orbital integrals, in
which the function J, plays a key role.

2.1 Reductive groups and symmetric spaces

Let G be a connected reductive real Lie group, and let g be its Lie algebra. Let 8 € Aut(G) be a
Cartan involution. Then # acts as an automorphism of g. Let K C G be the fixed point set of 6.
Then K is a compact connected subgroup of GG, which is a maximal compact subgroup. If £ C g
is the Lie algebra of K, then t is the fixed point set of 6 in g. Let p C g be the eigenspace of 8
corresponding to the eigenvalue —1, so that we have the Cartan decomposition

g=pot (2.1)
Put
m=dimp, n=dimé, (2.2)
so that
dimg =m + n. (2.3)

Let B be a G and 6 invariant bilinear symmetric nondegenerate form on g. Then (2.1) is a
B-orthogonal splitting. We assume that B is positive on p and negative on €. Let ( ) = —B(-,6-)
be the corresponding scalar product on g. Let B* be the bilinear symmetric form on g* = p* & ¢*
which is dual to B.

Let w9 be the canonical left-invariant 1-form on G with values in g. By (2.1), w® splits as

w8 = WP + Wt (2.4)

Let X = G/K be the corresponding symmetric space. Then p:G — X =G/K is a
K-principal bundle, and w® is a connection form. In addition, the tangent bundle T'X
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is given by
TX =G xgp. (2.5)

Then TX is equipped with the scalar product () induced by B, so that X is a Riemannian
manifold. The connection VX on TX which is induced by w* is the Levi-Civita connection of
TX, and its curvature is parallel and nonpositive. In addition, G acts isometrically on the left
on X, and # acts as an isometry of X.

By [Kna86, Proposition 1.2], any element v € G factorizes uniquely in the form

y=e%k"l, aepkek. (2.6)

If v,9 € G, set
Clg)y =979 (2.7)
Then C(g) is an automorphism of G. Its derivative at the identity is the adjoint representation
g € G — Ad(g) € Aut(g). The derivative of this last map is given by a € g — ad(a) € End(g),

with ad(a)b = [a,b]. If v € G, the fixed point set of C() is the centralizer Z(v) C G, whose Lie
algebra 3(7) is given by

3(7) = ker(1 — Ad(7)). (2.8)
If feg, let Z(f) C G be the stabilizer of f. Its Lie algebra 3(f) C g is given by

3(f) = kerad(f). (2.9)
In the following, if M is a Lie group, we denote by M? the connected component of the

identity.

2.2 Semisimple elements and their displacement function
Let d be the Riemannian distance on X. By [BGS85, §6.1], d is a convex function on X x X. If
v € G, let d, be the corresponding displacement function on X, i.e.

d(z) = d(z,yx). (2.10)
If g € G, then
dC(g)W(g:L‘) =d(z). (2.11)
Moreover,
do(y)(07) = dy (7). (2.12)
Set
m~ = inf d,,. (2.13)

Let X (y) C X be the closed subset where d, reaches its minimum. By [BGS85, p. 78 and §1.2],
X () is a closed convex subset, d- is smooth on X\ X () and has no critical points on X\ X (7).
In addition, by (2.11) and (2.12),

X(Clg) =9gX(v),  X(67) =0X(y), (2.14)
Mc(g)y = My Me(y) = M-

By [Ebe96, Definition 2.19.21], -y is said to be semisimple if X () is nonempty. If 7 is semisim-
ple, then C(g)y and 6(7) are semisimple. In addition, ~ is said to be elliptic if it is semisimple
and m. = 0. Elliptic elements are exactly the group elements that are conjugate to elements
of K. Finally, ~ is said to be hyperbolic if it is conjugate to €%, a € p.
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By [Kos73, Proposition 2.1, [BGS85, Theorems 2.19.23 and 2.19.24], v € G is semisimple if
and only if it factorizes as v = he = eh, with commuting hyperbolic h and elliptic e. In addition,
e and h are uniquely determined by ~, and

Z(y)=Z(h)N Z(e). (2.15)
Set
xo = pl. (2.16)

THEOREM 2.1. Let v € G be semisimple. If g € G,x = pg € X, then x € X(v) if and only if
there exist a € p, k € K such that Ad(k)a = a, and

v =C(g)(e*k™1). (2.17)

In addition, C(g)e® € G, C(g)k € G are uniquely determined by ~y. If g; = ge'®, thent € [0,1] —
Yyr = pgy is the unique geodesic connecting x and ~yx. Moreover,

m~y = |al. (2.18)
If v € G is semisimple, then x¢ € X () if and only if there exist a € p, k € K such that
y=¢e%"t, acp Ad(k)a = a. (2.19)
In addition, a and k are uniquely determined by (2.19).

Proof. The first part of our theorem was established in [Bisl1, Theorem 3.1.2]. By taking g =1
in the first part, we obtain the second part. [l

Let v € G be a semisimple element written as in (2.19). By [Bisl1, Proposition 3.2.8, (3.3.4),
and (3.3.6)],

Z(e") = Z(a), Z(y)=Z(a)nZ(k), 3(7)=23(a)N3k). (2.20)

By (2.19), a € 3(7), and by (2.20), 3(7) C 3(a), so that a is an element of the center of 3(v).
Clearly,

O(v) = e kL. (2.21)

Therefore, 6(y) € Z(7), so that the above centralizers and Lie algebras are preserved by 6. Set

K(v)=Z(y)NK. (2.22)
By [Bis11, Theorem 3.3.1], we have the identity
K9(y) = 2°() N K, (2.23)

and K°(7) is a maximal compact subgroup of Z°(v).
Put

p(y) =pN3(v), ) =tNn3(y). (2.24)

Then €(y) is the Lie algebra of K (). We use similar notation for the Lie algebras 3(k) and 3(a).
We have the Cartan decompositions of Lie algebras,

3(v) =p(v) @ t(y), 3(k)=pk)Stk), 3(a)=rpla)o ) (2.25)

Then B restricts to a nondegenerate form on 3(v), 3(k), and 3(a), so that Z(v), Z(k), and Z(a)
are possibly nonconnected reductive subgroups of G. By [Bisll, Theorem 3.3.1], we have the
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identification of finite groups,

Z°(\NZ(v) = KP()\K (7). (2.26)

Let 3(v) and 3 (a) be the orthogonal spaces to 3(7) and 3(a) in g with respect to B. We
have splittings

)= ert(y), (@) =p(a) ®E(a). (2.27)
Let 32 (7) denote the orthogonal to 3(7) in 3(a). We still have a splitting
50 (1) =pa (v) @z (). (2.28)

Now we recall a result established in [Bis11, Theorem 3.3.1].
THEOREM 2.2. The set X () is preserved by 6. Moreover,
X(y) = X(e")NX(k). (2.29)

In addition, X () is a totally geodesic submanifold of X. In the geodesic coordinate system
centered at xo = pl, then

X(v)=p(). (2.30)

The actions of Z°(v), Z(y) on X(v) are transitive. More precisely the maps g € Z°(vy) —
pg € X, g € Z(v) — pg € X induce the identification of Z°(vy)-manifolds,

X(y) = 2°()/K°(7) = Z(1)/ K (). (2:31)
We now establish a simple important consequence of Theorem 2.2.

THEOREM 2.3. Let v be a semisimple element of G as in (2.19). Let +' be another semisimple
element of G' such that

v ="Kl dep, Ad(K)d =d. (2.32)
Then there exists g € G such that v = C(g)y if and only if there exists k" € K such that
C(k")y =+, in which case

a = Ad(k")a, Kk =CK")k. (2.33)
Proof. Assume that v/ = C(g)7y. By (2.14), we obtain
X(v') = 9X(3). (2.34)

By Theorem 2.1, 29 € X(v) N X (7). By (2.34), gzp € X(7'). By Theorem 2.2, there exists
h € Z(v') such that

hgzo = xo, (2.35)

which is equivalent to

kK" =hg e K. (2.36)
As h € Z(v'), we conclude that C(k")y = +'. Using the uniqueness of decomposition in (2.32)
established in Theorem 2.1, (2.33) follows. The proof of our theorem is complete. O

2.3 Enveloping algebra and the Casimir

We identify g with the Lie algebra of left-invariant vector fields on G. Let U(g) be the enveloping
algebra of g. Then U(g) can be identified with the algebra of left-invariant differential operators
on G. Let Z(g) C U(g) denote the center of Ul(g).
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If E is a finite-dimensional real or complex vector space, and if p¥:g — End(E) is a
morphism of Lie algebras, the map p” extends to a morphism U(g) — End(E).

Among the elements of Z(g), there is the Casimir element C®. If ey, ..., €4y, is a basis of g,
and if €f,..., €}, ., is the dual basis of g with respect to B, then®
m-+n

CI= - ce (2.37)
=1

If we consider instead the Lie algebra (& Blg), C* € Z(£) denotes the associated Casimir
element.

If eq,...,em is a basis of p, and if e, ..., €}, is the dual basis of p with respect to B, set
CP==> cfes. (2.38)
=1
Then C? € U(g). Using (2.37) and (2.38), we obtain
C® =CP 4 C. (2.39)

In addition, C? and C* commute.
If p¥ : g — End(E) is taken as previously, put

CE = pE(C9). (2.40)

Under the above conditions, we can define CP¥, C4F,
As g is itself a representation of g, C%9 is the action of C® on g. Since ¢ acts on p, £, O, Cb*
are also well-defined.

PRrROPOSITION 2.4. The following identity holds:

Tr[C®9) = 3Tr[C*P] 4 Tr[C%Y). (2.41)
Proof. By (2.39), we obtain
Tr[C®9) = Tr[CP9] + Tr[C*9]. (2.42)
Let eq,...,en be an orthonormal basis of p, and let e,,11,...,e, be an orthonormal basis
of £. Then
T[CP =~ Y lew el
1<i<m
1<j<m+n
E == ) ) (2.43)
TC* =— > lenelP=— > e el
1<i<m 1<i,j<m
m+1<j<m+n
By (2.43), we deduce that
Tr[CP8] = 2Tr[CP]. (2.44)
In addition,
Tr[C%®] = Tr[C*P] 4 Tr[C%Y). (2.45)

By (2.42), (2.44), and (2.45), we obtain (2.41). The proof of our proposition is completed. [

5 In [Kna86, §8.3], the Casimir is defined with the opposite sign. We have adopted the sign conventions of [Bis11],
which are closer to analysis.
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Let h C g be a 0O-stable Cartan subalgebra. Then we have the splitting h = b, @ he.0 Let
R C b be the corresponding root system. Let Ry be a positive root system. Set R_ = —R,.
Then R is the disjoint union of Ry and R_. Let p9 € h be the half sum of the positive roots.
Here p? € by, @ ihy. By Kostant’s strange formula [Kos76], we have the identity

B*(p%, p?) = — 3y Tx[C®9). (2.46)
By (2.41) and (2.46), we obtain
B*(p%, p%) = — L Tx[C**] — LTr[CYY. (2.47)
Using the notation in [Bis11, (2.6.11)]," by (2.47), we obtain
B*(p%, p?) = —1B*(k9, K9). (2.48)

2.4 The elliptic operator C%X
Let F be a finite-dimensional Hermitian vector space, and let p : K — U(E) denote a unitary
representation of K. The Casimir C%¥ is a self-adjoint nonpositive endomorphism of E. If p¥ is
irreducible, then C%¥ is a scalar.

Let F' be the vector bundle on X,

F=GxgE. (2.49)

Then F is a Hermitian vector bundle on X, which is equipped with a canonical connection V¥
In addition, C*¥ descend to a parallel section C® of End(F). Moreover, G acts on C*(X, F),
so that if g € G,s € C*°(X, F), if g. denotes the lift of the action of g to F,

95(x) = gus(g™ ). (2.50)
The Casimir operator C® descends to a second-order elliptic operator C%X acting on

C>™(X,F), which commutes with G. Let AX denote the classical Bochner Laplacian acting
on C*(X, F). By [Bisl1, (2.13.2)], the splitting (2.39) of C? descends to the splitting of C%X,

08X = _AX L O, (2.51)

2.5 Orbital integrals and the Casimir
Let p € S°°"(R). Let p € SV°"(R) be its Fourier transform, i.e.

i) = [ &™) da, (252)
R
We assume that there exists C' > 0 such that for any k& € N, there is ¢, > 0 such that
%) (y)] < e exp(—Cy?). (2.53)
This condition is verified if & has compact support. For ¢ > 0, it is also verified by the Gaussian
function e’

If A€ R, the operator u(v/C%X + A) is self-adjoint with a smooth kernel p(v/C#X + A)
(2, 2") with respect to the Riemannian volume dz’ on X . As explained in [Bisl1, § 6.2], using finite
propagation speed for the wave equation, condition (2.53) implies that there exist C' > 0,¢ > 0
such that if z, 2’ € X, then

(v CoX + A)(z,2")| < Cecd* (@) (2.54)
If i has compact support, then pu(v/C#®X + A)(x,z") vanishes when d(z, 2’) is large enough.

6 More details are given in §3 on Cartan subalgebras and root systems.
7 The definition of x® is not needed. The formula is given for later reference.
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As explained in [Bis11, §6.2], the above condition guarantees that if v € G is semisimple, the
orbital integral Trl[u(v/C8X + A)] is well-defined. Let us give more details on our conventions.

Let v € G be taken as in (2.19). Let Nx(,y,x be the orthogonal bundle to T'X () in TX. By
[Bisll, (3.4.1)], we have the identity

Nx(y)/x = 2°(7) X o) p(7)- (2.55)

Let Nx(y)/x be the total space of Nx(,)/x. By [Bisll, Theorem 3.4.1], the normal geodesic
coordinate system based at X (7) gives a smooth identification of Ny (y,x with X. Let dx, dy, df
be the Riemannian volumes on X, X(v), Nx(y)/x. Then dydf is a volume on Ny, x. Let r(f)
denote the corresponding Jacobian, so that we have the identity of volumes on X,

dx = r(f)dydf. (2.56)
By [Bisl1, (3.4.36)], there are constants C' > 0,C” > 0 such that
r(f) < ceC'lfl, (2.57)
By [Bisl11, Theorem 3.4.1], there exists C,, > 0 such that for f € pt(v), |f| > 1,
d (€' o) > |a| + C, | f]. (2.58)

As explained in [Bis11, (4.2.6)], by (2.54) and (2.58), there exist C., > 0 and ¢, > 0 such that
if f€pt(y), then
(VX 1 A)(y el 3y, el 0)] < Cyexpl—c | 1) (2.59)

We denote by 7, the action of v on F'. More precisely, if x € X, v, maps F, into F,,.
In [Bisl1, Definition 4.2.2], the orbital integral

T u(V/CoX + A)]

is defined by the formula
Tl (v CoX + 4)] = / Tr[yep(VC8X + A) (v el o, e o) r(f) df- (2.60)
pt()

Equations (2.57) and (2.59) guarantee that the integral in (2.60) converges.

Let dk be the Haar measure on K such that Vol(K) = 1. Then dg = dxdk is a Haar measure
on G. Let dy be the Riemannian volume on X (7). Let dk’° be the Haar measure on K°(v) such
that Vol(K%(y)) = 1. Then dz° = dydk™ is a Haar measure on Z°(v). Let dv® be the volume on
Z%(y)\G such that dg = dz"dv®.

As explained in [Bisl1, §4.2], the smooth kernel

u(vV 08X + A)(z,2)

lifts to a smooth function on G with values in End(E), denoted by

HP(VCsX 1 A)(9),

and by [Bisl1, (4.2.11)], we have the identity

T (v C9X + 4)] = / TeP[pu(v/CX + A)((v°) " 1y0?)] do®. (2.61)

20 \G

This definition of orbital integrals coincides with the definition given by Selberg [Sel56, p. 66].
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2.6 The function J,
We use the assumptions in §2.2 and the corresponding notation. In particular, v € G is a
semisimple element as in (2.19).
Then Ad(y) preserves 3(a), 3> (a). In addition, Ad(k~') preserves 3 (7). If Y§ € €(v), ad(Yy)
preserves 3o (7). The splitting (2.28) is preserved by Ad(k~!) and ad(Y{).
If zr € R, put
~ x/2

A@) = Gre (2.62)

If Y{ € £(7), ad(Y{) acts as an antisymmetric endomorphism of p(7y), €(v), so that its eigenvalues
are either 0, or they come by nonzero conjugate imaginary pairs. If Y € i¢(y), put®

A(ad(Ye)lp)) = [det(A(ad(Yg)lpe) )12,

~ ~ (2.63)
A(ad(Yg)ley)) = [det(A(ad(Yy)[g))].
The square root in (2.63) is the positive square root of a positive real number.
We follow [Bis11, Theorem 5.5.1], while slightly changing the notation.
DEFINITION 2.5. If Y € i€(v), put
det(1 — Ad(k~te Yo
£,y = S ZALE Dl (260
det(l — Ad(k_le_yo ))‘pal(v)
Set
. 1 . 1/2
Y, £ Y, . 2.65
M%) = | g iy S0 (2.65)

The fact that the square root in (2.65) is unamblguously defined is established in
[Bis11, §5.5]. Let us explain the details. First we make Y = 0. Then

1 det(1 — Ad(k™"))|er ) [ 1 r
det(1 — Ad(k=1))|;1 () det(1 — Ad(E=1))[pr(yy  [det(l — Ad(k=1))|pi(y) ]

(2.66)

The conventions in [Bisll] say that the square root of (2.66) is the obvious positive square
root, i.e.

1

M, (0) = det(1 — Ad(k— ))‘pi(’r

(2.67)

Using analyticity in the variable Y € i€(v), the choice of the square root in (2.67) determines a
choice of the square root in (2.65). This point is discussed at length in §4. No choice of a Cartan
subalgebra or of a positive root system is needed at this stage.

