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On the Routh-Steiner theorem and some
generalisations

ELIAS ABBOUD

1. Introduction

Coxeterin his book [1, p. 211], consideredthe following theoremof
affine geometry;

Theoreml: If thesidesBC, CA, AB of atriangle ABC aredividedatL, M, N
in therespectiveatiosi : 1,u : 1,v : 1, theceviansAL, BM, CN form a
triangle whose area is
(v - 1)
Au+1+Dw +u+ L@l +v + 1)
times that ofABC.

He emphasisedthat this result was discovered by Steiner, but
simultaneouslyitedtwo referencesthefirst wasSteiner'svork [2, pp. 163-
168] and the secondwas Routh'swork [3, p. 82]. Later in his book he
referredto the result as ‘Routh's theorem’ [1, p. 219], admitting to the
contribution of both scientists in revealing the theorem.

Coxetergavea generalproof of this resultusingbarycentriccoordinates
attributedto Mébius. Theseare homogeneousoordinategty, t,, t3), where
t1, to, t3 are massesat the verticesof a triangle of referenceAAAs. In
particular(1,0,0)is Ay, (0,1,0)is A, (0,0,1)is As and(t, t, t3) corresponds
to a point P suchthat the areasof the trianglesPAA;, PAA;, PAA, are
proportionalto the barycentriccoordinated;, t,, t3 of P, respectively(see
Figurel). If t; + t, + t3 = 1 thenthe normalisedbarycentriccoordinates
(t1, t,, t3) arecalledareal coordinateslin this casethe areasof the triangles
PAAs, PAA, PALA, arety, t,, ta timestheareaof thewholetriangle A AvAs,
respectively.

A

A Ag

FIGURE 1: The areas of the trianglBsxAs, PAA;, PAA, are proportional to the
barycentric coordinatds, t,, t3 respectively.
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Similarly to what Coxeterdid in his book[1, p. 220], A. Bényi andB.
Curgus [4], recently proved, a version of Theorem1 and obtained a
unification of the theoremsf Cevaand Menelaus.In fact they unified two
expressionsf Routhin his treatiseon arearatios[3, p. 82], from which they
derived theorems of both Ceva and Menelaus as special cases.

Theorem 1 implies the following general property:

Theorem 2: If the sides of a triangle AAA; are divided at
A1, Az ...,An-1,1 < i < 3intherespectiveatiosdii: Aiz:...: Ain-g,
1 < i < 3, thentheratio of the areaof any sub-polygonto the areaof the
whole triangle depends only on {4;}, where 1 <i <3 and
1 < j < n- 1(seeFigure 2 for the care= 5).

A Al 1 Al2 AﬁL3 A1,4 A

FIGURE 2: The ratio of the area of any sub-polygon to the area of the whole triangle
depends only of\i;; }.

A sub-polygorof thetriangleis definedasa polygonwhoseverticesare
points of intersections of the ceviagf®A;}, 1 <i <31 <j<n-1

To provethe theoremwe computefirst the barycentriccoordinatesfor
each vertex of the sub-polygon;theseare points of intersectionsof the
barycentricequationsof the cevians{AA;}, 1 <i < 3,1 <j<n-1
Next we divide the sub-polygoninto non-overlappingriangles(in Figure2
the polygonMNOPQR is dividedinto 4 triangles).Thenwe usethe method
which Coxetergavein his book[1, p. 219] for proving Theoreml (which
will beillustratedin the nextsection)to concludethattheratio of the areaof
eachtriangleto the areaof the whole triangledependsnly on {4;;} andthe
result follows.

2. Patterns

Whenthereare ‘symmetric’ divisions of the sidesof a triangle, some
simple expressiondor the ratios of areascanarise. In particularwe have
the following theorem:
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Theorem3: Supposehe sidesof a triangle AcAsA; aredivided at A 1, A,
1< i < 3 in the respectiveratios 1 : 4 : 1 (see Figure 3). Let
I, J, K, L, M, N be the points of intersectionof the correspondingcevians
as shown in the table:

point intersection of cevians

| AlALL N Aghsp
J AoPo1 N Aghsr
K AoPor N AA
L AsPg1 N AAr,
M Aohop N Aghgy

N AALL N A,
Thentheratio of the areaof the hexagon JKLMN to the areaof thetriangle
AoPA s
2&2
B+ M2+ 3