DEFINITION 2.6. Let J,(Y{) be the smooth function of Y{f € it(v),
1 A(ad(Y) o))
T, (YE) = ~ V2M.(YY). (2.68)
T T det(1 = Ad()) [y (@2 Aad(Y) ey

With the conventions in [Bis11, Chapter 5], where instead a function .J,(Y{) is defined on
t(7), we have

Ty (Yg) = Ty (iYp). (2.69)

8 This fits with the classical notation in the theory of characteristic classes.
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By [Bisl1, (5.5.11)] or by (2.68), if Y € i€, then

A(ad(
A

Ti(Yg) = ( d(ﬁ)p) (2.70)
ad{ty

e)

2.7 Some properties of the function 7
Let p¥" : K — U(E*) denote the representation of K which is dual to the representation p.

PROPOSITION 2.7. If Y{ € i€(v), then

T (Y8) = Ty (=Y, T [p (ke ¥0)] = TP [pP (k7 1eM0)),
(2.71)

T8 = Ty (=¥, TFlpP(kte )] = T8 o (k7))

Proof. If f € End(g), let fe End(g) denote the adjoint of f with respect to B. We have the
identity

—_—

Ad(y™Y) = Ad(y). (2.72)

By (2.72), we deduce that
det(1 — Ad(ﬂy_l))|3l(a) = det(1 — Ad(7)) ;2 (a)- (2.73)
A similar argument shows that

det(1 — Ad(ke™¥0))[,1 () = det(L — Ad(k™e"0))[,1 (),

(2.74)
det(1 — Ad(ke™0))[g1 ;) = det(1 — Ad(k™e¥0)) 1 ().

By (2.64), (2.65), (2.68), (2.73), and (2.74), we obtain the first identity in (2.71). The second
identity in (2.71) is trivial.
IF Y € ib(r),

det(1 — Ad(k~1e™0)) |1 ;) = det(1 - Ad(k_ley(fmw(w)’ (2.75)
a a 2.75

det(1 — Ad(k=1e7Y0))|p1 () = det(1 — Ad(k™1e™0))pr ()

By (2.75), we obtain the third identity in (2.71). As Y € i€(7y), the fourth identity is trivial. The
proof of our proposition is complete. O

2.8 A geometric formula for the orbital integrals associated with the Casimir
Note that i€(7) is naturally an Euclidean vector space. If Y € it(y), we denote by |Y{| its
Euclidean norm. More precisely, if Y € i€(y), then

Yo 1? = B(Yy, Yg). (2.76)
By [Bisl1, (6.1.1)], there exist ¢ > 0,C > 0 such that if Y € i€(y),
|75 (Y5)| < cexp(CIYS)). (2.77)

In the following, fi?('y) denotes integration on the real vector space i¢(7y).

Let dY{ be the Euclidean volume on i(y). Set p = dimp(y), ¢ = dim &(v). Now we state the
result obtained in [Bis11, Theorem 6.1.1]. Our reformulation takes (2.48) into account.

1201

https://doi.org/10.1112/S0010437X22007412 Published online by Cambridge University Press


https://doi.org/10.1112/S0010437X22007412

J.-M. BISMUT AND S. SHEN

THEOREM 2.8. For t > 0, the following identity holds:

exp(—al*/2t)

Tel] [exp(—tC®* /2)] = exp(—tB*(p?, p¥)/2) (2mt)p/2

e
< [ T TP (ke exp(— Y 20) 220

. 2.78
it(y) (27t)a/2 (2.78)

Let Bl,(,) be the restriction of B to 3(v), and let B*|,,) be the corresponding quadratic form

on 3*(7). Let A3 denote the associated generalized Laplacian? on 3(v). We can extend A3()
to an operator acting via constant holomorphic vector fields on 3(7)c.
Put

3i(7) = p(y) ©it(y). (2.79)

Then Bl;, () is a scalar product on 3;(7). The generalized Laplacian A3 restricts on 3;(7) to
the standard Euclidean Laplacian of 3;(7).
We take p € SV™(R) as in §2.5. If f € 3,(7), let

(\/ = A3 + B (08, p8) + A)(f)

be the smooth convolution kernel for y(1/—A30) + B*(p89, p8) + A) on 3;(7y) with respect to the
volume associated with the scalar product of 3;(y). Using (2.53) and finite propagation speed for
the wave equation, there exist C' > 0 and ¢ > 0 such that if f € 3;(7), then

(/= 250) + B*(08, p8) + A)(f)] < Ce=I. (2.80)
Let 0, be the Dirac mass at a € p(vy). Then
T, (YO TP [pF (ke Y0)]5,

is a distribution on 3;(y), to which the smooth convolution kernel

(/=290 + B+ (o8, ps) + A)

can be applied. By definition,

(/=230 + B(p9, p8) + A)[T, (Y TEZ [0 (ke )]0, 0)

:/ (=250 4 Be(p8, p8) + A) (- Y, ~a) T, (Y TE [P (ke M) avg.  (2.81)
()

In the right-hand side of (2.81), (=Y{, —a) can also be replaced by (Y, a).
In [Bisl1, Theorem 6.2.2], the following extension of Theorem 2.8 was established.

THEOREM 2.9. The following identity holds:

T [u(V/CoX 1 A)] =y~ A0 4 Br(9, p8) + A)[T, (YT [pP (ke ¥)]5,)(0). (2.82)

3. Cartan subalgebras, Cartan subgroups, and root systems

The purpose of this section is to recall basic facts on Cartan subalgebras, on Cartan subgroups,
and on root systems.

9 As explained in § 3.1, the symmetric form B* |5(v) determines the Laplacian A,
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This section is organized as follows. In § 3.1, we state some elementary facts of linear algebra.
In § 3.2, we recall the definition of Cartan subalgebras. In § 3.3, we introduce the corresponding
root system, and the associated algebraic Weyl group. In § 3.4, we define the real and the imagi-
nary roots. In § 3.5, we construct a positive root system. In § 3.6, when the Cartan subalgebra is
fundamental, we compare the root system of £ with the root system of g. In §3.7, we introduce
the Cartan subgroups, and the corresponding regular elements. In § 3.8, we relate semisimple
elements in G to Cartan subgroups. In §3.9, we describe the characters of Cartan subgroups
associated with a root system. In §3.10, we give some properties of the real and imaginary
roots with respect to semisimple elements in G. Finally, in §3.11, we give a well-known formula
that relates the action of invariant differential operators on the Lie algebra g and on a Cartan
subalgebra b.

We make the same assumptions as in §2, and we use the corresponding notation.

3.1 Linear algebra
Let V be a finite-dimensional real vector space. The symmetric algebras S*(V'), S"(V*) are the
algebras of polynomials on V* V. If v € V, v acts as a derivation of S"(V*). More generally,
S (V) acts on S (V*), and this action identifies S*(V') with the algebra D' (V') of real partial
differential operators on V with constant coefficients. In particular, if B* € S?(V) is a bilinear
symmetric form on V*, the associated element in D*(V) is the corresponding Laplacian AY. If
B* is positive, AV is just a classical Laplacian. If B* is negative, then AV is the negative of a
classical Laplacian on V.

Let Vo =V ®gr C be the complexification of V', a complex vector space. Its complex dual
is given by V& =V*®r C. The algebras S (V) and S (V) are the algebras of complex
polynomials on V* V. Note that

S(Vo)=S(V)@r C, S (V&) =S (V) @rC. (3.1)
Put
D(Ve)=DV)®rC, D (Vi) =D((V")®rC. (3.2)

Then D' (Vc) and D'(VE) are the complexifications of D'(V) and D(V*), and also the
spaces of complex holomorphic differential operators with constant coefficients on Vg
and V.

In particular, if B* € S?(V), AV is now viewed as a holomorphic operator on Vg, that
coincides with the corresponding Laplacian AV on V, and with —AY on iV ~ V.10

In addition, S"(V*) € C*°(V,R), and the action of D'(V') extends to C*°(V,R).

Let S[[V*]] be the algebra of formal power series s = >../% 5%, s* € S*(V*). Then S[[V*]] can
be identified with the algebra D[[V*]] of differential operators of infinite order with constant
coefficients on V*. In particular, S[[V*]] acts on S"(V).

3.2 The Cartan subalgebras of g

By [Wal88, §0.2], a Lie subalgebra h C g is said to be a Cartan subalgebra if h is maximal
among the abelian subalgebras of g whose elements act as semisimple endomorphisms of g.
Cartan subalgebras are known to exist and have the same dimension 7, which is called the
complex rank of G. By [Kna02, Proposition 6.64], there is a finite family of nonconjugate Cartan

1 0On C ~ R?, when acting on holomorphic functions, the differential operators 9/9z,8/dx, —i(d/dy) coincide.
In this sense, the differential operator /90z on R extends to the differential operator 9/9z on C, and restricts to
the operator —i(9/0y) on the imaginary line iR. The operator 9*/9z* on R restricts to the operator —8%/9y?
on iR.
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subalgebras in g. By [Wal88, Lemma 2.3.3], in every conjugacy class of Cartan subalgebras, there
is a unique f-stable Cartan algebra, up to conjugation by K. Therefore, there is a finite family of
nonconjugate f-stable Cartan subalgebras, up to conjugation by K. By [Kna02, Theorem 2.15],
the Cartan subalgebras of gc are unique up to automorphisms induced by the adjoint group
Ad(gc)-

Let h C g be a #-stable Cartan subalgebra. To the Cartan splitting of g in (2.1) corresponds
the splitting

b= by & be. (3.3)

In particular, the restriction By of B to b is nondegenerate. This is also the case if b is any
Cartan subalgebra.

Up to conjugation by K, there is a unique #-stable Cartan subalgebra b, which is called
fundamental, such that b is a Cartan subalgebra of €. Let us give more details on its construction
[Kna86, pp. 129 and 131]. Let t C € be a Cartan subalgebra of €. Let 3(t) C g be the centralizer
of t, i.e.

) ={fegltf1=0} (3.4)

Then h = 3(t) is a #-stable fundamental Cartan subalgebra of g, and he = t.
An element f € g is said to be semisimple if ad(f) € End(g) is semisimple. If § is a Cartan
subalgebra, elements of §j are semisimple. Any semisimple element of g lies in a Cartan subalgebra.
If h C g is a Cartan subalgebra, let b be the orthogonal to h in g. We have the B-orthogonal
splitting,

g=hobhh, (3.5)
and B is also nondegenerate on ht. If  is f-stable, then bt is also f-stable, and so it splits as
bt = by @by (3.6)

Let u = ip ® £ be the compact form of g. Then b, = ih, @ b is a Cartan subalgebra of u. If
h is f-stable, then b, is also #-stable.

An element f € g is said to be regular if 3(f) is a Cartan subalgebra. Regular elements in g
are semisimple.

If b is a Cartan subalgebra, if f € b, ad(f) acts as an endomorphism of g/h. Then f € b is
regular if and only if det ad(f)|q/4 # 0.

3.3 A root system and the Weyl group
Let h be a 0-stable Cartan subalgebra.

Let R C hg be the root system associated with h,g [Kna02, §11.4]. If o € R, then —a €
R,ac R If a € R, let g, C gc be the weight space associated with «, which is of dimension
one. Then we have the splitting

gc =bhc ® P ga- (3.7)
acR
If o € R, then
da = ga' (38)

If f € b, ad(f) € End(g) is antisymmetric with respect to B, so that the go|ocr are B-orthogonal
to hc. If o, B € R, then g,, gg are B-orthogonal except when 3 = —«, and the pairing between
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0o, 9—o 1s nondegenerate, so that if @ € R, the form B induces the identification

g—a = Go- (3.9)
Also
he = P ga- (3.10)

a€ER

If € R, a takes real values on by, and imaginary values on be, ie. a € hy @by, In
addition, 6 preserves the splitting (3.5) of g, and it maps R into itself. More precisely, if a € R,

o= —a, @ggo = 09a. (3.11)

Let W(hc : gc) C Aut(hc) be the algebraic Weyl group [Kna86, p. 131]. Then R C b}, and
W(bhc : gc) C Aut(hy), i.e. W(hc : gc) preserves the real vector space h,. In addition, 6 acts as
an automorphism of the Lie algebras g, u, and W (hc : gc) is preserved by conjugation by 6.

In general, W(hc : gc) does not preserve the real vector space h. Recall that if h € hc, we
can define its complex conjugate h € hc. If u € End(hc), its complex conjugate u € End(h¢) is
such that if A € ¢, then

u(h) = u(h). (3.12)
ProposITION 3.1. If w € W(hc : gc), then

W= w1 (3.13)
In particular, the group W (hc : gc) is preserved by complex conjugation.

Proof. The group W(hc : gc) is generated by the symmetries so,« € R with respect to the
vanishing locus of the @ € R. By (3.11), we deduce that if « € R,

5o = 05,071, (3.14)

from which we obtain (3.13). As W (hc : gc) is stable by conjugation by €, the group W (hc : gc)
is preserved by complex conjugation.

Another proof is as follows. Observe that there is a canonical identification of complex vector
spaces ¢ : hc ~ by ¢, but the complex conjugations on hc and on b, ¢ are not the same. More
precisely, if h € b,

wh = pbh = Oph. (3.15)

If we W(he : gc), then
wlye = ¢~ wlp, o (3.16)
Recall that w is a real automorphism of the real vector space by. By (3.15) and (3.16), we obtain
Tl = 7 wly, 0P (3.17)
By (3.15)—(3.17), we obtain (3.13). The proof of our proposition is complete. O

3.4 Real roots and imaginary roots

Let R™ C R be the roots a € R such that fa = —a, let R™ be the roots o € R such that fa = .
These are the real roots and the imaginary roots, respectively. Imaginary roots vanish on by,
real roots vanish on he. By [Kna86, p. 349], the set of complex roots R C R is defined to be

R¢ = R\(R™ U R™). (3.18)
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PROPOSITION 3.2. Ifa € R, the map f € gc — f € gc induces an antilinear isomorphism from
fo Into g_g., and the map f € gc — 0f € gc induces an antilinear isomorphism from g, into
g_o. If o € R, g, is the complexification of a real vector subspace of hr.

Proof. If b e b, f € go, then

[0, f] = {a,b) f. (3.19)
Using (3.11) and taking the conjugate of (3.19), we obtain

By (3.20), we get the first part of our proposition. By composing this isomorphism with 0, we
obtain the second part. If & € R', then —f0a = «, so that g, is real. The proof of our proposition
is complete. ]

DEFINITION 3.3. Put
i =kerad(hp) Nh*, t=kerad(he) Nh*. (3.21)
Then 6 acts on i, t, so that we have the splittings,
i=i,®i,, t=1,Dr1 (3.22)

PROPOSITION 3.4. The vector spaces i and t are orthogonal in h*. Moreover,

ic = @ go, tC = @ Ja- (3.23)

a€RIm acRre
If &« € R™, then either ga C Pc, Or go C Ec.

Proof. If f € b+ and f €int, then f commutes with h. As b is a Cartan subalgebra, f = 0, so
that int = 0. If « € R\R™, « does not vanish identically on bp, and its vanishing locus in by, is
a hyperplane. Thus, one can find by € h,\0 such that for any o € R\R™, («, by) # 0. Then

i =kerad(bp) N hT. (3.24)

As iNnt =0, ad(bp) acts as an invertible morphism of t. Therefore, any element of t lies in
the image of ad(bp). As ad(by) is symmetric in the classical sense, i and v are orthogonal.
Equation (3.23) is elementary. If o € R™, the action of h on g, factors through he. In addi-
tion, ad(he) preserves the splitting g = p @ & Therefore, if & € R™, either g, C pc, or g C Ec.
The proof of our proposition is complete. O

DEFINITION 3.5. Put
R ={a € R™ go Cpc}, R ={acR™ gqCtcl (3.25)
By Proposition 3.4, we obtain
R™ = R," U Ry™. (3.26)
Let ¢ denote the orthogonal to i @ v in h. Again ¢ splits as
¢c=cp D ce (3.27)
Moreover, we have the orthogonal splitting
ht=iorac (3.28)
PROPOSITION 3.6. The following identity holds:

cc= P go- (3.29)

a€eR°
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Proof. This follows from (3.10), (3.23), and (3.28). O

Now we give a result taken from [Wal88, Lemma 2.3.5].

ProOPOSITION 3.7. A f-stable Cartan subalgebra b is fundamental if and only if there are no
real roots.

Proof. If a € R, then « € R if and only if when f € g,,

[be, f]1 = 0. (3.30)

If b is fundamental, by (3.4), then f € hc, so that f = 0, which proves there are no real roots.
Put

3(be) = {f € g, [be, f] = 0}. (3.31)

Then 3(he) is a Lie subalgebra of g such that h C 3(he). If b is not fundamental, 3(be) is strictly
larger than h, and there is a real root. The proof of our proposition is complete. ([l

If h is a Cartan subalgebra, the associated Cartan subgroup H C G is the stabilizer of b.
Then H is a Lie subgroup of G, with Lie algebra b.

PROPOSITION 3.8. The vector spaces iy, ig, ¢p, ¢¢ have even dimension. In addition, H N K pre-
serves these vector spaces, and the corresponding determinants are equal to 1. Also tp,te
(respectively, ¢y, c¢) have the same dimension, and the actions of H N K on these two vector
spaces are equivalent. In particular, we have the identity

dimp — dim h, = dimiy, + § dimr + J dimec. (3.32)

Proof. If o € R\R™, the vanishing locus of a in b is a hyperplane. Therefore, we can find
fe € he\O such for any o € R\R', («, fe) # 0, which just says that ad(fe) acts as an invertible
endomorphism of i, ¢. This endomorphism preserves their p and £ components, and it is classically
antisymmetric. This is only possible if these vector spaces are even-dimensional. If k € H N K,
Ad(k~') preserves these vector spaces and commutes with ad(fe). Therefore, the eigenspaces
associated with the eigenvalue —1 are preserved by ad(fe), so they are even-dimensional. This
forces the determinant of Ad(k~!) to be equal to 1 on each of these vector spaces.

We choose by, € hy\0 such that for any a € R\R™, (a,by) # 0. Therefore, ad(by) acts as
an automorphism of v, ¢ that exchanges the corresponding p and £ parts, and commutes with
Ad(k~h).

By (3.28), we obtain

by =ip By @ cp. (3.33)

Using the results we already established and (3.33), we obtain (3.32). The proof of our proposition
is complete. ]

3.5 A positive root system
Let b be a #-stable Cartan subalgebra, and let R denote the corresponding root system. Let
R, C R be a positive root system. Set

RY=R;NR® R™=R,NR™ R,=R.NE (3.34)
so that
Ry =RYURM™URS. (3.35)
In the whole paper, we choose R, such that —6 preserves R+\Rifrn. Equivalently, we assume
that if « € Ry\R'™, then @ € R
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Let us explain how to do this. If a € R\ R™, the vanishing locus of « in by is a hyperplane,
and so there is by € by, [bp| = 1 such that for any o € R\R™, (a,by) # 0. The same argument
shows that there is be € he, |bg] = 1 such that for « € R'™, (a, bg) # 0. For e > 0, by = +by, + i€bg €
by @ b, and 6 interchanges by and b_. Also for € > 0 small enough, for o € R, the real numbers
(o, b+) do not vanish, and if o € R\ R™, they have opposite signs. Put

R, = {a €R, <Oé,b+> > 0} (336)

Then R is a positive root system such that —6 preserves R+\Rij_n.
Note that —6 acts without fixed points on RS, so that |RS | is even.

=P ta: ccc= P ga (3.37)

a€RS, ae—RS.

DEFINITION 3.9. Put

PROPOSITION 3.10. The vector spaces ¢, c and ¢_ ¢ are the complexifications of real Lie
subalgebras ¢y and ¢_ of g, which have the same even dimension, and are such that

c=c¢r De, ¢ =0c. (3.38)
In addition, B vanishes on ¢4, c_ and induces the identification,
c_ ~ch. (3.39)

The projections on p and € map cy into ¢, and cg isomorphically. Finally, the actions of H N K
on ¢y, ¢_, ¢y, and cg are equivalent.

Proof. By Proposition 3.2, ¢y ¢ and ¢_ ¢ are stable by conjugation, and so they are complexifi-
cations of real vector spaces ¢4, c_. The fact that these are Lie subalgebras is obvious. As |RS |
is even, these vector spaces are even-dimensional, and also they have the same dimension. By
Proposition 3.2, 6 induces an isomorphism of ¢y into ¢_. Using the considerations that follow
(3.9), we find that B vanishes on ¢; and c¢_, and we obtain (3.39). By Proposition 3.8, ¢, ¢_,
¢p, and c¢ have the same even dimension. The projections on p and £ are given by %(1 F0),
respectively. As 6 exchanges ¢y and c¢_, they restrict to isomorphisms on ¢4 and ¢_. By Propo-
sition 3.8, we know that the actions H N K on ¢, and ¢ are equivalent. As the adjoint action of
H N K commutes with 6, the corresponding representations of H N K on these vector spaces are

equivalent. The proof of our proposition is complete. (|
If f €b, then
detad(f)yL = H (o, f). (3.40)
acR

DEFINITION 3.11. Let 779 € S'(h%) be such that if h € hc, then

w8(n) = [ (a.h). (3.41)

a€ERL
By (3.40), if f € b,
det ad(f)‘hL = 79(f)n9(—f). (3.42)
In addition, f € b is regular if and only if 7%8(f) # 0.

PROPOSITION 3.12. The function 78 vanishes identically on B if and only if b is not
fundamental.
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Proof. Assume that § is not fundamental. By Proposition 3.7, there are real roots, and so there
are real positive roots. If a € R?, then « vanishes on b, and so 798 vanishes on hg. Conversely,
if 799 vanishes on hg, one of the a € R, has to vanish identically on b, so that o € R, and b
is not fundamental. The proof of our proposition is complete. O

3.6 The case when b is fundamental and the root system of (g, €)
In this subsection, we assume that b is a 6-stable fundamental Cartan subalgebra of g. By
Proposition 3.7 and by (3.18), we obtain

R® = R\R™. (3.43)
By Proposition 3.4, t = 0. By (3.28), we have the orthogonal splitting,
by =ip ®cp, by =ieDce (3.44)

In addition, ip,i¢ have even dimension, cp, c¢ have the same even dimension, and the action of
H N K on these last two vector spaces are conjugate.

The roots in R do not vanish identically on he. We now reinforce the choice of positive roots
made in § 3.5. We may and we will assume that b € by, |bg] = 1 has been chosen so that if « € R,

<aa b?> 7& 0.
As we saw in §3.5, —6 acts without fixed points on RS . In addition, if o € RS, —faly, =
—alp, , so that the nonzero real numbers («,ibg) and (—60c, iby) have opposite signs.

Set
vl =R™NRy, RS, ={a€RS (a,ib) >0} (3.45)

DEFINITION 3.13. Let R(bhe, €) be the root system associated with the pair (b, €). If R (b, )
is a positive root system for (he, €), if he € hec, put

% ) =[] (B k). (3.46)
BER(he,b)

Then [79¥2(he) does not depend on the choice of R (he,£). The arguments above (3.45)
show that if he € bg, then

I (. he) > 0. (3.47)

a€RS
ProrosIiTION 3.14. The map « € Ri{,m U RS — aly, is injective, and gives the identification
R(be, €) = R{™ U RS. (3.48)
A positive root system R (he, €) for (he, €) is given by
Ry (be,®) = RS URS . (3.49)
If he € bec, then
2
[t ()] = (1) /DI [ 11 (e h@] [T (a.he). (3.50)
aeREﬁr a€RS.
Proof. By (3.28), we obtain
be = ie @ ce, (3.51)

and the above splitting is preserved by he. The weights for this action on i¢ are given by Riem. By
Proposition 3.10, ¢; and ¢ are equivalent under the action of he. By the first equation in (3.37),
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the weights for the action of he on ¢ are given by the restriction of RS to be. As the weights
for the action of he on ¢¢ are nonzero and of multiplicity 1, the map a € RiEm U RS — alp, gives
the identification in (3.48). By (3.48), we obtain (3.49). Using (3.46) and the above results, we
obtain (3.50). The proof of our proposition is complete. O

Remark 3.15. The results contained in Proposition 3.14 play an important role in the proof of
the limit results of §8.1.

3.7 Cartan subgroups and regular elements
Assume that b is #-stable. Then 6 restricts to an involution of H, and (3.3) is the corresponding
Cartan splitting of h. In addition, B restricts to a H and # invariant symmetric nondegenerate
bilinear form B[y on b, so that H is a reductive subgroup of G.

We still assume bh to be 6-stable. Let Zg(H) C G be the centralizer of H, and let
N¢g(H) C G beits normalizer. Then Zg(H) is included in H, it is just the center Z(H) of H. As in
[Kna86, p. 131], the analytic Weyl group W (H : G) is defined as the quotient

W(H :G)=Ng(H)/Za(H). (3.52)
Put
Zg(H)=Zg(H)NK, Ng(H)= Ng(H)NK. (3.53)
Then Nk (H)/Zk(H) embeds in W(H : G). By [Kna86, p. 131], this embedding is an iso-
morphism, i.e.
W(H :G)=Ng(H)/Zr(H). (3.54)
By [Kna86, (5.6)], W(H : G) C W(hc : gc).
By [Kna86, p. 130], an element v € G is said to be regular if 3() is a Cartan subalgebra. If H
is the corresponding Cartan subgroup, then v € H. By [Kna86, Theorem 5.22], the set G*¢ C G
of regular elements is open and conjugation invariant. More precisely, if Hi, ..., H; denotes the

finite family of nonconjugate Cartan subgroups, by [Kna86, Theorem 5.22], G splits as the
disjoint union of open sets

l
e =G, (3.55)
i=1
where Gl}zg denote the open set of elements of G that are conjugate to an element of H;.

If y€ H, Ad(y) acts on g and fixes h. As Ad(y) preserves B, it also acts on h*, so
that 1 — Ad(y) acts on ht. Then v is regular if and only this endomorphism is invertible,
i.e. det(1 — Ad(y))[pr # 0.

3.8 Cartan subgroups and semisimple elements
The following result is established in [Var77, Part I, § 2.3, Theorem 4].

PROPOSITION 3.16. A group element v € G is semisimple if and only if it lies in a Cartan
subgroup.

Let us give a direct classical proof of part of our proposition. Let  be a f-stable Cartan
subalgebra, and let H be the corresponding Cartan subgroup. If v € H, then ) C 3(y). Moreover,
~ can be written uniquely in the form

y=e%"t aepkeH. (3.56)
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As H is f-stable, v(6(y))~! € H, i.e. €** € H. By [Bis11, Proposition 3.2.8], Z(e?*) = Z(a), so
that h C Z(a). As b is a Cartan subalgebra, a € bh,. Therefore, (3.56) can be rewritten in the
form,

y=e"%k"t, a€hyke HNK. (3.57)
As a € by, k € H, then Ad(k)a = a, which guarantees that + is semisimple in G.
Let h C g be a Cartan subalgebra, and let H C G be the associated Cartan subgroup.

If v € H, then h C 3(7), so that b is a Cartan subalgebra of 3(v). In particular, G and Z°(y)
have the same complex rank.

PROPOSITION 3.17. Any 0-stable Cartan subalgebra by of 3() is also a Cartan subalgebra of g.

Proof. As we saw in §2.2, Z%(y) is a connected reductive group and @ induces on Z°(v) a
corresponding Cartan involution. As hg is commutative and #-stable, and because its action on
g preserves B, it acts on g by semisimple endomorphisms of g. As G and Z°(v) have the same
complex rank, hg is a Cartan subalgebra of g. The proof of our proposition is complete. O

3.9 Root systems and their characters

Let h C g be a #-stable Cartan subalgebra. We use the notation of the previous subsections.
Take v € H. As we saw after Proposition 3.16, if v € H, we can write v uniquely in the

form

y=e"k', ach, keHNK, (3.58)
so that
Ad(k)a = a. (3.59)

Let R(7), R(a) be the root systems associated with (b, 3(7)), (h,3(a)). We will denote with extra
subscripts the corresponding real, imaginary, and complex roots. Note that

R™ C R(a). (3.60)

THEOREM 3.18. If v € H, for any a € R, Ad(~) preserves the 1-dimensional complex line g.
For every o € R, there is a character £, : H — C* such that Ad(y) acts on g, by multiplication
by éa(7). If « € R,

fab—a =1 (3.61)
Ifae R, if feh ke HNK, then
§a(ef) — e(a,f>’ Ea ()| = 1. (3.62)
In particular, if v € H is taken as in (3.58), then

€a(y) = e (K™Y, Epa(r) = &) (3.63)

If a € R™, then &,(7y) € R*, if a € R™, then |£4(v)| = 1. If a € R™, the restriction of &, to
H N K takes its values in {—1,+1}.
In addition,

det(L — Ad()lpe = [T (1 - a(r); (3.64)

a€ER

and ~y is regular if and only if for any a € R, £, () # 1.
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The following identities hold:
R(y) ={a e R,&(y) =1}, Rla) ={a € R, (a,a) =0},
R*(y) = R(Y) N R, R™(y)=R(y)NR™, R(y)=R(y)N R,
R™(a) = R(a) N R™®, R™(a)=R™, R%a)= R(a)NR". (3.65)

In addition, R4 (y) = R(y) N R4+ and Ry (a) = R(a) N R4 are positive root systems for (h,3(7))
and (b, 3(a)).

Proof. If v € H, then Ad(vy) fixes b, and so if h € b, we have the commutation relation in End(g),
[Ad(7),ad(h)] = 0. (3.66)

By (3.7) and (3.66), we deduce that for any « € R, Ad(7) preserves g,. As g, is a complex line,
H acts on g, via a character &,.
As Ad(v) preserves B, if f, f’ € gc, we obtain

B(Ad()f, f') = B(f, Ad(7) ™" f"). (3.67)
Take o € R. By (3.67), if f € g, and f' € g_4, then
Ea(MB(f. f)) = €a(NB(f. ). (3.68)

As we saw in § 3.3, if @ € R, the pairing between g, and g_, via B is nondegenerate. By (3.68),
we obtain (3.61).

The first equation in (3.62) is trivial. As &, restricts to a character of the compact group
H N K, we obtain the second equation in (3.62). The first equation in (3.63) follows from the
previous considerations. As 6(y) = e~?k~!, and because by (3.11) § maps g, into gg,, we obtain
the second equation in (3.63). From this second equation, we deduce that if « € R™, then &,(7)
is real, and if a € R™ then |£,(7)] = 1. If y € HN K and a € R*, we know that &,(v) € R*
and [€4 ()] = 1, so that . (v) = £1.

Equations (3.64) and (3.65) are trivial. By (3.64), v is regular if and only if for a € R,
Saly) # 1.

Now we proceed as in [BL99, Theorem 1.38]. If k C b is a positive Weyl chamber for (b, g),
the forms in R do not vanish on &, so that « is included in a 3(y) Weyl chamber. It follows that
R(v) N R4 is a positive root system on (h,3(7y)). The same argument is valid for R(a). The proof
of our theorem is complete. O

3.10 Real roots, imaginary roots, and semisimple elements
We still take v as in §3.9. When taking the intersection of i, v, and ¢ with 3(v), 3(a), and 3(k),
this will be indicated with a parenthesis containing the corresponding argument. The intersection
with 3% (7), 3% (a), and 3+ (k) are denoted with an extra L. These vector spaces also have a p and
a £ component.

By construction,

R™(~) = R™(E). (3.69)
As in (3.25) and (3.26), we obtain
R™(7) = R¥(y) U R{™(7),  R™(K) = R (k) U R (k). (3.70)

To make the notation simpler, in (3.70), we did not use instead the notation p(v), €(v), p(k),
and ¥(k).
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PropPOSITION 3.19. The following identities hold:

iC3a), i(y) =i(k), (k) C3a(7): (3.71)
In addition,
iklc= P tar Tlc= P g (3.72)
aeRM™ (k) a€RM™\ RM (k)

Moreover,

3a)c=bc® P o

a€R(a)
37(a) Cra, (3.73)
i@ec= P o
a€R\R(a)
If ~ is regular, then
i(k)=0. (3.74)

Proof. By the first identity in (3.21), because a € by, we obtain the first identity in (3.71).
Combining the third identity in (2.20) with this first identity, we obtain the second identity in
(3.71). The third identity in (3.71) is a consequence of the first two. By (3.7) and (3.23), we obtain
(3.72) and the first and the third equations in (3.73), the second equation being a consequence
of the first equation in (3.71). In addition, v is regular if and only if 3(y) = h. As hnNi =0, by
the second identity in (3.71), we obtain (3.74). The proof of our proposition is complete. O

3.11 Cartan subalgebras and differential operators
Let h be a #-stable Cartan subalgebra. There is a natural projection g* — h*.
By (3.5), there is a well-defined projection g — §. To the splitting (3.5) corresponds the dual
splitting
g-=h"@eph (3.75)

The projections S*(g*) — S (h*) and S"(g) — S"(h) associated with (3.5) and (3.75) are just the
restriction r of polynomials on g to h, or of polynomials on g* to h*.
The Lie algebra g acts as an algebra of derivations on S"(g*).

DEFINITION 3.20. Let I'(g*) C S°(g*) be the algebra of invariant elements in S*(g*), i.e. the
algebra of the elements of S"(g*) on which the derivations associated with g vanish. Let I' (h§, g&)
be the algebra of W (hc : gc)-invariant elements in S"(hg).

Recall that
5'(bc) =5 (h%)c- (3.76)
In particular S"(h¢) is equipped with a natural conjugation.

PROPOSITION 3.21. The algebra I' (h§, &) is preserved under complex conjugation. There is a
real algebra I'(h*,g*) C S°(h*) such that

I'(hg.9c) =1'(h"¢g")c. (3.77)
The map r : S"(g*) — S (h*) induces the canonical isomorphism
r:I(g") ~I'(h" g"). (3.78)
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Proof. By Proposition 3.1, W(bc : gc) is preserved by conjugation. Therefore, I'(hg,gg) is
preserved by conjugation, which gives (3.77). From the obvious isomorphism

r:I'(gc) — I'(he, 8¢); (3.79)
we obtain (3.78). The proof of our proposition is complete. O

What we did for g* can also be done for g. The same argument as in (3.78) leads to the
identification

r:I'(g) ~TI(bh,g). (3.80)

As we saw in § 3.1, S°(g) can be identified with the algebra D'(g) of real differential operators
on g with constant coefficients, so that I"(g) is identified with the algebra D;(g) of real differential
operators with constant coefficients on g which commute with the above g-derivations. Similarly,
I' (b, g) can be identified with the algebra D} (b, g) of real differential operators on b with constant
coefficients that are W (hc : gc)-invariant.

Let Ry C R be a positive root system as in §3.5. Recall that the associated polynomial
78 € S'(hs) was defined in (3.41). If A € I'(g) = Dy(g), if f € I'(g*), then Af € I'(g*), so
that 7(Af) € I'(b*,g*). In addition, r(A) € I'(h,g) = Dr(h, g). By [Har57a, Lemmas 6 and 8], if
fer(g),

1
5 gr(A)wh’grf. (3.81)

r(Af) =

Let C°*%(g,R) be the vector space of smooth real functions on g that vanish under the above
g-derivations. Then (3.81) extends to f € C°9(g,R).