A

FIGURE 3: Dividing each side in the ratids 4 : 1

Proof. First notethatsucha hexagorexistsin anytrianglesinceit existsin

an equilateraltriangle, by symmetryof the division ratios, and every other
triangleis affine equivalentto anequilateralriangle.Let G bethe centreof

gravity of A/AA; (seeFigure 3). Since the barycentric coordinatesof

A, A, As are (1,0,0), (0,1,0), (0,0,1) respectively, the barycentric
coordinatesof G are (3, 3, 3). By symmetry, the areaof the hexagon
IJKLMN is 6 timesthe areaof the triangle GMN. Therefore|t is sufficient
to compute the barycentric coordinatedvbandN.
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In orderto find the barycentricequationof the correspondingevians,
we exhibit the barycentriccoordinatesof someof the division points. Now
Ayq divides A)As in theratio 1 : 4 + 1, Ay, divides AgA; in the ratio
A+ 1:1 and Ag; divides A/A, in the ratio 1 : 4 + 1. Thus the
barycentric coordinates are given in the table:

point barycentric coordinates
A O0,1+1, 1
Ao A+1,0 1
Ag3 A+1 1 0.

We proceedby computingthe equationsf the cevianswhosepoints of
intersection aré andN. The ceviaA, ; has the equation

0 10
A+101|=0
th b ots

which is equivalentto t; - (4 + 1)t = 0. The cevian A/A;; has the
equation

1 0 0
0OA+11|=0
i b f3

which is equivalentto —-t, + (1 + 1)t; = 0, andthe cevianAgAg; hasthe
equation

0O 01
A+1 10
t1 th 3

1
o

which is equivalentto -t; + (4 + 1)t, = 0. Hence,the point M can be
computed by the following system of equations;

-4+ Dts

Il Il
o O

t1
{ -t; + 1 + Dt
Substitutingt, = 1 we get
M=@@+1 1 1.
Similarly, the pointN is obtained from the following equations:
ty ~—A+ Dt =0
{ 3+ A+ Dty = 0~
Substitutingts; = 1 we get
N=@@LU+1L1+1 1.
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Consequentlythe ratio of the areaof the triangle GMN to the areaof
the trianglefoAgA is equal to the determinant

1

3
A+1 1 1 =§
A+11+11

divided by the product of the sums of the rows:
A+ 324 + 3).

Therefore the ratio of the areaof the hexagonlJKLMN to the areaof
the trianglefoAgA is

1
3

[

612 242
3 =
A+3)2A+3) (A + 324+ 3)
in agreement with the statement of the theorem.

2.1 Special cases

1. If 2 = 1 thenthe ratio of the areaof the hexagonto the areaof the
triangle is &. This special caseis referredto as Marion Walter's
theorem[5] which statesthe following: If the trisection points of the
sidesof anytriangle are connectedo the oppositevertices theresulting
hexagon has one-tenth the area of the original triangle.

2. Ifnisodd,n = 2k + 1, thentaking/4 = ¢ impliesthattheratio of the
area of the hexagon to the area of the triangle is

2 B 8
Bk+1)Bk+2 9-1
This specialcaseis referredto asMorgan'stheorem which wasproved

by T. WatanabeR. HansonandF. D. Nowosielski[6] usingthe Routh-
Steiner theorem several times.

3. If niseven,thentakingd = n — 2 impliesanewresultwhich wasnot
mentioned in the previous discussion.In this case, we have the
following:

The ratio of the area of the hexagon to the area of the triangle is
2(n - 2y
(n+ 1H@2n -1
Notethat, if eachsideof the triangleis divided into n equalparts,then
for odd n, n = 2k + 1, the hexagonis the sub-polygonin Theorem2,

formedby the cevians{AA., AA. 1;}, 1 < i < 3. While for evenn, the
hexagon is formed by the ceviaf®A,;, AA,_1},1 < i < 3.
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3 Parallelograms

We can generalisehe Routh-Steinetheoremto parallelogramsn the
following manner:
Theorem4: If the sidesBC, CD, DA, AB of a parallelogramABCD are
divided atK, L, M, N in the respectiveratiosx : 1,4 : 1, u : 1, v : 1,
the ceviangK, BL, CM, DN form a quadrilateral whose area is

E (lﬁv + 11‘[)(1 + #,u + vFl:—J;L)) 4

2+ 1 - )L+ p+ 251 + 2 + =2
1 (=L + )1+ 1+ 1%) )
2(2 + % - liu)(l + K+ 1151)(1 + 2k + %1)

times that ofABCD.