4. Root systems and the function 7,

The purpose of this Section is to give a drastically simplified version of the function jV(YOE)
introduced in Definition 2.6. This is done in Theorem 4.7 by expressing this function in terms of
a positive root system. Imaginary roots play an essential role in this expression. In particular,
the function £ introduced in Definition 2.5 turns out not to depend on a.

This section is organized as follows. In §4.1, if § is a f-stable Cartan subalgebra and H is
the corresponding Cartan subgroup, if v € H, we give explicit formulas for the determinant of
1 — Ad(y) on various subspaces in terms of a positive root system. In §4.2, we establish our
formula for J,(Y{) using the root system.

We use the assumptions and the notation of § 3.

4.1 The determinant of 1 — Ad(~)
Let h C g be a f-stable Cartan subalgebra, and let H C G be the corresponding Cartan subgroup.

Put
hi = @ o, bJ—_ = @ 9—a- (4'1)
acR acR

By (3.10), we obtain

he = b @ bt (4.2)
Let v € H be written as in (3.58). By Theorem 3.18, we obtain
det Ad(7)[yr = J] &). (4.3)
acER
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We write (4.3) in the form

detAd ’bl = H goc H €a('7) H ga(’)/)' (4'4)

a€RS, aeR{f acRim

By the considerations we made in § 3.5, —f acts without fixed points on RS . By Theorem 3.18,
in the right-hand side of (4.4), the first term is positive, the second is a product of nonzero real
numbers, and the third term is a product of complex numbers of module 1.

If o € Ry, we choose a square root fg/Q(k_l) of £,(k~1). In view of the second identity in
(3.63), if o € RS, we may and we will assume that

k) = &> (k). (4.5)
For a € Ry, we choose the square root 561/ 2 (7) so that
&2 (7) = e I2ERTT. (4.6)

By (4.5) and (4.6), if o« € RS, then

() = & (7). (4.7)
A square root of det Ad(7)|bi in (4.3) is given by
det Ad(y :)/f = IJ €70 (4.8)
aERL

By proceeding as in (4.4), we can rewrite (4.8) in the form

det Ad(y)[1* = [ &*0) [T &0 [T 0. (4.9)

aGRC aERf aeRij_n

Using (4.6) and (4.7), we find that the first product in the right-hand side of (4.9) is positive,
the second product is either a nonzero real number, or the product of v/—1 by a nonzero real
number, and the third product is of module 1.

DEFINITION 4.1. Put
en()=sen ] (1-&'0) (4.10)
a€RIE\RY(7)
If o € R*, by Theorem 3.18, then &, (k1) = £1.

PRrOPOSITION 4.2. The following identity holds:

eo(v)=sen [ A-&"0). (4.11)

a€R\RE (a)

Proof. If a € R(a), by (3.63), &(y) =&(k™). I a¢R(y), by (3.65), &u(7)#1 By
Theorem 3.18, if a € R*(a)\R™(7), we have £,(7) = —1, so that 1 — &, (y) = 2. This completes
the proof of our proposition. O
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THEOREM 4.3. The following identities hold:
det(1 = Ad(7))[5 () = (D)L TT (€200 = &2 (),

a€R4\Ry(a)
|det(1— Ad(Y)e? =en(v) [ (@2 -0 I &V,
a€R4\R4(a) a€RIE\ R (a)
det(1 — Ad(k™))|,x () = (=1 N O II @ -&'2m)>
a€Ry (a)\R4(7)
(4.12)
Proof. Using Theorem 3.18 and the third identity in (3.73), we obtain

det(1 —Ad(N)ljr@y = I Q=& =&, (4.13)

a€R{\Ry(a)

from which the first equation in (4.12) follows.
By proceeding as in §3.5, we find that —6 acts on R} \(R4(a) U RY) without fixed points,
so that |R\(R4(a) U RY)| is even, and so

(_1)IR+\R+(«1)\ - (_1)IR$\RT(a)I. (4.14)
The same arguments also show that
11 (&) = &12()) (4.15)
a€R\(Ry (a)URLE)
is a positive number, and also that
11 (1= &M =&1M) = I1 (&P =& (416)
a€RL\ (R4 (a)URE) a€RL\(R4 (a)URE)

Moreover, we have the identity of nonzero real numbers,

[I -&om-&tm) =@l TT (1= ())%aly).  (417)

a€RE\RY (a) a€ERT\R™(a)
By Theorem 3.18, if a € R, then
Ea() = e “VE (KT, &a(k™h) = 1. (4.18)
Using Proposition 4.2 and (4.17), we obtain
1/2
[I -&coMa-&" =etv) ] Q=&')e>r”? (4.19)
a€R\R™(a) a€R\R'(a)
Equation (4.19) can be rewritten in the form
1/2
I[I -como-&'0)
a€R\RIE (a)
=ep() [ @) -0 I &eh. (4.20)
a€RIE\RY (a) a€RIP\R' (a)

By (4.13)-(4.20), we obtain the second identity in (4.12).
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As on 31 (7), Ad(y) acts like Ad(k~!), the proof of the third identity in (4.12) is the same
as the proof of the first identity, which completes the proof of our theorem. ]

Remark 4.4. By the first two equations in (4.12), we deduce that

sgndet(l — Ad()|; o = (~)ANH@L T 'Y, (4.21)
a€ERE\R(a)
In addition,
[R:\Ry(a)] = dimp(a). (4.22)
Using (4.22), we can rewrite (4.21) in the form
sgndet(l — Ad(7))[,1 () = (~1)3P (@ det Ad(R)] ot ) (4.23)
Using Proposition 3.8, we obtain
det Ad(k) ]t#(a) = det Ad(k)y1 (q)- (4.24)
By (4.23), (4.24), we obtain
sgndet(l — Ad(7))[,1 () = (~1)5P @ det Ad(k) |1 (0 (4.25)

a result already established in [Bis11, Proposition 5.4.1].
Let it be the orthogonal space to i in h*. By (2.20), 3(v) C 3(a), and by (3.71), i C 3(a).

Therefore,
3-(a) € 54 (7) it (4.26)
Similarly, we have the inclusion
Ri(y)URY™ C Ry(a). (4.27)
THEOREM 4.5. The following identities hold:
det(1 — Ad(4))| ;2 (ynie = (= 1)\ EH O I1 (&2 = &2,
a€Ry\ (R4 (7)URY™)
| det(1 — Ad(Y))] ;2 (ynie ]/ (4.28)
=ep(7) 11 (SECIETICO N || I
a€RL\ (R4 (7)URY) a€RIE\RIE(7)

Proof. The proof of the first identity in (4.28) is the same as the proof of the first identity in
(4.12) that was given in Theorem 4.3. Instead of (4.14), we obtain

(_1)IR+\(R+(W)URT1)I = (—1)EE\REO (4.29)
If in (4.15), we replace R, \(R4(a) U RY) by Ry\(Ry(y) U R UR™), the conclusions remain
+\ (Lo + + YAy

valid. Similarly, (4.17) and (4.19) remain valid when replacing RIS\ RS (a) by R'S\RS(7). This
completes the proof of our theorem. O

4.2 Evaluation of the function J, on ibg
Let h C g be a f-stable Cartan subalgebra. Take v € H. Then h C 3(v). By Proposition 3.16,
~v is semisimple. In particular, by C €(7), so that functions defined on €(7) restrict to functions
on .

Recall that the function £, (Y), M. (Y{) on i€(y) were defined in Definition 2.5.
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We use here the notation and results of §3.10 and, in particular, the results of
Proposition 3.19. In particular, by this proposition, i(v) = i(k).
DEFINITION 4.6. If he € ibg, put
det(1 — Ad(k~1e"))
det(1 — Ad(k~e )| 1y

Ly-1(he) = (4.30)

Like the function [7,(Y) in (2.68), the function %1 (he) is a smooth function of he, which
verifies estimates similar to (2.77). Exactly the same arguments as in [Bisll, §5.5] and after
(2.65) show that there is an unambiguously defined square root

1/2
Mi-1(hg) = L1 (he . 4.31
k() det(1 — Ad(kil))hJ_(k) 1 (he) ( )
This square root is positive for he = 0.
THEOREM 4.7. If hg € ibg, then
Aad(he) i) _ Alad(e)lyg0)
Alad(he)ley)  Alad(he)liyx)) (4.32)
Ly (he) = L1 (he)
In particular, L, (hg) does not depend on a.
If he € ihe, we have the identity,
1 Alad(he)li, 1)
T, (he) = 2O g1 (). (4.33)
! | det (1 — Ad(7)) ;e (yynit 112 Aad ()i, 1))
This identity can be written in the form,
7. (he) (—1 )‘R AR (R )‘GD(’Y) HaeRrE\Rre ") 51/2( )Haejo*+(k) E(<Oé7hé>)
y\ite) = =
Hoer\ry () & (y) - ") HaeR},rj;(k) A((, he))
[Mae rgm i, (G0 (R 1e ™) — 512 (k7 2ehe))
x e e (4.34)
Haejo;\Rgg(k) (fa Y(hlemhe) — g5 (ki lehe))
Proof. By (3.28), we obtain
it=taec (4.35)
In addition, i+ splits as
it =i @i (4.36)

By Proposition 3.8, as representations of HN K, i and iE are equivalent, so that (4.32) holds.
Observe that det(1 — Ad(k~1))].. sk (it >0, and so this number has a positive square root.
Moreover,

det(1 — Ad()|yt (it = det(1 — Ad()]ye (g det(1 — Ad(k™1))]11 ()i - (4.37)
v (2.64), (2.65), (2.68), (4.32), and (4.37), we obtain (4.33).
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Clearly,

A(ad(he)li, (x)) _ Haerim, () Aller; he)) .

By proceeding as in the proof of the third identity in (4.12), we obtain

det(1 — Ad(k™))[ir gy = (~DIEEEGL T (P - 2% (4.39)
aERT\RT(k)

The same argument shows that
[ac e \mm o (66 (k7 1e ™) — 12 (k1 eh))?
HaeR;ﬂ\Rmr(k)(fa (k_le—hé) — 5;1/2(/€—le—hg))2

By (4.39) and (4.40), and keeping in mind the fact that we take the properly positive square
root in (4.31), we obtain

Li-1 (hy) = (—1)IFFEE B (4.40)

(-1 )\R /Ry ()
Tacrim g (€ (571 — &2 (k1))
[ae rim i, (& (R 1e ™) — M2 (ke te )
’ [Mae i g, o (60l (kTehe) — &5 (k- tehe))

(
In the first product on the right-hand side of (4.41), we may as well replace k= by ~.
By combining the second identity in (4.28), (4.33), (4.38), and (4.41), we obtain (4.34). The
proof of our theorem is complete. O

M1 (he) =

(4.41)

5. The function J, when ~ is regular

The purpose of this section is to study extra properties of the function [, when « is regular.

This section is organized as follows. In §5.1, if § is a #-stable Cartan subalgebra and if H is
the corresponding Cartan subgroup, if v € H, we describe a neighborhood of v in H. In §5.2, if
~v € H, we define the y-regular elements in h, which are such that a small perturbation of v by a
~-regular element is regular. In § 5.3, following Harish-Chandra [Har65], we introduce the function
Dy on H. This function is an analogue of the denominator in the Lefschetz formulas. Finally, in
§ 5.4, we specialize the formula obtained in Theorem 4.7 for 7, (he) to the case where v € H™®. As
a consequence, we prove the unexpected result that the function (v, he) € H™® x ihy — J,(he) €
C is smooth.

We make the same assumptions and we use the same notation as in §4. In particular, we fix
v € H that is written as in (3.58).

5.1 A neighborhood of v in H
If b € b, b splits as

b == bp + bEa bp € bp, bg & h{g. (51)
Put
v =ne (5.2)
Then v € HN Z(7).
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Set
a =a+by, Kk =ke. (5.3)

Then
v ="K deb,, KeHNK(y), AdK)d =d. (5.4)

In addition, Ad(y') preserves the splitting g = 3(7) @ 3 (7). As 1 — Ad(y) is invertible on 34 (7),
we conclude that for € > 0 small enough, if || <,

b C3(y) C3(y) (5.5)

Let H™8 be the set of regular elements in H. Assume temporarily that v € H™8 i.e. 3(y) = b.
By (5.5), for € > 0 small enough if |b]| < ¢, then

3(Y) =, (5.6)

i.e. 4/ € H™8 which is a trivial conclusion. As b € hj, we conclude that 7' € Z(v) and v € Z(v').
A priori, Z(y) and Z(v') may be distinct. Still we have the obvious identity

Z°(y)=2°() = H". (5.7)

5.2 The ~-regular elements in b
We no longer assume v to be regular. By (3.73), we obtain

wMe= P oo (5.8)

acR(a)\R(v)
Let b denote the orthogonal space to b in 3(a). Then we have the splitting
by = bap ® bae- (5.9)
By (3.73), we obtain
hoc= P 0o (5.10)

a€R(a)

DEFINITION 5.1. An element h € b is said to be v-regular if for any a € R(v), (a, h) # 0.

The ~-regular elements in h are exactly the regular elements in § viewed as a Cartan sub-
algebra of 3(v). The y-regular elements lie in the complement of a finite family of hyperplanes
in b.

As b is a Cartan subalgebra of 3(v), we define the function 793 on b as in (3.41), i.e.

2Dy = [ (e h). (5.11)

a€RL(7)

Then h € b is y-regular if and only if 793(Y) (k) # 0.
Now we use the notation of §5.1.

1220

https://doi.org/10.1112/S0010437X22007412 Published online by Cambridge University Press


https://doi.org/10.1112/S0010437X22007412

ORBITAL INTEGRALS AND CENTER OF ENVELOPING ALGEBRA

PROPOSITION 5.2. There exists € > 0 such that if b € b is y-regular, and |b| < €, ify' = ~e®, then

Y € HE.
Proof. For € > 0 small enough, (5.5) holds, so that
3(7) = 3(y) N 3(e). (5.12)
By (3.7), we obtain
iMc=bce P g (5.13)
a€R(y)

For a € R(v), ¢ acts on g, by multiplication by el@b)  For ¢ >0 small enough, if b is

y-regular and |b| < e, for o € R(y), e!*? # 1. By (5.12) and (5.13), we conclude that under
the given conditions on b, 3(7') =h, i.e. 7/ is regular. The proof of our proposition is
completed. O

5.3 The function Dg(7)
Here, we follow Harish-Chandra [Har65, § 19].
DEFINITION 5.3. If v € H™8, put!!
Dr(y) = ] € —&"2()- (5.14)
aERy

Using (3.64) and proceeding as in the proof of Theorem 4.3, we obtain

det(1 — Ad(y))]y. = (—1)7+ 1D (). (5.15)
By (5.15), we deduce that if v € H™2, then
| det(1 — Ad(y))|pe] = [Dr (1), (5.16)

so that Dg(7y) # 0.

5.4 The function J, when « is regular
In this subsection, we assume that v € H™® i.e. Dy(y) # 0.
By (4.30) and (4.31), we obtain
det(1 — Ad(k~ e ));

— €
Lt () = Get (= Ad (- Te ),

. 12 (5.17)
_1(hg) = Z-1(h
%k 1( E) [det(l—Ad(k—l))l k 1( f)
By (4.10), ep(y) is given by
ep(y) =sen [[ -1, (5.18)
acRY?

The function ep(7) is locally constant on H*®S.

THEOREM 5.4. If hy € ibg, we have the identity

1
. (he) M (he). (5.19)

[ det(1 — Ad(y))[ 12

1 In [Har65, § 18], Harish-Chandra assumes G to be acceptable, i.e. p® is assumed to be a weight, so that D (7)
can be globally defined. Here, we only need a local definition of Dy (v), and we do not need this assumption.
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This identity can be written in the form,
im 1/2 _
(=) ep () TTae e &2 (1)
Dy (7)
1/2,, 1 _ —1/2,, 1 _
Mae g, (€ (k7Te™) — &3 2 (k7 1e )
x T P T T r——— (5.20)
HaeR;If‘+( o “(k~temhe) — & (ke )

The function (v, hg) € H™® x ihy — J,(he) € C is smooth.

Ty (he) =

Proof. The first part of our theorem is a trivial consequence of Theorem 4.7. For bg € b, for |be|
small enough, we take

VAR = oAl ), (5.21)

By (4.5) and (5.21), we deduce that if « € RS, then
oK) = (k). (5.22)
The stated smoothness is an obvious consequence of the above formulas. The proof of our theorem
is complete. O

6. The Harish-Chandra isomorphism

In this section, if h C g is a Cartan subalgebra, we describe the Harish-Chandra isomorphism of
algebras ¢pc : Z(g) ~ I'(h, g). In addition, we explain the action of Z(g) on C*°(X, F'), and we
introduce certain semisimple orbital integrals in which Z(g) appears.

This section is organized as follows. In § 6.1, we introduce the center of the enveloping algebra
Z(g). In §6.2, we recall some properties of the complex Harish-Chandra isomorphism ¢pc :
Z(gc) ~ I'(hc, 9¢), including some aspects of its construction. In §6.3, we show that there is
a real form of the Harish-Chandra isomorphism ¢pnc : Z(h) ~ I'(h,g). In §6.4, we recall the
relation of the Harish-Chandra isomorphism to the Duflo isomorphism that was established in
[Duf70]. In §6.5, we consider the case of the Casimir. In §6.6, we describe the action of Z(g) on
C>(X, F). Finally, in §6.7, we consider the orbital integrals in which Z(g) appears.

6.1 The center of the enveloping algebra
Recall that the enveloping algebra U(g) was introduced in §2.3. Then U(g) is a filtered algebra,
and the corresponding Gr is just the algebra of polynomials S*(g) on g*.

Note that g acts by derivations on U(g). Recall that Z(g) is the center of U(g), i.e. it is the
kernel of the above derivations.

Observe that G acts both on the left and on the right on C*°(G,R) by the formula

ves(g) = s(v'g), vrs(g) = s(gv), (6.1)

and these two actions commute. They are intertwined by the involution induced by the involution
g — og =g ' Let D.(G) be the Lie algebras of left-invariant real differential operators on G.
As we saw in §2.3, U(g) can be identified with Dy (G). The algebra Dy (G) commutes with the
left action of G.

If g_ is the Lie algebra g with the negative of the original Lie bracket, the isomorphism of g
f — —f identifies g and g_. This isomorphism is induced by the involution o.

Let U(g—) be the enveloping algebra associated with g_. Then U(g_) can be identified with
the algebra of right-invariant real differential operators Dr(G). This algebra commutes with the
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right action of G. In addition, the isomorphism f — —f induces an identification of U(g) and
U(g-). This identification is still induced by o.

We equip U(g), U(g—) with the antiautomorphism * which is just the adjoint in the classical
Lo sense when identifying U(g) and U(g-) with D (G) and Dg(G). This involution extends to
a C-linear involution of U(gc) and U(g_ c).

By definition, Z(g) C U(g) is the subalgebra of Dp(G) which commutes with right
multiplication. Equivalently

Z(g) = Dr(G) N Dr(G). (6.2)

Note that * induces an automorphism of Z(g), which is an involution, and which we still denote
by .

The isomorphism of U(g) with U(g_) which was described before is that induced by o. It
induces the obvious isomorphism of Dy, (G) with Dg(G). In this way, we obtain an automorphism
o of Z(g), which is also an involution.

Clearly,

Z(gc) = Z(9)c- (6.3)

Equivalently, Z(gc) is equipped with a complex conjugation, and Z(g) is the algebra of complex
conjugation invariants in Z(gc). In addition, * and ¢ extend to complex automorphisms of

Z(gc)-

6.2 The complex form of the Harish-Chandra isomorphism
We use the notation of §3.11. Let h C g be a f-stable Cartan subalgebra. By [Kna86,
Theorem 8.18], there is a canonical Harish-Chandra isomorphism of filtered algebras,

onc : Z(ge) ~ I'(he,80). (6.4)

We need to describe the Harish-Chandra isomorphism in more detail. We fix a positive root
system Ry as in §3.5. Put

P =Y U(sc)da- (6.5)

a€R4

Observe that S (hc) =U(hc), and also that U(hc) C U(gc), so that S'(hc) C U(gc). By
[Kna86, Lemma 8.17], we obtain

S(hc)N 2 =0, Zge) C S'(he) @ 2. (6.6)

Let ¢1 r, be the projection from Z(gc) on S'(hc).

Recall that S"(hc) is the algebra of polynomials on h¢, and that p9 € hg is the half sum of
the roots in Ri. Let ¢ g, be the filtered automorphism of S"(hc) such that if f € S'(hc), if
h* € b, then

G2.r, f(I7) = f(h" = p9). (6.7)

The fundamental result of Harish-Chandra [Har56, Lemmas 18-20], [Kna86, Theorem 8.18] is
that ¢2 r, ¢1,r, maps Z(gc) onto I'(hc, gc), that it induces an isomorphism of filtered algebras
that does not depend on the choice of Ry. This is exactly the Harish-Chandra isomorphism
¢uec : Z(ge) ~ I'(be, gc)-

Now we proceed as in §3.11, i.e. we identify I'(hc,gc) with the algebra D;(hc,gc) of
holomorphic differential operators on hc with constant complex coefficients which are W (hc :
gc)-invariant. The same arguments as in §3.11 show that there is an algebra D;(h,g) of real
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differential operators with constant coefficients on § such that

Di(hc,8c) = Dr(h, 9)c, (6.8)

and that I"(h, g) can be identified with D; (b, g).

We use the assumptions and notation of §3.7. Let C°¢(G™8, C) denote the Ad-invariant
smooth complex functions on the open set G,

Let Co>WH:G)(Hreg C) be the smooth W(H : G)-invariant functions on H™8. There is a
restriction map

re Coo,G’(Greg7 C) _ Coo,W(H:G’)(Hreg’ C)

Then Z(gc) acts on C°C (G2, C), and I'(hc, gc) acts on CoWH:G)(Hree C),
Let L € Z(gc). Using [Har65, Lemma 13], [Kna86, Theorem 10.33], if f € C°¢(G™8, C),
on H™®& we have the identity

rLf=:li{meL)DHrf (6.9)

6.3 The real form of the Harish-Chandra isomorphism
The involution h — —h induces an involution of I' (hc, gc) ~ D;(hc, gc). If N counts the degree
in I'(hc, gc), this involution is just (—1)". We still denote this involution by *.

In Proposition 3.21, we proved that I'(hc, gc) is preserved by complex conjugation. At the
end of §6.1, we proved that Z(gc) is also preserved by complex conjugation. Observe that 6 acts
on Z(gc) and I'(hc,gc) and preserves Z(g) and I'(h, g).

THEOREM 6.1. If L € Z(gc), then

¢nc(L”) = (¢ncl)”, éuc(L) = ¢nc(L), ¢ncfdL = O¢ncL. (6.10)

On Z(gc), the involutions o and * coincide. Finally, ¢yc induces an isomorphism of real filtered
algebras:

Z(g) = 1I(b,g) (6.11)

Proof. The first equation in (6.10) was established by Harish-Chandra [Har56, Lemma 20]. For
the proof of the next two equations, we follow Harish-Chandra, and use the notation in §6.2.
Observe that R is also a positive root system. More precisely, by (3.35), we obtain

Ry =R"URyURS. (6.12)
From the properties of Ry, (6.12) can be rewritten in the form
Ry = (-R™)URTURS. (6.13)

Let & denote the conjugate of & in U(gc). By (3.8), & is just the object defined in (6.5)
associated with R, . We deduce that if L € Z(gc), we have the identity in S (hc),

¢z, L=0¢1Rr, L. (6.14)
In addition, p® € h§ is the half sum of the roots in R. By (6.13), if f € S'(hc), then
b7, = 02r, [ (6.15)
By (6.14) and (6.15), we obtain the identity in S"(hc),
¢2,§+¢1,E+f = ¢2,r, $1,R, L. (6.16)
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Let us now use Harish-Chandra’s result described after (6.7). For L € Z(gc), we can rewrite
(6.16) as an identity in S"(hc),

¢ncL = ¢ucL. (6.17)
Harish-Chandra gives more, namely that the image of ¢pc is exactly I'(hc,gc). By (6.17),

I'(hc, gc) is preserved by complex conjugation, which we already knew by Proposition 3.21, and
we also obtain the second equation in (6.10) and (6.11).

In addition, R, = — R, is a positive root system, and the corresponding half-sum of roots
is given by 0p9. As in (6.14), if L € Z(gc), then
¢1,0rR, 0L =001 g L. (6.18)
If f € S'(hc), then
$2.0r, 0f = 0p2 R, f. (6.19)
By (6.18) and (6.19), we conclude that
®2,0R, P1,0R, 0L = 002 g, P1,R, L. (6.20)

Using again the result of Harish-Chandra, from (6.20), we obtain the third equation in (6.10).
If f,h € C°¢(G,R), the convolution f x h € C°¢(G,R) is defined by the formula,

Faiio) = [ s mia') dg. (6.21)
If A€ Dgr(G),B € Dr(G), we obtain easily
FxAh=A(f*h), fxBh=(B"f)xh, B(f*h)=((cB)f)*h. (6.22)
By (6.2) and (6.22), we conclude that if L € Z(gc), then
(L*f)«h=((cL)f)*h. (6.23)
from which we obtain
L*f =oLf. (6.24)
This completes the proof of our theorem. O

6.4 The Duflo and the Harish-Chandra isomorphisms

Here, S°[[g*]] denotes the algebra of formal power series o = £ oy, a; € S?[g*]. Then g still
acts on S°[[g*]] as an algebra of derivations. Let I'[[g*]] be the subalgebra of invariant elements
in 5 [[g°]].

Asin §3.1, S°[[g*]] can be identified with the algebra D'[[g*]] of formal real partial differential
operators with constant coefficients on g*, and I'[[g*]] with the algebra of formal real invariant
differential operators with constant coefficients D;[[g*]], which acts on S*(g).

We still use the conventions in (2.63). Then Eil(ad(-)) € I'[[g*]]. In the following, we view
A\_l(ad(-)) as an element of D;[[g*]].

Let 7ppw be the Poincaré-Birkhoff-Witt isomorphism of filtered vector spaces S*(g) ~ U(g).
Then mppw induces an identification of filtered vector spaces I'(g) ~ Z(g).

DEFINITION 6.2. Put
™ = pewA H(ad(-) : S'(g) — U(g). (6.25)

Then 7 is an isomorphism of filtered vector spaces, which commutes with 6.

1225

https://doi.org/10.1112/S0010437X22007412 Published online by Cambridge University Press


https://doi.org/10.1112/S0010437X22007412

J.-M. BISMUT AND S. SHEN

A result by Duflo [Duf70, Théoreme V.2] asserts that when restricted to I'(g), 7o induces
an isomorphism of filtered algebras,

I'(g) ~ Z(g). (6.26)

y [Duf70, Lemme V.1], we have the following commutative diagram.

I )

\ / (6.27)

I(hc,9c)

By Theorem 6.1 and by (6.27), we obtain the commutative diagram

™D

I(g) Z(g)
\ / (6.28)
r $uC
I(h,9)

and the morphisms in (6.28) commute with 6.

6.5 The case of the Casimir

Note that B*|, € I?(h,g) corresponds to the Laplacian A" on b associated with Bly. The fol-
lowing result of Harish-Chandra is established in [Kna02, Example 5.64] as a consequence of the
constructions in §6.2.

PrOPOSITION 6.3. We have the identity

prcC® = —A" + B*(p®, p?). (6.29)
ProproSITION 6.4. The following identity holds:
0% = —B* + B*(p%, p9). (6.30)
Proof. Clearly,
AN @) =1+ La? + - (6.31)

In addition, B* € I%(g). Let €1 ..., emin be a basis of g, and let e, ...
which is dual with respect to B. By (6.31), we obtain

be the basis of g

) m+n

AYad(-))B* = B* + ' Tr%ad(e;)ad(e;)] B* (e}, e;)- (6.32)

Equation (6.32) can be written in the form
A7Y(ad(-))B* = B* — LTxe[C29]. (6.33)

By (2.46), we can rewrite (6.33) in the form
A~(ad(-))B* = B* + B*(p®, p9). (6.34)

By (6.25) and (6.34), we obtain

mB* = —-C%+ B*(p?, p?), (6.35)
which is equivalent to (6.30). The proof of our proposition is complete. U

Remark 6.5. Using (6.28), Propositions 6.3 and 6.4 can be derived from each other.
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6.6 The action of Z(g) on C°(X, F)

We take the Hermitian finite-dimensional vector space F as in §2.4. Note that G acts on the
left on C*°(G, E) as in (6.1), and that there is a corresponding action of Dr(G). Also K acts on
C>(G, E) by the formula

krs(g) = p"(k)s(gk), (6.36)
and this action of K commutes with the left action of G. Moreover, we have the identity
C>®(X,F) = [C™(G, E)|X. (6.37)

Then Dpr(G) commutes with the action of K on C*°(G, E). As a subalgebra of Dr(G), Z(g)
also acts on C*°(G, F), and its action commutes with the left action of G and with the right
action of K. The action of Dr(G) descends to C*°(X, F'), so that the action of Z(g) descends to
C*(X, F) and commutes with the left action of G.

6.7 The semisimple orbital integrals involving Z(g)
Let . be the algebra of differential operators acting on C°°(X, F') with uniformly bounded
coefficients together with their derivatives of any order.?

DEFINITION 6.6. Let C°*(X, F) be the vector space of smooth sections of F on X which are
bounded together with their covariant derivatives of any order.

Let Q be the space of smooth kernels Q(z,2')|,ex acting on C*(X, F) and commuting
with the left action of G such that there exists C' > 0, and for any 5,5’ € .7, there exists
0575/ > 0 for which

1SQS' (z,2)| < Cs 57 exp(—Cd*(z,2")). (6.38)

The same arguments as in [Bisll, Proposition 4.1.2] shows that the vector space Q is an
algebra with respect to the composition of operators.

In particular, Dr(G) commutes with @), and so Z(g) commutes with Q.

PROPOSITION 6.7. If L € Z(g) and Q € Q, then LQ € Q.

Proof. As L € Z(g), L commutes with the left action of G, and so LQ commutes with this action
of G. We fix g = pl € G. As LQ commutes with GG, and G acts isometrically on X, to establish
(6.38) for LQ, we may as well take x = zg. If U € g, and if UX is the corresponding vector field
on X, because UX is a Jacobi field along the geodesics in X, there exist C' > 0 and ¢ > 0 such
that

\UX (x)| < Cexp(cd(zo, z)). (6.39)
The above estimate is also valid for the corresponding covariant derivatives. From (6.38), we
obtain the estimate (6.38) for LQ when x = x¢. The proof of our proposition is complete. O

Let v € G be semisimple. By (2.58) and (6.38), we have the analogue of (2.59), i.e. if f €
p(7), then
Qv el wo, el z0)| < Oy exp(—¢y|fI). (6.40)
In [Bisll, Definition 4.2.2], if v € G is semisimple, if @ € Q, the orbital integral Tyl Q] is
defined by a formula similar to (2.60), i.e.

b Q] = /pL( )Tr[’y*Q(fyflefa:O,efa:o)]r(f) df. (6.41)
v

12 These are linear combinations of operators V{;l ...ng, where Ui, ..., U are smooth bounded vector fields
with uniformly bounded covariant derivatives of any order.
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The estimates (2.57) and (6.40) guarantee that the integral in (6.41) is well-defined.
By Proposition 6.7, if L € Z(g), LQ € Q, and so Tyl [LQ)] is also well-defined.

7. The center of U(g) and the regular orbital integrals

The purpose of this section is to evaluate the orbital integrals for kernels of the form
Lu(v/C9X + A) associated with regular elements in G, when L € Z(g). To establish our for-
mula, we use the main result of [Bis11] described in Theorem 2.9, the smoothness properties of
the function 7, (he) that were obtained in § 5, and the Harish-Chandra isomorphism in the form
given in (6.9).

This section is organized as follows. In § 7.1, we recall the classical result of Harish-Chandra
[Har57b, Theorem 3], [Har66, § 18] that expresses certain orbital integrals on H"™# via the action
of Z(g) on the orbital integral as a function of . In §7.2, using Theorem 2.9, we obtain our
formula.

7.1 The algebra Z(g) and the regular orbital integrals
Let L € Z(g) and @ € Q, then by Proposition 6.7, LQ € Q. If f € C*°(G*#,C), Lf is a smooth
function on G**8. For greater clarity, this function is instead denoted by L. f.

Now we give another proof of a result of Harish-Chandra (see [Har57b, Theorem 3], [Har66,
§ 18], and [Kna86, Proposition 11.9]).

PROPOSITION 7.1. If Q € Q, the map v € G*8 — Tr[ [Q] is smooth. If L € Z(g), we have the
identity of smooth functions on G™&:

TLQ] = (oL), TxNI[Q]. (7.1)

Proof. The map (v,g) € H*® x G/H — g~ 1yg € G™® is locally a diffeomorphism. As Trl] Q]
is invariant by conjugation, to obtain the required smoothness, it is enough to prove that v €
He — TrDI[Q] € C is smooth.

Put

K°(H)=HnK. (7.2)

As we saw in §2.2, KY(H) is a maximal compact subgroup of H.
Using the notation in §5.1, if v € H*™8, and if v’ € H is close to v, then ' € H"8 and (5.7)
holds. Using (2.31) in Theorem 2.2, we deduce that

X(y) = HO/KO(H). (73)
In particular, X (7) does not depend on 7/, and p*(y) = by By (6.41), we obtain

Q)= [T e () . (7.4

For v/ € H close enough to v € H, it is elementary to make the estimate in [Bisll,
Theorem 3.4.1], which was explained in (2.58), uniform, so that there exists C' > 0 such that
if v/ € H™® is close enough to v, if f € hf;, lf] > 1,

dy (el 20) > Cf]. (7.5)

By combining (6.38) with S = 1,5 = 1 and (7.5), for v/ € H close enough to v, there exist C > 0
and ¢ > 0 such that if f € hﬁ, |f| > 1, we obtain

Qv el wo, e )| < C exp(—clf[?). (7.6)
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Using dominated convergence, by (2.57) and (7.6), we deduce that TrD1[Q] is a continuous
function of v € H™8.

Let us now prove the above function is smooth on H'™®. The argument is essentially the
same as before, by combining the estimates in (6.38) with S arbitrary, together with uniform
estimates given in (6.39).

Equation (7.1) just reflects the fact that oL is the image of L by the map g — g~ 1. O

7.2 A geometric formula for the regular orbital integrals
In the following, we take the function p € SV**(R) as in §2.5. Let A € R, L € Z(g).
Put

hi = by @ ibe. (7.7)

Recall that ¢ncL € D,;(h). This differential operator acts on smooth functions on b, but as

explained in §3.1, it also acts on smooth functions on b;.
In the next statement, the smooth kernel (¢ucL)u(v/éucC®+ A) on b; acts on the
distribution

T (he) TP [pP (k= e™")]6,.
THEOREM 7.2. The following identity holds on H™®:

T Lu(VC9X + A)] = (ducL)u(v/oucCs + A)[ Ty (he) Te? [pF (k71 )]5,)(0).  (7.8)

Proof. If v € H™8, then 3() = b, and £(y) = he. When L = 1, our theorem is just Theorem 2.9
combined with Proposition 6.3. When L € Z(g) is arbitrary, we use (6.9) and Proposition 7.1.
Here ¢pcol is a differential operator on . We find that on H"®8,

(VOO § )] = s (onoo DD () B (VO T ) (79)
By Theorem 6.1, we obtain
pucoL = (¢ucL)™. (7.10)

We combine Theorem 2.9 and (6.29), (7.9), and (7.10). We obtain

Tl [Lu(m )] = DHl(’y)(ngCL)*

X [Du()ru(V/¢ucCe + AT, (he) TeP[pP (k™ e™")]5,)(0)].  (7.11)

For greater clarity, we fix v € H™8, and for b € b with |b| small enough, we take 7/ = e’ as
in (5.2), so that the differential operator (¢ppcL)* acts on the variable b € . This action is now
denoted by (¢ucL);. In addition, we use the notation of §5.1.