Proof. If the barycentriccoordinatesof A B, C are(0,1,0),(0,0,1),(1,0,0)
respectivelythenthe barycentriccoordinateof D are(1,1,-1). Thisis true
since the diagonalsin the parallelogram bisect each other and the
barycentric coordinates of the midpointAg are(3, 3, 0) (see Figure 4).

A(0,1,0) 1 M u D1 -1)

B(001) ¥ K 1 C(1,00)

FIGURE 4: The sides of a parallelogram are divided in the ratios1, 1 : 1,
u:lv:1

The barycentriccoordinatef K, L, M, N are shownin the following
table:

point barycentric coordinates

K (x, 0, 1
L A+ 14 -4
M Lu+1 -1
N O, 1, »).
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Proceedingasin the proof of Theorem3, the ceviansAK, BL, CM, DN
have the following equations:

cevian  barycentric equation

AK -t + xt3 = 0
BL —/q,tl + (/1 + 1)t2 =0
CM L+ (lLt + Dty = 0

DN (1+v)t1—vt2+t3=0

Now, let X, Y, Z, W bethe pointsof intersection®f pairsof ceviansBL
andCM, CM andDN, DN andAK, AK andBL, respectively(seeFigure 4).
Thenthe barycentriccoordinatesof thesepointsare givenin the following

table:
point barycentric coordinates
X (5 L)
Y -1
Z (K, 1+K+KV 1)
w ( K, /1+1’ 1)

The areaof the quadrilateralXYZW equalsthe sum of the areasof the
trianglesXYZ andZWX. Normalisingthe barycentriccoordinatesof X, Y,
Z, W anddividing by 2 which is the areaof the parallelogramABCD, we
find thatthe ratio of the areaof the quadrilateralXYZW to the areaof the
parallelogramABCD equals} (r; + r,) where

A+l 1 -1

A u+
S w11
x l+x+ky 1
rB = - 2
! (2+%—%)(1+u+1”‘)(1+2x+%1) 2
and
X 1+KV+KV 1
K yES 1
$1 .
fa = - - o1 3
(2 +4- 1%)(1 +x+ 25) (1 + 2 + =1)
Note that
Az_l 1 ,u_+11 % 1 ;ﬁll
1+1V++VW w—-1 1 |= l+1v++vm + (u+ DL 0 0
X l+r<v+w 1 X lﬂi/HW 1
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and
l+xk+ky l+x+xy
K C 1 0 2 1
Axe Axc
K T+1 1= 0 1+1 1
A+l -1 A+l K -1
A 1 u+1 A + u+1 1 u+1

After evaluatingthe determinantsand substitutingin (2) and (3) the result
follows.

In particular, if x = 2 = u = v then the expressionsin the
denominators of (1) are equal to

(222 + 24 + 1°
P+ 120
while the expressions in the numerators of (1) are equal to

(22 + 2 + 1
22+ 12
Hence we have the following:

Corollary 5: If the sidesBC, CD, DA, AB of a parallelogramABCD are
dividedatK, L, M, N in theratioZ : 1, thenthe ceviansAK, BL, CM, DN
form a quadrilateral whose area is
1
22+ 20+ 1
times that ofABCD.

Substituting 4 = 5717, p > 2, we get the equivalent expression
%, which was discoveredby M. De Villiers [7]. He did not provide
any proof but pointed out the following: ‘Since a squareis affinely
equivalentto a parallelogram,the easiestway to derive and prove this
formula is to consider the special case of a square.’

We leaveto thereaderto seewhathappensn anothemparticularcaseof
the theoremx = wandi = v.

Finally, the fascinatingtheoremof Routh-Steinemttractedthe interest
of mathematicseducationresearchersprobably becauseof the use of
dynamicgeometrysoftwareto rediscovethetheoremputit still attractsthe
interest of mathematics researchers as well.
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Nemocontinued from Page 10

3. "What age were you when you went to L------ 2"
"About ten.”
"And you stayed there eight years: you are now, then, eighteen?"
| assented.

"Arithmetic, you see,is useful; without its aid, | should hardly
have been able to guess your age.”

4. Zounds,adog,arat,amouse,a catto scratcha manto death!A
braggart, a rogue, a villain that fights by the book of arithmetic!

5. Our Estimates a Scheme —
Our Ultimates a Sham —
We let go all of Time without
Arithmetic of him —

6. The Memory, that of any former thing
Could character the poise, the form, the size,
The impress of its shape upon the air,
And now, forgetting its blithe energies,
Lies drowsing in the sun, or, as it lies,
Repeats a fond arithmetic of sighs
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