By (5.3) and (5.20) in Theorem 5.4, we obtain

Dy ()T (he) = (~1)1Flep(v/) TT €Yk teb)

a€ERL?
/2,7 1 b BV
Macrn (677 (k71ebehe) — €52 (ke l))

. (7.12)
HaeR;rfl+( g/Q(kflebB*h%) — ggl/z(kflebrhe))

X

By the same argument as in (5.21) and (5.22), if o € RS, we can choose £é/2(k‘_1eb") so that
for |bg| small enough,

&2kl = AR, (7.13)
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i.e. (7.13) does not depend on b. Similarly, ep(y’) is locally constant on H'8. Therefore, the
product of these terms in the right-hand side of (7.12) is unaffected by the action of (¢ucL); in
the right-hand side of (7.11).

In addition, we have the identity

TP pP (K~ e )] = TP (kb )], (7.14)

The right-hand sides of (7.12) and (7.14) depend on by — hg. When only considering the action
of (¢pucL); in the variable b, this action can instead be transferred to the variable hy with a
correcting sign. This argument still does not take into account the fact that (¢ucL); also acts in
the variable b,. However, differentiating a smooth kernel at the terminal point is equivalent to
compose the smooth kernel with the same change of signs as before. By combining (7.11)—(7.14),
this ultimately explains the disappearance of %, and leads to (7.8). The proof of our theorem is
complete. ]

8. The function J, and the limit of regular orbital integrals

In this section, we verify the compatibility of our formula for regular orbital integrals of
Theorem 7.2 with the limit theorems obtained by Harish-Chandra for such orbital integrals.
Key properties of the function 7, play a key role in the proofs.

This section is organized as follows. In §8.1, given v € H not necessarily regular, we study
the function 7,/ (hg) for 7' € H™® close to v. In §8.2, if L € Z(g), we define the proper image
L3 € D;(3(7)). In §8.3, using a formula by Rossmann, we express a smooth kernel involving
AY as the restriction of another kernel for 3(7). Finally, in §8.4, we compute the limit of orbit
integrals as ' € H'™® converges to v € H.

8.1 The function J, when ~ is not regular

Let v € G be a semisimple element as in (2.19). Then Z%(y) C G is a reductive Lie group. Let
h C 3(7y) be a f-stable Cartan subalgebra of 3(7). As we saw in Proposition 3.17, b is also a
Cartan subalgebra of g. Let H C G be the corresponding Cartan subgroup. Recall that the
function 793" on hc was introduced in (5.11).

DEFINITION 8.1. An element hg € b is said to be im-regular if for o € R™(k), (v, he) # 0.

The vanishing locus of an imaginary root being a hyperplane in ihg, the set of +vim-regular
elements has full Lebesgue measure.

We use the conventions of §4, where we explained, in particular, how to choose the
5;/2 (7)|aecr.. - We extend the definition of Dy () for v € H"® in Definition 5.3 to general elements
~v € H by the formula

Du(v =[] (&P(-&*0). (8.1)
a€RA\R+(v)
By Theorem 3.18, if o € Rre( ) U RM(K), then & (k™) =1, and €Y (k1) = & /2 (k1) = +1,
so that HQGRM(V URI™ (k fa ( 1Y is equal to +1.

If his a 0- stable fundamental Cartan subalgebra of 3(v), we use the notation introduced in
§ 3.6, except that g is now replaced by 3(7), and the pair (b, €) is replaced by the pair (he, €(7)).
Let R(be, €(7)) denote the associated root system. Let Ry (b, €(vy)) denote a positive root system.
As in (3.46), if hy € by, set

a0y = T (B ). (8.2)
BeR (be,t(7))
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y (3.50), we obtain

[Whe,k(w)(hE)P:(1)(1/2)|R1(’7)[ 1 <a’hk>]2 T (eho). (8.3)

a€R™_ (k) Q€RS (7)

We no longer assume b to be fundamental in 3(7).

In the following, we use the notation of §5.1. In particular v € H is fixed, and for b € b,
7" = ~e’. In particular, (5.3) and (5.4) hold.

We establish the following important result.

THEOREM 8.2. For € > 0 small enough, there exist ¢ > 0,C > 0 such that for b € b ~y-regular
with |b| <€, hg € ibg, then

793 (b, + he) Dir (v') Ty (he)| < Cexp(c|he). (8.4)

If he € ibg is not yim-regular, the left-hand side of (8.4) vanishes.
If b is not the fundamental Cartan subalgebra of 3(7y), for hg € ibg, as b € b ~y-regular tends
to 0,

730 (b, + he) Dyg (v') T (he) — 0. (8.5)

If b is the fundamental Cartan subalgebra of 3(y), if he € ibg isyim-regular, asb € h y-regular
tends to 0,

7930 (b, + he) Dir (') T (he)
()RR O () T €2 Da ()T (k). (8.6)

aERM™ (k)

Proof. By (5.11), we obtain

w00y + he) = [ (e bp+ ). (8.7)
a€RL(7)
We can rewrite (8.7) in the form

w30 (b +he) = [ (by) [ (ahe) ] (obp+ he). (8.8)

a€RE(y) a€RI (k) QERS (7)

By (8.8), we deduce that if he € ibg is not vim-regular, (8.8) vanishes.

If o € R™(k), then &,(k~1) = 1, so that §1/2( D= +1. As a € R(y), if b € b is y-regular,
then (a,bg) # 0. If € > 0 is small enough, if b€ b is y-regular, and |bg| < €, if hg € ibg, then
1 — e {abe—he) £ (0 5o that the following expression is well-defined:

H (a, he)
1/2(k: 1ebe— hf)—ﬁo_cl/Q(k_leb*_h“)

a€Ri™, (k)
a7hE> _ — _
= 1l Mﬁa” 2(khen ), (8.9)
a€RY™, (k)
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Equation (8.9) can be rewritten in the form

H <a7 h€>
(1)/2(kx—lebg—hg) _

—-1/2,, _ _
aeRgﬁ(k) £n (k 1ebe he)

_ <Oé,hg>/2 121
_aeRla_Im sinh((a,be— kg2 ) (8.10)

When hg is v im-regular, we have an identity similar to (8.10),

(11/2(]{:7161)37}%) _ é‘(;l/g(kflebgfhg)

: a,h
acRY™, (k) (e )
sinh({a, be — he)/2) 1172/, 1
= 12, 8.11
I = ahgr @0 (&1
aERE7+(k)
IfzeR,yeR,
11— ™| > |1 —e”]. (8.12)
By (8.12), we deduce that
|sinh((x + iy)/2)| > |sinh(x/2)]. (8.13)
By (8.13), there exists C' > 0 such that if e*t% £ 1,
x
8.14
sinh((z + iy)/2) ‘ - (8.14)
By (8.10) and (8.14), if he € ibg is v im-regular, we obtain
I1 (@ he) <c. (8.15)
1/2(k—lebg—hg) _ {;1/2(k—lebg—h3)

acR™, (k) S

The ~y-regularity of b does not play any role in the above estimate.

Ifae RLﬂ\R;ﬂ(lﬂ), then &, (k™) # 1, so that for € > 0 small enough, if |be| < ¢, the complex
numbers &, (k~1e’) which have module 1, stay away from 1. Given 7 € |0, 7[, there is C,, > 0
such that if z € R% and y € [, 27 — 7], then

lze¥/? — p7le /2| > Cy. (8.16)

By (8.16), we deduce that for € > 0 small enough, if |bg| < ¢, and h¢ € ibg, then

1
H 1/2

—1/2
werim R, (i o (kLebe—he) — €12 (htebe—hn)

§;1/2<k—lebg—hg)
- H 1— €7<a7b37hk>£;1(k71)

(8.17)
ae R VR, (4
is well-defined and, moreover,
1
H <C. (8.18)

/207,21 be— “1/2,, 1 p_
aemim \im, (k) Sa (K7 The) — o E (ke he)

By combining (5.20), (8.8), (8.15), and (8.18), we obtain (8.4), and also the fact that if
he € ibg is not v im-regular, the left-hand side of (8.4) vanishes.
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By Proposition 3.7, b is the fundamental Cartan subalgebra of 3(y) if and only if R™(vy) is
empty.

If b is not the fundamental Cartan subalgebra of 3(v), R () is nonempty. Using (5.20),
(8.8), and the previous bounds, we obtain (8.5).

From now on, we assume that b is the fundamental Cartan subalgebra of 3(v). By (4.10),
because RIf(7) is empty, we obtain

ep(v) =sen [] 1-&"0). (8.19)
a€RTE

For a € R, then £,(y) # 1 so that for € > 0 small enough, if [by| < ¢,
ep(?) = en(7).- (8.20)
In addition, if o € RY, & (K') = &q(k). By the above, it follows that for b € h ~-regular close

enough to 0,
en(?y) [ &P =en(y) [ €. (8.21)
aERY a€ER'E

By (8.10), (8.11), and (8.14), if h¢ € ibg is v im-regular, if b € h y-regular tends to 0,

H <Oé,he>
1/2,4, _ _ —1/2,, _ —
a€RI™, (k) o2 (k- tebehe) — g 1P (= Tebehe)

— (~EEOL T A, he)e V2 (7Y,
aejo:r(k)

é‘g/z(kflebgfhg ) _ 5(;1/2(k71€b37h3 )
<Oé, h’?>

(8.22)

acRy™ (k)

. 1/2 7.1
SESHL ST | ]

—~ .

A({ev, b))

a€R™, (k)

By (5.20), by the considerations after (8.1), by (8.3), (8.8), (8.21), and (8.22), we deduce
that if he € ibg is v im-regular, then

7Th,za(v)(bp + he) D (') T (he)

— GD(’Y)(—1)|R§:I,“+|+|Ri+m(k)l+(1/2)|Ri(7)|

Tacrim ) Al he))
X H 5(1/2(]{;—1)[%*)@,?(7)(%)]2 P+ E
Q€ RIEURIM (k) aerim () Alla; he))
Iaerim \rim (k) (€2 (k e ) — &P (ke h)
>< : ; .
[aerim \rim, 1) (€2 (k=Lehe) — €512 (k=1e—hr))

By comparing (4.34) and the right-hand side of (8.23), we obtain (8.6). The proof of our theorem
is complete. [l

(8.23)

8.2 The Lie algebra 3(7y) and the isomorphisms of Harish-Chandra and Duflo
Here, we use results contained in §§3.11, 6.1, and 6.4.
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Let h be a 6-stable Cartan subalgebra of 3(7v). We have the Harish-Chandra and Duflo
isomorphisms of filtered algebras:

¢uc : Z(g) ~1'(h,9), m:1(g)~ Z(g). (8.24)

As explained in §6.4, the above isomorphisms are compatible.
By (3.80), we have the isomorphisms

rol(g)~T(h,g), r:IG(H)=I307)) (8.25)

Recall that we have the splitting

g=3(7 @3 (7). (8.26)

Let 7,y denote the projection g — 3(7). This map induces a corresponding morphism of
Z-graded algebras 75, : I'(g) — I'(3(7)). Let i be the obvious morphism I'(h,g) — I'(h,3(7))-
We have the following commutative diagram.

r

I'(g) —— I'(b,g)
J{’“a(w) \Lz (8.27)

I'(3(7)) —— I'(h,35(7))

DEFINITION 8.3. If L € Z(g), let L¥") € I'(3(v)) be given by
L =yt (L). (8.28)
The map L € Z(g) — L3 € I'(3(7)) is a morphism of filtered algebras.
PROPOSITION 8.4. If L € Z(g), the following identity holds:
L) = rYigucL. (8.29)
Proof. This follows from (6.28), (8.27), and (8.28). O

As we saw in §§3.1 and 3.11, we have the identification

I'(3(v) ~ Di(3(7))- (8.30)

In the following, when there is no ambiguity, if L € Z'(g), L3 will be considered as an element
of Di(3(7))-

ProprosiTION 8.5. The following identity holds:
(Cg)a(v) = A 4 B*(p%, p9). (8.31)
Proof. By Proposition 6.3 and by (8.29), we obtain (8.31). O

8.3 An application of Rossmann’s formula
We know that a € hy. As a is in the center of 3(7), if o € R(y), then (o, a) = 0. By (5.11), we
deduce that if h € b,

7980 (h 4 a) = 7530 (n). (8.32)
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We identify h and h* via the form B, so that
S'(h") =~ 5'(b). (8.33)

As we saw in §3.1, S°(h) can be identified with the algebra D'(h) of differential operators with
constant coefficients on §. Let 73(7) ¢ D (h¢c) denote the differential operator on hc associated
with 79307 € S*(hc).

Recall that h; was defined in (7.7). Let p € SV**(R) be taken as in §2.5. If A € R,
let u(v—Ab+ A)(h) be the smooth convolution kernel on b; associated with the operator
p(vV—=Ab + A). If f € C><(h;, R), then

(V=AY A)f(h) = / (V=D + A)(h — WY F(R) d. (8.34)

1

We use the corresponding notation on 3;(v) = p(vy) @ it(7).

Here, we use the notation of §8.2. In the following, ¢rcL and L3 are viewed as differential
operators in D; () and D;(3(7)). As we saw in §3.1, these differential operators act on b; and
3i(7), and so they can be composed with the above convolution kernels.

ProrosiTIiON 8.6. We have the identity of smooth functions on b;,

79850 (prc L) (v =AY + A)(h) = 7930 (—27h) L3 (/= As0) 4+ A)(h). (8.35)
)

Proof. In the proof, we identify 3;(v) = p(7y) @ i€() as a real vector space to u(y) = ip(y) ® €(v),
which is the compact form of 3(7).

We identify the real Euclidean vector space h; to its dual by its scalar product. Let F9
denote the classical Fourier transform on b;. If f € S(b;), if h* € b;, then

FYif(h*) = /h exp(—2iwB(h, h*)) f(h) dh. (8.36)
Put
Fif(h*) = FY(=h*). (8.37)
Then

FO O (guo L) (VA + A)](h")
— 7930 (2imh*) (puc L) (2imh*) (/42 B(h*, h*) + A). (8.38)

By (8.38), we obtain

0 (g L)u(v/ A + A)(h)
= FY% x93 (2ixh*) (puc L) (2imh* ) u(r/4x2 B(h*, h*) + A)](h). (8.39)

We can define the Fourier transform F3(Y) on the Euclidean vector space 3;(v), which is
canonically identified to the Lie algebra u(y). The function B(h*,h*) extends to a Ad(u(y))-
invariant function on u(y). By Proposition 8.4, the Ad(u(y))-invariant function L3) on 3;(7)
restricts to the function ¢gcL on h;. By Rossmann’s formula (see [Ros78, Theorem p. 209] and
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[Ver79, Theorem p. 13]), we obtain
FOr090) 2mh) (G L) (2imh* (v Ax2B (R, ) + A)](h)
= 730 (—27h) FEOD LD (2imh* (/42 B(h*, h*) + A)](h). (8.40)
By (8.39) and (8.40), we obtain (8.35). The proof of our proposition is complete. O

8.4 The limit of certain orbital integrals
We use the notation of §8.1. As we saw in §7.1, Trl"1[u(v/C8X 4 4)] is a smooth function of

v € H™E. Recall that 730 is a differential operator on hg. To make our formulas clearer, we

h,3(v) . =b,3(7)
b

denote its action in the variables b or h as 7 or .

PROPOSITION 8.7. The following identity holds on H™8:

7990 Dy ()T Lp(V C8X + A )]
— (=) B0 (G L) (/P C + A) D (7)) Ty (he) TrP [0 (ke ="4)16,1(0)

= (2m) 0 [ LU (000 1 A) by =
ihe
x 793 (b + he) Dir(v') Ty (he) TeP [ pF (k2 ebe—"e)] dh. (8.41)
Proof. As we saw in Theorem 5.4, the function (v/, he) € H™® x ihg — T/ (he) € C is smooth. If
v € H*8 then 3(7') = b, so that by (7.8) in Theorem 7.2, we obtain

7Dy (V)T [Lp(V 9 X + A))]
= (¢ucL)n(V/oncC® + )Ty DDy () T (he) P [pP (k1 m)]5,)(0).  (8.42)

On the right-hand side of (8.42), the differential operator ﬁ?’am acts on the distribution on the
right in the variables b = (bp, b¢) € b, and not on the variable hg. The situation is actually strictly
similar to what we already met in the proofs of Proposition 7.1 and Theorem 7.2. We obtain in
this way the first identity in (8.41).

By Proposition 8.6, using the conventions in (8.34), we obtain

(—D)F O30 (S L) (/e C® + A) Dy (v) Ty (he) TrE [pF (K~ e 7he)]6,/](0)
= (—2m)F O [ L3 (4 /(C9)30) + A)(—a — by — he)

ibe
x 793 (@ + by + he) D () T (he) TeE [P (KL ebe=he)] dhy. (8.43)
By (8.32), we obtain
730 (@ + by + he) = 793D (by, + hy). (8.44)
By the first identity in (8.41) and by (8.43) and (8.44), we obtain the second identity in (8.41).
The proof of our proposition is complete. O

Let T'(v) be a maximal torus in K%(y), let t(y) C &(7) be the corresponding Lie algebra, and
let W (t(7) : (7)) be the corresponding Weyl group.'?

THEOREM 8.8. If b is not the fundamental Cartan subalgebra of 3(), as b € b y-regular tends
to 0, then

750 Dy ()Tt [Lp(v/C8X + A)]] — 0. (8.45)

13 We use this notation instead of W (t(v)c : £(7)c) because this Weyl group is real.
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If b is the fundamental Cartan subalgebra of 3(y), as b € b ~y-regular tends to 0, then

7300 Dy (/) Tx D] [Lu(m )]

(1) (1/2)(dim p(y) —dim ) W ((7) : €(7))] 12
- ey LS
x Dy (7)2m) B+ [ L0 u(\/(C9)30) + A)(—a — Y T (Y TP [pP (ke 0)] ayy.
78()

(8.46)

Proof. First, we consider the case where b is not the fundamental Cartan subalgebra of 3(7).
Using (2.80), (8.4), (8.5), (8.41), and dominated convergence, we get (8.45).

Assume now that b is the fundamental Cartan subalgebra of 3(y). Using (2.80), (8.4), (8.6),
(8.41), since the convergence in (8.6) takes place except on a Lebesgue negligible set of ihg, we
can use dominated convergence, so that as b € fj y-regular tends to 0,

TODy ()T [Lu(v/CoX + A)]
N (_1)\R+(V)|+(1/2)|Ri(v)\+|Ri’?+(k)l H V2" YDy (v)
a€R (k)
x (2m) B O [ L3Oy /(€90 + A ) (—a — he) T (he) TeZ [ (k= e =) [ 40 (hy) | d.
" (8.47)
The operators L3 and (C?)3") on 3(v) are both K (7)-invariant, and so the smooth function
L0 u(y[(Cop + 4)(~a— ¥
on i#(7y) is also K (vy)-invariant. This is also the case for the function
Ty (Y T [P (ke 7Y0)].

As b is the fundamental Cartan subalgebra of 3(7), he is a Cartan subalgebra of (). By Weyl’s
integration formula, and taking into account the fact that on ibg, [79¢¥)(he)]? is non-negative,
we obtain

/a O (CHO) £ A) (~a - YT, (Y5 TP [p" (ke ™0 dyy
v
_ Vol(K°(y)/T(v))
(W (t(7) : 8(7))]
x Ty (he) TP P (k= e )] [0 ¥0) (hg)* . (8.48)
Using, in particular, Proposition 3.10 applied to 3(7), we have the identities
|R+(7)] = dimey () + 3 dimi(k),
|RY% (k)| = § dimig(k), (8.49)
IR (7)) = dim e (7).

/ La(v)ﬂ( (C9)5M) + A)(—a — hg)
iDe

By (8.49), we deduce that
IRy ()| + [REL(K)| + $|RS (v)] = dim ey () + 3 dimig(k) + § dimi(k) + § dimcy(v).  (8.50)
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By Proposition 3.10, ¢; () has even dimension. This is also the case for i¢(k). By (8.50), we get
the equality mod 2,
(R (] + [REY (B)] + 3] RS (7)] = 5 dimip(k) + 1 dime(y). (8.51)

By Proposition 3.7 and by (3.32) in Proposition 3.8 applied to 3(7y), because b is fundamental in
3(7), we obtain

dim p(v) — dim b, = dimi,(k) + 5 dim¢(). (8.52)
By (8.51), (8.52), we obtain
(= 1)/ B+ OHIRE WI+A/DIRE O] (_1)(1/2)(dim p(y)—dim by). (8.53)

When v = 1, the above identity had been established by [Har64, Lemma 18].
By (8.47), (8.48), and (8.53), we obtain (8.46). The proof of our theorem is complete. O

9. The final formula

In this section, we establish our final formula in the case of a non-necessarily regular semisimple
element v € G. Our formula extends both the formula in Theorem 2.9 valid for + semisimple
and L =1, and the formula in Theorem 7.2 valid for v regular. To establish our main result,
we combine a fundamental result of Harish-Chandra with the results we obtained in §8. In
addition, along the lines of [Bisll, Chapter 6], we give a wave kernel formulation of our main
result.

This section is organized as follows. In §9.1, we establish our main result. In §9.2, as in
[Bis11], we reformulate our main result in terms of wave kernels. Finally, in §9.3, we verify our
main formula is compatible to natural operations on orbital integrals.

9.1 The general case
Let L € Z(g). Here, we take v € G semisimple as in (2.19). We extend Theorem 7.2 to
nonregular ~.

THEOREM 9.1. The following identity holds:

TN Lp(V/CoX + A)] = LDp(y/ (C90) + A) [T, (V) TP [p" (ke 70)]8a] (0). (9.1)

Proof. By a result of Harish-Chandra (see [Har66, Lemma 28] and [Var77, Part II, §12.5,
Theorem 13]), we know that if b is the fundamental Cartan subalgebra in 3(7), there is a uni-
versal constant ¢, depending only on 7 such that with the notation in Theorem 8.8, as b € b
~-regular tends to 0,

730Dy (7/) el [Lu(m )] — ¢, el [LM(\/M)]. (9.2)

In Theorem 8.8, we gave another proof of the existence of the limit in (9.2). In addition, by the
fundamental result of [Bisll] stated as Theorem 2.9, when L = 1, the integral in the right-
hand side of (8.46) coincides with the orbital integral Trl"[u(v/C8X + A)]. To identify the
constant ¢y, we only need to prove that one of these last orbital integrals does not vanish.
It is enough to take E to be the trivial representation, and u(x) = exp(—22). As the scalar
heat kernel on X is positive, the corresponding orbital integrals do not vanish. Thus, we find

that
o — (—1)(1/2)@imp(y)—dimby) W) €O o R () 1/27.-1
Y (—1) P VOI(KO(’}/)/T(’}/))(Q ) aegﬂ(k)ga (7" )Du(v). (9.3)
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When ~ =1, this computation has already been done by Harish-Chandra in [Har75, §37,

Theorem 1].14 For the case of a general 7, this formula can also be derived from [Har66, p. 34]
and from the reference given previously.

By combining (8.46), (9.2), and (9.3), we obtain (9.1). The proof of our theorem is complete.

0

9.2 A microlocal version
We still take v € G semisimple as in (2.19).

We proceed as in [Bis11, §6.3], to which we refer for more details. In the following, we identify
TX and T*X by the metric.

Let Trl[L cos(sv/C9X + A)] be the even distribution on R such that for any u € S¥*(R)
with & having compact support,

TP Lu(v/CoX 1 4)) = / 7i(s)Tel[L cos(2ms/CoX + A)) ds. (9.4)

R

The operator L cos(svC%X + A) defines a distribution on R x X x X. By finite propaga-
tion speed (see [CP81, §7.8] and [Tay81, § 4.4]), its support is included in (s, z,2’),|s| > d(x,2’).
Let X be the total space of TX. Let s € R — ¢ be the geodesic flow on X'. Let 7 be the variable
dual to s. By [Hor85, Theorem 23.1.4 and remark], the wave front set WF (L cos(svVC%X + A))
of the distribution L cos(sv/C%X + A) is the conic set in R* x T*X x T*X generated by
(', =Y") = pis(x,Y), |Y] =1, and 7 = 1. Conic means that the dilations by A > 0 are applied
simultaneously to the variables Y, Y’, and 7.

As explained in [Bis11, §3.4], in the geodesic coordinate system centered at zo = pl, p=(y)
can be identified with a smooth submanifold P*(v) of X. Let Np 1(y)/x be the orthogonal bundle
to TPL(y) in TX.

Set

AY = {(z,72),x € PH(7)}. (9.5)
Then A}Y( is a smooth submanifold of X x X. The conormal bundle to R x A}( CRx X x X is
the set ((s,7), (z,Y), (2/,Y")) € R? x X x X such that 7 =0, 2 € P+(v), 2/ = vz, and v*Y’ +

Y € NPJ-(’y)/X'
By [H6r83, Theorem 8.2.10],

Lcos(svVC8X + A)AY

is a well-defined distribution on R x X x X, and its wave front set is the formal sum of the
wave front sets of the two above distributions. In particular, the pushforward of the distribution
Trf'[yL cos(sv/C8X + A)] by the projection R x X x X — R is well-defined. It is denoted by

/ T [yL cos(sv/ C8X 4+ A)]. (9.6)
Ak
This is an even distribution on R.

Tautologically, we have the identity of even distributions on R,

Tl [L cos(sv/CoX + A)] = / TrF [y L cos(s/ C8X + A)). (9.7)
Ak

We have the result established in [Bis11, Proposition 6.3.1].

4 More precisely, if G = KAN is the Iwasawa decomposition, when v = 1, the constant obtained in [Har75] is
24imN/2¢ In [Har75, §7], Harish-Chandra uses another normalization for the Haar measure on G, which is
adapted to the Iwasawa decomposition. By [Har75, p. 202], the ratio of these two normalizations is given by
odim N/ 2 which explains the discrepancy.
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PROPOSITION 9.2. The singular support of TrV[L cos(sv/C#X + A)] is included in s = +]al,
and the ordinary support is included in

{s € R,|s| > |a|}.
If a =0, if p(vy) = 0, the singular support of

TeD[L cos(sv/C8X + A)]

is empty.

We define the even distribution on R,

LX) cos(s1/ (C9)0) + A) [T, (YT [ (= e¥))6,](0) (0.8)

by the formula

L0 (3 (Co)) + AT, (Y TP [0 (ke )]3,] (0)

_/ i(s) L) cos(2ms [ (C9)0) + A) [T, (VT [P (71 0)]6,] (0).  (9.9)
R

Let z = (y, Y{) be the generic element of 3;(y) = p(7) @ #€(7). Using finite propagation speed
for the wave equation,

L3 cos(s1/(C9)30) 4+ A)

is a distribution on R X 3;(7) X 3;(y) whose support is included in (s,z,2'), |s| > |2’ — z|.
Moreover, by [Hor85, Theorem 23.1.4 and remark], its wave front set is the conic set associated
with (v, =Y’) = (y £ sY,Y), |Y| =1, and 7 = £1. Conic set means again that the dilations by
A > 0 are applied to the variables Y, Y’, and 7.

Set

H? = {0} x (a,it(y)) C 5i(7) ¥ 3:(7)- (9.10)

The wave front set associated with R x HY C R x 3;(7) X 3i(7) is such that Y*) =0, 7 =0,
so that the product

L3 cos(s1/(C8)3) + AYH?Y

is well-defined.

The function J,(Y{)TrP[p? (k_le_yff ) can be viewed as a smooth function on the second
copy of 3i(7) in 3i(7y) x 3:(7). It lifts to a smooth function on 3;(7y) x 3:(7y)-

Therefore,

L3 cos(sy/(C9)3) + A)YHY T, (Y Te P [pP (ke Y0)] (9.11)

is a well-defined distribution on R X 3;() X 3;(7). The pushforward of this distribution by the
projection R x 3;() x 3i(7) — R is denoted by

/m L) cos(s\/ (C9)0) + A) T, (Y§) TP [pP (k~1e™Y0)]. (9.12)

This is an even distribution supported in |s| > |a|, with singular support included in s = +|a].
Note that if @ = 0 and if p(y) = 0, the singular support of this distribution is empty.

1240

https://doi.org/10.1112/S0010437X22007412 Published online by Cambridge University Press


https://doi.org/10.1112/S0010437X22007412

ORBITAL INTEGRALS AND CENTER OF ENVELOPING ALGEBRA

THEOREM 9.3. We have the identity of even distributions on R supported on |s| > |a| with
singular support included in =+|al,

/ Tr! [y L cos(s/ C8X + A)]
A

X
- / L3 cos(s1/ (C9)0) + A) T, (Y TP [pP (k71 7Y)). (9.13)
HY
Proof. We use Theorem 9.1, and we proceed as in the proof of [Bisll, Theorem 6.3.2]. O

9.3 Compatibility properties of the formula
Let us give a direct proof that the right-hand side of (9.1) is invariant by conjugation of v in G.
Indeed let v and 7’ be two conjugate elements in G as in Theorem 2.3. By this theorem, they are
also conjugate by an element k” of K, and (2.33) holds. As the character of the representation
p¥ is invariant by conjugation by elements of K, the right-hand sides of (9.1) associated with ~
and 7/ coincide.

We denote the dependence of our orbital integrals on E with an extra superscript E. If
L € Z(g), by Theorem 6.1, the Ly transpose of L is just o(L). Observe that C%¥ is symmetric,

i.e. it is equal to its transpose. Then one has the easy formula

T o (L)pu(v/ O + 4)) = TP Lu(v/CoX + 4],
T [Lu(v/OoX + A)) = TelHE [Lu(v/CoX + A)).

Using the identities in (2.71), we can recover (9.14) from (9.1).
Finally, it is easy to verify that, as it should be, our formula is unchanged when replacing ~y
and L by 6~ and 0L.

(9.14)

10. Orbital integrals and the index theorem

The purpose of this section is to verify the compatibility of our formula for orbital integrals
with the index theorem of Atiyah and Singer [AS68a, AS68b], to the Lefschetz formulas of
[AB67, AB68] for Dirac operators, to the index formula of Kawasaki [Kaw79]. More precisely we
extend to the case of an arbitrary L what was done in [Bis11, Chapter 7] in the case L = 1. In
addition, we verify the compatibility of our results with results of Huang and Pandzi¢ [HP02]
who established the Vogan conjecture on Dirac cohomology.

This section is organized as follows. In §10.1, we construct the Dirac operator DX on the
symmetric space X. In §10.2, we introduce the relevant notation when G and K have the same
complex rank. In §10.3, we evaluate the orbital integrals associated with the index theorem for
Dirac operators when -« semisimple is nonelliptic, and also when v = 1. In §10.4, when = is
elliptic, we consider again the case where the difference of complex ranks is still equal to 0. In
§10.5, we evaluate the orbital integrals associated with the index theorem for the Dirac operator.
Finally, in § 10.6, we verify the compatibility of our results with the results of Huang and Pandzi¢
[HP02].

10.1 The Dirac operator on X
Here, we use the notation of §2. We assume that K is simply connected, and also that p is
even-dimensional and oriented. Let ¢(p) be the Clifford algebra associated with (p, Bly).

As explained in [Bisll, §7.2], the representation pP: K — SO(p) lifts to a representation
K — Aut®°"(SP), where SP = Sﬁ @ S* is the Zy-graded Hermitian vector space of p-spinors.
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We have the identification of Zs-graded algebras,
c(p) ®r C = End(SP). (10.1)
Set
STX — @ x i SP. (10.2)

The Zo-graded vector bundle S7X inherits a unitary connection V* o~

Let V5" ®F be the connection on STX ® F associated with VSTX, vE.

Recall that C%¥ descends to a parallel section C%" of End(F). Here, C%¥ denotes the action
of C% on C®(X, ST @ F).

Here, DX denotes the Dirac operator acting on C®°(X,STX @ F). If e1,...,e, is an

orthonormal basis of T'X, then
n

DX =3 c(e) VT (10.3)
1
Let h C g be a #-stable fundamental Cartan subalgebra of g. We use the notation

b=bp, t=Dbhe (10.4)

Then t C £ is the Lie algebra of a maximal torus 7' C K. In addition, dimt and dim b are the
complex ranks of K and G, and dim b is the difference of these complex ranks. As m is even, dim b
is also even. Let ¢pc : Z(g) ~ I'(h,g) be the corresponding isomorphism of Harish-Chandra.
We fix a system of positive roots in it* associated with the pair (t,€). In particular, p* € it*
is calculated with respect to this system.
By [Bisll, (7.2.8) and (7.2.9)] and by (2.48), we obtain

DX2 = %X _ B*(p8, p%) + B*(p", pt) — CbF (10.5)

We may and we will assume that p¥ is an irreducible representation of K with dominant
weight A € it*. Then

CYF = —B*(p* + X\, p' + \) + B*(p*, ph). (10.6)
By (10.5) and (10.6), we obtain
DX2 = 0%X — B*(p% p9) + B*(p' + A\, pt + \). (10.7)
By (6.29), we can rewrite (10.7) in the form
D¥? = C%* — g CO(p" + N). (10.8)

10.2 The case where dimb =0
In this subsection, we assume that dim b = 0. Then h = t is a fundamental Cartan subalgebra of
g, and
R=R™, (10.9)
In addition, Riem is just the root system associated with the pair (t,€). We fix a positive root
system Rifrn which is compatible with the orientation of p.!?
The functions 749 and 7% on t are given by

w0n) = [[ (eh), =)= ] (en). (10.10)

aERL‘r“ erRér:“7L

15 Using the notation in §3.6, if by lies in a positive Weyl chamber with respect to R, ad(be)|p defines an
orientation of p.
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Here, pt, A € it* are calculated with this choice of Rlém+ We identify t and t* by the

quadratic form Bl,. In particular, 74%(pt/2m) and 7%((pt + \)/27) are well-defined, and
mb8((pt + \)/2m) /7t (pt/27) only depends on the orientation of p. In addition ¢ucL is a
polynomial on t*, and so ¢ucL(—pt — \) is well-defined.

10.3 Orbital integrals and the index theorem: the case of the identity
Take L € Z(g). For t > 0, Lexp(—tD*?) acts on C®°(X,STX @ F).

In the following, Try is our notation for the supertrace.'

Asin [Bisl1, §7.1], A(T X, VTX), ch(F, VF) denote the obvious characteristic forms on X . Let
n € A™(T*X) be the canonical volume form on X that defines its orientation. If o € A'(T*X),
let aP) denote its component in AP(T*X). Let a™®* € R be such that

a™m = qmaxy, (10.11)
Let v € G be semisimple. We extend [Bis11, Theorem 7.4.1].
THEOREM 10.1. If v is nonelliptic, for any t > 0,
Tr D [L exp(—tD¥2)] = 0. (10.12)
If dimb > 0, for any t > 0,
Trs ML exp(—tDX?)] = 0,

) (10.13)
[A(TX, VIX)ch(F, VE)max = 0.
If dimb = 0, then
m nte pé—l—)\ 2
Tr M [L exp(—tDY?)] = gucL(—p* — A)(—-1)™? ﬁi,e(pe/gzr/) )
. (10.14)
~ TX Fyimax __ (_ m/27T’727r
[A(TX, V"7 )ch(F, V)] (1) T (pt/27)”

Proof. First we prove (10.12). We proceed as in [Bisl1]. By Proposition 8.5, by Theorem 9.1,
and by (10.7), we obtain

TrD[L exp(—tDX?)] = exp(—tB*(p* + A, p* + X))
% L3V exp(tA3(7))[jv(YOE)TrSSp‘@E [pS"@E(k;*le*ch)]éa](O). (10.15)
In addition,
Te S B[S OF (= 178)] = Tr,S [p%° (ke V) TeE [P (ke Y0)). (10.16)
It is well-known that
Ty o™ (ke 0]

is a square root of det(1 — Ad(kilefyoe)]p).

If ~ is nonelliptic, a # 0 lies in the kernel of 1 — Ad(k:_le_y(f)|p, and so (10.16) vanishes. By
(10.15), we obtain (10.12).

By [Bis11, Theorem 7.4.1], we obtain

TrsMexp(—tD¥?)] = [A(TX, VIX)ch(F, VF)]max, (10.17)

Y If V=V, ®V_ is a Zo-graded vector space, if 7 = £1 is the involution defining the grading, if A € End(V),
the supertrace of A is defined to be Trs[A] = Tr[TA].
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By (10.15), we obtain
Tey 1 [L exp(—tDX2)] = exp(—tB*(p* + A, p* + N)

X LR exp(tA8)[ 7 (V) Tr OE [ OF ()5 0).  (10.18)

We use (10.16) with k£ = 1. We have the well-known identity in [Bisl1, (7.5.11)],
e, [ (e7¥0)] = (i)™ *Pt[ad (V) ] A~ (ad (V] )). (10.19)
In (10.19), we may and we will assume that Y{f € it. As b C kerad(Yy)lp, if dimb > 0, then
Pflad(Yy)l[p] = 0, (10.20)

and so (10.19) vanishes, which implies the vanishing of (10.18), i.e. we have established the first
identity in (10.13). Combining this equation for L = 1 and (10.17), we obtain the second equation
in (10.13).

In the following, we assume that dimb = 0. We use the notation and results of § 10.2.

If v =1, put g; = 3i(y), so that g, = p @ it. Let L8exp(tA?)(f), f € g; be the convolution
kernel for L exp(tA9). Then

L9 exp(tA?)[T1(YE) Tes™ B [p5" O (7Y )]60) (0)
N / L9 exp(tA®) (=) Ji (Yg) T ™ OE o5 OF (Y0 )] dy. (10.21)
13

Let W (t: &) denote'” the Weyl group associated with the pair (t,€). As the integrated
function on it is K-invariant, by Weyl’s integration formula, as in (8.48), from (10.21), we

obtain
L2 exp(tA®/2)[T1 (V) Trs™" O [0 (e7¥3)]80] (0)
Vol(K/T _
B IW((t/?)I)/ L8 exp(tA®) (~he) Ty (he) Trs ™ P o™ ©F (e[ (he)]* dhe. (10.22)
: it
By (2.70) and (10.19), we obtain

Ji(he) Trs5" [e7] = (—i)™/*Pt[ad(he) [p] A~ (ad (he) o). (10.23)

Moreover, given our choice of RL“’“JF, we have
Pflad(he)lp] = ™% ] (o he). (10.24)

aER,

If we W(t:£),let e, = £1 be the determinant of w on t. Using the Weyl character formula,
we have the identity

[ ()P A (ad (he) [ TrP [0 (7))
= ()T Ry 3T e (WA, (10.25)
weW (t:#)
By (10.10) and (10.23)—(10.25), we conclude that
T (he) Ty & F o O (7 ) [ (he) )

= ()T a(n) N e Wl N, (10.26)
weW (t:€)

17 As before, we use this notation instead of W (tc : tc) because this Weyl group is real.
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By (10.26), we obtain

/t L9 exp(tA%)(—he) Ji (he) Trs ©F [p ©F (714 [ (hy))? dhe

= (—1)1B] / L8 exp(tA®)(—h) (ﬂt’g(hg) > ewe_<w(pe+’\)’h">> dhy. (10.27)
it weW (t:€)

As in (8.40), we use Rossmann formula in (10.27) with respect to the pair (t,u). If e € tg,
we obtain

/ L2 exp(tA®)(—he)mb9(he)e™ @) dhy
it

s

= (—1)Rin|7rt’9(2€)Lg(—e) exp(tB* (e, e)). (10.28)

In addition, W(t: €) C W(tc : gc). Moreover, if w € W (tc : go), if €, still denotes the determi-
nant of w on t, by [BtD95, Corollary V.4.6 and Lemma V.4.10],

7h8(we) = e,m9(e). (10.29)

Finally, L9 is W (tc : gc)-invariant.
By (10.15), (10.22), (10.27), and (10.28), we obtain

im £ )\
Tl exp(—tDX?)) = Vol(K/T)(—l)'Rwrlwt’g(p;> L8(—pt = N). (10.30)
T
By construction,
L(=p* = )) = ducL(—p* — A). (10.31)
By [BGV04, Corollary 7.27], we obtain
1
(K/T) = ————. 10.32
VOl(K/T) = gy (1032
In addition,
|RY" | =m/2. (10.33)

By (10.30)-(10.33), we obtain the first equation in (10.14). When L = 1, we can compare (10.17)
and this first equation, and we obtain the second equation in (10.14). The proof of our theorem
is complete. ]

Remark 10.2. Equation (10.14) was obtained by Atiyah and Schmid [AS77, (3.10)], using
Hirzebruch proportionality principle [Hir58], and formulas such as (10.32).

10.4 The case where v = k~!,dimb =0
In this subsection, we assume that ~ is elliptic, i.e. v = k~!, k € K. Recall that the orientation
of p is fixed.

Let T'C K be a maximal torus, and let t C £ be the corresponding Lie algebra. We may and
we will assume that k € T, so that t C £(k). Then T is a maximal torus in K°(k), and t C &(k).
Let x € t be such that

k=" (10.34)

Then k is well-defined up to the lattice of integral elements in t associated with K. As k is in
the center of K°(k), if w € W(t: &(k)), wk — k is integral in t.
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Let h = b @t be the associated fundamental #-stable Cartan subalgebra of g. Then b is a
f-stable fundamental Cartan subalgebra of 3(k).

In this subsection, we assume that dimb = 0. Then t is a f-stable fundamental Cartan
subalgebra of g and of 3(k). As in (10.9), we have

R=R™ R(k)= R™(k). (10.35)

We make the same choice of RI™

o5, Rpn as in §10.2. Set

R™(k) = R™ N R™(k). (10.36)
Then R'™(k) is a positive root system associated with the pair (t,3(k)), and we still have
R (k) = Ry (k) U R (k). (10.37)

The choice of Rgf;(k) defines an orientation on p(k).
The functions 753*) 7t¥k) on ¢ are given by

750 = T k), 7O = T (avh). (10.38)
a€ R (k) ac Ry (k)

Again p% A\ € it* are calculated with respect to Rié‘jr, and p'®) ¢ it* is obtained via
Rlé”;(k:) We identify t and t* by the quadratic form Bl In particular, 7% (pt*) /27) and
743E) ((pt + \)/27) are well-defined as well as ¢pcL(—pt — \).

Then W (t: &(k)) C W(t: €). If w e W(t: t), e~ @ +Y:%) depends only on the image of w in
W (t:€(k))\W(t:£). The same is true for e, w5 (w(pt + \)/27).

10.5 Orbital integrals and index theory: the case of elliptic elements
We use the same notation as in § 10.4. In particular, v = k7!, k € K.
Let X () be the fixed point set of v in X. Let

A(TX|x (), VIXIx0), e (F, V)

denote the corresponding Atiyah—Bott characteristic forms on X(7), that are defined as in
[Bisl1, (7.7.2) and (7.7.4)].

THEOREM 10.3. Ifdimb > 0, then

Tr DL exp(—tDX?)] = 0,

) (10.39)
(A7 (TX | x (), VXX el (F, VF )22 = 0,
If dim b = 0, then
Tr L exp(—tD¥2)]
. 1 1
pucL(—p" = A)(=1) bt E) (o800 /210) Tlae i mim (1) 2500 (— (o, £)/2)
e
y T et (“’(PW) o~ W+, (10.40)
wEW (t(k))\W (t:¢) o
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and
(A (T X x(y), V¥ X0 )oY (F, 777
: 1 1
= (-t Le(k) ( bk :
m¥k) (ptk) /2) HaeRi{“\Rf(k) 2sinh(—(a, k)/2)
w(pt + )\ _
y T e, b3 (h) (0’%))6 (w(pt+A) ) (10.41)
weW (t:e(k))\W (t:€)
Proof. By [Bisll, Theorem 7.7.1], for ¢ > 0, we obtain
TrsMexp(—tDX?)] = [AV(TX | x (), VIXIx@), ch?(F, vF)]max, (10.42)

Equation (10.15) still holds. We claim that if dlrn b >0,
TrS [p% (ke ™0)] = 0. (10.43)

If Y} € it(k), after conjugation by an element of K°(k), we may assume that Y € it. If dim b > 0,
then 1 — Ad(k~'e~Y0) vanishes on b. The argument we gave after (10.16) shows that (10.43)
vanishes. This proves the first equation in (10.39). Combining this equation for L = 1 and (10.42),
we obtain the second equation in (10.39).

In the following, we assume that dim b = 0. We use the notation and results of §10.4, and
also (10.15). As in (10.21), and with a similar notation, we obtain

L3 exp(t AR [ 71 (Vi) Ty OE o5 @8 (k1Y )]60) (0)

- / L) exp(tA0)) (— V) s (V) TS 8 5 OF (k1670 ayf, (10.44)
ie(k)

Using Weyl integration as in (10.22), we deduce from (10.44) that

L3 exp(tA3M) [T 1 (V) T 5 S [pS" 9F (k=1 Y6 )]6) (0)
Vol(KO(k) /T)
Tty P s e

X T (he) T 5" OF 579 (=) [0 (g2 e, (10.45)
By [Bisl1, (7.7.7)] and using the corresponding notation, if hs € it, we have the identity
Trs™ [p% (k™ e ™) = (=)™ PO 2Pt [ad (he) [y
x A7 (ad () |y ) (AT -0 (0)) (10.46)
By (2.68) and (10.46), and by proceeding as in [Bisl1, (7.7.8)], we obtain
T (he) T ™ [p (k™" e™"))

= (—i)dm P/ 2Pt[ad (he) |y ] A~ (ad () ey JA o (0)
[det(l — Ad(k~tem))|, l(k)} 12 (10.47)
det(1 — Ad(k™1)) s
In addition, we have the identity
[det(l — Ad(E~Le™)) e ry r/z _ AT o) (10.48)
det(1 = A ler A (o) |

1247

https://doi.org/10.1112/S0010437X22007412 Published online by Cambridge University Press


https://doi.org/10.1112/S0010437X22007412

J.-M. BISMUT AND S. SHEN
Using (10.48), we can rewrite (10.47) in the form,
Ti-1 (b)) Tes™ [p%° (k™1 e ™)
= (i)™ PO 2P ffad (he) o] A* T (0)(A* ) (—ad(he)le).
As in (10.24), we obtain

Pflad(he)[pry] = i PE2 T (o he).
agRﬁ(k)

By Weyl’s character formula, we obtain

[0 ()P A (—ad(he) [ TP [P (ke ™)

:(_1)|R;?“+(k)|7rt,e(k)<he) Z €w€—<w(pe+)\),l€+h3>.
weW (t:¢)

By (10.49)—(10.51), we find that
jk—l (h{g)TI‘ssp ®E[pSP ®E(k:—1e—he )} [Wt,k(k) (hé)]2

:(_1)\Rier,“+(k)|;[k*1(O)Wt,a(k)(hk) Z epe WPHN) Athe)
weW (t:¥)

By (10.52), we obtain

[ 159 exp(eAS) () s () TS5 () ) )
it

(10.49)

(10.50)

(10.51)

(10.52)

:(_1)|Rie'f“+(k)|jk1(0)/L3(1€) exp(tA?’(k))(—hg)wt’?’(k)(hg) Z ewe_<w(pe+)‘)”‘+h‘f>dhg.

& weW (t:#)

Using Rossmann’s formula as in (10.28), if e € t§, we find that
/ L) oxp(t AR (= hg)wH3F) (hg)e (&) dhy
it

= (—1)EP®l k) <;ﬂ> L%(—e) exp(tB*(e, ).

By (10.54), we obtain

/ L) exp(tAKD) (—hg) B (hy) 3 e R g
it weW (t:€)

= (=) EILS(—pt — X) exp(tB* (o' + A, p* + 1))

4
<Y emti® (“M) o= (W X))

27
weW (t:€)
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By the considerations that follow (10.34) and by (10.55), we obtain

/Lz(k) exp(tAF)) (—hg) w3 () Z epe— WP Nt gp
it weW (t:€)
= (~ 1) BEOI (¢ #(k))[L8(—p — A) exp(tB” (o + A p* + A)
e
" 3 e, ba®) (“’(P;A)) o (w(pt ) k) (10.56)
weW (t8(k))\W(t:¥) T
By (10.15), (10.45), (10.53), and (10.56), we obtain

Tr 7 [L exp(—tD2)] = Vol(K° (k) /T) (= 1) " WL AR (0) g L(—p* — \)

e
6ak) (WA et en )
X Z €T < 5 e . (10.57)
weW (t:t(k))\W (t:¥)
As in (10.32), we obtain
1
0 _
Vol(K° (k)/T) = —5 T3 (10.58)
As in (10.33), we obtain
|Ry% (k)| = dimp(k) /2. (10.59)
Moreover,
~. 1
A7) = (10.60)

[acrim\ gim(x) 2 sinh(—(e, 5)/2)”
By (10.57)—(10.60), we obtain (10.40), which combined with (10.42) gives (10.41). The proof
of our theorem is complete. ]

Remark 10.4. Equation (10.41) can also be obtained by a suitable application of Hirzebruch
proportionality principle [Hir58] similar to what was done by Atiyah and Schmid [AS77].

10.6 Orbital integrals and a conjecture by Vogan
Let m be an irreducible unitary representation of G acting on a Hilbert space V,. By
[Kna86, p. 205], a vector v € V; is called K-finite if the vector subspace generated by the vectors
kv|kex has finite dimension. Let Vi g C V; be the vector subspace of the K-finite vectors in V.
By [Kna86, Proposition 8.5], U(gc) acts on V g, so that Vi i is a (gc, K)-module.

Let ey, ..., en be an orthonormal basis of p. Let D € U(g) ® ¢(p) be the Dirac operator,

m

D= clee. (10.61)
i=1

We denote by Dy, ,@s¢ the restriction of D to Vi x ® SP. By [HP02, p. 189], the Dirac
cohomology of V; i is the K-module defined by

Hp(Vrk) = kel“D|VmK®5p. (10.62)

By [Kna86, Theorem 8.1], each K-type in Hp(Vy k) has finite multiplicity.
The Vogan conjecture, solved by Huang and Pandzi¢ [HP02, Corollary 2.4] states the
following.

THEOREM 10.5. If the Dirac cohomology Hp(Vy k) contains a K-type of highest weight A € it*,
the infinitesimal character of Vi i is pt+ .
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An equivalent formulation of Theorem 10.5 says that if E is an irreducible K representation of
highest weight A € it*, if D" ®F denotes the restriction of D to (V. x ® SP @ E)X if ker DS"®F £
0, then L € Z(g) acts on V; i as the scalar ¢pucL(—p® — ).

We show that (10.14) and (10.40) are compatible with Theorem 10.5. Let I' be a discrete
cocompact subgroup of G. By [GGP90, Theorem, p.23], we have

Hil
L*(T\G) = @ nr(m)Va, (10.63)
ﬂeéu
with np(7) € N.

We use the notation of § 10.1. In particular, we assume that p¥ is an irreducible representation
of K with highest weight A € it*. Let Z be the compact orbifold Z = I'\ X. The vector bundle
F on X descends to an orbifold vector bundle on Z, which we still denote by F. In addition,
DX descends to the orbifold Dirac operator DZ. By (10.63), we have

ker D = @5 nr(m)(Hp (Ve k) ® E)X. (10.64)
ﬂ'Eéu
As ker D? is finite-dimensional, the sum on the right-hand side only contains finitely many

nonzero terms. By Theorem 10.5, L € Z(g) acts on ker DZ as ¢pcL(—p® — \).
Using the McKean—Singer formula [MS67] and the above, for ¢t > 0, we obtain

Tr[L exp(—tD%?)] = ¢ucL(—p* — \)Trg[exp(—tD??)]. (10.65)

In addition, Trs[L exp(—tD?%?)] can be evaluated in terms of corresponding orbital integrals using
Selberg’s trace formula.

Assume first that T' is torsion free. By (10.12) in Theorem 10.1, only the identity element
contributes to the above supertrace. Then (10.14) can be viewed as a consequence of (10.17) and
(10.65).

When I is not torsion free, only the finite number of conjugacy classes of elliptic elements
in I' contribute to (10.65). Then (10.40) and (10.42) are compatible with (10.65).
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